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1 Introduction
Let H = Q x (11, 72) x (0,00), in the present work, we consider the following Kirchhoff

equation:

|welPug — (Go + 1 IVull3 + 0 (Vit, Vidg) 12) Au(t) — Auagy(2)
+a(t) [y h(t - 0)Aulo) do + Bulu(6)"2u,(t)
+ [ Ba ()t = )" Puy(t — 5) ds = 0,

in €2,

(1.1)
u(x, O) = uO(x)’ ut(xr 0) = Ml(x)r

us(x, —t) = folx, £), in Q2 x (0, 1),
u(x,t) =0, indQ x (0,00),

where Q € RY is a bounded domain with sufficiently smooth boundary S2. ¢, ¢1, o, By are
positive constants, p > 0 for N =1,2,and 0 < p < ﬁ for N>3,andm>1forN=1,2,
and 1 <m < AN,—fg for N > 3. 7; < 7, are nonnegative constants such that f; : [t1,72] > R
represents distributive time delay, /1, « are positive functions.

Physically, the relationship between the stress and strain history in the beam inspired
by Boltzmann theory is called viscoelastic damping term, where the kernel of the term of
memory is the function 4. See [4—6,9-11, 13-18, 22, 29, 31, 32, 34, 35]. It has been studied
by many authors, especially in Kirchhoff’s equations (see [8, 10, 19-21, 23-26, 30, 33]).
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In [2], Balakrishnan and Taylor proposed a new model of damping called the Balakri-
shnan-Taylor damping, as it relates to the span problem and the plate equation. For more
depth, here are some papers that focused on the study of this damping: [2, 3, 8, 10, 16, 18,
20, 27, 35].

The effect of the delay often appears in many applications and practical problems and
turns a lot of systems into different problems worth studying. Recently, the stability and
the asymptotic behavior of evolution systems with time delay, especially the distributed
delay effect, have been studied by many authors. See [7, 10-12, 14, 28].

Based on all of the above, we believe that the combination of these terms of damping
(memory term, Balakrishnan—Taylor damping, and the distributed delay) in one particular
problem with the addition of «(t) to the term of memory and the distributed delay term
( f:lz | B2(8)] (£ = 8)| "2 u, (¢ — s) ds) constitutes a new problem worthy of study and research,
different from the above that we will try to shed light on.

Our paper is divided into several sections: in the next section we lay down the hypothe-
ses, concepts, and lemmas we need, and in the last section we prove our main result.

2 Preliminaries

For studying our problem, in this section we will need some materials.
Firstly, we introduce the following hypotheses for 8,, /1, and a:
(Al) h,a:R, — R, are nonincreasing C' functions satisfying

h(t) >0, a(t) >0, Iy = f h(o)do < oo,
0

; (2.1)
-2a(0) [ e)do =150,
0
where [ =1 -1.

(A2) 39 :R, — R, isa nonincreasing C' function satisfying

POMO+ KB <0, t>0 and lim —2) (2.2)

, an i =0. .
- - t—o0 ¥ (t)a(t)
(A3) By :[t1, 2] > Risabounded function satisfying
™
/ |B2(s)| ds < B (2.3)
71

Let us introduce

ho = th - — 2d d
(ho¥)(2) //0 (t Q)W(t) IP(Q)‘ oax
and

M(t) = (go + ||Vu||§ + G(Vu(t), Vut(t))Lz(Q)).
Lemma 2.1 (Sobolev—Poincare inequality [1]) Let 2 < g< oo (n=1,2) or 2 < q < 2%

n-2
(n > 3). Then 3c, = c(2,q) > 0 such that

lullg < cullVula,  Yu € Hy(Q).
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As in [28], we take the following new variables:
y(x) 0,8, t) = M;(x, t— Sp)

which satisfy

$Y:(%, 0,8, 8) + ¥, (%, p,5,8) = 0, 04
J/(x, O; S, t) = ut(xx t)

So, problem (1.1) can be written as

|uelPue — (Go + G Vul3 + 0 (Vat, Vi) 12 Aule) + a(2) [y h(t — 0) Auo) do
= Auy(t) + Brluc ()" (6) + [72 18209 1y(x, 1,5, 8)[">y(x, 1,5,8) ds = 0,
$Ye(x, 0,8, 8) + ¥, (%, 0,5, 1) = 0, 25)
u(x,0) = up(x), u(x,0) = u1(x), in €,
y(x, p,8,0) =folx, ps), inQ x(0,1) x (0, 12),

u(x,t) =0, ind x (0,00),

where
(%, 0,8,t) € 2 x (0,1) x (71, T2) x (0,00).
Now, we give the energy functional.

Lemma 2.2 The energy functional E, defined by

1 o 1 ¢
)= sl 5 (q0-ao) [ oo ) 9o

1 ¢ (t)
+ S |Vi@+ | Vu@; + = 0o Vi

-1 f! rm .
e I AT o s 26)
m 0 51
satisfies
/ m o alt),

t d 2
([ mrde)Ivuolz-5 (5 15u012)) @)

where ng = 1 — f:lz |B2(s)| ds > 0.

a'(2)
2

Proof Taking the inner product of (2.5); with u,, then integrating over €2, we find

(1242 e (8), e (0)) 12y = (MO Aualt), (D)) 12y = (Dttae (8), 1e(0)) 2

Page 3 of 16
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+ (a(t)/o h(t—Q)Au(Q)erut(t)) + (el P ) o g

12()

+ / |B2(9)| (|y(x, L, s, t)|m_2y(x, 1,s,t), ut(t))Lz(Q) ds=0. (2.8)

L3

By computation, integration by parts, and the last condition in (2.5), we get

(17400 10) 0 = fﬂ w0t 6)
- w0, 29)

(A8, 1:(0)) o = /Q Vi)V (£) dx

1d

- 5 2 U5l 210
2dt

By integration by parts, we find

— (MO Au®), u(0)) 12
~((¢0 + QI Vull3 + o (Vu(t), Vut(t))LZ(sz )Aule), ut(t))Lz(Q

({0 +{1 ||Vu||2 + G(Vu(t) Vut(t))ﬁ(Q ) /Q Vu(t).Vu:(t) dx
d
= (20 + QI Vull3 + o (Vu(®), Vut(t))Lz(Q) {/ \Vu()|* dx}
d
dt{ (go + —||Vu||2) Hw(t)Hi} + %d—{H |31 (2.11)

and we have

( / h(t—g)Au(g)dg,utm)
0 L2(Q)

- fo (e - 0) (Au(@), (1)) g
=- /th(t - Q)[/ Vu(x, 0)Vu(x, t) dx] do, (2.12)
0 Q
and

~Vu(x,0).Vu(x,t) =

Q..|Q~

d
% {|Vutx, 0) - Vulx, 0)(8)|*} - %E{yw(x, 1)[*), (2.13)

then

- [ = 0)(Vu(o), Vit g e

/h(t Q)/|: |Vu(x,g) Vu(x,t)| }]dxds.
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! 1d
_/0 h(t—Q)/Q[EE{|Vu(x’t)|2}:|dde
1 [t d )
:5/0 h(t—Q)[_{/|Vu(x,t)—Vu(x,Q)| dx”d@

1 / e - Q)[ (| Vute )| }}dxdg. (214)

By (2.1), we get

1/t d
E/o h(t—Q)[—{/‘Vu(x,t)—Vu(x,g)!zdx”dQ
:Mt{/ h(t - Q)[/Wu(x,t) Vulx, o) dx“dg
11t 2
—5/0 h(t—Q)[f|Vu(x,t)—Vu(x,Q)| dx]d@

(ho Vu)(t) - (h’ o Vu)(t), (2.15)

1d
2 dt

and

1
(U
_ _%( | th(g)dg) (_{vanj}) dx (216)
1
2

d
a4 { ( / h(Q)dg) [vu(e) ||2} + Lo vut

Inserting (2.15) and (2.16) into (2.14) gives

(au) / h(t - 0)Auo) do, m(t))
0 L2(Q)

() o)
dt{“z (hoVu )()——(/ Q)dQ)“V”(t)H2}

-9 o w0 + Do | vuto):

(t)(h Va)(t) + “z(t) ( / h(g)dg)“w(t)nj (2.17)
0

Now, multiplying equation (2.5), by —y|Bx(s)|, integrating over Q x (0,1) x (r1,72), and
using (2.4),, we get

;tmmlfff s|Ba(9)| [y, oo )]
:—(m—l)/Q/O /rl |B2(8)|-ly"" "y, dsdp dx

dsdpdx

Page 5 of 16
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-1 1 15 d m
_ _m_f f / |/32(Q)‘—|y(x,p,s,t)| dsdpdx
m QJO T1 dp

-1 © . ;
:Wlm /Q/H 1B209)|(Jy(x, 0,5,8)|" = |y(x, 1,5,8)|") ds dx

- m7_1</qz|ﬂ2(s)|ds>‘/Q|ut(t)|mdx

-1 15 .
_mT/Q/H |B2(5)] [y (x, 1, )| ds dx

([ e ol

m—1

e /H 18209)| [y, 1,5, " . (2.18)

By Young’s inequality, we have

/ |B2()] (|96, 1,5, )] "y, 1,5, ), 10(0)) 12, i (2.19)

1

< %(fqz|l32(5)| ds) o]+ ™ /,flﬁz(sw Iy 15, )], .

By inserting (2.9)—(2.11) and (2.17)-(2.19) into (2.8), we find (2.6) and (2.7).
Hence, by (2.2), we get the function E is nonincreasing V¢ > #;. This completes of the
proof. O

Now we state the local existence of problem (2.5), whose proof can be found in [23, 24].

Theorem 2.3 Suppose that (2.1)-(2.3) are satisfied. Then, for any ug, u; € Hy(Q) NL*(RQ),
and fy € L*(R,(0,1), (11, 12)), there exists a weak solution u of problem (2.5) such that

u € C(10, T[, Hy(R)) N C' (10, T, L*(R)),
U € C(]O’ T[)Hé (Q)) N L2 (]07 T[»L2 (Qr (O’ 1)» (TI: TZ)))'
3 General decay
In this section, we state and prove the asymptotic behavior of system (2.5). For this goal,

we set

W(t):

= u(t)|uelPu,(t) dx + g HVu(t) ”;L + | Vu(t)Vu,(t)dx (3.1)
p+1Jq 4 Q

and

1
cD(t) = /g;(AMt _p+ 1

|ut|f’ut) / (e - 0) (u(t) — (o)) do (3.2)
0
and

1 T
@(t)::/O/ se“’s|ﬁ2(s)|.||y(x,p,s,t)||std,0. (3.3)

Page 6 of 16
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First, since the function /4 is positive and continuous, for all £y > 0, we have

t to
/ Wo)do > / ho)do =ho, VE= 1o
0 0

Lemma 3.1 The functional V(t) defined in (3.1) satisfies, for any ¢ > 0,

a(t)

W) = el = (= el ) IVl = Gl Vil + =G0 Vi)

4 IVul2 + c(e)(ﬂutnx + / 18:6) [y 15, ) ||st). (3.4)

Proof A differentiation of (3.1) and using (2.5), give

v'(t) = !
p

||u[||§ﬁ+/ |ut|puttudx+a||Vu||%/ Vu,Vudx
+1 Q Q

+ / Vu(t)Vuy(t) dx + | Vi |3
Q

1 2 —
= ‘m”ut”ﬁ:z — Soll Vull; - ClIIVMIIEL—/%/Q |t "2 s dx

1

+a(t)/QVu(t)/0 h(t—g)Vu(g)dgdleVutII%

J2

_/Qf2|,62(s)||y(x,1,s,t)|m72y(x,l,s,t).udsdx. (3.5)

J3

We estimate the last three terms of the RHS of (3.5). Applying Hélder’s, Sobolev—Poincare,
and Young’s inequalities, (2.1) and (2.6), we find

Ju < eBy llullyy, + c(&)lluellyy

< epic,) IVully + c(e)llull,y

< epper (@)W—Muwn% + @l
< ecrl|Vully + c(e) ey (3.6)
and
= 2a(t)( fo o) dg) IVaully + #(h o Vu)(2)
< (o= DIVul3 + %(h o Vu)(2). (3.7)

Similar to J;, we have

Js < eca|| Vul; + C(s)/ |B29)]|y(x, L,s, 2) | ds. (3.8)
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Combining (3.6)—(3.8) and (3.5), we get

1
v'(t) < il ||Mt||§:§ - (l—E(Cl + C2))||VM||§ = allVaully + | Vil
m
‘mds). H

&(hovm(t)+c(e)(||ut|| + f " 18209)| [y L5, 1)

Lemma 3.2 The functional ®(t) defined in (3.2) satisfies, for any § > 0,

1 ¢ "
(t) < -—— ( / h(e) dg) laacllBy5 +8(20 + 2h3e(6)) | Vel
p+1\Jo

siv oE(0)(1d )\
+ 08| Vully + 85— 2dtn ully

+ (c(é) + (26 + %)ca(t))(h o Vu)(t)
+ c(S)(nutnz + / |B20)] 7%, 1,5,0) Hst)
<81(1 +c(E(0))” / h(g)dg) Va3

h(0 2
( ikS) + 0(81)> (0 o Vu)(). (3.9)

1

Proof A differentiation of (3.2) and using (2.5); give

'(¢) - fﬂ (Atts = e 1s]?) /0 Wt - ) (u(t) - (o)) do dx
1 t
. /Q (Aut— - |ut|f’ut) /0 (¢ - 0)(ult) - u(0)) do dx

p
( / ho) de)nutumz ( /O h(g)dg)ﬂwtn%

= (c0+ &1 Vull) /Q Vu /0 (e - 0)(Vault) - Viu()) do dx
N

+a/QVuVutdx./QVu/oth(t—g)(Vu(t)—Vu(g)) dodx

J2

—a(t) /s; (/0 h(t — 0)Vul(o) dg).(/(; h(t - Q)(Vu(t) - Vu(g)) dg) dx

J3

ﬂlfglutl ”t(/o h(t - 0)(u(t) M(Q))dg)dx

Ja

- [ [ 1p@lbs 150

"2y 1,5, 8)
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X </ h(t - Q)(u(t) - u(g)) dQ> dsdx
0

1
p+1

Js
/ et / (¢ - 0) (ult) — (o)) do dx
Q 0

Jo

_ / Vu, / th/(t—g)(Vu(t)—Vu(Q)) do dx
Q 0

J7

1 ¢ . ¢
- ( /O h(g)d@) a2 - ( /0 (o) dg) 1V, (3.10)

By estimating the terms J;, i = 1,...,7, of the RHS of (3.10), exploiting Holder’s, Sobolev—

Poincare, and Young’s inequalities, (2.1) and (2.6), we find

il < (¢o + &l Vul3) (8||w||§ . é(ho W)(t))

foc  1cE(0)
SR
45 448

§5§0||VM||§+5§1||VM||§+< )(hoVu)(t) (3.11)

and

2
b <éo (/ VuVu, dx) ||Vu||% + %(h o Vu)(t)
Q

o E(0)
l

IA

)

L o) s Zno vae (3.12)
zdt u 2 + 45 o u » .

t 2

sl < sa(t) / ( f (e — o) (|Vutt) - Vae(o)| - v|u(t)y)dg) da
Q 0
1 t 2
+ Ea(t)/g(/o h(t - Q)(Vu(t) - Vu(Q)) dQ) dx
< 28M3a(t)|| V|3 + (25 + %)ca(t)(h o Vu)(t), (3.13)
il < ()l + 88" / ( f (¢ - 0) (u(t) — ulo) dg) dx
Q 0

< c(®) 7 + 8B /O H(t - )| Vault) - Vuo) | do

E (m=2)/2
fc(5)||ut||z+8(ﬂi”cz*<$) )(howxn

< c(8)lluelllyy + Scs(h o Vu)(¢). (3.14)
Similarly, we have

Us| < c(®)]y(x Ls, )| + Scall o Vuu)(2). (3.15)
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By exploiting the Sobolev embedding, we have

1 2Ap+1) i/'/t_,_ B 2
|16|sp—+1(81||ut||2(p+1)+ 5 ). 0( H(t - 0))|u(®) - u(o)|" do dx

< c81(E) I Vuell3 — c(81) (K o Vu)(2) (3.16)
and
h(0
7| < 81l Vel — %(h’ o Vu)(t). (3.17)
1
According to (3.11)—(3.17) and (3.10), we get (3.9). O

Lemma 3.3 The functional O(t) defined in (3.3) satisfies

1 T
@) <-m [ [ o800l dslp
—m / B2 [y L, ) ds + B e )| (3.18)

Proof Differentiating ©(£) and using (2.5), give
1 T2
O'(t) = —m/ / / e_s”’ﬁz(s)‘.lyl’”’lyp(x,p,s, t)dsdpdx
QJOo T1

1 o
B _/Q/O / se™ | Bo(s)|-|y(x, p,5,8)|" dsdp dx
N /;2/ ’ﬁ2(5)|[€_s‘y(x, 1,s, t)‘m — ‘y(x’ 0,s, t)‘m] ds dx.

Applying y(x,0,s,£) = us(x,£) and e < e <1 for any 0 < p < 1 and setting n; = ™™, we
obtain

1 T
o't 5-n1/9/ / s|Ba(s)|-|y(x, .5, 8)|" dsdp dx
0 7]

-m / /rz ’ﬁz(s)‘ |y(x, 1s, t)’m dsdx + /12 |,82(s)| ds/ | (t) dx,
oJy o Q
using (2.3), we find (3.18). O
Now, we introduce the functional
G(2) := E(t) + 1 ()W (2) + £2a () P (2) + £30(1)O(2) (3.19)
for some positive constants ¢;, i = 1,2, 3, to be determined.

Lemma 3.4 There exist (11, Lo > 0 such that

m1E(8) < G(8) < maE(0). (3.20)
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Proof From (3.1), by using Hoélder’s inequality (for ¢; = pﬁ, g2 = p + 2), Young’s, and

Poincare inequalities (for « > 0), and |u,|” [(p + 2)E(0)] o) , we find

p+2—
1
WO = — @4+ 5 (19O + [ Vuo]2)
K
< s @l + ool

e S (V@[3 + [vuto]2)

p+2

< 3 1Ol @I + oo
1
+ 5 (V@[5 + [VeO]3) (3:21)
< S DB o vl

where c(x) = (C0 + = ).

According to (3.21) and from (3.2)—(3.3), we get

E(0)] 7+ \
96 - E®)] < e1|a(®) (% ]2+ C<K)||W(t)||j)
+(81+82)| ()|||Vut(t)||§+81 ()] u(®)|,
| (t + | t)| C(p
2(2 5 lu®lagmy e e =2 10 Vi)
et Ny 0,5,0)] dsdp, 3.22
+esla(o) / / e B2 |30, pr5. 0| " dsdp (322)
where ¢(p) = (=% +1).

p+1
Using the fact that 0 < a(¢) < «(0) and e™* < 1, we find

2)E(0)] 7 .
%numwé 0] vucl)

()I

160 - E()] < sla(O)(

+ (81 + &2)

la (0 )IC(
2(p+1)

H§+81 “

w@)

S0=DcW) 1 v

&2 Y |92+

+ &30(0) /(; f se’ps|/32(s) ’ ||y(x, 0,58, 1) ||Z dsdp
71
< C(e1,&9,83,K)E(2). (3.23)
We pick k = 1 and choose ¢1, €5, and &3 sufficiently small, then (3.20) follows from (3.23). O
Lemma 3.5 There exist k7, ks, to > 0 satisfying

G'(8) < —k7a()E(t) + kg () (h o Vu)(t), t>to. (3.24)

Page 11 0of 16
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Proof A differentiation of (3.19), using (2.7), Lemmas 3.1, 3.2, and 3.3 lead to

G'(t) :=E(t) + g1 ()W (2) + 20/ (1) D(2) + 30/ (£)O(2)

+ 10 (W (8) + e2a(t) D' (2) + e30(2) O’ (2). (3.25)
By using the fact that e™° < 1, Young’s and Sobolev—Poincare inequalities, we find
o' () (e1W(2) + 62®(2) + 83®(t))

1
/ 2
< - (t){slﬁ l#ellysz + 1c0O)IVal3 + S (o1 + 2Co) I Vasel

1 T
+8,C3ho Vu)(t) + 83/ / s|,32(s)’.Hy(x, 0,58,1) ||Z ds dp}, (3.26)
0 71

/(p+2) _
'(7[(”%)(5(:)1))]? >0,Cy=1+ —C(i(fl))p >0,and Cy = =0 3”(”) > 0.

Hence, by using (2.7), Lemmas 3.1, 3.2, 3.3, and (3.26), we get

where C; =

o/ ()
P+ 1(<‘31 — &2hy) —ﬁm

Gt < a(t){ G } lecl33

+oalt) {828((;0 +2h5a(t)) — &1 (1 - &(cr + ¢2))

a’(t) t o’ (t)c(k) )
—Za(t)</0 h(Q)dQ)—81 o }HWHZ

o'(2)
" 2a()

+a(t) {81 +&3[81(1 + c(E0)) a(t)) - o (1 + ezcz)} Vit |12

+a(t){e2018 — 101} Vull;

cE(0) o 1d )\’
+a(t)]e28 7 _401(0)}(5%”%4”2)

+alt) 81? + & <c(5) + <25 + %))ca(t)) - 52“/0([2)@ }(h o Vu)(£)

2
1 e (h(O)cp

+a(t) 5 ) + c(81)> }(h’ o Vu)(t)

+a(t)yeic(e) + e2¢(8) + e3p1 — % } s,

+ a(t){slc(s) + &9¢(8) — 7]183} / ’ |ﬁ2(s)| ||y(x, 1,s,t) ||Z ds

L3

/ 1 T2
+a(t)83{—n1—iT(;)}/o / s|ﬂ2(s)|.||y(x,p,s,t)||std,0. (3.27)

Next, we carefully choose our constants.

Choose §, 81, and & small enough such that

ho—8i(1-c(EQ)) >0,  §<, g

1
—_ 2 =
4 (I-elc; +¢)) (¢ +2M5)(0) < 4h0.
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For any fixed §, 81, &, we select €1, €, and &3 so small satisfying

ho h

0
—&2<€1 <K< —&
2
and

82]’!0 —&1> 0,

sz[ho — 51(1 - c(E(O))p)] —&>0.

Then, we select €1, £, and g3 so small that (3.20) and (3.27) remain valid, and further

o o E(0) 1 h(O)C
{1(81 —828)>0, 40{(0) —825 l >0, E —82( 45 +C(81)>
o _ e1¢(g) — £9¢(8) — e3B81 > 0, &3 — e1¢(€) — £2¢(8) > 0,
a(0)

where ng = 81 — fff | B2(s)| ds > 0.
Therefore, (3.27) becomes, for positive constants k;, i = 1,...,6,

g(t)<—a(t)(kl+elo’ ((t)) )n w055 — a0k ||Vl

o (1) o (0)c(c)
—a(t)(k3+ " (/ h(o)de ) o )nwn%

—a(t) (k4 *3 (( )) (&1 + 82C2)> A
a(t) </<5 - sz%it)) (o Vi)(2)
—a(t) (k6 + 83—) / / s|ﬁ2(s)| ||y X, 0,5, t) || dsdp. (3.28)
According to (2.2), lim;_, ";/ =0, we can choose t; >ty so that (3.28) can be written as

G'(t) < —a() (klnutlliii + k|| Vulls + k|| Vael 2 + ka | Vaae |3 = ks (o Vi) (£)
1 prp
+ k6/0 / S!ﬂz(s)‘.”y(x,p,s, £) HZ dsdp)
< —a()k7E(t) + a(t)kg(h o Vu)(t), Vt=t. (3.20)

Theorem 3.6 Suppose that (2.1)—(2.3) for any (uo, us, fo) satisfy E(0) > 0. Then the energy
E(t) of (2.5) decays to zero exponentially. That is, ANy, Ay > O such that

E(t) < age 20 @@0@de -y g (3.30)
Proof Multiplying (3.24) by ¥ (), using (2.1) and (2.7), we find

HB)G (1) < k70 () (t)E(t) + kg ()0 (£) (o Vu)(£)
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< k(£ ()E(®) — ksar(£) (H o Vi) (2) (3.31)

< —k;0 () (t)E(t) — kg {ZE/(t) —a/(¢) (/0 h(o) dg) H Vu(t) ”z}

Since ¥ () is a nonincreasing function, we have

%(ﬂ(t)g(t) + 2ksE(®)) < —kr® () ()E(®) — ksl (2) ( fo h(o) dg) |vu@]3. (332

From (2.6) and (2.2) that /|| Vu(t)||5 < E(¢), we find

20000+ 250) < a9 0EO -k 0 [ He)de) [vuo)];
< ~koa@p(0EQ) - 2O
< —a()¥(2) <k7 + %)E(t). (3.33)
Since lim;_, o % =0, we can choose t; > t, such that k7 + 2/;8(183/((5) >0fort>t.
Finally, let
R(2) := G(£)0 (¢) + 2ks E(t) ~ E(¢). (3.34)
Hence, for some A, > 0, we find
R (t) < —da(t)(O)R(E), Vt=>t. (3.35)
Integrating of (3.35) over (¢, £) gives
R() < R(ty)e ™2 @@y sy (3.36)
Hence, (3.30) is established by virtue of (3.34) and (3.36). The proof is complete. O
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