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Abstract
In this paper, we consider a non-linear problem in a stationary regime in a
three-dimensional thin domain �ε with Fourier and Tresca boundary conditions. In
the first step, we derive a variational formulation of the mechanical problem. We then
study the asymptotic behavior in the one dimension case when the domain
parameter tends to zero. In the latter case, a specific Reynolds equation associated
with variational inequalities is obtained and the uniqueness of the limit velocity and
pressure are proved.
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1 Introduction
The asymptotic behavior of Bingham fluid has been studied by many authors, see for in-
stance [], where the analysis of the Bingham fluid flow variational inequality was carried
out, and where the authors investigated the existence, uniqueness and regularity of the
solution for the steady and in-stationary flows in a reservoir. Existence and extra regu-
larity results for the d-dimensional Bingham fluid flow problem with Dirichlet boundary
conditions were studied in [, ].

In [], the author has addressed the asymptotic behavior of a Bingham fluid in a thin
domain. Unfortunately in this work a complete characterization was not given because
of the difficulty encountered due to the choice of the test functions and of the imposed
boundary conditions.

The authors in [], studied the same problem, in which only the Dirichlet conditions on
the boundary have been considered.

Along the same lines, the authors in [] have proved the asymptotic analysis of an
isothermal Bingham fluid in a thin domain with non-linear Tresca boundary conditions.

The asymptotic behavior of a coupled system involving an incompressible Bingham fluid
and the equation of the heat energy, in a three-dimensional bounded domain with Tresca
free boundary friction conditions were investigated in [].

The numerical solution of the stationary Bingham fluid flow problem were studied in
[–]. A variety of work has been done on the mechanical contact with the various laws
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of behavior and various friction boundary conditions close to our problem; however, these
papers were restricted only to the results of existence and uniqueness of the weak solu-
tion under several assumptions. Let us mention for example the work by [] in which the
authors worked the contact problems with friction and adhesion for electro-elastic-visco-
plastic materials. The existence and stability results of solitary-wave solutions to coupled
non-linear Schrödinger equations with power-type non-linearities arising in several mod-
els of modern physics were studied in []. The authors in [] have studied a symmetric,
non-linear eigenvalue problem arising in earthquake initiation, and proved the existence
of infinitely many solutions. The new variational principles for solving extended Dirichlet-
Neumann problems is given in []. The dynamic evolution with frictional contact of an
elastic body was studied in []. Other similar problems can be found in monographs such
as [–], and the literature quoted there.

In our present work, we further the research of [, ] on the asymptotic behavior of a
stationary problem for the isothermal Bingham fluid. However, this time our operator will
be perturbed by a term (u · ∇u) in a three-dimensional thin domain �ε with Fourier and
Tresca boundary conditions. This source term plays an essential role in quantum mechan-
ics, where this non-linear term is used to perturb a linear operator to obtain a non-linear
operator which gives applicable results; see [].

We consider the Dirichlet boundary conditions on �
ε

 ∪ �
ε

L, where �
ε

L is the lateral one,
the Fourier boundary condition at the top surface �

ε

 , finally, a non-linear Tresca interface
condition at the bottom one ω. The weak form of the problem is a variational inequality
and the main difficulty here is to estimate the velocity, the pressure and its gradient.

Our work is organized as follows. In Section , the related weak formulation is given
and the existence theorem of weak solutions is proved. In Section , we use the change
of variable z = x/ε, to transform the initial problem posed in the domain �ε into a new
problem posed on a fixed domain � independent of the parameter ε. We find some es-
timates on the velocity and pressure which are independent of the parameter and prove
the convergence theorem by using different inequalities. The limit problem with a specific
weak form of the Reynolds equation, the uniqueness of the limit velocity and pressure are
given in Section .

2 Problem statement and variational formulation
We consider a mathematical problem governed to the stationary equations for Bingham
fluid in a three-dimensional bounded domain �ε ⊂R

 with boundary �ε . This boundary
of the domain is assumed to be composed of three portions: ω, the bottom of the domain,
�ε

 , the upper surface, and �ε
L, the lateral surface. The fluid is supposed to be incompress-

ible. We impose the Fourier boundary condition at the top surface, a non-linear Tresca
interface condition at the bottom one and Dirichlet boundary conditions on the top and
the lateral parts. The fluid is acted upon by given body forces of density f .

Let ω be a fixed bounded domain of R of equation x = . We suppose that ω has a
Lipschitz continuous boundary and is the bottom of the fluid. The upper surface �

ε

 is
defined by x = εh(x′), (x′ = (x, x)). We introduce a small parameter ε, which will tend to
zero, and h a smooth bounded function such that  < h� ≤ h(x′) ≤ h�, for all (x′, ) ∈ ω.

We denote by �ε the domain of the flow: �ε = {(x′, x) ∈R
 : (x′, ) ∈ ω,  < x < εh(x′)},

by σ ε the deviatoric part and pε the pressure. The fluid is supposed to be visco-plastic,
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and the relation between σ ε and D(uε) is given:

⎧
⎪⎪⎨

⎪⎪⎩

σ ε
ij = σ̃ ε

ij – pεδij,

σ̃ ε = μD(uε) + αε D(uε)
|D(uε)| if D(uε) �= ,

|̃σ ε| ≤ αε if D(uε) �= ,

here αε ≥  is the yield stress, μ >  is the constant viscosity, uε is the velocity field, δij is
the Kronecker symbol, and D(uε) = 

 (∇uε + (∇uε)T ).
For any tensor D = (dij), the notation |D| represents the matrix norm: |D| =

√∑
i,jdijdij.

We denote by n = (n, n, n) the unit outward normal vector on the boundary �ε . The
normal and the tangential velocity on the boundary ω are

uε
n = uε · n = uε

i · ni and uε
Ti

= uε
i – uε

n · ni.

Similarly, for a regular stress tensor field σ ε , we denote by σ ε
n and σ ε

T the normal and
tangential components of σ ε on the boundary ω given by

σ ε
n =

(
σ ε · n

) · n = σ ε
ij · ni · nj and σ ε

Ti
= σ ε

ij · nj – σ ε
n · ni.

We consider now the following mechanical problem.

Problem  Find a velocity field uε : �ε →R
 and the pressure pε such that

– div
(
σ ε

)
+ u · ∇u = f ε in �ε , (.)

σ ε
ij = σ̃ ε

ij – pεδij,
σ̃ ε = μD(uε) + αε D(uε )

|D(uε)| if D(uε) �= ,
|̃σ ε| ≤ αε if D(uε) �= 

}

in �ε , (.)

div
(
uε

)
=  in �ε , (.)

σ ε
T (uε) + lεuε = ,

uε · n = 

}

on �ε
 , (.)

uε =  on �ε
L, (.)

uε · n =  on ω, (.)

|σ ε
τ | < kε ⇒ uε

τ = s,
|σ ε

τ | = kε ⇒ ∃λ ≥  : uε
τ = s – λσ ε

τ ,

}

on ω. (.)

The law of conservation of momentum is given by equation (.). The relation between
σ ε and D(uε) is given by (.), equation (.) represents the incompressibility equation,
the boundary condition (.) is of Fourier type where lε >  is a given scalar, the Dirichlet
boundary conditions on �

ε

L is given by (.). Since there is a no-flux condition across ω we
have equation (.). Condition (.) represents a Tresca thermal friction law on ω where
kε is the friction coefficient.

To get a weak formulation, we introduce the closed convex,

V ε =
{

v ∈ (
H(�ε

)) : v =  on �ε
L; v · n =  on ω ∪ �ε


}

,
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V ε
div =

{
v ∈ V ε : div v = 

}
,

L

(
�ε

)
=

{

q ∈ L(�ε
)

:
∫

�ε

q dx = 
}

.

By standard calculations, the variational formulation of the problem (Pb) is given by:
Find uε ∈ V ε

div and pε ∈ L
(�ε) such that, for all ϕ ∈ V ε , we have

a
(
uε ,ϕ – uε

)
–

(
pε , div(ϕ)

)
+ lε

∫

�ε


uε
(
ϕ – uε

)
dτ + b

(
uε ,ϕ – uε

)
+ jε(ϕ) – jε

(
uε

)

≥ (
f ε ,ϕ – uε

)
, (.)

where

a
(
uε ,ϕ

)
= μ

∫

�ε

dij
(
uε

)
dij(ϕ) dx,

(
pε , div(ϕ)

)
=

∫

�ε

pε div(ϕ) dx,

b
(
uε ,ϕ

)
=

∫

�ε

uε
i
∂uε

j

∂xi
ϕj dx,

(
f ε ,ϕ

)
=

∫

�ε

f ε
i ϕi dx,

jε(ϕ) =
∫

ω

kε|φ|dx′ + αε

∫

�ε

∣
∣D(ϕ)

∣
∣dx.

We introduce some results which will be used in the next. The detailed description can
be found in []. We have

∫

�ε

∣
∣∇(

uε
)∣
∣ ≤ 

∫

�ε

∣
∣D

(
uε

)∣
∣ dx + C

(
�ε


)
∫

�ε


∣
∣uε

∣
∣ dτ , Korn inequality, (.)

∫

�ε

∣
∣uε

∣
∣ ≤ h�ε

∫

�ε


∣
∣uε

∣
∣ + h�ε

∫

�ε

∣
∣
∣
∣
∂uε

∂x

∣
∣
∣
∣



, Poincaré inequality, (.)

ab ≤ η a


+ η– b


, ∀(a, b) ∈R

,∀η, Young inequality, (.)

where C(�ε
 ) = ‖Dhε‖C(ω)( + ‖Dhε‖

C(ω)).

Theorem . Let uε be a solution of the variational problem (.), then

a
(
uε , uε

)
+

lε



∫

�ε


∣
∣uε

∣
∣ dτ +

∫

ω

kε
∣
∣uε

∣
∣dx′ + αε

∫

�ε

∣
∣D

(
uε

)∣
∣dx

≤ μ


∥
∥∇uε

∥
∥

L(�ε ) +
[

εh�

μ
+

εh�

lε

]
∥
∥f ε

∥
∥

L(�ε). (.)

Proof Choosing ϕ =  as test function in inequality (.), we get

a
(
uε , uε

)
+ lε

∫

�ε


∣
∣uε

∣
∣ dτ +b

(
uε , uε

)
+
∫

ω

kε
∣
∣uε

∣
∣dx′ +αε

∫

�ε

∣
∣D

(
uε

)∣
∣dx ≤ (

f ε , uε
)

(.)

as (f ε , uε) ≤ ‖f ε‖L(�ε )‖uε‖L(�ε ) and by using the Poincaré inequality (.), we obtain

(
f ε , uε

) ≤ √
εh�

∥
∥f ε

∥
∥

L(�ε )

(∫

�ε


∣
∣uε

∣
∣ dτ

) 


+
√


(
εh�

)∥
∥f ε

∥
∥

L(�ε )

∥
∥∇uε

∥
∥

L(�ε ).
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By the inequality (.), we have

∣
∣
(
f ε , uε

)∣
∣ ≤ μ


∥
∥∇uε

∥
∥

L(�ε ) +
[

εh�

μ
+

εh�

lε

]
∥
∥f ε

∥
∥

L(�ε) +
lε



∫

�ε


∣
∣uε

∣
∣ dτ . (.)

On the other hand

b
(
uε , uε

)
=

∫

�ε

uε
i
∂uε

j

∂xi
uε

j dx.

Using the fact that uε
j

∂uε
j

∂xi
= ∂

∂xi
(uε

j ) and by the Green formula, we find

b
(
uε , uε

)
=




∫

�ε

(
uε

j
)uε

i · ni dτ –
∫

�ε

(
uε

j
) ∂uε

i
∂xi

dx.

As uε ∈ V ε
div, we obtain b(uε , uε) = , and from (.)-(.), we deduce (.). �

Theorem . Let uεbe a solution of the variational inequality (.). We assume that εlε = l̂
and

C(�ε
 )

lε
≤ 

μ
, (.)

then

∥
∥∇uε

∥
∥

L(�ε ) ≤
(

εh�

μ +
εh�

lεμ

)
∥
∥f ε

∥
∥

L(�ε ). (.)

Proof We estimate a(uε , uε) and
∫

�ε

|uε| dτ . According to (.), we obtain

∥
∥∇uε

∥
∥

L(�ε ) ≤ 
μ

a
(
uε , uε

)
+ C

(
�ε


)
∫

�ε


∣
∣uε

∣
∣ dτ

≤ 

∥
∥∇uε

∥
∥

L(�ε ) +
[

εh�

μ +
εh�

μlε

]
∥
∥f ε

∥
∥

L(�ε)

+



μC(�ε
 )

lε
∥
∥∇uε

∥
∥

L(�ε ) +
[

C(�ε
 )

μlε
εh� +

C(�ε
 )

(lε) εh�

]
∥
∥f ε

∥
∥

L(�ε ).

Now, using the inequality (.) we deduce (.). �

3 Change of the domain and some estimates
In this section, we will use the technique of scaling in �ε on the coordinate x, by introduc-
ing the change of the variables z = x

ε
. We obtain a fixed domain � which is independent

of ε:

� =
{(

x′, z
) ∈R

 :
(
x′, 

) ∈ ω,  < z < h
(
x′)}.
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We denote by � = ω ∪ � ∪ �L its boundary, then we define the following functions in �:

⎧
⎪⎪⎨

⎪⎪⎩

ûε
i (x′, z) = uε

i (x′, x) for i = , ;

ûε
(x′, z) = ε–uε

(x′, x);

p̂ε(x′, z) = εpε(x′, x).

(.)

Let us assume the following:

k̂ = εkε ; f̂
(
x′, z

)
= εf ε

(
x′, x

)
and l̂ = εlε ; α̂ = εαε .

Let

V =
{
ϕ̂ ∈ (

H(�)
) : ϕ =  on �L;ϕ · n =  on ω ∪ �

}
,

Vdiv =
{
ϕ̂ ∈ V : div(ϕ̂) = 

}
,

�(V ) =
{
ϕ� =

(
ϕ�

 ,ϕ�

) ∈ (

H(�)
) : ϕ� =  on �L

}
,

Vz =
{

ϕ� =
(
ϕ�

 ,ϕ�

) ∈ (

L(�)
) :

∂ϕ�
i

∂z
∈ L(�), i = ,  and ϕ� =  on �L

}

,

∑
(V ) =

{
φ ∈ �(V ) : satisfies the condition

(
D′)},

where the condition (D′) is given by

∫

�

(

ϕ�

(
x′, z

) ∂θ

∂x

(
x′) + ϕ�


(
x′, z

) ∂θ

∂x

(
x′)

)

dx′ dz = , ∀θ ∈ C
(ω).

Injecting the new data and unknown in (.), and after multiplication by ε we deduce that
(ûε , p̂ε) satisfies the following problem:

∑

≤i,j≤

∫

�

[

με
(

∂ûε
i

∂xj
+

∂ûε
j

∂xi

)

– δiĵpε

]
∂

∂xj

(
φ̂i – ûε

i
)

dx′ dz

+ μ

∑

i=

∫

�

(
∂ûε

i
∂z

+ ε ∂ûε


∂xi

)
∂

∂z
(
φ̂i – ûε

i
)

dx′ dz

+
∑

j=

∫

�

με
(

ε ∂ûε


∂xj
+

∂ûε
j

∂z

)
∂

∂xj

(
φ̂ – ûε


)

dx′ dz

+
∫

�

(

με ∂ûε


∂z
– p̂ε

)
∂

∂z
(
φ̂ – ûε


)

dx′ dz

+
∑

≤i,j≤

∫

�

εûε
i
∂ûε

j

∂xi

(
φ̂j – ûε

j
)

dx′ dz +
∑

i=

∫

�

εûε
i
∂ûε


∂xi

(
φ̂ – ûε


)

dx′ dz

+
∑

i=

∫

�

εûε

∂ûε

i
∂z

(
φ̂i – ûε

i
)

dx′ dz +
∫

�

εûε

∂ûε


∂z

(
φ̂ – ûε


)

dx′ dz

+
∑

i=

∫

ω

l̂ûε
i (x′, h

(
x′)(φ̂i

(
x′, h

(
x′)) – ûε

i
(
x′, h

(
x′)))

√

 +
∣
∣∇hε

(
x′)∣∣ dx′



Benterki et al. Boundary Value Problems  (2017) 2017:55 Page 7 of 17

+
∫

ω

l̂εûε
(x′, h

(
x′)(φ̂

(
x′, h

(
x′)) – ûε


(
x′, h

(
x′)))

√

 +
∣
∣∇hε

(
x′)∣∣ dx′

+
∫

ω

k̂
(|φ̂| –

∣
∣ûε

∣
∣
)

dx′ + α̂

∫

�

∣
∣D(φ̂)

∣
∣dx – α̂

∫

�

∣
∣D

(
ûε

)∣
∣dx′ dz

≥
∑

i=

∫

�

f̂i
(
φ̂i – ûε

i
)

dx′ dz +
∫

�

εf̂
(
φ̂ – ûε


)

dx′ dz, ∀φ̂ ∈ V , (.)

where

∣
∣D(v)

∣
∣ =

[



∑

≤i,j≤

ε
(

∂vi

∂xj
+

∂vj

∂xi

)

+



∑

i=

(
∂vi

∂z
+ ε ∂v

∂xi

)

+ ε
(

∂v

∂z

)
] 



,

∀v ∈ V . (.)

Now we establish the estimates and convergences for the velocity field ûε and the pres-
sure p̂ε in the domain �.

Theorem . Assuming that f ε in (L(�ε)), the friction coefficient kε is a non-negative
function in L∞(ω), and under the assumption of (.), there exists a constant cl > , l = 
to  independent of ε such that

∑

≤i,j≤

∥
∥
∥
∥ε

∂ûε
i

∂xj

∥
∥
∥
∥



L(�)
+
∥
∥
∥
∥ε

∂ûε


∂z

∥
∥
∥
∥



L(�)
+

∑

i=

(∥
∥
∥
∥
∂ûε

i
∂z

∥
∥
∥
∥



L(�)
+
∥
∥
∥
∥ε ∂ûε


∂xi

∥
∥
∥
∥



L(�)

)

≤ c, (.)

∥
∥ûε

i
∥
∥

L(�) ≤ c, for i = , , (.)
∥
∥εûε


∥
∥

L(�) ≤ c, (.)
∥
∥
∥
∥
∂p̂ε

∂xi

∥
∥
∥
∥

H–(�)
≤ c, for i = , , (.)

∥
∥
∥
∥
∂p̂ε

∂z

∥
∥
∥
∥

H–(�)
≤ εc. (.)

Proof As ε‖f ε‖
L(�ε ) = ‖f̂ ‖

L(�) and passing to the fixed domain � in the right member
of the inequality (.), we obtain

∥
∥∇ûε

∥
∥

L(�) ≤
[

h�

μ +
h�

μ̂l

]

‖f̂ ‖
L(�); (.)

from (.), we deduce (.) with c = [ h�

μ + h�

μ̂l ]‖f̂ ‖
L(�).

For getting the estimates (.) and (.), using the Poincaré inequality in the domain �:

∫

�

∣
∣ûε

i
∣
∣ dx ≤ h�

∫

�

∣
∣ûε

i
∣
∣ dτ ′ + h�

∫

�

∣
∣
∣
∣
∂ûε

i
∂z

∣
∣
∣
∣



dx′ dz, i = , , , (.)

from (.), we have

h�
∫

�

∣
∣
∣
∣
∂ûε

i
∂z

∣
∣
∣
∣



dx′ dz ≤ c and εh�
∫

�

∣
∣
∣
∣
∂ûε


∂z

∣
∣
∣
∣



dx′ dz ≤ c, i = , .
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On the other hand
∫

�

∣
∣ûε

i
∣
∣ dτ ′ ≤ max

x′∈ω

√

 +
∣
∣∇h

(
x′)∣∣

∫

�ε


∣
∣uε

i
∣
∣ dτ , for i = , , (.)

∫

�

∣
∣ûε


∣
∣ dτ ′ ≤ 

ε max
x′∈ω

√

 +
∣
∣∇h

(
x′)∣∣

∫

�ε


∣
∣uε


∣
∣ dτ (.)

from (.) and (.), we have
∫

�ε

|uε| dτ ≤ μc

̂l + [ h�

μ̂l + h�

l̂ ]‖f̂ ‖
L(�).

Then
∫

�ε


∣
∣uε

∣
∣ dτ ≤ C′(�,̂ l,μ, f̂ , h�

)
. (.)

From (.)-(.), we deduce ‖ûε
i ‖L(�) ≤ c, i = ,  and ‖εûε

‖L(�) ≤ c.
Choosing φ̂ = (ûε

 + ψ , ûε
, ûε

) in (.) and by Cauchy-Schwarz’s inequality, we have

∫

ω

l̂ûε

(
x′, h

(
x′))ψ

(
x′, h

(
x′))

√∣
∣ + ∇h

(
x′)∣∣ dx′

≤ l̂ max
x′∈ω

√∣
∣ + ∇h

(
x′)∣∣

[∫

ω

∣
∣ûε


(
x′, h

(
x′))∣∣

√∣
∣ + ∇h

(
x′)∣∣ dx′

] 


×
[∫

ω

∣
∣ψ

(
x′, h

(
x′))∣∣

√∣
∣ + ∇h

(
x′)∣∣ dx′

] 


≤ l̂ max
x′∈ω

√∣
∣ + ∇h

(
x′)∣∣

(∫

�

∣
∣ûε


∣
∣ dτ ′

) 

(∫

�

|ψ | dτ ′
) 


.

As (
∫

�
|ûε

 | dτ ′) 
 ≤ C′ and according to the continuity of the trace application from

H(�) in L(�), there exists a constant C′′ independent of ε such that (
∫

�
|ψ | dτ ′) 

 ≤
C′′‖ψ‖H(�).

Therefore
∫

ω

l̂ûε

(
x′, h

(
x′))ψ

(
x′, h

(
x′))

√∣
∣ + ∇h

(
x′)∣∣ dx′ ≤ C′′′‖ψ‖H(�),

where C′′′ = C′C′′̂l maxx′∈ω

√| + ∇h(x′)|.
By the Hölder inequality, we get

∣
∣
∣
∣ε


∫

�

ûε

∂ûε


∂x

ψ dx′ dz
∣
∣
∣
∣ ≤ ε∥∥ûε


∥
∥

L(�)

∥
∥
∥
∥
∂ûε


∂x

∥
∥
∥
∥

L(�)
‖ψ‖L(�).

Using a Sobolev imbedding ‖v‖L(�) ≤ c‖v‖H(�), we obtain

∣
∣
∣
∣ε


∫

�

ûε

∂ûε


∂x

ψ dx′ dz
∣
∣
∣
∣ ≤ cε∥∥ûε


∥
∥

H(�)

∥
∥
∥
∥
∂ûε


∂x

∥
∥
∥
∥

L(�)
‖ψ‖H(�).

In the same way,

∣
∣
∣
∣ε


∫

�

ûε

∂ûε


∂x

ψ dx′ dz
∣
∣
∣
∣ ≤ cε∥∥ûε


∥
∥

H(�)

∥
∥
∥
∥
∂ûε


∂x

∥
∥
∥
∥

L(�)
‖ψ‖H(�),
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∣
∣
∣
∣ε


∫

�

ûε

∂ûε


∂z

ψ dx′ dz
∣
∣
∣
∣ ≤ cε∥∥ûε


∥
∥

H(�)

∥
∥
∥
∥
∂ûε


∂z

∥
∥
∥
∥

L(�)
‖ψ‖H(�).

The Cauchy-Schwarz inequality gives

∫

�

∂p̂ε

∂x
ψ dx′ dz

≤ με
∑

j=

(∥
∥
∥
∥
∂ûε


∂xj

∥
∥
∥
∥

L(�)
+
∥
∥
∥
∥

∂ûε
j

∂x

∥
∥
∥
∥

L(�)

)∥
∥
∥
∥
∂ψ

∂xj

∥
∥
∥
∥

L(�)

+ μ

(∥
∥
∥
∥
∂ûε


∂z

∥
∥
∥
∥

L(�)
+ ε

∥
∥
∥
∥
∂ûε


∂x

∥
∥
∥
∥

L(�)

)∥
∥
∥
∥
∂ψ

∂z

∥
∥
∥
∥

L(�)

+ cε∥∥ûε

∥
∥

H(�)

∥
∥
∥
∥
∂ûε


∂x

∥
∥
∥
∥

L(�)
‖ψ‖H(�)

+ cε∥∥ûε

∥
∥

H(�)

∥
∥
∥
∥
∂ûε


∂x

∥
∥
∥
∥

L(�)
‖ψ‖H(�) + cε∥∥ûε


∥
∥

H(�)

∥
∥
∥
∥
∂ûε


∂z

∥
∥
∥
∥

L(�)
‖ψ‖H(�)

+ C′′′‖ψ‖H(�) + α̂
√|�|∥∥D(ψ)

∥
∥

L(�) + ‖f̂ ‖L(�)‖ψ‖L(�)

as ‖D(ψ)‖L(�) ≤ ‖ψ‖H(�) and from (.)-(.), we deduce

∫

�

∂p̂ε

∂x
ψ dx′ dz

≤ μC

( ∑

j=

∥
∥
∥
∥
∂ψ

∂xj

∥
∥
∥
∥

L(�)
+
∥
∥
∥
∥
∂ψ

∂z

∥
∥
∥
∥

L(�)

)

+
(
ccC + ccC + C′′′)‖ψ‖H(�) + α̂

√|�|‖ψ‖H(�) + ‖f̂ ‖L(�)‖ψ‖H(�). (.)

In the same way, if we choose φ̂ = (ûε
 – ψ , ûε

, ûε
) in (.), we obtain

–
∫

�

∂p̂ε

∂x
ψ dx′ dz

≤ μC

( ∑

j=

∥
∥
∥
∥
∂ψ

∂xj

∥
∥
∥
∥

L(�)
+
∥
∥
∥
∥
∂ψ

∂z

∥
∥
∥
∥

L(�)

)

+
(
ccC + ccC + C′′′)‖ψ‖H(�) + α̂

√|�|‖ψ‖H(�)

+ ‖f̂ ‖L(�)‖ψ‖H(�).

Then we get (.) for i = .
Choosing now φ̂ = (ûε

 , ûε
 ± ψ , ûε

) in (.), we obtain (.) for i = , and we choose
φ̂ = (ûε

 , ûε
, ûε

 ± ψ) for getting (.). �

4 Convergence results and limit problem
Theorem . Under the same assumptions as in Theorem ., there exist u� = (u�

 , u�
) ∈ Vz

and p� ∈ L
(�), such that

ûε
i ⇀ u�

i ( ≤ i ≤ ) weakly inVz, (.)
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ε
∂ûε

i
∂xj

⇀  ( ≤ i, j ≤ ) weakly in L(�), (.)

ε
∂ûε


∂z

⇀  weakly in L(�), (.)

ε ∂ûε


∂xi
⇀  ( ≤ i ≤ ) weakly in L(�), (.)

εûε
 ⇀  weakly in L(�), (.)

p̂ε ⇀ p� weakly in L(�), depend only of x′. (.)

For the proof of this theorem, we follow the same steps as in [].

Theorem . With the same assumptions of Theorem ., the solution (u�, p�) satisfies the
following relations:

∑

i=

∫

�

∂u�
i

∂z
∂

∂z
(
φ̂i – u�

i
)

dx′ dz –
∫

�

p�
(
x′)

(
∂φ̂

∂x
+

∂φ̂

∂x

)

dx′ dz

–
∫

ω

p�
(
x′)

[

φ̂
(
x′, h

(
x′))∂h(x′)

∂x
+ φ̂

(
x′, h

(
x′))∂h(x′)

∂x

]

dx′

+
∑

i=

l̂
∫

ω

u�
i
(
x′, h

(
x′))[φ̂i

(
x′, h

(
x′)) – u�

i
(
x′, h

(
x′))]dx′

+
∫

ω

k̂
(|φ̂| –

∣
∣u�

∣
∣
)

dx′ + α̂

∫

�

(



∑

i=

(
∂φ̂i

∂z

)
) 



dx′ dz

– α̂

∫

�

(



∑

i=

(
∂u�

i
∂z

)
) 



dx′ dz

≥
∑

i=

(
f̂i, φ̂i – u�

i
)
, ∀φ̂ ∈ �(V ). (.)

Proof As
∫

ω
l̂εûε

(x′, h(x′)ûε
(x′, h(x′)))

√
 + |∇h(x′)| dx′ ≥ , then applying limε→ inf in

the left part of (.) and the limε→ in the right part of (.) and from the convergence
results of Theorem ., we obtain

∑

i=

∫

�

∂u�
i

∂z
∂u�

i
∂z

dx′ dz +
∑

i=

l̂
∫

ω

u�
i
(
x′, h

(
x′))u�

i
(
x′, h

(
x′))dx′

+
∫

ω

k̂
∣
∣u�

∣
∣dx′ + α̂

∫

�

(



∑

i=

(
∂u�

i
∂z

)
) 



dx′ dz

≤
∑

i=

∫

�

∂u�
i

∂z
∂φ̂i

∂z
dx′ dz

+
∑

i=

l̂
∫

ω

u�
i
(
x′, h

(
x′))φ̂i

(
x′, h

(
x′))dx′ +

∫

�

p�
(
x′)∂φ̂

∂z
dx′ dz
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+
∫

ω

k̂|φ̂|dx′ + α̂

∫

�

(



∑

i=

(
∂φ̂i

∂z

)
) 



dx′ dz

+
∫

�

p�
(
x′)

(
∂φ̂

∂x
+

∂φ̂

∂x

)

dx′ dz +
∑

i=

∫

�

f̂i
(
φ̂i – u�

i
)

dx′ dz (.)

as
∫

�
p�(x′) ∂φ̂

∂z dx′ dz =
∫

ω
p�(x′)φ̂(x′, h(x′)) dx′ and φ̂ = φ̂

∂h
∂x

+ φ̂
∂h
∂x

, we have

∫

�

p�
(
x′)∂φ̂

∂z
dx′ dz =

∫

ω

p�
(
x′)

(

φ̂
∂h
∂x

+ φ̂
∂h
∂x

)

dx′ (.)

and from (.)-(.), we deduce (.). �

Remark . If φ̂ satisfies the condition (D′), the inequality (.) is reduced as follows:

∑

i=

∫

�

∂u�
i

∂z

(
∂φ̂i

∂z
–

∂u�
i

∂z

)

dx′ dz +
∑

i=

l̂
∫

ω

u�
i
(
x′, h

(
x′))(φ̂i

(
x′, h

(
x′)) – u�

i
(
x′, h

(
x′)))dx′

+
∫

ω

k̂
(|φ̂| –

∣
∣u�

∣
∣
)

dx′ + α̂

∫

�

(



∑

i=

(
∂φ̂i

∂z

)
) 



dx′ dz

– α̂

∫

�

(



∑

i=

(
∂u�

i
∂z

)
) 



dx′ dz

≥
∑

i=

∫

�

f̂i
(
φ̂i – u�

i
)

dx′ dz, ∀φ̂ ∈
∑

(V ). (.)

Theorem . The limit functions u� and p� satisfy

p�(x, x, z) = p�(x, x) in � and p� ∈ H(ω), (.)

–μ
∂u�

i
∂z +

∂p�

∂xi
= f̂i, i = ,  in L(�). (.)

Proof Choosing in (.) φ̂i = ûε
i for i = , , φ̂ = ûε

 ± ψ with ψ ∈ H
(�), we obtain

∑

j=

∫

�

με
(

ε ∂ûε


∂xj
+

∂ûε
j

∂z

)
∂ψ

∂xj
dx′ dz +

∫

�

(

με ∂ûε


∂z
– p̂ε

)
∂ψ

∂z
dx′ dz

+
∑

i=

∫

�

εûε
i
∂ûε


∂xi

ψ dx′ dz +
∫

�

εûε

∂ûε


∂z

ψ dx′ dz

=
∫

�

εf̂ψ dx′ dz.

By the results of convergence (.)-(.), we deduce

∫

�

p� ∂ψ

∂z
dx′ dz = , ∀ψ ∈ H

(�), (.)
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then

∂p�

∂z
=  in H–(�). (.)

Choosing now φ̂i = ûε
i ± ψi for i = , , with ψi ∈ H

(�) and φ̂ = ûε
 in (.) we obtain

∑

≤i,j≤

∫

�

[

με
(

∂ûε
i

∂xj
+

∂ûε
j

∂xi

)

– δiĵpε

]
∂ψi

∂xj
dx′ dz

+ μ

∑

i=

∫

�

(
∂ûε

i
∂z

+ ε ∂ûε


∂xi

)
∂ψi

∂z
dx′ dz +

∑

≤i,j≤

∫

�

εûε
i
∂ûε

j

∂xi
ψj dx′ dz

+
∑

i=

∫

�

εûε

∂ûε

i
∂z

ψi dx′ dz

=
∑

i=

∫

�

f̂iψi dx′ dz.

Using (.)-(.), and choosing ψ =  and ψ ∈ H
(�), then ψ =  and ψ ∈ H

(�), we
obtain

–∑

i=

∫

�

p� ∂ψi

∂xi
dx′ dz + μ

∑

i=

∫

�

∂u�
i

∂z
∂ψi

∂z
dx′ dz =

∑

i=

∫

�

f̂iψi dx′ dz. (.)

By utilizing the Green formula, we obtain (.) but in H–(�).
To prove p� ∈ H(ω), we see from (.) that p� does not depend on z, then following

[], we choose ψi in (.) such that ψi(x′, z) = z(z – h(x′))θ (x′) with θ ∈ H
(ω), and using

the Green formula, we obtain




∫

ω

p� ∂(hθ )
∂xi

dx′ – 
∫

ω

hũ�
i θ dx′ +

∫

ω

h
(
x′)[u�

i
(
x′, h

(
x′)) + u�

i
(
x′, 

)]
θ dx′ =

∫

ω

f̃iθ dx′,

where

ũ�
i =


h(x′)

∫ h(x′)


u�

i
(
x′, z

)
dz and f̃i =

∫ h(x′)


z
(
z – h

(
x′))f̂i

(
x′, z

)
dz;

so

h
(
x′)[u�

i
(
x′, h

(
x′)) + u�

i
(
x′, 

)]
– hũ�

i –



h ∂p�

∂xi
= f̃i, i = ,  in H–(ω) (.)

as f̂i ∈ L(�), u�
i ∈ Vz in particular in L(ω), therefore ũ�

i and f̃i are in L(ω). Then from
(.) we get (.). As f̂i ∈ L(ω), from (.) we have ∂u�

i
∂z in L(�); then (.) holds. �

Theorem . Under the assumptions of the preceding theorems, the traces s�, τ � satisfy
the following equality:

∫

ω

(
h

μ
∇p� –

h


s� –
h


s�
h + F̃

)

∇φ̂ dx′ +
∫

∂ω

h̃u�φ · n dσ = , ∀φ̂ ∈ H(ω), (.)
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where

s�
(
x′) = u�

(
x′, 

)
, s�

h
(
x′) = u�

(
x′, h

(
x′)),

τ � =
∂u�

∂z
(
x′, 

)
, τ �

h =
∂u�

∂z
(
x′, h

(
x′)),

g̃
(
x′) =

∫ h(x′)


ĝ
(
x′, z

)
dz, ∀x′ ∈ ∂ω,

Fi
(
x′, z

)
=

∫ z



∫ ζ


f̂i
(
x′, z

)
dt dζ , F̃i

(
x′) =


μ

∫ h(x′)


Fi
(
x′, z

)
dz –

h
μ

F
(
x′, h

(
x′)).

Proof Integrating twice (.) between  and z, we obtain

μu�
(
x′, z

)
= μs�

(
x′) +

z


∇p� + μzτ � – F

(
x′, z

)
. (.)

Replacing z by h, we obtain

μu�
(
x′, h

(
x′)) = μs�

(
x′) +

h


∇p� + μhτ � – F

(
x′, h

)

so

hτ � =

μ

F
(
x′, h

(
x′)) + s�

h
(
x′) – s�

(
x′) –

h

μ
∇p�; (.)

integrating (.) with respect to z, in the interval (, h(x′)), we obtain

h̃u�
(
x′, h

(
x′)) = hs�

(
x′) +

h

μ
∇p� +

h


τ � –


μ

∫ z


F
(
x′, z

)
dz (.)

we set for any function ϕ

ϕ̃
(
x′) =


h(x′)

∫ h(x′)


ϕ
(
x′, z

)
dz, ∀x′ ∈ ω,

on the other hand, ∀φ ∈ H(ω),

∫

�

φ div
(
ûε

)
dx′ dz =  =

∫

ω

φ
(
x′)

∫ h(x′)



∑

i=

(
∂ûε

i
∂xi

+
∂ûε


∂z

)

dz dx′

=
∫

ω

φ
(
x′)

[ ∑

i=

∂(h̃û
ε

i )
∂xi

+ ûε

(
x′, h

(
x′)) – ûε


(
x′, 

)
]

dx′,

we have ûε
(x′, ) =  in ∂�. Then

∫

ω

φ
(
x′)

∑

i=

∂(h̃û
ε

i )
∂xi

dx′ = .
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Using the Green formula, we get

∑

i=

∫

ω

∂φ

∂xi
˜̂u

ε

i h dx′ =
∑

i=

∫

∂ω

h̃û
ε

i φ · ni dσ .

As ûε
i ⇀ u� in Vz and consequently in L(ω), therefore ˜̂uε

i ⇀ ũ�
i in L(ω), we deduce

∑

i=

∫

ω

∂φ

∂xi
ũ�

i h dx′ =
∑

i=

∫

∂ω

h̃u�
i φ · ni dσ , ∀φ ∈ H(ω), (.)

using (.) to eliminate the term containing τ � from (.). Multiplying now (.) by
∇φ, then integrating it in ω and using (.), we obtain (.). �

Theorem . The solution (u�, p�) of our limit problem is unique.

Proof Let (U, p), (U, p) be two solutions of the limit problem (.), then

∑

i=

∫

�

∂U
i

∂z

(
∂φ̂i

∂z
–

∂U
i

∂z

)

dx′ dz

+
∑

i=

l̂
∫

ω

U
i
(
x′, h

(
x′))(φ̂i

(
x′, h

(
x′)) – U

i
(
x′, h

(
x′)))dx′

+
∫

ω

k̂
(|φ̂| –

∣
∣U∣∣

)
dx′ + α̂

∫

�

(



∑

i=

(
∂φ̂i

∂z

)
) 



dx′ dz

– α̂

∫

�

(



∑

i=

(
∂U

i
∂z

)
) 



dx′ dz

≥
∑

i=

∫

�

f̂i
(
φ̂i – U

i
)

dx′ dz, ∀φ̂ ∈
∑

(V ), (.)

and

∑

i=

∫

�

∂U
i

∂z

(
∂φ̂i

∂z
–

∂U
i

∂z

)

dx′ dz

+
∑

i=

l̂
∫

ω

U
i
(
x′, h

(
x′))(φ̂i

(
x′, h

(
x′)) – U

i
(
x′, h

(
x′)))dx′

+
∫

ω

k̂
(|φ̂| –

∣
∣U∣∣

)
dx′ + α̂

∫

�

(



∑

i=

(
∂φ̂i

∂z

)
) 



dx′ dz

– α̂

∫

�

(



∑

i=

(
∂U

i
∂z

)
) 



dx′ dz

≥
∑

i=

∫

�

f̂i
(
φ̂i – U

i
)

dx′ dz, ∀φ̂ ∈
∑

(V ). (.)
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Taking φ̂ = U in (.) and φ̂ = U in (.), we obtain

∑

i=

∫

�

∂U
i

∂z

(
∂U

i
∂z

–
∂U

i
∂z

)

dx′ dz

+
∑

i=

l̂
∫

ω

U
i
(
x′, h

(
x′))(U

i
(
x′, h

(
x′)) – U

i
(
x′, h

(
x′)))dx′

+
∫

ω

k̂
(∣
∣U∣∣ –

∣
∣U∣∣

)
dx′ + α̂

∫

�

(



∑

i=

(
∂U

i
∂z

)
) 



dx′ dz

– α̂

∫

�

(



∑

i=

(
∂U

i
∂z

)
) 



dx′ dz

≥
∑

i=

∫

�

f̂i
(
U

i – U
i
)

dx′ dz, (.)

∑

i=

∫

�

∂U
i

∂z

(
∂U

i
∂z

–
∂U

i
∂z

)

dx′ dz

+
∑

i=

l̂
∫

ω

U
i
(
x′, h

(
x′))(U

i
(
x′, h

(
x′)) – U

i
(
x′, h

(
x′)))dx′

+
∫

ω

k̂
(∣
∣U∣∣ –

∣
∣U∣∣

)
dx′ + α̂

∫

�

(



∑

i=

(
∂U

i
∂z

)
) 



dx′ dz

– α̂

∫

�

(



∑

i=

(
∂U

i
∂z

)
) 



dx′ dz

≥
∑

i=

∫

�

f̂i
(
U

i – U
i
)

dx′ dz. (.)

By adding the two inequalities (.), (.), it follows that

∑

i=

∫

�

∂U
i

∂z

(
∂U

i
∂z

–
∂U

i
∂z

)

dx′ dz +
∑

i=

∫

�

∂U
i

∂z

(
∂U

i
∂z

–
∂U

i
∂z

)

dx′ dz

≥
∑

i=

l̂
∫

ω

∣
∣U

i
(
x′, h

(
x′)) – U

i
(
x′, h

(
x′))∣∣ dx′,

then
∑

i=
∫

�
| ∂
∂z (U

i – U
i )| dx′ dz ≤ .

Using the Poincaré inequality, we deduce that

∥
∥U

i – U
i
∥
∥

Vz
= , (.)

so u� is unique.
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The uniqueness of p� in L
(ω) ∩ H(ω) follows then from the specific weak Reynolds

equation (.), indeed we have

∫

ω

(
h


∇p –

h


U(x′, 
)

–
h


U(x′, h
(
x′)) + F̃

)

∇φ̂ dx′ +
∫

∂ω

hŨφ̂ · n dσ = 

∀φ̂ ∈ H(ω), (.)
∫

ω

(
h


∇p –

h


U(x′, 
)

–
h


U(x′, h
(
x′)) + F̃

)

∇φ̂ dx′ +
∫

∂ω

hŨφ̂ · n dσ = 

∀φ̂ ∈ H(ω). (.)

Subtracting (.) and (.) and using (.), we obtain

∫

ω

h


(∇p – ∇p)∇φ̂ dx′ = ,

taking φ̂ = p – p and by Poincaré’s inequality, we get ‖p – p‖L(ω) = .
This ends the proof of the uniqueness. �

5 Conclusions
In this research, we studied the asymptotic analysis of a non-linear problem in a three-
dimensional thin domain �ε with Fourier and Tresca boundary conditions. Firstly, the
problem statement and variational formulation were formulated. We then have studied
the asymptotic behavior in the one-dimensional case when the domain parameter tends
to zero. In the latter case, the main results concerning the limit of weak problem and its
uniqueness have been obtained.
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