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where V, K, g are continuous functions. To overcome the technical difficulties caused
by the quasilinear term, we change the variable to guarantee the feasibility of
applying the mountain pass theorem to solve the above problems. We use the
mountain pass theorem and the concentration-compactness principle as basic tools
to gain a nontrivial solution the system possesses under an asymptotic periodicity
condition at infinity.

MSC: 35A15;35B33; 35B38

Keywords: Quasilinear Schrodinger equation; Asymptotically periodic; Mountain
pass theorem

1 Introduction and main results
In this paper, we consider the following quasilinear asymptotically periodic Schrédinger—

Poisson system:

—Au+ V(x)u - ul(u?) + Kx)px)u = glx,u), xRS,
—-A¢p =K@x)u?, xecR3 (1.1)
MGHI(R?’), M>0’

where V,K : R® — R and g : R® x R — R are continuous functions.

The so-called quasilinear Schrodinger—Poisson system was introduced in [5, 25] and
is a quantum mechanical model of extremely small devices in semiconductor nanostruc-
tures taking into account the quantum structure and longitudinal field oscillations during
the beam propagation. As far as we know, this new significant physical system was not
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mentioned before [5, 25], even though it is worth exploring from a mathematical point of
view.
System (1.1) without quasilinear potential —uA(u?) is called the Schrédinger—Poisson

system,

—Au+ V(x)u+ Kx)p@x)u = gx,u), xeR3

-A¢ =K(x)u?, xeR3,
which has been widely studied, and many meaningful results were achieved for the sub-
critical growth [7, 27, 44, 45, 47] or the critical exponent [46] under various assumptions
on the potentials and nonlinearities. Furthermore, nontrivial solutions, radial solutions

[10, 13, 29], ground state solutions [2, 4] and also semiclassical solutions [14, 23, 24] were
obtained generally. Moreover, quasilinear Schrédinger equations with —uA (u?):

—Au+ V(x)u - uA(uz) =glx,u), xeRY,

have been accepted as models of several physical phenomena; we refer the reader to the
introduction in [30] and references therein for a discussion on the subject. The existence
of solutions of quasilinear equations was considered in [1, 6, 11, 12, 18, 43].

There are scarce existing results on system (1.1), which is a new combination of two dif-
ferent equations. So our discussion is worth considering and has an excellent prospect; this
paper is also an innovation of the pioneering work. When K (x) = 1 in system (1.1), the au-
thors in [8] took into account the systems by applying the perturbation method, and hence
the existence of a sign-changing solution with precisely two nodal domains was derived.
The authors in [15] studied the existence and asymptotic behavior of ground state in the
whole space R? for the quasilinear Schrédinger—Poisson system with asymptotically linear

f(t) with respect to ¢ at infinity; see also [28] for more related results. Figueiredo and Sicil-

iano [19, 20] paid close attention to two different systems with critical growth and obtained
the existence and asymptotic behavior of solutions for the previous system in R? and also
achieved a similar result for the latter system in a bounded domain in R2. The authors
in [31] considered a system with radial potentials and discontinuous nonlinearity and ob-
tained multiplicity results for radial solutions. By using Ekeland’s variational principle and
the mountain pass theorem the authors in [33] obtained the existence of the ground state
solution for a generalized quasilinear Schrédinger—Poisson system in R3. For related re-
sults on nonlinear problems based on variational methods, we refer to [21, 28, 32, 38—42],
which are recent contributions to Kirchhoff-type problems. Tang [35] developed a direct
method, a non-Nehari manifold method, to find a minimizing Cerami sequence for the en-
ergy functional outside the Nehari—Pankov manifold by using the diagonal method. Tang,
Lin, and Yu [36] first introduced a local superquadratic condition instead of the classical
global superquadratic condition. Chen and Tang [9] proposed a new approach to recover
the compactness for the Cerami sequence.

Guided by the method of [34], our main goal is establishing the existence of a solution
to problem (1.1) under an asymptotic periodicity condition at infinity.

Letting F denote the class of functions # € C(R3, R) N L>(R3) such that, for every & > 0,
the set {x € R®: |(x)| > €} has finite Lebesgue measure, we suppose that V and K are
perturbations of periodic functions at infinity. More specifically, we impose the following
assumptions on V and K:
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(V) there exist a constant & > 0 and a function V, € C(R3,R), 1-periodicin x;, 1 <i <3,
such that Vo — V € F and

Volx) > V(x) >a >0, VxeR3

(K) K e L>(R®)NL*®(R3), and there exist a constant k > 0 and a function K € C(R3,R) N
L2(R3), 1-periodic in &;, 1 < i < 3, such that Ky — K € F and

Ko(x) > K(x) > k>0, VxeR>.

For g(x,s) and G(x,s) = fos g(x, t) dt, we need the following hypotheses:
(G1) g(x,s) = o(|s|) as s — 0%, uniformly in R3;
(G,) there are constants ay,a; > 0 and 8 < g; < 12 such that

lg(x,9)| < a1 +aals|™,  V(x,s) € R? x [0, +00);

(G3) there exist a constant ¢ > M and a function #; € L(R?) such that

1
28065)s = Glx,8) = 87 I (x),  V(x,s) € R3 x [0, +00),

where ¢, is given by hypothesis (G).
We observe that conditions (G;) and (G,) allow us to employ variational methods to study
problem (1.1) and to verify that the associated functional has a local minimum at the ori-
gin. As a matter of fact, we study the functional associated with the modified problem.
Condition (G,) imposes a subcritical growth on g. However, under these hypotheses, this
functional does not satisfy a compactness condition of Palais—Smale type since the domain
is the whole space R3. We also observe that from (Gs) and (G3) we obtain 0 < ¢, < g;. Note
that 22* = % =12 behaves like a critical exponent for problem (1.1). The asymptotic pe-
riodicity of g at infinity is given by the following condition:
(G4) there exist a constant 4 < g3 < 12 and functions &, € F, and gy € C(R3 x R,R*),
1-periodic in x;, 1 <i < 3, such that
(i) G 8) = Golx,s) = [5 golx, £) dt, ¥(x,5) € R? x [0, +00),
(i) |g(x,8) — go(x, 8)| < ha(x)sB7L, ¥(x,s) € R3 x [0, +00),
(iii) the function s — % is nondecreasing in the variable s > 0.
Finally, we also suppose that G satisfies:
Glx5)

(G) Zg¥ — oo as s — oo uniformly in R3.

The first main result is stated as follows.

Theorem 1.1 Suppose that (V), (K), (G1)—(G4), and (G) are satisfied. Then system (1.1)
admits a solution.

We observe that in the particular case V = V4, K = Ky, and g = g, Theorem 1.1 clearly
gives us a solution for the periodic problem. Indeed, to show the existence of a solution for
the periodic problem, condition (G4) is not necessary. Consider the following problem:

—Au+ Vox)u — ul@u?) + Ko(x)p(x)u = go(x, u), x€R3,
—A¢ =Ko(x)u?, xeR3, (1.2)
u e H'(R?), u>0

Page 3 of 24
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under the following hypotheses:
(Vo) Vo € C(R3,R), 1-periodic in x;, 1 < i < 3, and there exists a constant « > 0 such that

Volx) > >0, VxeR3

(Ko) Ko € L2(R?)NL®(R?)NC(R3), 1-periodicinx;, 1 < i < 3, and there exists a constant
k >0 such that

Ko(x) > k>0, VxeR3

Then with the function gy satisfying (G1)—(Gs) and (G), we obtain the second main result.

Theorem 1.2 Suppose that (Vy), (Ko), (G1)-(Gs), and (G) are satisfied. Then system (1.2)

admits a solution.

The remainder of this paper is organized as follows. In Sect. 2, we present two versions
of the mountain pass theorem to be employed later. In Sect. 3, we introduce the variational
framework associated with problem (1.1). In Sect. 4, we verify the geometric conditions
of the mountain pass theorem and show the boundedness of the Cerami sequences asso-
ciated with the minimax level. In Sect. 5, we prove the main results, and so the existence

of a solution for problems (1.1) and (1.2) is established.

2 Preliminary
In this section, we present two versions of the mountain pass theorem due to Ambrosetti
and Rabinowitz [3], which are essential tools in this paper.

Let E be a real Banach space, and let [ : E — R a functional of class C!. Let M be
the set of critical points of I. For b € R, we define I” = {u € E: 1 < b} and M = {u € E :
u e M,I(u) = b}.

As we noted in the Introduction, the functional associated with problem (1.1) does not
satisfy the Palais—Smale condition. To overcome this difficulty, we will use versions of the
mountain pass theorem. To this end, we state the first version of this theorem (see [17, 37]).

We recall that I € C1(E, R) satisfies the Cerami condition on level ¢, denoted by (C),, if

any sequence {u,} C E satisfying
(i) I(un) > ¢ and (i) | 7'() | (1 + Ntull) — O

as n — 00, possesses a convergent subsequence, where || - ||z denotes the norm on E.
A function [ satisfies the Cerami condition, denoted by (C), if it satisfies (C), for every
¢ € R. We say that {i,} C E is a (C), sequence if it satisfies (i)—(ii).

Theorem 2.1 Let E be a real Banach space, and let I € C(E,R). Let S be a closed subset
of E that disconnects E into distinct connected components E, and E,. Suppose further that
1(0) = 0 and:

(I;) 0 € E; and there is o > 0 such that inf,csI(u) > o >0,

(Ip) thereis e € Ey such that I(e) <O.
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Then I possesses a (C). sequence with ¢ > o > 0 given by

c= ;Iellf trgr}g);]l(y(t)), (2.1)
where
r'={y eC([0,1,E) : y(0) =0,y (1) e I’ N E>}. (2.2)

We will also need a local version of Theorem 2.1, which is proved in [26].

Theorem 2.2 Let E be a real Banach space. Suppose that I € C*(E,R) satisfies 1(0) = 0,
(1), and (Iy). If there exists yy € I', where I is defined by (2.2), such that

¢ = max I(yo(t)) >0, (2.3)
te[0,1]

then I possesses a nontrivial critical point u € M. N yo([0, 1]).
3 The variational framework

In this section, we introduce the variational framework associated with problem (1.1).
Here, we consider the space H!(R?) endowed with one of the following norms:

”I/l” = (A3(|Vu|2 + V(x)uZ) dx>§,

leello = (/Rs(wmz + Vo@)u?) dx)i.

Note that, in view of condition (V), these norms are both equivalent to the standard norm
on H(R?). As far as we know, system (1.1) can be easily transformed into a single nonlinear
Schrodinger equation with nonlocal term. Briefly, the Poisson equation is solved by using
the Lax—Milgram theorem, so for all « € H'(RR3), there is a unique ¢, € D*?(R3) such that
—A¢ = K(x)u?, which inserted into the first equation gives

—Au+V(x)u-— uA(uZ) + K(x)p,u = g(x, u).

In fact, for each u € H'(R®), we define the operator T, on DV?(R?) by
T,v) = / K(x)u*vdx.
R3

The Holder inequality and the fact K € L*(R?) yield that there is a constant C > 0 such that
for every v € DV3(RR3),

| Tu)| < CIK 2 llul® V] praes)-

Hence by the Riesz representation theorem there exists a unique ¢, € D*?(R3) such that

/V(j)qudx:/ K(x)u?vdx.
R3 R3
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Thus ¢, is a weak solution of —A¢, = K(x)u? and can be represented by

1 [ KO,
69— [ =00

Moreover, it is obvious that
@1l pr2s) = I Tull ceprary < CIK |2 [lull,

where £(D"2,R) denotes the linear space of linear function from D'? to R. Also, we have

/31<(ac)<z>u(x)u2 dx < CIK o |lul*l|¢ ]l przs) < CIK[3]|u]|*. (3.1)
R
Moreover,
1 K() K
00l | [ ZPigrays [ KO Zw\
47 |/, (0) I =l B(0) 1% —
— (K] (/ —d) lu|? + K| (/ d) |u|2>
4 ( “\Js,0 1x =12 Y * * B e —l* 4 *
C(K)|ul3. (3.2)

We observe that formally problem (1.1) is the Euler—Lagrange equation associated with

the energy functional

J(u) = l/ (1+2u2)|Vu|2dx+l/ V(x)uzdx+l/ I((x)¢uu2dx—/ G(x, u) dx.
2 R3 2 R3 4 R3 R3

From the variational point of view, the first difficulty associated with problem (1.1) is find-
ing an appropriate function space where the functional J is well defined. To avoid such a
difficulty, we use the change of variable introduced in [30], that is, we consider v = f ! (u),
where f is defined by

f(t)= —L— on[0,+00),
(1+212()2

f@&) =—f(-2) on [0, +00),
having the following properties proved in [11, 16].

Lemma 3.1 The function f satisfies the following properties:
(1) f is uniquely defined, C*, and invertible;
4) fO
6
2

7) |f(¢ )|<24|t| forallt e R;
8) f2(t) —f(t)f' ()t > 0 forall t € R;

~

~

~

2) @) <1forallteR;

(3) [f | <tforallteR;

(4) T—>1ast—>0

(5) 7—)24 as t — +00;

(6) 149 < tj”(t ) < f(t) forall £ > 0;
7)
(8)
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(9) there exists a positive constant C such that

Clel,  [t1=1,
= 1
Clel2, [t1=1;

7ol
(10) |f(e)f' (1)) < %for allt e R.
As a consequence of Lemma 3.1, the following conclusion is proved in [17].
Corollary 3.1
(1) The function f()f' ()t~ is decreasing for all t > 0.
(2) The function f3(t)f' ()t is increasing for all t > 0.

So, after the change of variables from /, we obtain the following functional:
1 2 1 2
Iv)= = IVv|“dx + — V(x)f“(v)dx

2 R3 2 R3
1

+ = / K(x)qﬁf(vlfz(v) dx — / G(x,f(v)) dx, (3.3)
4 R3 R3

which is well defined in H'(R3) and belongs to C' under the hypotheses (V), (K), (G1),

and (G).
Let F(v) = fRS K(x)q&f(vlfz(v) dx. Then by Lemma 3.1(3) we have

F() < / K@ < CIKEIv]*
]R3

for v € H'(R®). Then by the Lebesgue and Fubini theorems

. Flv+tw)-F(v)
m— Y

li
t—0 t
K K
- }gg( [ B v + tw) e~ [ B gy 0) dx)
_ K(x) 1 K(y) K(x)
= gr(l)(_/Rs o AS |x—y|f2(v+ tw) dyf*(v + tw) dx — /11{3 T¢f(vf2(v)dx)

=lim /R3 &tx) ﬁ /R KG) (F0) +f W)tw + o(t))zdy(f(v) +f (V)tw + o(t))zdx

t—0 3 |x - y|

G
I f e o

=lim</ @i/ ko) f2(v) dyf*(v) dax
R3

t—0 t 4w Jgs |x -y

+ / K(x)i / K®) () dy2f W) (v)tw dx
R3 R

t 4w Jg3 |x—y|

+ /RS I((x) i/ K()’) Zf(v)_f,(V)thyfz(V) dx) + O(t)

t 4w Jg3 |x—y|

—lim /RB &tx)(f)ﬂ‘d}d(v) dx
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L1 [ K@K) , ,
—élllm/]Rg yym ./1;{3 7|x—y| fWfW)f (v)wdy dx

t—0

_4 / K@dyf 0)f (.
R
As a consequence, the critical points of I are weak solutions of the problem

~Av+ VEFO)f ) + K@) g f W ) = g(x.f W) ), ve H'(RY), (34)
that is,
(1), w) = /R X (VvVw + Vx)f (v)f' (v)w) dx
[ Koo Owas - [ gl f ) O
=0

for all v, w € H'(R®). We observe (see [11, 16]) that if v € C2(R3) N H'(R?) is a critical point
of the functional I, then the function u = f(v) is a classical solution of problem (1.1).

Remark 3.1 We also observe that to obtain a nonnegative solution for (3.4), we set g(x, s) =
0 for all x € R3, s < 0. Indeed, let v be a critical point of /. Taking w = —v~, where v~ =

max{-v, 0}, we get

‘/Rs(WV‘ !2 + V@)W ) (-v)dx + /]1@3 K@) ppof 0)f' v)(-v7) dx = 0.
Since f(v)(-v™) > 0, we have

ax—o, V(x)f(V)(—V‘)d _o,
/Rs|Vv| x=0 R371—+2f2(V) x =0

and

/ K(x)pruf(v)(=v7) dr=0
R3 1+2/2(v) ’

Hence we may conclude that v~ = 0 almost everywhere in R3 and, therefore, v = v* > 0.

As u =f(v), we conclude that u is a nonnegative solution for problem (1.1).

Similarly, associated with the periodic problem, we have the functional I €
CH(H'(R3),R) defined by

_1 2, 1 2
I(v) = 5 /R3 |Vv|“dx + 5 %1;{3 Vox)f~(v) dx
+ le /R i Ko(x)byonf(v) dx — /R i Go(x.f(v)) dx, (3.5)

where Gy(x,s) = 0 for all x € R3, 5 < 0.

Page 8 of 24



Zhang et al. Boundary Value Problems (2020) 2020:109 Page 9 of 24

We also observe that for § > 0, because of (G;) and (G,), there is a constant Cs > 0 such
that

lg(x,)] < 8lsl + Csls| ™!, V(x,5) e R® x R, (3.6)

P C
Gx,9)| < 5|s|2 + 220819, V(x,s) € R® x R. (3.7)
71

4 Geometric properties

In this section, we present the variational results that will be used in the proof of main re-
sults. Firstly, we verify the geometric conditions of the mountain pass theorem. Then we
present results concerning the behavior of the Cerami sequences of the associated func-
tional. Finally, we establish two technical results necessary for the proof of Theorem 1.1.
The following lemma shows that the (modified) functional associated with problem (1.1)
satisfies the geometric properties of the mountain pass theorem.

Lemma 4.1 Suppose that (V), (G1), (Gy), and (G) are satisfied. Then the functional I de-
fined by (3.3) satisfies conditions (I1) and (1) of Theorem 2.1.

Proof For p >0, define

S, = {v e H'(R®): /Ra(wwz + V@)f*(v)) dx = pz}.
Since ¥ : H'(R3) — R given by

W(v) = /]R3(|W|2 + V(x)f*(v)) dx

is continuous, S, is a closed subset that disconnects the space H!(R?) — R. Taking 0 <
A < 1such that & = A +6(1 - 1), by (V), relation (3.7), Holder’s inequality, Lemma 3.1(7),
the Sobolev embedding theorem, and the result of [34] we have

8

/ G(x,f(v)) dx<—p*+
R3 o

3(1—
2’0 ”COC(; 20+6(1-1)
5 — P

qrat

for every v € S, and some constant Cy > 0. Hence we have

I(v) > 1 _ i p2 _ 23(1_A)C0C5 p2}»+6(17)\)
“\2 2 qa*

for every v € S,. Since 2X + 6(1 — A) > 2, choosing 0 < § < «, we conclude that, for p suffi-
ciently small,

co:=inflI >0 >0,
Sp

that is, condition (I7) is satisfied.
To verify condition (), it suffices to exhibit w € H(R3) such that

I(tw) > —00 ast— +00. (4.1)
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Indeed, consider w € H(R?). Hence by properties (3) of Lemma 3.1 we get, for every ¢ > 0,

£ 2 N gxs b 2
I(tw) < 5 ,/RS(WW' + Vx)w )dx+ ) RsK(x)¢ww dx /Rg G(x,f(tw)) dx

2 t*
£ f (VWP + Vw?) dx + = [Klaldulelwi?
2 R3 4

w4x

—t4/ Glx, f(tw)) f8(tw)
wro  fEw)  (tw)t

Then by Lemma 3.1(5), assumption (G), and the Fatou lemma the last integral on the
right-hand side tends to infinity with ¢. Hence I(tw) — —oo as t — oo. d

As a consequence of Theorem 2.1 and Lemma 3.1, we have the following corollary.

Corollary 4.1 Suppose that (V), (G1), (Gy), and (G) are satisfied. Then the functional 1

possesses a (C). sequence with c given by (2.1).

Here we verify the boundedness of the (C), sequences associated with the functional J

and a result concerning the behavior of such sequences.

Lemma 4.2 Suppose that (V) and (G1)-(Gs) are satisfied. Then every Cerami sequence
{v.} in HY(R3) associated with the functional I is bounded.

Proof According to the proof of [34], if there exists a constant M > 0 such that
/ (|Vv,,|2 + V(x)fz(v,,)) dx <M, (4.2)
R3

then {v,} is bounded in H'(R3). So we only need to prove (4.2).
Now let {v,} € H(R?) be an arbitrary Cerami sequence for I on level ¢ € R, that is,

I(v,) = ¢, 17| (1 + llvall) = 0. (4.3)

Taking 0 < § < &, by the first condition in (4.3), (3.7), and the condition (V') we have

%/}RS(WV"P + V(@)f*(va)) dx + i/u@ K)oy, f2(v,)) dx

- / G(x,f(vn)) dx + ¢ + 0,(1)
R3

i 2 & 7
< 2% e V(x)f“(vy)) dx + . /R3 [f(v,,)| dx +c+0,(1),

which yields

1 1 ) 1
2 /}R3 |Vv,,|2dx+ (5 - %) /11{3 V(x)fz(v,,)dx+ 2 /]R3 I((x)¢>f(vn)f2(v,,)dx

< G [f ()| dx + ¢ + 0,(1). (4.4)
q1 JRr3

Page 10 of 24
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By the second condition in (4.3) and Lemma 3.1(6) we have

o= [ (s vere)) e [ K@) ds
- fR : %g(x;f(vn))f(vn)dx.
Consequently, by (Gs) we have
1)~ S )
= /R K@y ) d + fR 3 [ig(x,f(vn))f(vn) - G(x,f(vn))] dx
> -}L /R . K@) rnf2(vy) dx + /R i f (V)| dox — /R () dx.

Since i, € LY(R3), we have

/ [f(v,,)‘q2 dx<C+ 1 / K(x)qbf(v,,)fz(vy,)dx.
R3 4 R3

Because of Lemma 3.1(3), we have
[ K@ o)ds < [ K62 ds < Kl ol
Therefore
/H‘{?’ [f(v,,)‘q2 dx < Cj. (4.5)

As we noted in the Introduction, g, < ¢;. If g2 = q1, then inequality (4.2) is given by (4.4),
(4.5), and our choice of §. Now consider ¢, < g1. Let 0 < A < 1 be such that g; = Aqy +
12(1 — ). By Holder’s inequality, (4.4), (4.5), Lemma 3.1(7), and the Sobolev embedding
theorem we have

1 1 ) 1
5 /}RS |V, |2 dx + (5 - %) /1;3 V)2 (v,)dx + 2 ./]R3 K@)@p,f>(va) dx

g q2 )A< 12 )l—k
=< T <\/]R3 [f(vn)’ dx /R;; lf(l/n)} dx +C+0n(1)

C 1-2
< —5Cf23(1”\) (/ |vn|6dx> +c+0,(1)
7 R3

Cs 3(1-2)
< C—Cst(l’A) (/ |Vv,,|2dx) +c+0,(1).
9 R3

Now note that by (G3) that 3(1 - 1) = 3({’2%;22) < 1. Therefore estimate (4.2) is satisfied, and

the lemma is proved. O

Page 11 of 24
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Lemma 4.3 Suppose that (V), (G1), and (G,) are satisfied. Let {v,} C H'(R3) be a (C),
sequence with ¢ given by (2.1), and let v,, — 0 weakly in H*(R®). Then there exist a sequence

{y.} CR3 and r,n > 0 such that |y,| — oo and

lim sup/ [vu|>dx > 15> 0.
Br(yn)

n—00

Proof Suppose on the contrary that
lim supf vul2dx=0, Vr>O0.
o0 By (yn)
Then by Lion’s concentration compactness lemma (see [37, Lemma 1.21]) we have
u, — 0in I (R*) for2<p<6. (4.6)
According to Lemma 3.1(3, 6), we have
lim sup / K@) f Walf (V) v, dx
n—00 R3
. 2
< lim sup /R K@)y f " (va) dx
5
12 6
< lim sup / K(®)y, V2 dx < |K|oo|y, |6 lim ( / " dx) - 0. (4.7)
n—00 R3 n—00 R3

Let 0 < B < 2 be sufficiently small such that 2 + 8 < ¢; <12 — 2. Now take 0 < A < 1 such
thatg; = A(2+ B) + (1 - 1)(12 — 28). Applying Holder’s inequality and Lemma 3.1(3, 7), we

have

Q 26 5\ 26\
[ ol as< ([ Iro dx) [l s
R3 R3 R3
< ( / v |2+ﬁdx)x( / v |6-ﬁdx)H
— RS n ]R3 n .

Noting that 2< 2 + 8, 6 — 8 < 6, from (3.6), Lemma 3.1(6), and (4.6) it follows that for all
§>0,

A

nlingo sup /R3 |g(x,f(Vn))f,(Vn)Vn|dx

< Tim sup /R [l f ) )] d

y 1-2
A-1)(6-B)
< lim sup|:8/ [V, dx + Cs2 = </ |vn|2+’3dx) (/ Ivn|6_’3dx) :|
n— o0 st RS ]RS

=4 lim sup/ [v,|? dx.
n—>00 R3




Zhang et al. Boundary Value Problems (2020) 2020:109

Hence, since § > 0 can be chosen arbitrarily small and the sequence {v,} C H!(R3) is
bounded, we get

lim /3 g (x.f (v)f V)| dx = 0. (4.8)
Hn—0Q R
Since (I'(v,),v,,) — 0, from (4.7) and (4.8) we obtain

lim |Vv,,| + V(@) ) (Vi) v dx = 0.

n—00

Using Lemma 3.1(6), we get

lim [ (1Vval® + V(x)f*(vs)) dx = 0. (4.9)

n—00 Jp3

By an argument similar to that used to verify (4.7) and (4.8) we conclude that

lim / K(x)¢f(vn)f2(vn)dx =0

n—00 Jp3

and

lim G(x,f(vs)) dx = 0.

n—>00 Jp3

These two equalities, together with (4.9), imply that I(v,) — 0, which contradicts I(v,) —
¢ > 0. The lemma is proved. d

Lemma 4.4 Suppose that (V), (K), and (G4) are satisfied. Let {v,} C H*(R?) be a bounded
sequence, and let w,(x) = w(x — ,,), where w € HY(R?) and (y,) C R3. If |y,| — oo, then, as
n— 00, we have
1) fos Vo) = VI vu)f va)Wndx — 0,
) Jrslgo(e.f(vi) = glx.f ) (vi)wn dx — 0,
3) s Ko@®)bromf Wnlf i)Wy dx — K@) r,f Va)f (Vi)W dxc — 0.

Proof The proof of (1) and (2) can found in [34], so we only need to prove (3). Let £ (x) =
Ky(x) — K(x). Then by Lemma 3.1(2, 3) we have

/R ; |Ko@)rf W) (V)W — K@) ypf V) V) w, | dax

< A; Ko, ~ K@, v,

) ﬁ(v/ﬂ;g /R3 fEY)l |Vl Wil dy (Ko () = K (x)) v, dx

/]R3 /Rs lx—y |V dy KO( ) - K(x))|Vn||Wn|dx

// Koy) -K(») zdy(l(o(x)—K(x))IVnHwnIdx)
R3 JR3

| =yl

=11 +I2+13.

Page 13 of 24
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We consider, for example, ;. Then the other two can be obtained in the same way.

L =/ ([<O(x)_[<(x))¢vn|vn||wn|dx+/ ([<O(x)_I<(x))¢vn|vn||wn|dx
BR(0) R3\(B(0)

= 121 + 122.

Given § > 0, since w € H'(R?) C L(R3) with 2 < p < 6, we can find 0 < ¢ < § such that, for
every measurable set £2 C R satisfying || < ¢,

/ |w|* dx < 8, / |w|®dx < 8. (4.10)
fo) 2
We fix & > 0 and set D,(R) = {x € R3 : |Ko(x) — K(x)| > &,|x| > R}. By condition (K) we

can find R > 0 such that |D,(R)| < €. Then, according to (3.2), applying Lemma 3.1(2, 3),
Holder’s inequality, condition (K), # € F, and (4.10), we get

| = |¢Vn|oo( / (Ko(x) = K ) vl [wl dx
D¢ (R)

+/ (Ko(x) —K(x))|vnl|w,,| dx)
R3\(BR(0)UD¢ (R))

< |¢vn|oo(|h|oo/ |Vn||Wn|dx+8/ |Vn||Wn|dx)
De(R) R3\(BR(0)UD: (R)

2
< |¢vn|oo(|h|oo|vn|2(f IWnlzdx) +8|Vn|2|wn|z>
Dg(R)

<C(8% +9).

Applying Hoélder’s inequality, condition (K), Lemma 3.1(2, 3), and the fact that {v,} C
H'(R3) is bounded, we can find C such that

lot] < [, / |Ko(x) — K@) vl lwl dx
Br(0)

1
2
§|¢vn|oo|h|oo||vn|2(/ |Wn|2dx>
BR(0

<C 2d> .
<¢(f,, Il e

Hence, since w € H'(R?) and |y,| — oo, there is 1y € N such that

Nl

/ (Ko(x) = K (x)) v, |Vl lWal dx < C8,  ¥n > .

BR(0)

Since § > 0 can be chosen arbitrarily small, the last three inequalities imply that
| Ko 0,0 G = K 0 > 0

strongly in L1(R3) as n — oo. O

Page 14 of 24
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Lemma 4.5 (see [34]) Supposethat2 < q<12andh e F.Let{v,} C H'(R3) be a sequence
such that v, — v weakly in H'(R3). Then

f h@)|f (v,)|" dx — f h)|fv)|* dx (4.11)
R3 ]R3
as n — o0.

5 Proofs of the main results
In this section, we prove Theorems 1.1 and 1.2 by verifying that the functionals I and I,
defined by (3.3) and (3.5), respectively, have nontrivial critical points.

Proof of Theorem 1.1 Firstly, by Corollary 4.1 we can find a Cerami sequence {v,} on level
¢, that is, such that

Iv))=>c¢>0>0 and [I'(v,)|(1+[vall) >0 (5.1)

as n — oo with ¢ given by Theorem 2.1. Applying Lemma 4.3, we may assume, without
loss of generality, that v, — v weakly in H(R3).
Step 1. Note that, for every z € C°(R?),

(I'v),2) = (I'v),2)
:/ Vv, - V)Vzdx+/ V@ ) vn) = f W) () |z dx
R3 R3

+ [ KO 0 ) = b 0 )]s
[ e 00) - glof 0 0]z 62)

Since v, — v weakly in H'(R3), we have that v, — vin L{ (R3) with 1 <s < 6. Then, up to

loc
a subsequence,

vu(x) = v(x) a.e.on §2 =suppzasn— 00,

|Vn(x)| < \ws(x)| for every n € N and a.e. on £2, with w, € L°.

Consequently, as n — 00,

f(Vn)f/(Vn) _>f(V)f/(V);
S wnf Walf V) = dpaaf W)f' (v),
@S ) = g(xf W)F W),

a.e. on £2. Furthermore, from conditions (V) and (K), Lemma 3.1(2, 3), and (3.2) we have
|V(x)f(vn)f/(vn)z| = |V(x)vnz| < |Vloolw2llzl
and

|K@)Brf V) (v)z| < [K©)py,vaz| < Kool lool@all2]-



Zhang et al. Boundary Value Problems (2020) 2020:109

Moreover, by (3.6) and Lemma 3.1(2, 3, 6, 7) we have, for |v,(x)| <1,
g f W) V)2l < 81vallzl + Cs|f ()| [2] < Slnll2] + Csleall2l.
On the other hand, if |v,(x)| > 1, then
lg (e f W) 2] < Slvallzl + Cs|f )| ™7 |f ()21

a1 [ (V)

V]

< Slwallz| + Cs|f (vi)| |zl

3 5
< S|mslz| + 2°Cslws |||

The two estimates imply that there exists a function v € L}(£2) such that

lg@x, fva)f (vi)zl < inR3. (5.3)

Using (5.2), (5.3), the Lebesgue dominated convergence theorem, and the weak conver-

gence v, — v in H(R3), for every z € C5°(R3), we obtain
(1’(1/,,),2) — (1’(v),z>.

Since C3°(R3) is dense in H!(R?) and I'(v,,) — 0, we conclude that I'(v) = 0. In other words,
we have that v is a critical point of /.

Step 2. Now we need to prove that v # 0. Assume that v = 0.

By Lemma 4.3 there exist a sequence (y,) C R® and r and 1 > 0 such that |y,| — oo as

n — oo and

n—00

lim sup/ vul2dx>n>0, VneN. (5.4)
Br(yn)

Without loss of generality, we may assume that (y,,) C Z3. Then defining u,,(x) = v,,(x + y,,),
n € N, we have ||u,lo = ||[va]lo for all n € N. Thus, taking a subsequence if necessary, there
exists # € H'(R?) such that

u, —u weakly in H' (R?’),
u, — u strongly in L} (R?),

loc

u,(x) = u(x) a.e. onR>

From (5.4) we get that u #0.

We claim that « is a critical point of Iy. Indeed, we first observe that

(Io(un),2) > (I(w),2),  Vze C(R?), (5.5)

Page 16 of 24
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as n — oo. Effectively, writing
(foun). 2) = {To(u).2)
:f V(uy, —u)Vzdx+/ Vo@)[f wn)f () = f()f' (1) ]z dx
R3 R3
[ Ko ) ) = G ]l
[ oo ) - £ @) )z + o), 66)

From the arguments used before we deduce that
f V(u, —u)Vzdx — 0,
R3
[ Vil )~ ez — o,
and
/R3 Ko(x) [af(un W (wn)f () - af(u)f(u)f’(u)]z dx — 0,

as n — 00. Hence, to prove (5.5), it remains to analyze the last integral in (5.6). Note that

[ g0 (%, f () — go (%, f () |f )z dx = [go (%.f (1)) — g (% f (1)) | (t4)z Ak
+ [g(xf () = go (% f () |f (un)zdx.  (5.7)

Now, by condition (G4)(ii) and the arguments used in the proof of (5.3) we get e (),
§2 = suppz, such that

|[g(x.f (1) — go (£ ) |f (n)z| < . (5.8)
Hence, applying the Lebesgue dominated convergence theorem once more, we obtain
[g(.f () — go (%, f () If ()2 = [g (%, (1)) — go (. f (1)) |f" (1) (5.9)
in L1(£2). The claim (5.3) and the Lebesgue dominated convergence theorem also yield
g f wn))f (wn)z — g(x,f (w)f (w)z

in L!(£2). Furthermore, from (5.3), (5.8), and the Lebesgue dominated convergence theo-
rem we again have

go(%.f )f (un)z — go(x.f (w))f ()2

in L1(£2). Consequently,

[g (xS () — go (%, f @) I ()2 — [ (.S (1)) — go (%, f () |f" ()2 (5.10)
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in L1(£2). Relations (5.7), (5.9), and (5.10) establish the verification of (5.5). On the other
hand, considering z,(x) = z(x — y,) for all n € N, in view of the periodicities of V;, Ky, and
go, we get

(16(u,,),z> = (Ié(v,,),zn), VneN. (5.11)
Moreover, applying Lemma 4.4, we have
(V) zn) = (I' V), 24)| = 0, VmEN, (5.12)
as n — 00. Since ||z,lo = ||z]|o for all n € N, by (5.11) and (5.12) we conclude that
IAUARAE
as n — 00. This limit, (5.11), and (5.5) show that u is a critical point of Iy, as claimed. [
Step 3.
Claim [y(u) <c.

To show this fact, we apply the definition of {u,} to get

100 = 20 = = [ Ve[ a)  Flatn)f ttn)usn] i
2 2 R?’

+ % / (V(x) - Vo(x))[fz(vn) —f(v,,)f/(vn)v,,] dx
]R3

1 1 /
+ Z [I;S I<(x)¢f(vn)f2(l/n)dx - 5 ‘/H;?) I((x)¢f(vn)f(vn)f (Vn)Vn dx
* / %g (x5S ) Vi)V = G(x,f (v,)) . (5.13)
R3

Now, taking a subsequence if necessary, by property (8) of Lemma 3.1 and Fatou’s lemma
we obtain

tim inf 5 [ Vo) [f2(0,) ~ ) )]
]R3

n— 00

> %/ Vo@)[f*(u) —fw)f (w)u] dx. (5.14)
R3

We observe that as v, — 0 weakly in H!(R3), by Lemma 4.4 with # = V - V; and
Lemma 3.1(6) we get

lim inf% /RS (V(x) - Vo(x)) [fz(v,,) —f(v,,)f’(v,,)v,,] dx=0. (5.15)

n—00

We also claim that

1 1
lim inf|:1 /RS I((x)(pf(vn)fz(vn)dx— 3 /]RS K@)t f Walf (V) vy dx]

n— 00

1 ~ 1 ~
> 2 /RB Ko(x)¢>f(u1f2(u) dx — 5 /1;3 Ko@®)rwf w)f (u)u dx (5.16)
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and

lim | (%g(x,f(vn))f/(v,,)vn - G(x,f(vn))) dx

n—0o0 R
> / (%go(x,f(u))f’(u)u - Go(x,f(u))) dx. (5.17)
R3

Assuming that the claims are true, we use (5.1), (5.13)—(5.17), and the fact that u is a critical
point of Iy to get

c> % A;{ Vo)f* () = fu)f" (w)u] dac + i /R , Kooy (ue) dx

1 / Ko(®)bsoaf w)f (w)u dx

2 ]R3
1 /a
(Gl @) - Gofo ) )
]R3
= 1o ~ {150 ) = o), (5.18)

that is, Io(x) <c.

Step 4. We will verify that max,-olo(¢u) = Io(u). Define the function () := Ip(¢u) for ¢ > 0.
Since u is a critical point of Iy, it follows that # > 0 (see the argument further). Hence by
Fubini’s theorem we may write

n'(6) = t{/Rs |Vl dx /RS [go(xrf(tlul)v”(tlul)

t|ul

~ Vo(x)f (elul)f (¢ul) Ko(x)af(tu)f(t|u|)f/(t|u|)]u2dx}
tu| tlu| '

Note that, for fixed x € R3, the function £ : (0, +0o — R) defined by

_ QoY) Vo $)f () Ko@draf () )

N N N

&(s)

is increasing. Indeed, this is a direct consequence of (G4)(iii) and Corollary 3.1(2) applied
to

2o, f(5)) fP(s)f'(5) 4
) = f7(s) f

0+ Vot (L)

Ko@) (_f (s)f"(s) ) '

S

Now we observe that 1'(1) = 0 since u is a critical point of I;. Moreover, we have that
n'(£)>0for 0 <t <1andn'(t) <0 for t > 1. Therefore

Io(u) = n(1) = maxn(t) = maxly(tu).
t=0 t>0
Consequently, by (5.17), (G4)(i), and the definition of ¢ we have

¢ < max/(tu) < maxly(tu) = IH(u) <c.
£>0 >0
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This implies that there exists y € I' such that (2.3) holds. In view of Theorem 2.2, we
possess a critical point v on level ¢. From ¢ > o > 0 = I(0) we have that v is a nonzero
critical point of /. This concludes the proof of Theorem 1.1, except for claims (5.16) and
(5.17).

Step 5. We will now show that v > 0 in R3. Since v > 0 in R? is a weak solution of the

equation
—Av=w, x e R3,
where

w ::f/(v(x)) [g(x,f(v(x))) - V(x)f(v(x)) - K(x)qﬁf(v(x))f(v(x))],

by conditions (V), (K), (G1), and (G,) we have

1-1

wl < W[Sf0)| + Gslfm)|" ] < C8 + Cslf )] 7,

thanks to Lemma 3.1(2), (7), and (10). Let po = % > 1. Since v € L°(R3), it follows that w €
LP0(Bg) with arbitrary R > 0. By elliptic regularity theory, v € W2#°(Byg), Using a standard
bootstrap argument, we may conclude that v € W2#0(By) for every po > 2. Hence v € Cllo"cx
for some « € (0,1). Now suppose by contradiction that there is xo € R? such that v(xp) = 0.

Equation (3.4) can be rewritten as

—Av+ @)y = V@' W)(v-fV) + K@)drof W) (v-f») +g(xf W) (v) =0,
where c(x) = V(x)f'(v) + K(x)¢pf'(v) > 0 for x € R? is a continuous function. We also
note that from Lemma 3.1(3) we have v — f(v) > 0. Hence, applying the strong maximum
principle for weak solutions (see [22]), we obtain that v = 0, which contradicts the fact
that v 0.

Step 6. Finally, we conclude the proof of Theorem 1.1 by showing that (5.16) and (5.17)
hold. Similarly to the proof of Lemma 4.4(3), we have

/ K0 gf 0n)f () d — / Ko@)r,f n)f (v dx
R3 R3
and

/ Ky, (v) dx — / Ko@)y, (vn) dx

R3 R3

strongly in L' (R3) as # — oo. Consequently, by the periodicity of Ky,

n— 00

lim inf% /]R3 K®)ppw,f*(vy) dx — % /Rs K@®)dswf Walf (Vi) vy dx

1 ~ 1 ~
= lim infz /1;3 Ko(x)¢f(un1f2(un)dx . /RS Ko@)t f (un)f (tn)uny, dax. (5.19)

n— 00
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Moreover, by Lemma 3.1(6), for s > 0, we have

Ko (5) ~ Kol Braf 6 9

= % [Ko(®)rsf*(s) = K(x)yiof ()] + %K ©)prf2(s) — K(x)pyisf (S)f'(s)s
+ K@) gyaf () (95 = Ko@)y () ()s

> _% K®)¢rsf*(s) + [K@paf ) (5)s - Ko@raf $)f (5)s]

> _% K@)ps® + [K(@)¢rf(s) — Ko@riaf*(s)]

> _% K(x)pss* = [Ko(x)pss® — K (x)pss?].

Claim [p5 K(x)¢y, u2 dx — [o3 K(x)p,u’ dx.

Proof By the resultin [7], if u,, — u in H*(R®), then we have #?> — %2 in L3(R®) and ¢,,, —
¢, in DV2(R3), so that ¢, — ¢, in L°(R3). Therefore

/ KX)o, ufl dx — K(x)p,u’ dx = / K(x)py, (ui - uz) dx
R3 R3
o [ K, - g d.
R3
Since
3 3 3
/ (K®)u,)? dx < |K|3 |$u, | < +00,
R3
so that K(x)¢,, € L3 (R%), we have Jps K(®) ¢, (u — u*) dx — 0. Similarly,
6 6 12
/ (K()u?)® dx < |K|3 |ulg < +oo,
R3

so that K(x)u? € L$ (R?), and thus 3 K(x)(¢u, — ¢u)u* dx — 0. O

We obtain [ps Ko(x) ¢y, u> dx — Jrs Ko(x)$,u? dx in the same way. Thus by Fatou’s

lemma we have

n—00

1 ~ 1 ~
lim inf/ [ZKO(x)(pf(un)fz(un) - EI(O(x)‘bf(un)f(un)f/(un)un
]R3
+ %K (%)u, ufl + Ko(x)aun ufl - K(x)p,, uf,:| dx
> / [11@(@5 W) — S K@ af ) ()
= O (u o RoX)er
+ %K(x)q}uuz + Ko(x)Pu1i® — 1((x)¢uu2} dx. (5.20)

Relations (5.19) and (5.20) conclude the verification of (5.16). The proof of (5.17) can be
found in [34]. The proof of Theorem 1.1 is completed. d
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Proof of Theorem 1.2 We argue as in the initial steps of the proof of Theorem 1.1. Since go
satisfies (G ), (G,), and (G), applying Corollary 4.1, we can find a sequence {v,} C H'(R?)
such that

Iy(vy) = ¢c>0 >0, 176w | (1 + llval) > 0 asn— oo, (5.21)

where c is given by Theorem 2.1. Because of Lemma 4.2, we may suppose, without loss of
generality, that v,, — v weakly in H'(R3). From this and (3.6) we have that v is a critical
point of Iy, that is, I;(v) = 0. To finish the proof of the theorem, it suffices to assume that
v=0.

By Lemma 4.3 there exist a sequence (y,,) C R and r, > 0 such that |y,| — oo as n — 0o

and

lim supf Vul2dx>n>0, VneN. (5.22)
By(yn)

n—00

Without loss of generality we may assume that (y,) C Z. Defining u,(x) = v, (x + y,), n € N,
we have that ||u, o = ||v4|lo for all # € N. Consequently, taking a subsequence if necessary,
there exists u € H'(R?) such that u, — u weakly in H'(R?), u, — u strongly in L} (R?),

and u,,(x) — u(x) almost everywhere on R®. We claim that « is a critical point of Iy. Indeed,
given w € H'(R3), from (V), (K), (G1), and (G;) we get

(1), w) — (I (), w) asn— oo. (5.23)

On the other hand, considering w,,(x) = w(x — y,,) for all #n € N, in view of the periodicities

of Vp, Ko, and gy, we get
(1), w) = (Ig(vn), ws), meN.

Consequently, from (5.21) and the fact that ||w,||o = ||w||o for all n € N we conclude that
(Io(n), w) > 0 asn— oco.

This limit, together with (5.23), shows that u is a critical point of Iy. The claim is proved.
Furthermore, (5.22) implies that u # 0. Theorem 1.2 is proved. d
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