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Abstract

In this paper, the time and norm optimal control problems of controlled heat
equations with a weight function are considered. For the time optimal problems, we
study the following two cases: one is for equations with multi-domain control under
null controllability, and the other is for equations under approximate null
controllability. We prove the solvability, and obtain the bang-bang principle of the
time optimal controls for aforementioned both cases. For the norm optimal control
problems, we focus on equations with multi-time and multi-domain control, and
present the solvability of these problems.
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1 Introduction

Let T be a positive number and €2 be an open bounded domain with smooth boundary
in RN, N > 1. Let K € Z*, {E;} = {E;}X, be a sequence of Lebesgue measurable subsets
of (0, T) and {w;} = {w;}X, be a sequence of positive Lebesgue measurable subsets of Q
with w; Nw; =P, for all i,j € {1,2,...,K} and i #j. Denote by xg;, x., the characteristic
function of E;, w;, respectively, for each i € {1,2,...,K}. Consider the following controlled
heat equation with a weight function:

Ay, t) — Ay(x,t) = p(x) Yo, XE (D) Xy ®)uti(x,£),  in Q2 x (0, T),
y(x,t) =0, on 32 x (0,7), (1.1)

¥(x,0) = yo(x), inQ,

where p € L}(RQ) is a weight function satisfying 0 < p(x) < 1 for a.e. x € , and 0 #
yo € L*(Q) is a given function. We denote the solution to (1.1) by y(-, ; {X£; Xew;#i}» ¥o)-
For simplicity, when E; = (0,T) for all i € {1,2,...,K}, we write y(-,; {xw 4}, y0) for
¥( 5 {XE Xw; Ui}s ¥o); furthermore, when K =1, write w, ¥(-, -; Xo, Y0) for w;, y(-, - { X Ui}
o), respectively.

The weight function p in equation (1.1) is meaningful, which stands for the different
influence of the control function in different location.

As is well known, optimization is one of the most important problems in control theory
and there exist some work on this topic (see, e.g., [1-3]). Roughly speaking, the goal of op-

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13661-017-0880-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0880-z&domain=pdf
mailto:math_lsf@csu.edu.cn

Liu et al. Boundary Value Problems (2017) 2017:148 Page 2 of 16

timization is to improve a variable in order to maximize a benefit (or minimize a cost). The
time and norm optimal control problems are important and interesting branches of opti-
mization. For the deterministic systems, the reader can refer [4] to obtain recent results
and find open problems. The reader can also refer [5-10] for controlled heat equations.
For the stochastic ones, the norm optimal control problems were considered in [11, 12] for
controlled stochastic ordinary differential equations, and in [13] for controlled stochastic
heat equations.

In this paper, we shall consider the time and norm optimal control problems of heat
equations with a weight function. In Section 2, we consider two kind time optimal control
problems: one is for equations with multi-domain control under null controllability, and
the other is for equations under approximate null controllability. We obtain the bang-bang
principle of the time optimal controls for these two problems. In Section 3, we consider
the norm optimal problems with multi-time and multi-domain control, and we obtain the
solvability of these problems.

2 Time optimal control problems

In this section, we first state two time optimal control problems, and then study the solv-
ability of these problems, obtain the bang-bang property of the time optimal controls.
Throughout this section, for alli € {1,2,...,K}, E; = (0, T), and

u; € Usg = {u € L%(0,+00; L*(Q)) | [|ul2) ||L2(Q) <M;ae. te(0,+00)}. (2.1)
When K = 1, for simplicity, we write Uyq for Z/{; ar
In the following, we consider the following two time optimal control problems subject
to (1.1):
Problem (TP1)
T* =inf{T | y(-, T; { X, i} ¥0) = 0,1 € Uy forall i € {1,2,...,K}}.
Problem (TP2) For K =1,
T = inf{T | v(, T; ot yo) € B(0,8),u € Z/lad}.
Here and in what follows, we denote by B(x, r) the open ball in L2(£2) with center u € L?(Q2)
and radius r > 0, and by B(x, r) the closed ball in L?($2) with center u € L*($2) and radius
r>0.
In order to obtain the solvability of Problem (TP1), we assume that there exists a constant
M > 0 such that
M;<M forallie{1,2,...,K)}. (2.2)

Notice that the hypothesis (2.2) is reasonable: for a single control system

y(x, t) — Ay(x, t) = p(x) xo(X)u(x, ), in Q2 x (0,+00),
¥ t) =0, on 9Q x (0, +00),
¥(x,0) = yo(x), in €,
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its optimal time
T* =inf{T | y(;, T; xoth: Yo) = 0,14 € Upa} — 0

as M — oo.

It is obvious that Problem (TP1) is related to null controllable problem of (1.1), while
Problem (TP2) is related to approximately controllable problem of (1.1). It is well known
that, when K =1 and p = 1, the system (1.1) is null controllable for the measurable control
domain w (see [5]), even if the characteristic function ¥, can be relaxed by a measurable
function B € L*(Q2) with 0 < 8 <1 for a.e. x € Q and [, B*(x) dx = «|Q] (see [6]). Here
a € (0,1) is a given constant and |Q2| is the Lebesgue measure of Q. It is natural that there
exist a positive constant T and a control u € L>(0, T; L2(€2)) such that y(x, T; 4, y0) = O (see
[5, 6]).

The following result is related to the solvability of Problem (TP1).

Theorem 2.1 Let {M;} be a given positive real number sequence satisfying (2.2). Then there
exists T* > 0, such that T* is the solution to Problem (TP1). Moreover, foreachi=1,2,...,K,
there exists a unique u} € L>°(0, T*; L*(2)), such that

|uf ]| oy =M forae te(0,T") withM; < Mforalli{1,2,....K}, (2.3)
i.e., the time optimal controls sequence of Problem (TP1) has the bang-bang property.
The following lemma is needed in proving Theorem 2.1, which comes from [5, 9].

Lemma 2.2 Let E C [0,T] and v C Q be two positive measurable sets. Then, for each
Yo € L2(Q), there is a bounded control function u(-) € L>(0, T; L*(Q)) with

llztll oo 0, 1502(2)) < Cllyollzze)

such that the solution to the equation

dy(x, ) — Ay(x, t) = p(x) xe(£) X0 (X)uu(x, £),  in Q2 % (0, T),
y(x,t) =0, on Q2 x (0, T),
¥(x,0) = yo(x), inQ,

satisfies y(-, T;u, o) = 0. Here C = C(Q, T, |E|, |w|) is a constant.
We are now in the position to prove Theorem 2.1.

Proof of Theorem 2.1 Since the proof is long, we separate it into two steps.
Step 1. For fixed ip € {1,2,...,K}, consider the following system:

dy(x,t) = Ay(x,8) = p(%) Xaryy (B (%, 2),  in & x (0, +00),
y(x,£) =0, on Q2 x (0, +00),
y(x, 0) :yO(x): in Q.
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By Lemma 2.1 of [6], we know that there exist a control u;, € L{;?i and T, such that
y(-, T, Xoiy Hig» 90) = 0. we also know that 0 #y, € L*(Q)isa given function. Therefore,

0<T*=inf{T | y(-, T; { X, i}, ¥0) = 0, € Uy foralli € {1,2,...,K}}

< inf{T | y(-, T; Xoig Uiy»Y0) = 0,14, € Z/{;Sl} < 00.

Hence, there exists a sequence {7},}, such that {T},} is a monotone decreasing sequence

with y(y Tn; {Xw,u,"},yo) =0and
T, — T*=inf{T | y(, T; { Xy}, y0) = 0,u; € Usy for all i € {1,2,...,K}}.

Without loss of generality, we assume that 7, < T* + 1 for all » € N. Then y" =

Y55 { X!} 0) is a solution to the following equation:

9y (3, £) = AY'(x,8) = p(x) Ty Xy ), 8),  in Q2 x (0, T,),
y'(x,t) =0, on Q2 x (0, T,),
J/”(x, 0) =yo(x)»y"(x, Tn) =0, in Q.

Now, denote

ul(x,t), (1) € x(0,T,),

ul(x, t) =
0, (x,8) € Q x [T, +00).
Then
"(x,t), (x,t) € Qx(0,T,),
Py |7 @0 @OERXOT)

0, (x,8) € Q x [Ty, +00),

solves the following system:

39" (%, £) — Ay (x,t) = p(x) Zfil Koy @)} (x,2),  in Q x (0,+00),

y"(x,2) =0, on 92 x (0, +00),
7" (x,0) = yo(x), in Q,
yn(xy t) = O’ in 2 x [Trn +OO).

Moreover, by the definition of 3", it is easy to see that " solves the following system:

37" (2, 8) = AF' (%, ) = p(%) o) Xy @)L (x,8), in Q x (0, T* +1),
y'(x,t) = 0, on a2 x (0, T* +1),
7"(%,0) = yo(x), in Q,

In(x,t) =0, in Q x [T, T* +1).
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Note that ||it7 || ;2(q) < M, for all # € N. Then there exist a subsequence {i"} C L™®(0, T* +
LLA(Q)) of {ir}} and &) € L°°(0, T* + 1;L*(R2)) such that

" — i) weakly" in L™(0, T* + 1; L*(Q2)) as n; — oo.

Similarly, since ||u5' || 2(q) < M for all n; € N, there exist a subsequence {ir,>} of {it5' } and
9 € L°(0, T* + 1;L*(R)) such that

iy — 9 weakly* in L™ (0, T* + 1;L2(§2)) as 7y — 00.

By inductive argument, for each i € {1,2,...,K}, there exist a subsequence {iz; } of {i1;""}
and 7 € L°(0, T* + 1;L*(R2)) such that

" — i) weakly* in L™ (0, T* + 1;L2(Q)) as n; — oo.

By the diagram argument, for all i € {1,2,...,K}, we can abstract a subsequence {i"} of
{z1]} such that

ur— it? weakly™ in L™ (0, T + 1;L2(S2)) as 71 — 00.

Since w; Nw; =P foralli,j € {1,2,...,K} with i #j, one can get
K K
o(x) Z X" —> p(x) Z Xo;it)  weakly* in L (0, T + l;LZ(Q)) as 1 — 00.
i=1

i=1

On the other hand, y" is the solution to the following system:

0,5 (6, 1) = A" (x,8) = p(0) isy Xy 0" (x,8), in @ x (0, T* +1),

Y™ (x,t) =0, on a2 x (0, T* + 1),
¥ (x,0) = yo(x), in ,
I, (x,8) =0, in Q x [T, T* +1).

Then there exist a subsequence of {3}, still so denoted, and 3° such that
" — 35 weaklyin L*(Q x (0, T* +1)) as n — oo
and

0:5°(x,£) — A (x,£) = p(x) Zil Xoy @) (x,8), in Q2 x (0, T* +1),
7 (x,2) =0, on Q2 x (0, T* +1),
7°(x,0) = yo(x), in Q.

Note that 5" = 0 in Q x [T),,, T* +1). Since for n € N, one has y"* = 0 in Q x [T},,, T* + 1),

7" =3 inL*(Q x (0,T* +1)) as n — oo.
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We gety° =0in Q x [T}, T* +1). We get 3° = 0 in [T*, T* + 1) since T, — T* as n — 00.
Take

0_~0 0_ =0
u; =u; laxo,r+), and ¥ =¥"laxo,r%-

By the fact that ° € C((0, T1; L%(2)), y° is the solution to the following system:

39°(x,8) — AY°(x,2) = p(¥) Tk, Koy @)U (x,8),  in 2 x (0, %),
(%, £) =0, on Q2 x (0, T*),
yo(x’o) =J’0(x), J’O(x; T*) =0, in Q;

which implies that {#} are the desired controls respect to the optimal time T*.

Step 2. In the following, we shall show that the time optimal control of Problem (TP1)
has the bang-bang property. Otherwise, we suppose that there exist iy € {1,2,...,K} and
a subset E° C [a, T* — ] with positive measure for some & > 0 and a positive number &,
such that

wi €Uy and M, — |u} > gy, foreach tin the set E°,

i ||L2(Q)

where u;, is the time optimal control respect to 7. It is obvious that the solution to (1.1)
satisfies

¥(5 T { Xerts} },70) = 0,

and, for each ¢ € E°, B(u (£), %) C B(0, Mj).

io
We denote by e?? the semigroup generated by A with the Dirichlet boundary condition.
Set

s K
hs = / et Z Xy Ui (0)do + (eM —I)yo. (2.4)
0 i=1

Considering the following system:

2 (1, 8) = AZ (3, 2) = p() X0 (£) Xy @W)W5 (3, ), in @ x (0, T* - §),
z(x,t) = 0, on Q2 x (0, T* - §), (2.5)
Z(x: O) = _hﬁ(x)’ in €,

where EJ is the set {¢ | £ + § € E°}. By Lemma 2.2, there exist positive constants §; and
L =L(QT,|Eol, |wi, ), such that, for each § with 0 < § < §;, there is a control w; in the
space L®(0, T* — §; L*(R2)) with the estimate

IWsll oo, % —s;02(02)) =< L|\hs l22(0)

and the solution to (2.5) satisfies

2 T* - 8;w5,~h3) = 0. (2.6)
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On the other hand, by (2.4), there exists a positive number 8, such that, for each positive
number § with § < §,, one has
€0

h <
sl 20 < oL

Therefore, for each § < §o = min{é;, 8.}, there exists a control w; satisfying

&
W Il oo 0,7+ —s;02(2)) = EX (2.7)
and the corresponding solution to (2.5) satisfies (2.6).
Set
ui(x,8 +t) + ws(x,t), fori=ipand(xt) € Q x EY,
1) ui(x,8 +t), for i =ipand (x,£) €  x ((0, T* - §) — EY),
Vilx, L) =
u(x,8 +1t), for i # iy and (x,£) € Q x (0, T* - §),
0, otherwise.
It is obvious that v; € L{;d forallie({1,2,...,K}. Consider the following system:
() = Ay(x,8) = p(x) Y1y Xo, ®)Vi(x,8),  in Q x (0, +00),
¥ t) =0, on 9Q x (0, +00), (2.8)

y(x,0) = yo(x), in Q.

For any 0 < § < min{ TT*, 80}, it is easy to check that the solution to above equation satisfies
K T*_§
y(5 T* = 8; vk y0) = e* " yo + p(x) Z/ Ay, vilo) do
i=1 V0
K T*-5
= AT Dy Z/ M09 (%) o ¥ (8 + o) dor
i=1 0

T*-§
e[ T g wilo) do
0

K T*
= ATy 4 Z/ A1) () gy} (0) do + 2T~ g
i=1 V9
K T*
=Ty 4 ) / 21" p(x) 1t} (o) do
i=1 V9
5 K
+/ AT p(x) waiu;‘(a)da +eT yy — 2Ty,
0 i=1

T* K
=erTy, +/ AT _")p(x)ZXwiu;‘(o)do
0 i=1

=0, (2.9)
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which shows that {v;} are the desired controls such that y(-, T* — &; { x»,vi},¥0) = 0. It con-

tradicts the definition of 7* and we have proved the theorem. g

Remark 2.3 There are some relations between the optimal control problem of (1.1) and

shape design problem. For more about shape design problem see [8, 14-16].

Before stating the results on Problem (TP2), we define the following reachable set:
R(T) = {y(, T; ot y0) | 4 € Una} (2.10)
for each T € (0, +00).

Theorem 2.4 For any given positive constant &, Problem (TP2) has a solution T, and
R(THN B(0, €) has only one point belonging to the boundary of B(0, €). Moreover, the cor-

responding time optimal control u} is unique and has the bang-bang property.

Proof Since the proof is long, we separate it into the following several steps.

Step 1. We shall show that there exists at least one time optimal control, i.e., there exists
at least one u* € Uyq such that y(-, T u*, y0) € B(0,¢).

Let {T},} be a monotone decreasing sequence such that 7, — T as n — +00, then there

exists a sequence {u,} C Uaq such that y(-, Ty;; xotn ¥o) € B(0, ). Set

oo w0 tcoT)
0, te [Tn, Tl)

Since M € L*°(0, T1; L*(R2)), {i,,} is a bounded sequence in L>(0, T; L%(2)). Then there
exist #* € L>°(0, Ty; L*(R2)) and a subsequence of {u,}, still so denoted, such that u, — u*
weakly* in L>(0, T1; L*(R2)). Moreover,

P Xwitn — pXoit*  weakly" in L®(0, T3; L*(R)) as n — oo.
Therefore the solution ,(:, ; Xw¥%n, yo) to the following system:

atyn(x: t) - Ayn(x’ t) = p(x)Xa)(x)ﬁn(x: t): iI‘l Q X (0: Tl);
Yulx,t) =0, on 32 x (0, T}),
Yn(x,0) = yo(x), in Q,

satisfies ¥,,(, £; Xoitn yo) € B(0,¢) for t > T,. Denote by y* the solution to the following
system:

3ey* (%, 1) = Ay*(x, £) = p(x) X (X)it* (%, 2), in Q x (0, T1),
y*(x,£) =0, on 02 x (0, Ty),
¥*(x,0) = yo(x), in Q.
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Then
ya—y*  weakly in L*(0, T; Hy(Q2)) N H'(0, T;L*()),

strongly in C([0, T1]; L*(2)) as n — oo,

for any & > 0. Since y,(- ; xoit", ¥0) € B(0, &) for t > Ty, y* (-, t; Xit*,yo) € B(0,¢) for all
t > T, and n € N. Hence y*(-, T xot*, o) € B(0,¢). Set

u () =u*t), te[0,T7].
Then y* satisfies the following system:

0:y*(x,8) — Ay*(x, 1) = p(x) oo (X)u*(x,2), in Q2 x (0, T),
y*(x,£) =0, on 32 x (0, T}),
¥*(x,0) = yo(x), in Q,

and y*(-, T xwt™, Y0) € B(0,¢).

Claim: [|#*(£)];2(q) < M(¢) fora.e. t € [0, T;]. Indeed, let {¢;}xen be the countable density
subset of L?(€2). Denote by L the Lebesgue point of (u,(¢), k), t € [0, T], where (-, -) is the
inner product of u,(t) and ¢ in L?(S2). Since (u,(2), &), (u*(£), &) € L>(0, T%), for each

toeEg= ﬁ Lty 01)) N ﬁﬁ((”*’fk»’

nk=1 k=1

we have
to+d

hm _8 ’/t (un(t)7 ;k) dt = <Mn(t()), §k>1
to+8

lim — / (e (2), &) dt = (" (20), L.

By virtue of

to+6

28 to—6

to+6

(Mn(t): Ck)dt — %/ (u*(t), §k)dt as 1 — 00,

to—6
u, — u* weakly* in L>(0, T%; L*(2)), and the arbitrary of § > 0, we get

to+6

o1
(Lt,,(t()), {k) = gl_rf(l) % s (un(t)» é-k) dt -

to+6
(%Lr% % /t <u*(t), §k>dt = (u*(to), ;’k> as 1 — 00.

0—0

Since {¢x} is dense in L%($2), we have

(n(to), ¢) — (u*(t0),¢) asnm— o0
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foreach ¢ € L?(Q). Thatimplies u,(ty) — u*(ty) weaklyin L2(R2),and hence ll2* (o)1l 2(q) <
liminf, ”un(tO)”LZ(Q) <M. Applying

|Eol = T},

we obtain [|u*(£)||[2(q) < M for a.e. t € [0, T]. That proves the claim.

Step 2. We show that R(T7) NB(0, ) has only one point. If so, it is obvious that this point
belongs to the boundary of B(0, ¢).

In Step 1 we get R(T7) NB(0, &) # ¥. By contradiction, we assume that R(TY) NB(0, ¢) has
at least two points, i.e., there exist y1 = y(-, T x4, Y0), Y2 = y(» T5 Xwts, ¥0) € R(TF) N
B(0,¢) with y; #y,. It is obvious that ui # u} in Uyg. Define

* *
Uy + Uy
2

U

Since 7 € Ung, and B(0, €) is strongly convex in L*(2), we get = (-, T; Xwih Yo) = %yl + %yg
is an inner point of B(0, ¢), i.e., there exists y > 0 such that B(y,y) C B(0, ¢).
For any & > 0, define

hs Ej/_y(" T; _%-;Xwﬁfyo)'

It is easy to check that

TH—¢ X
hg = AT _5)[6AE —I]yo + / [eAé —I]eA(TS_E_“)pxwit(a)da
0

T* .
+/ AT~ oy (o) do.
Tf-&

Hence, & can be chosen small enough such that ||/]l;2(q) < y. Therefore, we can get
¥, TF = & X0l Yo) € B(0,¢). This contradicts the optimal time T?. Subsequently, the set
R(T¥) N B(0, ¢) has only one point, and this point belongs to the boundary of B(0, ).
Step 3. The time optimal control &* has the bang-bang property.
Since R(T}) N B(0,¢) has only one point (denote this point by y* = y(-, T7; x»u™, %0)),
and R(T;) and B(0, &) are two convex sets, by hyperplane separation theorem, there exists
n* € L*(R) such that

sup (y,n*)< inf (z,9*) < (y*n"). (2.11)
yeR(TE) zeB(0,¢)
Notice that y € R(T}) can be written by

T
y( T2 Xoths yo) = €T yo + / 25 py u(o) do.
0

Then (2.11) can be written as

Ty . Ty y
sup / ("5 pxuMin(o), n*)do < / (257 pxoMit* (o), ") do.
0 0

ueldy
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' el ={neLl™(0,T5L4(Q) | |u(t)| ) <1forae [0, T}]},
and
u* () = Mu*(t) forallze[0,T;]. (212)

Hence, we have

*
&€ Té‘

T*
sup/ <Ijl(0‘),€A(T:_G),0XwMﬂ*>dO’ S/ (b_l*(U),€A(Tg_d)PXwM’7*>d0'
0 0

ueldy

For given ¢y € Ey, choosing

u*(t), forte(0,TH)\ (to—Ato+A),
Z, fort e (to— A to + 1) C(0,TF),

u(t) =

where ¢ € L2(Q), we get

sup (¢,e =0 py, Muy*) < (" (to), €~ p x,, Mn*),

celX(Q)
ie.,
|27 pxan* [ 2y = sup (6,27 0 xn’)
7el?(Q)
< (*(8), e* 757 p ym*)
<@ @] 2 e pxan™ | 12(q)-
This implies that
[ ) 20 = 1 (213)

by u* € U,. Equation (2.13), together with (2.12) and |Ey| = T}, yields
||u*(t) Hﬂ(g) =M forae.te [0, T:]

From the above, we get the time optimal control’s bang-bang property. That completes the

proof. d
3 Norm optimal control problems with multi-time and multi-domain controls
In this section, let T € R*, K € Z* be given finite constants, and I1X be time partition of

[0, T'] defined by

Ng:0=ty <ty <t <---=txg=T. (3.1
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Foranyie€{1,2,...,K}, set I; = (t;_1,¢;]. Taking E; = I;, we can rewrite (1.1) as

3y (x, ) — Ay(x,2) = p(0) ) X1, () Xy @uai(x, 8),  in Q2 x (0, T),
y(x,£) =0, on I x (0,7), (3.2)

y(x! 0) =)’0(x): in Q.

It is obvious that the system is null controllable (see [5, 17]). For any given partition I1X,
by standard minimizing sequence method, there exists a solution to the following norm
optimal control problem:

K
N(Ig) = inf{z | 0 X1; Xeos ¥l 2o (0, 7522 (2)) ‘J’(" T { X1, X Ui} Y0) = 0,
i-1

{uite, < L%(0, T;L%(Q)) } (3.3)

We are interested in the partition’s existence of the following norm optimal control prob-

lem:

Problem (NP)
N = inf{N(l’IK) | Ik is defined by partition (3.1)}.

We have the following solvability result on Problem (NP).

Theorem 3.1 For any K > 1, there exists at least one solution to Problem (NP).

Proof 1t is obviously that Nj < co. Let {IT} be the partition sequence such that
N(M}) - Ng  asn— oo.

Then there exists a control sequence {uf, us,...,uk}oo;, such that

0uy" (3, £) = Ay (x,2) = (&) Yoy X (8) o W1 (%, 2), in Q2 % (0, T),

y'(x,t) =0, on 9 x (0, T),
¥"(x,0) = yo(x),y"(x, T) = 0, in Q,
with
K
PZXI;‘Xw,-”? =N(g) forallmeN.
i=1 Lo0(0,T;L2(82))

Since {#/'} C [0, T is a bounded sequence, there exist a subsequence of {¢]'}, still so de-
noted, and # such that £ — ¥ as n — oo. Also, there exist a subsequence of {t/}, still

so denoted, and #) satisfying t — ¢J as n — 0o. Moreover, since £/ < ¢} for all n € N, we
have ) < £J. By the same line, we can get {£’}X, satisfying

0= <0 <t0<...<2=T. (3.4)
0 1 2 K
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Denote the above partition by [1%. We also can define I? for eachi € {1,2, ..., K}. Naturally,

one has
\I'AI| -0 asn— oc. (3.5)
Here and in what follows, we define I” AI? = (I - I?) U (I? — I"") for all i, .
On the other hand, since {uf,u},...,u}5, is bounded, {u}}}, is also a bounded se-

quence in L*(0, T; L*(Q)) for all i = 1,...,K. Then, for each i = 1,..., K, there exist a sub-
sequence of {u]}%2,, still so denoted, and u? € L>*(0, T; L*(2)) such that

n=1’

u! — u) weakly" in L(0, T; L*(R)) as n — oo. (3.6)

l

For each v € L(0, T; L*(2)), we have

T
/ /p(nyxwiu?—x10xwiu?)vdxdt
0o Jo !
T
= / / P (X1 Xeos U]} = X0 X 47 ) v At
0o Ja !
T
+f /p(XIQXwiu?—x,oxw,.u?)vdxdt
0 Q L 13

T
:/ / ,O(XI;“ — X50) Xoy Ui vdx dt
o Ja i

T
+ / / p(uf’ - u?)xlg Xo;Vdxdt. (3.7)
0 Ja !
By (3.6), we get
T
/ /(u;’—u?)pxloxwivdxdte 0 asn— oo. (3.8)
0 Ja !

By (3.5) and the absolutely continuity of v € L1(0, T; L*(R2)), we have

T
/ / o = XIQ)XwiM;’dedt‘
0o Jo i

= H uj ||L°°(0,T;L2(§Z)) ”P(XI,” - XI?)Xin”Ll(O,T;LZ(Q))

1
2
= ||M7 ||L°°(0,T;L2(Q)) _/I‘ﬂA]Q </Q |pr5V|2 dx) dt
%
< Hu;l ”LOO((),T;LZ(Q)) \/],"AIQ (/;2 |V|2dx) dt

—0 asun— oo. (3.9)

Equation (3.7), together with (3.8) and (3.9), yields

T
/ / p()(,tnxwiu? — X0 Xy Ui )vdxdt — 0 asn— oc.
0o Jo !
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That implies, for all i € {1,...,K},
PXAI X —> PX;0 Xeoytty  weakly" in L(0, T; L*(R)) as n — oo.

Therefore, one gets
K K
0 Z Xt Xt = Z X0 Xty weakly" in L®(0, T; L*(R)) as n — oo (3.10)
i=1 i=1

and

K
0
03 X Xur
i=1

Lo0(0,T5L2(R2))

K
<liminf|lp > xp oy 4]
— 00 i
" i=1 L®(0,T;5L%(R))
= Nx. (3.11)

Let »° be the solution to the following system:

09 (1) = 89°(6,2) = p(@) 12y 0 (O @l (5,2), - in 2 % (0,T),

¥ (x,8) = 0, on 92 x (0, T), (312)
3°(%,0) = yo(%), in Q.
By (3.10) we get

y" —y° weakly in L*(0, T; Hy(Q2)) N H' (0, T; L*(R)),

strongly in C([S, T];LZ(Q)),
for every § > 0. Since y"(T) = 0, immediately we have
y(T)=0. (3.13)
Combining (3.12), (3.13) and (3.11), we complete the proof. a

Now, let us consider an alteration of system (3.2):

3y(x, 1) = Ay(x, 1) = p(®) Yy X1, () Xy @i, ), in Q2 x (0, T),
yx,t) =0, on a2 x (0, 7),

y(xr 0) =)’0(x), in €,

where

o:{1,...,K}—>{1,...,K} isamap. (3.14)
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By the aforementioned discussion, this system is null controllable, and for given parti-
tion I1x and map o, there exists at least a solution to the following norm optimal control

problem:
K
N(o) = inf Z 110 X1; X Mill o0, 752202 | Y (5 T3 {0 Xy i} ¥0) = 0,
i-1

{u}, < L®(0, T;L%(Q)) ¢ -

Let us consider the solvability of the following norm optimal control problem:
N =inf{N(0) | o is defined by (3.14)}. (3.15)

Since the number of ¢ is finite, it is obvious that there exists o* satisfying N* = N(o*).

Hence, we obtain the following result.

Proposition3.2 Let {I;}X,, {wi )y, be defined as before. Then there exists at least a solution
to the problem (3.15).
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