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1 Introduction

The study of impulsive functional differential equations is linked to their utility in simulat-
ing processes and phenomena subject to short-time perturbations during their evolution.
The perturbations are performed discretely and their duration is negligible in comparison
with the total duration of the processes and phenomena. One may refer to [1-3] and the
references therein.

The nonlinear fractional differential equations has in recent years been an object of in-
creasing interest because of its wide applicability in nonlinear oscillations of earthquakes,
and many physical phenomena such as seepage flow in porous media and in fluid dynamic
traffic models; see [4—6]. Recently, the existence of solutions for fractional semilinear dif-
ferential or integrodifferential equations has been extensively studied by many authors
[7-12]. Functional differential equations with infinite delay appear frequently in applica-
tions as model equations and for this reason the study of such equations has received great
attention in the last few years. Many authors [13—15] were interested in the existence of so-
lutions for fractional functional differential equations with infinite delay in Banach spaces.
Further, the existence, uniqueness and other quantitative and qualitative properties of so-
lutions to various fractional impulsive semilinear differential and integrodifferential sys-
tems have received considerable interest among researchers. With regard to this matter,
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we refer the reader to Mophou [16], Shu et al. [17], Dabas and Chauhan [18], Balachandran
et al. [19], and so on.

Controllability is one of the fundamental concepts in mathematical control theory and
plays an important role in control systems. The exact controllability of nonlinear systems
represented by fractional evolution equations or inclusions in abstract spaces has been
considered in many publications; see [20—23]. There exist only a limited number of papers
on the exact controllability of the fractional impulsive evolution systems. For example,
Tai and Wang [24] studied the exact controllability of fractional-order impulsive neutral
functional integrodifferential systems by using fractional calculus, a semigroup of opera-
tors and Krasnoselskii’s fixed point theorem. Debbouche and Baleanu [25] established the
exact controllability result of a class of fractional evolution nonlocal impulsive quasilinear
delay integrodifferential systems. Liu and Li [26] discussed the exact controllability of im-
pulsive fractional evolution inclusions in Banach spaces. However, in infinite-dimensional
spaces the concept of exact controllability is usually too strong and, indeed, has limited ap-
plicability (see [27] and references therein). Approximate controllable systems are more
prevalent and very often approximate controllability is completely adequate in applica-
tions (see [28, 29] and references therein). Therefore, it is important, in fact necessary, to
study the weaker concept of controllability, namely approximate controllability for non-
linear systems. In recent years, for fractional semilinear control systems in Banach spaces,
several papers were devoted to the approximate controllability. For example, Sakthivel et
al. [30, 31] discussed the approximate controllability of semilinear fractional differential
systems. The approximate controllability problem for nonlinear fractional stochastic sys-
tem in Hilbert spaces has been investigated [32]. Kumar and Sukavanam [33] proved some
sufficient conditions for the approximate controllability of fractional-order semilinear sys-
tems with bounded delay. Sukavanam and Kumar [34] discussed the approximate control-
lability of a fractional-order system in which the nonlinear term depends on both state and
control variables. Yan [35] studied the approximate controllability of partial neutral func-
tional differential systems of fractional order with state-dependent delay. Debbouche and
Torres [36] derived the approximate controllability of a class of fractional nonlocal delay
semilinear systems. It is well known that many control systems arising from realistic mod-
els can be described as partial fractional differential or integrodifferential inclusions (see
[23, 26, 37-39] and references therein), so it is natural to extend the concept of approxi-
mate controllability to dynamical systems represented by fractional impulsive differential
or integrodifferential inclusions. In this paper, we consider the approximate controllability
of a class of fractional impulsive partial neutral integrodifferential inclusions with infinite

delay in Hilbert spaces of the form

‘D*N(x;) € AN (x;) + /t Q(t — s)N(x;) ds + Bu(s) + F(t, Xt /t h(t, s, xg) ds),
0 0

t€]=[O,b],t#tk,kZI,...,m, (11)
xo=peB, «(0)=0, 1.2)
Ax(ty) = Ir(xg ), k=1,...,m, (1.3)

where the unknown x(-) takes values in the Hilbert space H with the norm || - ||, D% is

the Caputo fractional derivative of order & € (1,2), A, (Q(¢)):>0, are closed linear operators
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defined on a common domain which is dense in (H, || - ||), the control function z € L2(J, L),
a Hilbert space of admissible control functions. Further, B is a bounded linear operator
from U to H and D{£(t) represents the Caputo derivative of order « > 0 defined by

n

d
Tt 8)ds

t

DEE® = [ grale-9
where 7 is the smallest integer greater than or equal to o and gg(t) := %, t>0,8>0.
The time history x; : (—00, 0] — H given by x,(0) = x(¢ + 0) belongs to some abstract phase
space B defined axiomatically; and F:J x B x H — P(H) is a bounded, closed, convex-
valued, multivalued map, P(H) is the family of all nonempty subsets of H, G:J x B —
H,N(y) =v(0) + G(t, ), ¥ € B,and Iy : B— H (k =1,...,m), are functions subject to
some additional conditions. Moreover, let 0 < £; < - - - < t,,; < b, are prefixed points and the
symbol Ax(t) = x(¢{) — x(t;), where x(¢;) and x(¢;) represent the right and left limits of
x(t) at t = i, respectively.

To the best of our knowledge, there is no work reported on the approximate controlla-
bility of the fractional impulsive partial neutral integrodifferential inclusions with infinite
delay, which is expressed in the form (1.1)-(1.3), and the aim of this paper is to close the
gap. In this paper, motivated by the previously mentioned papers, we will study this inter-
esting problem. Sufficient conditions for the existence are given by means of the nonlinear
alternative of Leray-Schauder type for multivalued maps due to O'Regan [40] with the «-
resolvent operator combined with approximation techniques. Especially, the well-known
results that appeared in [30—36] are generalized to the fractional multivalued settings and
the case of infinite delay. Further, the operators I (k =1,...,m) are continuous but with-
out imposing a completely continuous and Lipschitz condition. Therefore, our results have
more applications in mathematical physical problems.

The rest of this paper is organized as follows. In Section 2, we introduce some nota-
tions and necessary preliminaries. In Section 3 we verify the existence of solutions for the
fractional impulsive control system (1.1)-(1.3). In Section 4 we establish the approximate
controllability of fractional impulsive control system (1.1)-(1.3). Finally in Section 5, an

example is given to illustrate our results.

2 Preliminaries
In this section, we introduce some basic definitions, notations and lemmas which are used
throughout this paper.

Let (H, | - ||) be a Hilbert space. C(J, H) is the Hilbert space of all continuous functions
from J into H with the norm ||x|| = sup{||x(¢)|| : ¢ € J} and L(H) denotes the Hilbert space
of bounded linear operators from H to H. A measurable function x : ] — H is Bochner
integrable if and only if ||x|| is Lebesgue integrable. For properties of the Bochner integral
see Yosida [41]. L}(J, H) denotes the Hilbert space of measurable functions x : ] — H which
are Bochner integrable normed by ||x||;1 = fob lx(£)|| dt for all x € L(J, H). Furthermore,
the notation B, (x, H) stands for the closed ball with center at x and radius r > 0 in H.

Let P(H) denote the class of all nonempty subsets of H. Let Ppyc(H), Pepev(H),
Phracrev(H) and P.y(H) denote respectively the families of all nonempty bounded-closed,
compact-convex, bounded-closed-convex, and compact-acyclic (see [42]) subsets of H.
For x € H and Y,Z € Py (H), we define D(x,Y) = inf{|lx — y|| : y € Y} and p(Y,Z) =
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sup,cy D(a,Z), and the Hausdorff metric Hy : Ppa(H) X Ppa(H) — R* by Hy(A,B) =
max{5(4,B), 5(B,A)).

G is called upper semicontinuous (u.s.c.) on H if, for each xy € H, the set G(xp) is a
nonempty, closed subset of H and if, for each open set S of H containing G(xy), there exists
an open neighborhood S of xy such that G(S) C V. F is said to be completely continuous
if G(V) is relatively compact, for every bounded subset V C H.

If the multivalued map G is completely continuous with nonempty compact values, then
G is us.c. if and only if F has a closed graph, i.e., x, — %, ¥» = s, ¥u € G(x,) imply
Y« € G(x,).

A multivalued map G :J — Ppy . (H) is said to be measurable if for each x € H, the

function ¢ — D(x, G(t)) is a measurable function on J.

Definition 2.1 Let G: H — Py, (H) be amultivalued map. Then G is called a multivalued
contraction if there exists a constant « € (0,1) such that, for each x,y € H, we have

Hi(G(x) - G(y)) <«llx—yl.
The constant « is called a contraction constant of G.

In this paper, we assume that the phase space (5, || - || g) is a semi-normed linear space of
functions mapping (—00, 0] into H, and satisfying the following fundamental axioms due
to Hale and Kato (see, e.g., [43]).

(A) Ifx: (00,0 +b] = H, b >0, is such that ¥|jy 515 € C([o,0 + b],H) and x, € B,

then for every ¢ € [0, 0 + b] the following conditions hold:
(i) x;isin B;
(i) 1)l < Hllxel 55
(iil) lxlls < K(t—o)supf{llx(s)] :0 <s <t} +M(t-0)|lx, ||, where H > 0 is a
constant; K, M : [0,00) — [1,00), K is continuous and M is locally bounded; H,
K, M are independent of x(-).
(B) For the function x(-) in (A), the function ¢ — x; is continuous from [0, o + b] into B.

(C) The space B is complete.

Remark 2.1 ([3]) Let ¢ € B and ¢ < 0. The notation ¢, represents the function defined
by ¢; = ¢(t + 0). Consequently, if the function x(-) in axiom (A) is such that xy = ¢, then
x: = @;. We observe that ¢, is well defined for ¢ < 0 since the domain of ¢ is (-0, 0].

Remark 2.2 In the rest of this paper M, and K}, are the constants defined by M, =
sup,; M(t) and K}, = sup,; K(£).

To describe appropriately our problems we say that a function x : [, ] — H is a nor-
malized piecewise continuous function on [u, 7] if x is piecewise continuous and contin-
uous on [u, 7]. We denote by PC([u, 7], H) the space formed by the normalized piecewise
continuous from [u, 7] into H. In particular, we introduce the space PC formed by all
functions x : [0,b] — H such that x is continuous at ¢ # &, x(&) = x(;) and x(¢;) exist
for k =1,2,...,m. In this paper, we always assume that PC is endowed with the norm
Xl pc = sup,ciop) I%(@)1l. Then (PC, || - [ pc) is a Banach space.
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To simplify the notations, we put £ = 0, t,,,1 = b and for x € PC, we denote by & €
C([tx, trn1); H), k= 0,1,..., m, the function given by

o oo |x@)  forte (t teal,
' x(tf) fort=t.

Moreover, for B C PC we denote by Bi, k=0,1,...,m, the set By = {Xx :x € B).

Let us recall the following definitions and facts.

Definition 2.2 ([13]) A one-parameter family of bounded linear operators (R (%))~ on

H is called an «-resolvent operator for
t
D*x(t) = Ax(t) + / Q(t — 8)x(s) ds, (2.1)
0
xo=¢ €H, x'(0) =0, (2.2)
if the following conditions are verified.
(a) The function R(-) : [0,00) — L(H) is strongly continuous and R, (0)x = x for all

xe€eHanda € (1,2).
(b) For x € D(A), Ry (-)x € C([0,00), [D(A)]) N C*((0,00), H), and

DY Ra(t)x = ARy (t)x + /t Q(t — )Ry (s)xds,
0

DY Rq(t)x = Ro(t)Ax + / Rt —5)Q(s)xds
0

for every t > 0.

In this work we will consider the following conditions.

(P1) The operator A : D(A) € H — H is a closed linear operator with [D(A)] dense
in H. Let a € (1,2). For some ¢ € (0, 5], for each ¢ < ¢y there is a positive
constant Cy = Cy(¢) such that A € p(A) for each

A€ 20,0175 = {)\,E(C,)\. 7'/01

arg(k)| < az?},

where ¥ = ¢ + 7 and [[R(A, A)|| < % forall A € g 4.
(P2) Forall >0, Q(t): D(Q(t)) € H — H is a closed linear operator, D(A) € D(Q(?))
and Q(-)x is strongly measurable on (0, 00) for each x € D(A). There exists
b(-) e L%OC(]R*) such that@(k) exists for Re(A) > 0 and ||Q(&)x|| < b(t)]||x||; for all
t >0 and x € D(A). Moreover, the operator-valued function
@: Yo,z/2 = L([D(A)], H) has an analytical extension (still denoted by a) to Xo,»
such that [Q(4)x]| < [[QU)IIllx]l for all x € D(4), and [QE) ]| = O(g5;), as || — oo.
(P3) There exists a subspace D € D(A) dense in [D(A)] and a positive constant C such
that A(D) € D(A), Q(A)(D) € D(A), and |[AQ(M\)x| < C||x|| for every x € D and all

S 20'19.



Yan and Jia Advances in Difference Equations (2015) 2015:130 Page 6 of 31

In the sequel, for » >0 and 6 € (7, 7),

Zo={reCIAl>r,

arg(k)‘ < 6},
for T, g, Fi,g, i=1,2,3, are the paths
Fi,@ = {teia > r},

7, ={te” : 15| <0},

T,

Ffﬂ = {te‘ia t> r},
and T,y = U?zl Fﬁ,e oriented counterclockwise. In addition, p,(G,) are the sets
a-1(qa V2 -1
Pu(Go) = {1 €C: Gu(1) =2 (AT - A= Q1)) € L(H)}.
We now define the operator family (R, (¢)):>0 by

5m Jr,, € Ga()dh, >0,

Re(t):=
@ 1, t=0.

Lemma 2.1 ([13]) Assume that conditions (P1)-(P3) are fulfilled. Then there exists a unique
a-resolvent operator for problem (2.1)-(2.2).

Lemma 2.2 ([13]) The function R, : [0,00) — L(H) is strongly continuous and R, :
(0,00) — L(H) is uniformly continuous.

Definition 2.3 ([13]) Let « € (1,2), we define the family (S,(¢)):>0 by

So(B)x:= /tga_l(t —8)Ru(s)ds
0

for each t > 0.

Lemma 2.3 ([13]) If the function R,(-) is exponentially bounded in L(H), then S,(-) is
exponentially bounded in L(H).

Lemma 2.4 ([13]) If the function R,(-) is exponentially bounded in L([D(A)]), then S,(-)
is exponentially bounded in L([D(A)]).

Lemma 2.5 ([13]) If R(A3,A) is compact for some Ay € p(A), then Ry (t) and S,(t) are
compact for all t > 0.

Let x5(x0; 1) be the state value of system (1.1)-(1.3) at terminal time b corresponding to
the control # and the initial value xy = ¢ € B. Introduce the set

B(b,x0) = {xs(x0; u)(0) : u(-) € L*(J, )},

which is called the reachable set of system (1.1)-(1.3) at terminal time b, its closure in H is
denoted by B(b,xo).
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Definition 2.4 A function x : (—00,b] — H is called a mild solution of problem (1.1)-(1.3)
if xo = ¢ € B for every s € J and Ax(t) = Ix(xy ), k =1,..., m, the restriction of x(-) to the
interval (¢, tx1] (k= 0,1,...,m) is continuous, and

Ra(8)[9(0) - G(0,9)] + G(t,x,) + [y Su(t — 5)Buls) ds

+ [y Salt = $)E(s, x5, [y h(s, T, %;) dT) ds, te0,4],
Ro(t =) lx(ty) + L) — Gt )]

+G(t,x,) + ft (¢ — s)Bu(s) ds
xO) e+ [y Salt—s)F(s,x,, [y h(s,T, %) d)ds, te(t,t),

Rt — tw)[x(t,,) + Ly (xrm) Gty %2 )]
+ Gt x) + ft — 8)Bu(s) ds
+ ft; S, (t —s)F(s,xS, o h(s, T, %;) dT) ds, t € (t,, b).

Definition 2.5 System (1.1)-(1.3) is said to be approximately controllable on the interval

[0, b] if B(b,x0) = H that is, if it is possible to steer the system from the initial point xy to
within a distance ¢ > 0 from all the final points in the state space H at time b.

It is convenient at this point to define operators
b
= / Sub—s)BB*S3(b—s)ds, 0<t<b,

tk1 / Sulty —$)BB*S(tx —s)ds, k=1,2,...,m,m+1,
R(aFZ;l) (a]+l’tt’k<l)71 fora>0,k=1,2,...,mm+1,

where B* denotes the adjoint of B and S (t) is the adjoint of S, (¢). It is straightforward

that the operator I'}* _ is a linear bounded operator.

k-1

Lemma 2.6 The linear integrodifferential Cauchy problem corresponding to system (1.1)-
(1.3) is approximately controllable on ] if and only if aR(a,T'S) - 0,0 <t <s<b,asa—
0" in the strong operator topology.

The proof of this lemma is a straightforward adaptation of the proof of [28], Theorem 2.

Lemma 2.7 A set B C PC is relatively compact in PC if and only if the set By is relatively
compact in C([ty, tx:1]; H) for every k =0,1,.

Lemma 2.8 ([40] Nonlinear alternative of Leray-Schauder type for multivalued maps due
to O'Regan) Let H be a Hilbert space with V an open, convex subset of H and y € H.
Suppose

(@) ®:V — Py(H) has a closed graph, and

(b) @:V — Py(H) is a condensing map with ®(V) a subset of a bounded set in H hold.
Then either

(i) ® has a fixed point in V; or

(ii) there existy € dV and ) € (0,1) withy € A®(y) + (1 — X){y0}.
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3 Existence of solutions for fractional impulsive control systems

In this section, we prove the existence of solutions for the fractional impulsive control
system (1.1)-(1.3). We make the following hypotheses.

(H1) The operator families R, (¢) and S,(t) are compact for all £ > 0, and there exist

constants M and § such that || Ry (£) | < Me® and || Sy ()|l ¢y < Me® for every
te].

(H2) The function G:J x B — H is continuous and there exists a L > 0 such that

|G, yn) — G| <L[Its—tal + Y1 = ¥2liB], 2 €], 91,92 € B,
and
leew)| <L(lvls+1), telveb.
(H3) (i) For each (t,s) € A the function k(t,s,-) : B — H is continuous and for each

x € B, the function A(,-,x) : A — H is strongly measurable.

(ii) There exists a continuous function p: A — [0, 00), such that
|1t )| < pt,9)00(I1¥115)
fora.e. t,s € J, ¥ € B, where ®q : [0, 00) — (0, 00) is a continuous
nondecreasing function.
(H4) The multivalued map F:J x B x H — Py q.0(H); for each ¢ € ], the function

F(t,-,-) : B x H— Ppgoe(H) is ws.c. and for each (¥, y) € B x H, the function
F(-,¥,y) is measurable; for each fixed (,y) € B x H, the set

Sey = {feLl(],H) f(2) eF(t,w,/th(t,s,w)ds> for a.e. te]}
0
is nonempty.

(H5) There exist a continuous function m : J — [0, 00) and a continuous nondecreasing
function ® : [0, 00) — (0, 00) such that

|E@ v, )| =sup{If 1l :f € & ¥, 9)} < m@&O(I1¥ 115 + Iy1l),

fora.e. t € J and each ¥ € B, y € H with

& 1
/1 SO0 1 009 BT (3.1)

(H6) The functions I : B — H are continuous and there exist constants ¢ such that

AT
imsup

=ci
IWig—oo I¥lB

forevery y € B, k=1,...,m.
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Lemma 3.1 ([44]) Let] be a compact interval and H be a Hilbert space. Let F be a mul-
tivalued map satisfying (H4) and let P be a linear continuous operator from L'(J,H) to
C(J,H). Then the operator

PoSp:C(,H)— cp,cv(H): x — (P o Sp)(x) := P(SF, %)
is a closed graph in C(J,H) x C(J,H).

Theorem 3.1 If assumptions (H1)-(H6) are satisfied. Further, suppose that, for all a > 0,
then system (1.1)-(1.3) has at least one mild solution on J, provided that

max {M,[1+ K;(Mcy + ML)] + M3K,ML} <1, (3.2)

1<k<m

where My = MN,(1 + LM2N2M3b), M = (1 + MM N,MZb)N,, M, = Mmax{1,e"}, N, =
max{1,e%}, M = || BJ|.

Proof Consider the space ) = {x: (—00,b] — H;x = 0,x|; € PC(J, H)} endowed with the
uniform convergence topology and define the multivalued map @ : Y — P())) by ®x, the
set of p € ) such that

0, t € (-00,0],
Ra(D)[p(0) - G(0,9)] + G(t, %)

+ [y Salt = $)Bul(s)ds + [, Su(t - s)f (s)ds, te[0,4],
Ra(t = 0)[x(t7) + Li(xy) — Gtr, %)) + G(£, 1)
PO=Y 4 [LSut-9Bull)ds+ [} Sult-s)f()ds,  te(tib),

Re(t - tm)[J_C(t;n) + Im(;ctm) - G(tmxa_ct;;,)] +G(t, %)
+ Jo Sult = $)Bul(s)ds + [} Su(t=s)f(s)ds,  t€ (tm,b],

where
B Skt - )R(a, T xo + 220 R (11)[(0) - G(0,9)]
- Gt1, %) - [ Sults = )f (n) dn], se(0,4],
B*Si(ty — 5)R(a, T [xo + 22720 _ R (8, — 1) [R(5) + (%)
u;(s) = - G(tl:a_ctf)] - G(tZ’a_Ctz) - f,;z Sa(tZ - 77)f('7) d’]], RS (tl; t2]’

B*S;(b~$)R(@, T, ) 1wy~ Ra(b — t)[5(t5,) + Ln(s,)
~ Gty &)1 = G(b, %) — [ Salb—n)f (n)dn], s € (tm, ),

andf € Spz={f e L\(J,H) : f(t) € F(t,a'ct,foth(t,s,a'cs)ds) ae. tej},and x:(-00,0] — H is
such that %y = ¢ and X = x on /. In what follows, we aim to show that the operator ® has a

fixed point, which is a solution of problem (1.1)-(1.3).

Page 9 of 31
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Let {0, : n € N} be a decreasing sequence in (0, %) C (0, b) such that lim,,_,» 0, = 0. To

prove the above theorem, we consider the following problem:

‘DN (x,) € AN (x,) + / Q(t—s)ﬁ(xs)ds+Bu(s)+F<t,xt, / h(t,s,xs)ds),
0 0

te]J=[0,bl,t Ztr,k=1,...,m, (3.3)
xo=¢€b, x'(0) =0, (3.4)
Ax(ty) = Ro(onk(xy,), k=1,...,m, (3.5)

where N (%) = ©(0) + Ry(0,)G(t, x;). We shall show that the problem has at least one mild
solution x,, € V.
For fixed n € N, set the multivalued map &, : Y — P()) by ®,x the set of p, € V such

that
0, t € (-00,0],
Ra(@)[9(0) = Re(01)G(0,9)] + Ry (0,)G(2, X:)
+ [y Salt - s)Bul(s)ds + [, Su(t—s)f (s)ds, te0,4],
Ro(t - t1)[x(5) + Ra(0w)h(%y) — Ral0n)G61,%)]
+ Ral0,)G(t, %) + fé S (t — s)Bul(s)ds
PO=N 4 [ S, (- 9)f(s)ds, te (b, bl,
Ralt - tm)[»’_c(t;n) + Ro(0,)y (Q_Ctm) - Ral01)G(tms J_Ct,*,,)]
+ Ry (O’,,)G(t, Xi) + ft; Soz(t - S)BM;(S) ds
+ [} Sa(t=s)f(s)ds, t € (tw, b,
where
B Skt — )R(a, Tg)[xo + L2 — R, (8)[p(0)
- RO! (Un)G(0¢ SO)] - Roz (O‘H)G(tl,y_ctl)
— 5! Sulty = m)f (n) dn], se[0,4],
B*S(ts — $)R(a, T12)[xo + 2820 _ R, (£, — t1)[%(£7)
p + R(x (on)ll (7_Ct1) - RO! (O'H)G(tba_ct;’)]
BN —Re(00)Gler ) - [ Salts =) () i, se(tn)

B*S;(b - s)R(a, Ff’m)[xb - Ra(b-t,)[x(t;,)
+ Ra(an)lm(&tm) - th(an)G(tmv’_Ct;;,)]
~ Ra(on)G(b, ) ~ [, Sulb—s)f (m)d], t € (tw,b],

and f € Sp. It is easy to see that the fixed point of ®,, is a mild solution of problem (3.3)-
(3.5).

Step 1. We shall show there exists an open set V C ) with x € A®,x for A € (0,1) and
x¢adV.
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Let 1 € (0,1) and let x € A®,x, then there exists an f € Sg; such that we have

AR ()[9(0) = Ra(04)G(0,9)] + AR (04) G (£, %)

+ 2 [y Sult = 8)Bu(s)ds + 1 [y Syt - s)f (s)ds, te[0,4],
AR (& - t1)[x(8) + Ra (o) (%) — Ra(04)G(81, % )]

+ ARa(0)G(6,%,) + 1 [, Sa(t - 5)Bu(s) ds
x)={ +*[, Salt—s)f(s)ds, te(tts],

AR (t - tm)[’_c(t;n) + Ro(0,) (~7_Ctm) = Ra(0,)G(t, xt;,)]
+ A Ru(02)Gt, %) + A [} St —5)Bu(s)ds
+1 [} Sult=s)f(s)ds, t € (t, b,

for some A € (0,1). On the other hand, from condition (H6), we conclude that there exist
positive constants € (k =1,...,m), y1 such that, for all |||z > y1,

|| < (cx + e 1¥ 115,

max {M,[1+ K, (M(ck + ) + ML) | + M3K, ML} <1. (3.6)
1<k<m
Let
FE={y:lvis<n}, FR={v:Ivis>n},  C=max{|LW)|.xeF}.
Therefore

2w

| <Ci+(ck+ el 3.7)
Then, by (H1)-(H5) and (3.7), from the above equation, we have for ¢ € [0, ]
|x(6)| < Me*[Hllglls + M L(ll@ll +1)] + Me*™ L(||Zc ]| 5 + 1)
1 1 -
+ Me” = Me’’ N2ty MiMe*" L(|| %, || g + 1) + Me® ~ Me’ N>t M7 Ny
a a

t s
+ Me / e-“m(s)®<||a‘cs||g+ / p(s,r)@)o(na‘cfns)dr) ds,
0 0

where

~ X1 — X0
No = [lxoll +

+ M.[[l0(0)| + MEL(llglls +1)]

m+1
i s _ n ~
+M*/ e "Wlf(n)®<||xn||6 +/ p(n, l9)®0(||xﬁ ||B) dl?) dn, M = ||B].
0 0
Similarly, for any ¢ € (¢, txn], k=1,...,m, we have

()| < MR |2 ()| + Me " [Cr + (cx + €)Ixe 18] + M L(|1% |5 +1) }

+ M L(||%¢ || + 1) + Me™* ézwef”’z\sz\/ff(z:k+1 - ) {MN[|5(5) |
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+ M [Cr + (cx + €)%, [15] + M L(|| %z || s +1) ]

1 _
+ M L([1%y,, Il +1)} + Me“;zv[e“’z\lfo(tk+1 ~ )Nk

t s
+ Me" [ e-“m(s)®(||5ct||3+ / p(s,r)@o(||5cfns)dr) ds,
t 0

k

where

Ni = [lxol +

H (k +1)(x1 —x0)
m+1

7351 n
+M*/ e'S”mf(n)®<II5€nllB+/ P(0,9)00 (%11 8) dﬁ‘) dn.
ti 0

Then, for all ¢ € [0, b], we have

[#(6)] < Ae + ME*N, (1 . éMﬁNfMlzh) [[#(6) | + M (ci + ) e 15

_ 1 _ _
+ Me‘s"”LHx[; ] + Me“;M*NfobMe‘s"”LHx,M 5 + M L||%:| 5

t s
+ Me / e_asm(s)@<||5€s||8+ / P(S,T)®o(||5cz||6)df) ds,
0 0

M= max{M[H||¢||B + M L(|lglls +1)] + Me*"L
l 2 2 A f,80n l 2, N7
+ M~MN2t M2 Me*™ L + M~M.N2t;No,
a a
1
MN, <1 + —Mfobe) [Me*" Cy + Me®" L] + Me*" L
a
l 2 2 12 Sop l 2 A 121 R7 7 X
+ M=MN>MbMe* " L + M—~M,N>M?bN;, N = max (N}
a a 1<k<m

Since lim,,_, o, 0, = 0, it follows that
~ 1
|x(®) || < Me® + Me* N, (1 + —MiNfob) [1%(z0) || + M(cx + €)l1xe, I8
a
_ 1 _ _
+ ML|% || 5] + Me‘gt;M*NfobMLthM Iz + ML||%:|| 8
t s
+ Me f e“m(s)(a(ufcsng + / p(5, )00 (1% I15) dr) ds
0 0
It is easy to see that
%l < Mpllplis + Kplixlle, £ € [0,b],

where [lx]]; = supg_,<, (). If v(t) = My | @15 + Ky 21, ¢ € [0, 5], we obtain

Page 12 of 31
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- 1
v(t) < Myll@ll g + Me® + Me’' N, (1 + —MiNfob) v(t)
a
1
+ KMe* N, (1 + —MiNfob) [M(ck + ex)v(t) + MLv(t)]
a
1
+ KpMe® ;M*Nfo bMLV(t) + KpMLv(t)
t s
+ K, Me® / e Sm(s)® (V(S) + / pls, 1)0¢ (V(‘L’)) dt) ds.
0 0
Since L = max;<i<m{Ma[1 + Kp(M(ck + €x) + ML)] + M3K,ML} < 1, we obtain

st 1 M
e V(t)fﬁ N Mpllolls + M

+I(betessm(s)®(v(s) + /sp(s,r)G)o(V(r)) dr) ds:|.
0 0

Denoting by w(¢) the right-hand side of the above inequality, we have
v(t) < e®w(t) forallte],

and
1 -
w(0) = E[N*Mb”(P”B +M],

w(t) = %I(bMe&m(t)@(v(t) + /Otp(t, $)O0 (v(s)) ds)

_K,Me % m(1)® (e&w(t) + / p(£,5)8 (e w(s)) ds), te].
1-L 0

Let £(2) = e w(¢) + fotp(t,s)(%(e‘ssw(s))ds, then £(0) = w(0), e*w(t) < £(¢), and for each
t € ] we have

(S(t))/ = 8" w(t) + W' ()€’ + p(t,£)O0 (e w(t))

<30 + —=KMm(DO(E() + p(6, 100 (£(0)

< max{(S, %Kme(t),p(t, t)}[&(t) + @(S(t)) + 0O (S(t))], te].

This implies that

£(0) dc b 1
f _— < / max{(ﬁ, —=K,Mm(t), p(t, t)} dt < 00.
£0) S+O(s)+00(s) ~ Jo 1-L

This inequality shows that there is a constant K such that E(t) < K , t € ], and hence
lxllpe < v(£) < &(t) < K, where K depends only on M, §, b and on the functions m(-),
p(-,+), ©(-) and B¢(-). Then there exists r* such that ||x|p¢ # r*. Set

V={xeY:lxlpc<r}

From the choice of V, there is no x € 3V such that x € A®,x for A € (0,1).
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Step 2. ®,, has a closed graph.
Let ) — x*, pg) € &4, x € V and ,of,’) — p,. From axiom (A), it is easy to see that
(x0)s — x*5 uniformly for s € (—00,b] as n — co. We prove that p} € ®,x*. Now o e

dDHW means that there exists {0 e S, Nl such that, for each ¢ € [0, 1],

p(8) = Ra(O)][0(0) - Ra(0,)G(0,9)] + Ra(04)G(t, (x9),)

o ‘fl" ~ Ra(t)[0(0)

+ /tSa(t ~$)BB*S}(t; — s)R(a, () [xo +
0
- Ra(04)G(0,9)] - Ra(0)G(t1, (1), )

t . ¢ .
—/ Salty —n)f(’)(n)dn} dS+/ Sat-s)fP(s)ds, tel0,t].
0 0
We must prove that there exists f* € Sy = such that, for each ¢ € [0, 4],

Pn(®) = Ra(8)[9(0) = Re(0,)G(0,9)] + Ra(0,)G(t, (x7),)

Xp — X0
+1

+ f t Su(t—$s)BB*S:(t; - )R(a, T'y') [xo +
0
— Ra (tl)[(p(O) - Ra(on)G(O’ (p)] - Ra(aﬂ)G(tl’ (F)tl)

- f 1sa(tl—n)f°'>(n)azn} ds + / Sa(t = 8)f*(s) ds.
0 0

Now, for every ¢ € [0, 1], we have

H <py(1j)(t) - Ra(?) [QO(O) - Ra(04)G(0, <ﬂ)] -Ra (Un)G(t’ (W)[)

x —
~ fl" — Ro(t)[0(0)

- /t Su(t —$)BB*S;(t1 — s)R(a, I‘f)l) |:xo +
0

~ Ru(0:)G(0,¢)] - Ral0) Gt (W)“)] ds)

- (p:;(t) ~ Ru(0)][6(0) - Rul0:)G(0,0)] - Ru(0)G(t (),

- / S.(t—5)BB*S}(t; - 9)R(a, rf;)[xo + 22T R(6)[e(0)
0 m+1

- R (04)G(0, <ﬂ)] - Ra(an)G(tlr (F)tl)i| dS)

— 0 asj— oo.
PC

Consider the linear continuous operator ¥ : L}([0,#], H) — C([0, 4,1, H),
t 5l
W (f)() = f Su(t - $)BB*S;i(t — s)R(a,T'(') [/ Sultr - Tl)f(’l)dﬂ] ds
0 0

+/0 Syt —s)f(s)ds.

From Lemma 3.1, it follows that W o S is a closed graph operator. Also, from the definition
of W, we have, for every ¢ € [0, 1],
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p;(qj)(t) - Ra (t) [fﬂ(()) - Ra (UM)G(O: ‘P)] + Ra (Un)G(t’ (W)t)

t —
- / Su(t - $)BB*S:(ty — )R(a, T') [xo Ml
0 m+1

~ Ro()[9(0) - Ru(0,)G(0,0)] - Ru(0:)G(t1, (W)tl)] ds e (S, o)

Since x0) — x*, for some Sf* € Sg = it follows that, for every ¢ € [0, #], we have

() = Ra(8)[9(0) = Ro(0,)G(0,9)] + Ra(0,)G (2, (x7),)

t —
- / Sult - $)BB*S*(ty - 5)R(a, rgl)[xo M
0 m+1

~RyO[0(0) - Ra(0,)G(0,0)] - Rul0)G(t1 (ﬁ),l)] ds

t 5
= f Su(t—3s)BB*S:(t; - s)R(a, I'y') [ / Sa(ti —n)f*(n) dn] ds
0 0
t
+/ Sy (t—s)f*(s)ds.
0
Similarly, for any ¢ € (¢, txn], k=1,...,m, we have

P (0) = Ra(t = 1[0 () + Rulo)li((:9),,) = Ru(04)G 81 (+9) )]

- Ra(0n)G(t: (x7),)

t . k _
¥ /tk Sult - $)BB* S (b — 5)R(a, T4 |:x0 ¥ %
= Raltinr = 8)[x () + Ra(0n)i (7)) = Re0)G (11, (a7) )]

- Ra (Un)G(tk+17 (x(j))tk+1) - Sot (tk+1 - 77)]((/)(77) d’)i| ds

73

t
o[ Sue-9r06ds, ee ot
73
We must prove that there exists f* € Sy such that, for each € (¢, fx.1],

Pr(®) = Ralt = 1) [ () + Ra0)k((),,) - Ra(0n)G (16, (+7) )]
- Ra(02)G(t, (x),)

t k+1)(xp —
+ / So(t — $)BB*S (b1 — s)R(a, FZ:*I) |:xo + m
73

m+1
-Re (tk+1 - tk)[&F(t/;) + Ra(an)lk((ﬁ)tk)] - Ra(Un)G(tk: (F)t;(’)
7351

= Ra(0w)G(tis1, (87),, ) = Sa(tiss = n)f*(n) dﬂ:| ds

73

+ /tSa(t —8)f*(s)ds, t€ (tr,trs)-
73
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Now, for every t € (¢, tks1], K =1,...,m, we have

(0= Rt~ 07 (1) + R (7)) - Rul) 601 (9),.)

- Ry ()G (t, (7))

(k +1)(x1 —x0)
m+1

_ /t "S- §)BB S (t1 — )R(a, T [xo +
~ Retrnt = 8)[29 () + Ra(0) I ((x9), ) = Ralo)G(t, (W)t;)]

- Rale) 6o (),.)| ) - (650~ Rutt - (6) + (), )
- Ra(0:)G (10, (%) .)] - Ra(0:)G (1, ("),

/ S, (t - s)BB* 8*(tk+1 —S)R(a, Ftk+1) |:x0 + w

m+1

= Raltins = 8)[#7(6) + Ralonl((#7),) = Ral0n) Gt (+7), )]

- Rulon)Glt, (7), )] ds>

— 0 asj— oo
PC

Consider the linear continuous operator W : LY (¢, txy1], H) — C((t, e}, H), k=1,...,m
w(f)() = / Sa(t = $)BB*Si(trs — $)R(a, T 1) U Sulti - n)f(n)dn} ds

+/ Syt —s)f(s)ds.

From Lemma 3.1, it follows that W o S is a closed graph operator. Also, from the definition
of W, we have, for every t € (¢, txl, k=1,...,m,

p(0) = Rat = ) [x9 (5) + Ra(0) I ((x9), ) - Ra(a,,)G(tk,(W)tz)]

- Ry ()G (e, (7))

(k +1)(xp —x0)

t
— | S,(t-s)BB*S*(txs1 — $)R(a, T*1) | xo +
/tk Ot( ) a(k+1 ) ( t ) 0 m+l

- Ra(tkﬂ - tk)[w(t];) + Ra (Un)lk((w)tk) - Ra (Un)G(tk: (W)t;)]

- Ra(04)G(ts1, (x(/)) - ):| ds € (S, ).

Since x0) — x*, for some fres it follows that, for every ¢ € (¢, tx+1], we have

)O:;(If) - Ra(t - tk)[ﬁ(t]:) + Ra(o—n)lk((ﬁ)tk) - Ra(o—n)G(tk: (F)ﬁ)]

- Ra(o,,)G(t, (9?) )

(k +1)(xp — x0)
m+1

/ Su(t = 5)BB*S}(tis1 — 5)R(a, Ftk*l) |:x0 +
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- Ra(tkﬂ - tk)[?F(t/:) + Ry (O-n)[k((ﬁ)tk) - Ra (UH)G(tkr (F)t;;)]

- R0 Gt (x*)tk”)] ds

sl

t
= / Sa<t—s>BB*s;;(tk+1—s)R(a,r::“)[ Sa(t/m—n)f*(n)dn} ds
73

3

+ /tSo, (&= s)f*(s)ds.

Therefore, @, has a closed graph.
Step 3. We show that the operator ®,, is condensing.
For this purpose, we decompose ®,, as A, + I',,, where the map A, : V — ) is defined

by A,x, the set @, € ) is such that

0, t € (-00,0],
_Ra (t)Ra (an)G(O’ (/7) + Rot (Un)G(t: 9_Ct): te [O: tl]r
a)‘n(t) = _Ra(t - tl)Ra(Un)G(tlr;th') + Ra(on)G(tr;Ct)’ te (tl: tZ]:

—Ra(t = tm)Ra(04) Gt Q_Ct,*n) + Ra(04)G(t, %), t € (tm ],
and the map ', .V — YV is defined by I'.x, the set ¥, € Y is such that

0, t e (-00,0],
Ra(£)p(0) + [3 Sult - s)Bul(s)ds + [ Sult —s)f (s)ds, te[0,4],
Ra(t — t)[X(£]) + R (001 (X))

9(£) = + ftj S (£ — 5)Bul(s) ds + ftj S, (t —5)f (s)ds, t e (t, ),

Ra(t - tm) [‘Q_C(ty_yl) + Ru (O‘n)lm(y_ctm)]
+ [} Su(t-s)Bul(s)ds + [, Sult—s)f(s)ds, t € (b b].

We first show that A, is a contraction while I', is a completely continuous operator.
Claim 1. A,, is a contraction on V.
Let £ € [0,#] and x*,x™* € ). From (H2), we have

(A0 (2,57)0)
= | Ra(on[G(t,2%) - Gt ]|
< LMo |7, - 7
< LMe*K,, sup ||x%(s) - x* ()|
s€[0,5]
= LMe*" K, sup ||x*(s) —x™(s) || (since x =x on J)

5€[0,b]

= LMe*" K, ||x* —x** ”73(2'
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Similarly, for any t € (t, t41], kK =1,...,m, we have

[ (An27) @) = (M) @)
= ”Ra(t - tk)Ra(Un)[_G(tkraFt*) + G(tlowt,ﬁ)] ”
+[Ralon[G(6:5%) - Gex)]|

< M WLME ™ |7 e — 27

i ”B + LMo ||9Ft — X

il

< (M.N, +1)LMe*" K, sup ||x*(s) - x*(s)||
s€[0,b]

= (M.N, +1)LMe*" K, sup ”x (8) —x™(s) || (since ¥ =x on J)
€l0,5]

= (MN, + )LMe’ " K ||x* — x| s

where M, = M max({1,e*”}, N, = max({1, e *?}. Thus, for all ¢ € [0, b], we have
[(Awx*) () = (Aux™) (@) | < (MN, + 1)LM™ ™ K, | " — 2™

[ pe-

Since lim,,_, o, 0, = 0, it follows that

[ (An) @ = (A @] < Lo =27 .

Taking the supremum over ¢,
[ A = 8™ [ e = Lol =27 e

where Ly = (M.N, +1)LMK}. By (3.2), we see that L, < 1. Hence, A, is a contraction on ).
Claim 2. T, is convex for each x € V.
In fact, if 9}, 92 belong to I, then there exist f1, /> € Sg; such that

Xp — X0
+1

D1(t) = Ra(£)p(0) + / [S(t—s)BB*S*(tl - $)R(a,T )[xo +
~Ra(01)[9(0) = Ra(0,)G(0,9)] = Ra(0,)G(t1, %)
- /Otl Sults - n)fi(n)dn} ds + /:Sa(t —s)fi(s)ds, tel0,u],i=1,2.
Let 0 <A <1.Foreacht e [0,t] we have
(M) + (L =2)92) (@)

Xp — X0

=Ra()p(0) + /0 S(t—s)BB*S;;(ty — s)R(zz, 1"61) [xo + ]

- Rao(D]¢(0) - Ra(0)G(0, )] - Ro(0,)G(t1, %)

/S t— kﬁ n) + (1= 21)fa( )]dn:|ds

+/ Su(t = 9)[Mi(s) + (L= 1)fa(s)] ds
0

Page 18 of 31
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Similarly, for any t € (t, t41], kK =1,...,m, we have

91(8) = Ra(t — 6)[%(£) + Ral0n)lk(xe,)]

t —
¥ / S(t - $)BB* S (trs1 — 5)R(a, rfgﬂ)[xw W

73

- Ra(tk+1 - tk)[i(t];) + Ra (O—n)lk(a_ctk) - Ra (O—n)G(tk: 5@2 )]

7381
- Ra(01) G(tks1, »7_%“1) - S (tess = n)fi(n) d’l} ds

73

12
+/ Su(t=3s)fi(s)ds, i=1,2.
73
Let 0 <A <1.Foreachte (&, tral, k=1,...,m, we have

(M) + (L -2)92) (@)
=Ra (t - tk)[;c(t]:) +Ra (Un)lk(ﬁ_ctk)]

(k +1)(x1 —x0)
+ —_—

t
* O 798
+ / S(t — s)BB*S}(tis1 — )R(a, Ty b [xo —

tk
- Rtk = t)[E(t) + Ra(02)Ik(Ey) = Ra(02) Gt %) ]

— Ra(00) Gt %y ,,) — - Saltrs = m[Mi(n) + A = 2)fa(n)] dﬂ} ds

73

+ / Syt —3s) [kfl(s) +(1-2) 2(5)] ds.
tk

Since Sr is convex (because F has convex values) we have (A9} + (1 - 1)9?2) € [',.
Claim 3. T,(V) is completely continuous.
We begin by showing that T',,(V) is equicontinuous. If x € V, it follows that

”~7_Cs||8 SMb”(D”B +Kbr* =7,

Let 0 < 71 < T» < #1. Then we see for each x € V, and 9, € [',.x, that there exists f € Spz
such that

Ha(t) = Re(£)@(0) + /tSa(t —8)Bui(s)ds + /tSa(t —$)f(s)ds. (3.8)
0 0
Then

[94(r2) = Pu(z) ||

<[ [Ra(r2) = Ra(m)]0(0) | +

fn_g [Sa(‘l.'z —5) = Sy(t1 - S)]Bu;c(s) ds
0

+ /ZI [Sa(rz -5) -8, (r1 —s)]Bu,—C(s) ds| + /12 Su (12 — 8)Buz(s) ds
A S-S -9 ds
0
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+ +

/ ' [Su(r2 =) = Sulr ~ 9)]f(s) ds

1

<[ [Ra(r2) = Ra(t1)]0(0) +/0 : |Sa(r2 = 8) = Sa(11 - 5) [ No ds

51 2
+2M, e BNy ds + Me’? / e %Ny ds

T1-¢€ 7

+®(r’)/0 (2 =) = Sulr = )| mls) ds

al
+2M,0(r') /

T1—¢€ 1

Similarly, for any 7y, tp € (&, tks1], 1 < T2, K =1,...,m, we have

Dn(t) = Rt — t)[(t) + Ra(on)k(%s,) ]

+ /t Solt —5)Bu(s)ds + /t Syt —s)f (s)ds.
Then

”ﬁn('@) - ﬁn(fl)”
= ” [Ra('@) - ch(fl)] [&(t]:) + Ra (Un)lk(;ctk)] ”

s / 802 = 5) = Sulm - 9)]Bu(s) ds

lk

+

+ /Tl [Sa(fg —-8)—Su(t1 — s)]BuZ(s) ds

+ / - [Sa(rz -8)—Su(m —s)lf(s) ds
tk

+

. / ' [Su(r2 =) = Sulrs — 9)]f(s) ds

1

= ” [Ra(TZ) - Ra(fl)] [&(t[:) + Rot (O'H)Ik(;ctk)] ”

T1—¢

+/ ||Sa(rz—s)—Sa(rl—s)”des

73
1 1]

+2M,, e SNy ds + Me®™ / e SNy ds

T1—¢€ 1

+ @(r’)/ - [ Su (2 = 8) = So (11 = 8)||m(s) ds
tk

al
+2M,0(r') /

T1—€ 1

/Tz Su(ta —8)f(s)ds

5}
e m(s)ds + Me’™ o(r') / e m(s) ds.

™
/ So(t2 — 5)Bui(s)ds
7

/12 Su(ta —8)f(s)ds

5}
e m(s)ds + Me’™ ®(r’) / e m(s) ds.

Page 20 of 31

(3.9)

The right-hand side of the above inequality is independent of x € V' and tends to zero

as 7, — 1, with ¢ is sufficiently small, since the compactness of R,(t), Su(t) for £ > 0

implies imply the continuity in the uniform operator topology and the set {R,(0,,)Ix(¥z,) :

xeV,k=1,...,m}is relatively compact in H. It remains to prove that the functions I',x,
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x € V, are equicontinuous at ¢ = 0. Indeed, this is true since R (0,,) is a compact operator.
Thus, the set {I',x : x € V} is equicontinuous.

Next, we prove that I',(V)(t) = {89,(¢) : 9,.(t) € T,(V)} is relatively compact for every
t €10,b].

To this end, we decompose I', by I',(V) = '} (V) + T'2(V), where the map I'! is defined
by 'lx, x € V the set ¢} such that

Jo Su(t —s)Bul(s)ds + [, Sult —s)f (s)ds,  te[0,4],
» Ji Sult = $)Bul(s)ds + [} St -5)f(9)ds, 1€ (n,b],
THOERS

n

i Salt —5)Bul(s)ds + [, Sa(t—s)f(s)ds, t€ (tm,b],

1

and the map I'? is defined by I'2x, x € V the set #2 such that

Ra(t)(p(o)’ te [(), tl];
g2 < | e )+ RelonhG) - te ot

n

Ra(t - tm)[;c(t;n) + Ra(an)lm(a-ctm)]: te (tm’ b]

We now prove that T'L(V)(£) = {#1(¢) : #1(¢) € TL(V)} is relatively compact for every ¢ €
[0,b]. Let 0 < £ <s <t be fixed and let ¢ be a real number satisfying 0 < & < ¢. For x € v,
we define

9L (r) = / " Sult - 9)But(s)ds + / " Sult -9 ds,
0 0

where f € Sgz. Using the compactness of S, (£) for £ > 0, we deduce that the set U,(t) =
{9L(2) : x € V} is relatively compact in H for every ¢, 0 < ¢ < t. Moreover, for every x € V
we have

+

”19;(t) - 19,i'£(t)H < “/t So(t — s)Bui(s) ds /t Syt —3s)f(s)ds

t t
<M, / e BNy ds + M*®(r/) / e S m(s) ds.
t-¢ t—e
Similarly, for any ¢ € (t, tx1] with k= 1,...,m. Let t; <t <s < t441 be fixed and let ¢ be a
real number satisfying 0 < & < t. For x € V, we define

t—e t-¢
DL () = / So(t — s)Bul(s) ds + / So(t = 8)f(s)ds,
23 73
where f € Sgz. Using the compactness of S, () for £ > 0, we deduce that the set U,(t) =
{9L(¢) : x € V} is relatively compact in H for every ¢, 0 < ¢ < t. Moreover, for every x € V

we have

Hz?,ll(t)—z?},'g(t)HsH [ sute-spustas

/t Syt =3s)f(s)ds

t t
<M, / e SNy ds + M*®(r/) / e m(s) ds.
t—¢ t—¢e
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The right-hand side of the above inequality tends to zero as ¢ — 0. Since there are rel-
atively compact sets arbitrarily close to the set U(t) = {#}(¢) : x € V}. Hence, the Arzela-
Ascoli theorem shows that I'} is a compact multivalued map.

Next, we show that T2(V)(¢) = {9#2(¢) : ©2(¢) € ['2(V)} is relatively compact for every
t € [0,b). For all ¢ € [0,4], since ¥2(f) = Ry (£)¢(0), by (H1), it follows that {92(¢) : t €
[0,4],x€ V}isa compact subset of H. On the other hand, for t € (¢, tx11], k=1,...,m,

and x € V, there exists 7’ > 0 such that

- Rt - tk)[i(t]:) +Re (Un)[k(ktk)]’ t € (tg, trer),x € B (0,)),
[ﬁr%]k(t) € 7?/oz(tk+l - tk) [J_C(t]:) + Ra (an)lk(itk)]’ L=t1,x € Br” (0: y);
i(t]:) + Ry (O’n)lk(ﬁ_Ctk), I=1lnx € Br”(O: y),

where B,#(0,)) is a closed ball of radius . From (3.7) we obtain I;(¥, ) bounded in H.
By the compactness of (Ry(t))s0, we see {Rqy(0,)Ik(%s,) : x € B(0,Y),k =1,2,...,m} are
relatively compact in H. Also, it follows that [1/92] x(?) is relatively compact in H, for all ¢ €
[t trs1), k=1,...,m. By Lemma 2.7, we infer that Ffl(\_/) is relatively compact. Moreover,
using the continuity of the operator R, (¢), for all ¢ € [0, b], we conclude that operator I'2
is also a compact multivalued map.

As a consequence of the above Steps 1-3, we conclude that &, = A, + I, is a condensing
map. All of the conditions of Lemma 2.8 are satisfied, we deduce that @, has a fixed point

x, € YV, which is in turn a mild solution of problem (3.3)-(3.5). Then we have

Ra(6)[9(0) = Ra(04)G(0,9,0)] + Ra(0n)G(t, %nz)

+ fot S (t —5)Bug (s)ds + fot Sy (t = 8)fu(s) ds, te[0,t4],
Ra(t - tl)[icn(tl_) + Rot (an)ll(;cn,tl) - Ra (Un)G(tli Q_Cn,tf')]

+ Ra(02)G(t, %) + [ Salt = 5)Buf, () ds
xn(t)= ]+ Salt=s)f(s)ds, te (bl

Ra(t - tm)[in(t;n) + Ra (an)[m(;cn,tm) - Ru (Gn)G(tmr &n,t;’,,)]
+ Ra(00)G(t,Xns) + [, Sult —5)Bus (s)ds
+ [} Sult—s)fuls)ds, t € (tm, b),

(3.10)

for ¢ € [0,b], and some f,, € Sz, .
Next we will show that the set {x, : n € N} is relatively compact in ). We consider the

decomposition x,, = x. + x> where

~Ra(®)Ra(04)G(0,9) + Ra(0n)G(£, %n,e)

+ fot Se(t —5)Bug (s)ds + fot Sut—9)f,(s)ds, tel0,n],
~Ra(t - 1) Ra(04)G(t1, Xper) + Ra(00)G(E, Xe)
xL(0) = + fé S (t —5)Bug (s)ds + f; Sut=8)fu(s)ds, te(h, ],

—Ru(t — tu)Ra(04) Gt &n,t;;,) + Ralo,)G(t, &n,t)
+ [} Salt—s)Bug (s)ds+ [ Sa(t=s)f(s)ds, t€ (tm,b],
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for some f, € Srz,, and

Ra(t)(p(o)) te [07 tl]’

2()5) Ra(t - tl)[in(tl_) + ,R’ot(o'n)]l(&n,tl)]r te (tl: t2]7
Xy =

Ra(t - tm)["_cn(t;n) + Ra(on)lm("_cn,tm)]: te (tm’b]-

Step 4. {x%(¢t) : n € N} is relatively compact in ).

Claim 1. {x}, : n € N} is equicontinuous on /.

For ¢ > 0, %, € V, there exists a constant 7 > 0 such that, for all ¢ € (0,] and £ € (0,7)
with £ + £ < t;, we have

EAGRIREAG]

E || [Ra(t + 5) - Ra(t)]Ra (On)G(O, ‘P) ” + HR(x (Un)[G(t + Srv;cn,ﬂér) - G(tx in,t)] H

t+& t
+ / So(t +& —8)Bug, (s)ds| + / [Sa(t +&—8)—S,(t—- s)]Bu,—cn (s)ds
t 0

t+& t
+ / Syt + & =s)fu(s)ds| + / [Sa(t+ &—3s) —Sa(t—s)]f,,(s)ds
t 0

< || [Roz(t +&) - Ra(t)]Ra(Un)G(O,%O)” +M€56”L[§ + [ Xn,46 —5Cn,t||B]
t+& t
+M*/ e‘aSNodS+/ ||Sa(t+.§—s)—Sa(t—s)”Nods
t 0
t+& t
+ M*G)(r’) / e m(s)ds + @(r') / ||Sa(t +E—-5)=S,(t—5) || m(s) ds.
t 0
Similarly, for any t € (t, t,1], kK = 1,...,m, we have

EAGRIREAG]

=< ” [Ra(t + 5) - Ra(t)]Ra (871)G(tk: in,t;(’)

+ M L[ + ||%neee — XnellB]

t+& t
+M*/ e‘”stds+/ [ St +& —5) = Solt —5)| N ds
t 173
t+& t
+M,0(r) / e m(s)ds + O(r') f | Su(t + & = 5) = St = ) ||m(s) ds.
t Lk
Then, for all £ € (0, b], using the compact operator property, we get
[[Ra(e +£) - Ru(®]Ru(6:)G(0,0)] < = (3.1

or

|[Ra(t + &) = R (8)]| Rt (8) Gt %ot

£

-, 3.12
<g (3.12)
and

_ _ £
MEmL[& + X pee = el 5] < % (3.13)
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t+& P
M*/ eBNds< =2, (3.14)
[ 6
t
/ St + & —5) = St — 5) [N ds < % (3.15)
0
t+& P
M*®(r/)/ e m(s)ds < o (3.16)
t
t
o(r) / [Sut+8 =5) = Sule = 5) [ m(s)ds < =, (3.17)
0

where N = maxo<g<mu{Nk}. By (3.11)-(3.17) one has
||xil(t +&) - xﬁl(t) ” <e&.

Therefore, {x!(¢) : n € N} is equicontinuous for ¢ € (0, b]. Clearly {x!(0) : n € N} is equicon-
tinuous.

Claim 2. {x}(t) : n € N} is relatively compact in H.

Lett € (0,41], &€ >0, x, € V, there exists & € (0, ¢) such that

() - 20| < / |S( - 9)But ()] ds + / 1S(¢ = 5)f,(5)| s
t-& t-&

t t
< M, / e BNy ds + M*®(r/) / e Sm(s)ds < ¢,
tt -t

where &5 (£) = ~Rq () Ra(0,)G(0, @) + R (0,)G(t, %) + fo_E Sy (t —5)fu(s) ds for some f, €
SF,;ZW .

Similarly, for any ¢ € (&, tx,1] with k= 1,...,m. & > 0, x, € V, there exists £ € (0,¢) such
that

wh6) - 0] < / St - )But ()] ds + / 1S - 9)fy(s)] ds
£ t-£

t t
<M, / e Nids + M*®(r’) / e Sm(s)ds < ¢,
-t €

where xf,(t) = Ryt — tr)Rq (a,,)G(tk,y_c,,'t;) + Ra(0,)G(E %) + f;:g Syt = 8)fu(s) ds for
some f, € Spz,. From (H5), we obtain G(tk,y_c,,,tz), G(t, x,,,) are bounded in H. By the com-
pactness of R, (t), S,(¢) for t > 0, we see that the set {xi(t) : n € N} is relatively compact
in H. Combining the above inequality, one has {x!(¢) : n € N} is relatively compact in H.

Step 5. {x2(t) : n € N} is relatively compact in ).

Claim 1. {x2 : n € N} is equicontinuous on /.

For any ¢ > 0 and 0 < ¢ < ;. Since R,(0,) is a compact operator, we find that the set
W1 = {R«(0,)G(0, )} is relatively compact in H. From the strong continuity of (R4 (£)):>0,
for ¢ > 0, we can choose 0 < 7] < b — t such that

[(Ra(t+&) - Ra(@®)v| <&, veWw,
when |£| < 7. For each &, € V, t € (0, 1), such that

|x2(t +8) =% < [[Ra(t + &) - Ra(D]Ra(6)G(0,0)| < &.
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Similarly, for any ¢ € (&, tx1], kK =1,...,m, and € > 0. Since R,(0,) is a compact operator,
we find that the set W5 = {Ro(0,) k(%) : %0 € V} is relatively compact in H. From the
strong continuity of (R (¢))>0, for & > 0, we can choose 0 < 7) < b — ¢ such that

&

” (Ra(t"'g) _Ru(t))V” < 20+ 1)’

€ Ws,

when |£| < 7). For each x, € V, t € (4, tis1], kK =1,...,m, such that

|t + &) =22 (0| < | Ralt +& - te) - Ralt - )| 7
+ | [Ralt + & = tx) = Ra(t = ) ]Su(0) Ik Gng) || < &

As & — 0 and ¢ sufficiently small, the right-hand side of the above inequality tends to zero
independently of x,, so [?;Z]k’ k=1,2,...,m, are equicontinuous.

Claim 2. {x2(t) : n € N} is relatively compact in H.

Lett € (0,4],x, € V, by (H1), it follows that (K2t :t€[0,t1],x, € V}isacompact subset
of X. Using similar arguments to Step 2, for t € (¢, tx1], kK =1,...,m, and x,, € V, such that

. Ra(t - tk)[in(t]:) +Ray (Un)11<(~7_cn,tk)]r te (tk: tk+1): Xn € Br”(o; y)r
[x;%]k(t) € Ra(tkﬂ - tk)[in(t]:) + Ra (Un)lk(;cn,tk)]r L ="lks1,%n € Br”(or y)r
Q_Cn(t]:) + Ra (Un)lk(;cn,tk)r t=ty,x, € Br”(oy y),

where B,~(0,)) is a closed ball of radius ”. One sees that [@,]k(t), k=1,2,...,m, is rela-
tively compact for every ¢ € [#, tx,1], and {x2(¢) : n € N} is relatively compact in H.

Thus, we obtain the result that the set {x, : n € N} is relatively compact in ). We may
suppose that

X, —> %X, €Y asmn—> oo.
Obviously, x, € ), taking the limits in (3.10) one has

Ra(®)9(0) - G(0,9)] + G(¢, %)

+ [y Salt = 8)Bus, (s)ds + [ Su(t —s)fi(s)ds, te[0,4],
Rt = 0)[Xu(87) + [ (%) — G(t1, %oy )]

+ Gt %) + [, Sult — 5)Buz, (s) ds
@)=+ Salt=s)fi(s)ds, te(t,b)l,

Ra(t - tm)[;cn(t;;,) + Im(y_c*,tm) - G(tm’jc*,t;,)]
+ Ral0w) Gt %et) + [, Sult - 5)Bus, (s) ds
+ [, Salt=5)fu(s) ds, t € (b, b],

for t € [0, 5], and some f; € Sgz,. This implies that x, is a mild solution of problem (1.1)-
(1.3) and the proof of Theorem 3.1 is complete. d

4 Approximate controllability of fractional impulsive control systems
In this section, we present our main result on the approximate controllability of system
(1.1)-(1.3). To do this, we also need the following assumption.
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(B1) There exists a constant C > 0 such that

|E@ w9 =sup{lfIl:f e F&, ¥, )} <C, (t,9,9) €] x B x H.

Theorem 4.1 Assume that assumptions of Theorem 3.1 hold and, in addition, assumption
(B1) is satisfied and the linear system corresponding to system (1.1)-(1.3) is approximately
controllable on J. Then system (1.1)-(1.3) is approximately controllable on .

Proof Let x*(-) be a fixed point of ® in ). By Theorem 3.1, any fixed point of ® is a mild
solution of system (1.1)-(1.3). This means that there is x* € ®(x%), that is, there is f € S 34

such that
Ra(8)[9(0) - G0, 9)] + G(£,%7)
+ [y Sult —8)Bul(s)ds + [y Salt —s)f (s) ds, tel0,4],
Ra (t—tl)[‘“(t;)+11(5c?) G(tl,a‘c;})]
x4(t) = + G(t,x%) fo Bul(s) ds + fti Syt —-s)f(s)ds, te(t,t),
Ra(t = ) [%°(8,,) + In(&7,) = G(tim, 57, )]
+ Gt %) + [y Sult —$)Bul(s)ds + [} Su(t—s)f(s)ds, € (tmD],
where
B*S;(t1 - 9R(a, T )lxo + L252 - Ry (11)[9(0) - G(0, )]
— G(t, &) — [3! Sults = n)f () ], se[0,4],
B*Sk(ty —$)R(a, T [xo + 22750 _ R (£ — 1) [24(87)
U(s) = +h(x) - Gla, X)) - Gt %) - 2 Sults =) (n)dn), s € (1],

B*S:(b-s)R(a, Ff’m)[xb - Ra(b—t,)[x*(¢,)
4 L(%) = Glty, 7)1 = G(b, &) = [ Sulb=n)f (), 5 € (b, b,

and it satisfies

x(t1) = w0 + 30 + aR(a, ') [xo + 220 — Ry (11)[9(0) — G(0, ¢)]
- G tl)xtl) f Sot(tl - ’7)f(’7)d’7],
x4(ts) = w0 + 222710 4 gR(a, T2) [ + 202720)

= Ralts = ) [F(t7) + 17 - G0, %6,)]
— Glta, %) = [ Salta = m)f () dn),

x4(b) = xp + aR(a, T2 )[xp — Ra(b - ) [3(t;,) + Ln(E,)
~ Gltm, 5, )] - G(b,7) — [, Sulb—n)f (n)dn].

By condition (B1), we see that

b
/ £ )| ds < C2p.
0



Yan and Jia Advances in Difference Equations (2015) 2015:130 Page 27 of 31

Consequently, the sequence {f(n)} is bounded in L%([0,b],H). Thus there are subse-
quences, still denoted by {f(n)}, that converge weakly to, say, f**() in L2([0, b], H). The
operator

t
10~ [ Sue-nitn
0
is also compact on L2([0, b], H), so one has

fo Sot =n)[f(n) -f*(n)]dn— 0 asa— 0"

forall ¢ € [0, b].

Define
%o+ 220 R, (11)[(0) - G(0,¢)]
~ G, %) — [o Salts — n)f () dn, te[0,4),
xo + 2230 Rty - 0)[R(87) + h(%) - Gloy, 7))
p(x()) =1 —Glx)- 22 Sulta = n)f (n) dn, te [t ta],
% = Ralb - ta)[X(5,) + Lu(&,) = Glt, %4, )]
~G(b,F) ~ [ Sulb—n)f () d, t € [t b],
X0+ 220 R, (11)[0(0) - G<o )
- G tlrxtl) f S (tl *(’7) dﬂ’ te [0) tl]’
2o+ 2 R (8~ m[xﬂ(r1 )+ L(E) - Gltr, %, )]
q= - G tZ)xtz) ftz S (t2 7]) **(77) d’?: te [tlr t2]»

xp — Ra(b— m)[\’_ca(r)+Im(3_5?m)—G(tm,9_C?;rn)]
~G(b,7) ~ [ Sulb—n)f*(n)dn, t € [ty b).

Hence, for all ¢ € [0,b], we find that ||p(x*) — ¢g|| = 0 as a — 0*. Moreover, from
Lemma 2.6, we get, for ¢ € [0, 1],

(&) = %0 | = aR(a ) () |
= [aR(a,T¢)a] + |aR(a, 15)[p(+*) - gl |

< HaR(a, I‘é‘)q” + Hp(x“) —qH —0 asa—0".

Similarly, for any t € (, txs1], kK =1,...,m, we have

= aR(a, ) ()|
< [ar(a, 15" )al| + [ aR(a T ) [p(+) - a]|

< ak(a, T )] + [p() ] >0 asa— 0"

[ (tcan) = e,

Thus, for all ¢ € [0, 5], we get ||x*(b) — x5|| — 0 as a — 0*. This proves the approximate
controllability of system (1.1)-(1.3). O
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5 Application
Consider a fractional impulsive fractional partial neutral functional integrodifferential in-
clusions of the form

2 2

DYN(z:)(x) € a—N(zt)(x) + /t(t —s)"e”‘(’_s)a—N(zs)(x) ds + u(t, x)
0x2 0 0x2

t
+ / by (t,s —t,%,2(s, x)) ds

o0

t s
—/ f bg(t)b4($,f —s,x,z(r,x)) drds, 0<t<b0<x<m, (51
0 —00

z(¢,0)=z(t,m)=0, 0<t<h, (5.2)

Zt(orx) =0, 0=<x=m, (5.3)

z(t,x) =(1,%), 7<0,0<x<m, (5.4)
23

Az(t,x) = / k(s —t)z(s,x)ds, k=1,2,...,m, (5.5)

where Df is a Caputo fractional partial derivative of order « € (1,2), o, and p are positive
numbers, and #(-) is a real function of bounded variation on [0, &]. In this system,

t
N(z;)(x) = z(t,x) — [ by (s — t)z(s, x) ds.
Let H = L2([0,7]) with the norm || - || and define the operators A : D(A) € H — H by

Aw = " with the domain

D(A) := {w € H : w,’ are absolutely continuous, w” € H,(0) = w(w) = O}.

Then
Aw = Z W w,w)w,, € D(A),
n=1

where w,(x) = \/g sin(nx), n=1,2,... is the orthogonal set of eigenvectors of A. It is well
known that A generates a strongly continuous semigroup 7'(¢), ¢ > 0 which is compact,
analytic and self-adjoint in X and A is sectorial of type and (P1) is satisfied. The operator
Qt):DA)CH— H,t>0,Q(t)x =te " for x € D(A). Moreover, it is easy to see that
conditions (P2) and (P3) in Section 2 are satisfied with b(¢) = ¢“¢** and D = C3°([0, 7]),
where C§°([0, ]) is the space of infinitely differentiable functions that vanish at x = 0 and
x=7.

Let r > 0,1 <p<1andlet :(-o0o0,-r] - R be a nonnegative measurable function
which satisfies the conditions (h-5), (h-6) in the terminology of Hino et al. [45]. Briefly,
this means that / is locally integrable and there is a nonnegative, locally bounded function
y on (—00,0] such that #(£ + t) < y(£)h(r) for all £ < 0 and & € (—00,-r) \ Ng, where
N; C (—00,-r) is a set whose Lebesgue measure zero. We denote by PC, x L?(h, H) the
€ PC([-r,0],H),

set consisting of all classes of functions ¢ : (-00,0] — H such that ¢,
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¢(-) is Lebesgue measurable on (—o00,-r), and 4| ¢||? is Lebesgue integrable on (—oo, —7).
The semi-norm is given by

—r 1/p
lolls = sup o] + ( / h(r>||<o(r)||”dr> .
-r<t=<0 —00
The space B = PC, x L?(h, H) satisfies axioms (A)-(C). Moreover, when r = 0 and p = 2,
we can take H =1, M(¢) = y(-t)"? and K(£) =1 + (fgh(‘[)d‘[)l/z for ¢ > 0 (see [45], Theo-
rem 1.3.8, for details).
Additionally, we will assume that
(i) The functions by, b3 : R — R are continuous, and Lg = (f_oOo % ds)% < 00.
(ii) The functions by, by : R* — R are continuous and there exist continuous functions
ay,dy, a3, dg : R — R such that

|ba(t,s,%,9)| < ar(Dax(s)lyl,  (t,5,%,y) € RY,

|ba(t,5,%,9)| < as(®as(s)lyl,  (t,5,%,9) €RY,

with I, = (/°

2 ~ 2
e —(“28) ds)? <00, I = (f_ooo —(”28) ds)? < co.
(iii) The functions nx : R — R, k=1, 2,...,m, are continuous, and
2
Ly = (f_ooo %ds)% <oo forevery k=1,2,...,m.

Take ¢ € B =PCqy x L*(h, H) with ¢(s)(¥) = ¢(s, ). Let N,G: B— H, F:[0,b] x B x
H — Ppycco(H) be the operators defined by

N()(x) = ¥(0,x) + G(y)(%),

0
Gy () = / bi(s) (5, %) ds,

0

F(t,l//,él/f)(x):/ by (t,s,%,9 (s,%)) ds + By (x),

—00

where

t p0
BW(x):/(;/ bg(t)b4(s,r—s,l/f(r,x))dtds.

Also define the maps Ix and B by

0

L)) = / ni($)Y (5, ds,

—00

(Bu)(2)(x) = u(t, x).

Using these definitions, we can represent system (5.1)-(5.5) in the abstract form (1.1)-
(1.3). Moreover, G, Iy are bounded linear operators on B with |G| < Lg and ||| < Ly,
k =1,2,...,m. Using (ii), we see that F is continuous and ||F| . < Lr, where Ly =
Z1||6l1||oo + bzz||b3||oc||ag||oo. Further, we can impose some suitable conditions on the
above-defined functions to verify the assumptions on Theorem 3.1. Therefore, assump-
tions (H1)-(H6) and (B1) all hold; the associated linear system of (5.1)-(5.5) is not exactly
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controllable but it is approximately controllable. Hence by Theorems 3.1 and 4.1, system
(5.1)-(5.5) is approximately controllable on [0, b].
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