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1 Introduction

We are concerned with the following class of boundary value problems:

—2 . *(5) -2 . )
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|VaulP 8% 1 o () [P0 = 0, on 9%,

where 0 e Q CR", 2 <p<n,p*(s) =p(n—-s)/(n-p),p<q<p(s),0 <s<p, i< i:= (”;P—{’)p,

n >0 and A € R! are parameters, a(x) € C(dQ), a(x) > 0. Q is a bounded domain with a

smooth C? boundary, v denotes the unit outward normal to 9<2.

1
|x|s?

0<s<p, ﬁ relating to the Hardy inequality. In the special case when u = 0, problem

The main interest of this kind of problems is the presence of the singular potential

(1.1) is related to the well-known Sobolev-Hardy inequality

V4
q q 1
(/u—dx> < /|Vu|”dx, Vi e W),
Q Ix|f Cq,s,p Q

which is essentially due to Caffarelli, Kohn and Nirenberg (see [1]), where 1 < p < n, g <

p*(s), Cysp is a positive constant depending on p, g, s. When g = s = p, the above Sobolev

inequality becomes the well-known Hardy inequality (see [1, 2])

|ul? 1 Lp
—dx<—= [ |VulPdx, Yue Wy"(Q).
Q |x? M Je
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Moreover, the constant [ is optimal and is not achieved since the Sobolev embedding is
not compact even locally in any neighborhood of zero. In addition to the inverse potential,
there is the presence of the critical Sobolev exponents and critical Sobolev-Hardy expo-
nents, which causes of loss of compactness of the embeddings. This loss of compactness
leads to many interesting existence and nonexistence phenomena for the elliptic equations
with critical Hardy terms (see, for example, [3—8] and the references therein).

For second-order semilinear elliptic differential equations on bounded domains, Brezis
and Lieb [9] obtained an existence result of solutions for a class of elliptic equations with
critical Sobolev nonlinearities by verifying a sub-level which satisfies the Palais-Smale con-
ditions. A global compact result for a semilinear elliptic problem with critical Sobolev non-
linearities on bounded domains was obtained by Struwe [10]. Pierrotti and Terracini [11]
studied a class of critical elliptic equations with Neumann boundary conditions through a
compact analysis. Cao and Peng [4] got a global compact result for (1.1) (whenp =2,s=0)
with Dirichlet boundary conditions and showed some new blow-up phenomena. Deng, Jin
and Peng [12] got a similar result for the Robin boundary problem of equation (1.1) (when
p =2,5=0).1In [13], with the Dirichlet boundary conditions of equation (1.1) (when s # 0),
they got the global compact result on the whole space and a bounded smooth domain, re-
spectively. For the elliptic differential equations on unbounded domains, there have also
been some global compact results (refer to [8, 14, 15]). In this paper, we discuss a general
Robin boundary problem involving critical Hardy terms and critical Sobolev-Hardy terms
with p > 2,0 < s < p. The different assumptions on the parameter s induce completely dif-
ferent results corresponding to the noncompactness analysis. In addition, the boundary
conditions make great influence on our noncompact analysis. Not only does it change the
form of our limiting equations, but it also adds more limiting equations which induce new
blow-up bubble such as D, (see Corollary 1.1) to occur.

The first goal of this paper is a careful analysis of the features of a Palais-Smale sequence
for the corresponding variational functional F, () of (1.1). To this aim, following the same
idea adopted by Struwe [10] and the main techniques of [11], we shall employ the blow-
up technique to characterize all the energy levels where the Palais-Smale condition fails.
More precisely, we shall represent any diverging Palais-Smale sequence as the sum of crit-
ical points of a family of limiting functionals, which are invariant under scaling. In our
problem, due to the Hardy potential, critical Sobolev-Hardy terms, there are some critical
points of a new family of limiting functionals. As a by-product, we shall find the smallest
level where the Palais-Smale condition may fail. Thus we shall be able to determine safe
sublevels where standard critical point theorems can be applied. The second purpose of
this paper is to obtain the existence of critical points for the variational functional of (1.1)
under different conditions by applying the previous compactness analysis.

To mention our main results, it is convenient to introduce some notations.

Firstly, we denote by F,, the functional associated to (1.1):

1 o 1 1 ¥ (s)
Fyu(u) = _/ <|Vu|p—uﬂ> dx + —/ a(x)|ulf do - Jul dx
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We denote by A; the smallest positive eigenvalue such that the following problem has a

positive solution:

—Apu—u% MulPu, xeQ,
|VulP~1 2% 4 () ulPu =0, x€0g, (1.3)
ue Wh(Q),

Alzinf{/ <|Vu|p—uu> dx+/ a(x)|u|pdo;/ [ulPdx=1,uc Wl’p(Q)}. (1.4)
Q | |? Ffe! Q

From Lemma A.l in the Appendix, A; can be attained. If © < 0, obviously A; > 0. If
€ (0, 1), by Lemma A.2 in the Appendix of this paper, we have

—dx</ [Vul? + c(e, M)/ |ul? dx

Q||p

for u € W'#(Q). Hence, for suitably large A > 0, we have A + A; > 0 for u € (—o0, ). Now,

for A > —A1, we define the following norm:

||M||=|:/Q<|V IP—MH +A|u|p>dx+/moc(x)|u|”da:|p.

Then, by Lemma A.3 in the Appendix of this paper, || - || is equivalent to the usual norm

Il ”WLP(Q)'

Secondly, we denote R” := {y = (y1,¥2,..., Yu-1,9n) := (¥, ¥u) € R" | y, > 0} with boundary
R™1 ={y| (y,0) € R"}. Denote C°(£2) = {u € C*(R") | suppu CC 2}. The space D'?(£2)
is the completion of C{°(£2) with respect to the norm

1/p
el oy = ( / |Vu|1’dx> ,
Q

the space D'?(R") is the space of the restrictions to R” of elements of D"?(R"). Recall
p*(s) = p(n—s)/(n—-p) and denote p* = p*(0) = %. In the following C and ¢ denote various
generic positive constants. O(g) denotes a quantity satisfying |O(¢)|/e < C, o(¢) means
lo(g)]/e — 0 as ¢ — 0 and o(1) is a generic infinitesimal value.

Finally we give the definition of the Palais-Smale sequence as follows: let X be a Banach
space, ¢ € C1(X,R) and ¢ € R. The sequence u,, € X is called a Palais-Smale sequence of

¢ at alevel c if
d(um) — ¢ (u,,) > 0 as m— oo.
Define

|ufP
Sus = _pinl. Jor 'V“V"“\uw)d’“
W, —

ueDLP (R™)\{0} ( fRn
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which plays an important role in our argument. In particular we denote S = Sy and S, =
Su0-
In order to establish the global compactness result for problem (1.1), it is also convenient

to introduce the problems at infinity corresponding to (1.1) as follows.

~Av =y, ve DY (R"); (9
L !
“Av— = , veDP(R"); 16
P M |x|p |x|s ( ) ( )
—A,v =P 2y, ve DY(RY), 1.7)
VP22 =0,  onR"% |
Ay WP 2y Lo (R"
Apv - plm? = M=, ve DY (RY), (1.8)
|Vv|p—2§_: -0, on R"1,

In fact, through scaling and transforming technique, and taking the limit, the Palais-Smale
sequence of (1.1) can be represent by the solutions of problems (1.5)-(1.8) (refer to Theo-
rem 1.1).

All positive solutions of (1.5) are the well-known (# + 1)-parameter family of

L (x) = ePP L, <x—_ Y )
&

where

b\
-1

Uo(x) := c(n) (1 + |x|#T) 7

for some appropriate constant c¢(#n) > 0. These solutions are also known to minimize the
Sobolev quotient S, as was shown by Aubin [16]. Since Uj(x) is radical symmetric, then

ol ally

Xn

xn=0 - _U°(|x|) ||

’

oV lx,=0 0x, %n=0

which means that Uj(x) is also the solution of (1.7).

For 0 < u < t and p > s > 0, Kang in [17] showed the existence of the positive solutions
of (1.6), and the form of the solutions V};(|x|) := sl%n V. (|x|/€), where V,,(x) is the unique
positive radial function in D"?(R”) which achieves S,, ;. Moreover,

1
(n—s)(ix — pu) \ o>
Ve = | ——— =2 , 1.9
(1) ( - (L9)
lim rWV,(r) = ¢ >0, (1.10)
lim Vu(r)=cy; >0, (1.11)

r—+00

where r = |x|, ¢; and ¢, are constants depended on p, n. a(u) and b(u) are solutions of

0=(p-1)t" - (n-p)*™ + 1,
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wheret>0,0<u <, 0<a(u)< ”P%p <b(u) < 1%. Of course, V/(|x|) are also the solu-
tions of (1.8).
For convenience, we also define the following quantities which will represent the amount

of the functional F, () carried over by blowing-up bubbles:

1 1 1
Dy :=/ <—|vu0|1’— —uf )dx: —§me,
n\ p p* n

1 vi 1 viY
DH' ::/ (_|Vvﬂ|p_ll/ ’o_ " )dx: 5 SM,S‘
AV lx[7 - p*(s) |xl* (n—-sp

In order to unify the notations, we shall refer to the solutions of problems (1.5)-(1.8) as

critical points of the following family of functionals:

1 1 "
F®u) = —/ |Vul? dx — —/ |ul? dx, (1.12)
P Jre p* Jrn
1 » 1 p*(s)
F(u) = _/ <|VM|P _ Mﬂ> dx — / lul dx, (1.13)
p Jen i) 6 S ol
1 1 "
FX(u) = —/ |Vul? dx — —f |ul? dx, (1.14)
p Jr: p* Jrr
1 » 1 p*(s)
FP (u) = —/ (|Vu|p—,uﬂ) dx — [ul dx. (1.15)
’ p Jr |x|P p(s) Jrr  |xfs

We shall prove that any diverging Palais-Smale sequence corresponding to (1.1) can be

represented as sums of scaled critical points of the functionals F;°(u), F’, () or F**(u),
F2°(u) by exploiting suitable blow-up arguments.

The first result of this paper is the following global compactness theorem.

Theorem 1.1 Let {u,,} C W"?(Q) be a Palais-Smale sequence of F,,(u) at level d > 0, uy is
a critical point of F,,(u),

1 ifs=0,
0 ifs+0.

¢(s) =

Then there exist ky, ko, k3 € NU {0} such that

(i) uy, can be decomposed as

lq n-p k1+k2+k3 n-p
Upy = Ug + Z Tt Uj(rimj%) + £ (5) Z Py Ui (P (% = %)) + Oy
j=1 jeki+1

where w,, — 0 in W (Q2) as m — +00, and

orj=1,...,k, 1y — +00 as m — +00,
J

U; satisfy (1.6) if0eQ,
U; satisfy (1.8) if 0 € 02;
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Jorj=ki+1,....k + ko, 1 dist(x,,j, 02) = +00, Iy j|%pmj| = +00 as m — +oo, U;
satisfy (1.5);
Jorj=ki+ky+1,....k + ko + k3, 1y, dist(x,,, 02) — € < +00, 11 j X j| — +00 as
m — +0o, U; satisfy (1.7).

(ii) F, () can be decomposed as the following:

« forthe case that 0 € 02, as m — +00,

k1 k1+/(2 k1+k2+k3
Fu(tn) = Fu(o) + Y F2 (U) +¢(s) D FX(Wp) +5(s) Y FE(Uy+o(1),
j=1 j=k1+1 j=ki+ko+1

where

Jorj=1,....,ky, Uj is a solution of (1.8);
Jorj=ki+1,...,k + ko, Uj is a solution of (1.5);

Jorj=ki+ky+1,....k + ko + k3, Uj is a solution of (1.7);

« forthe case that 0 € Q, as m — +00,

k1 ky+ky ki +ko+k3
Fu(n) = Fu(uo) + Y F2(U) +¢(s) D FX(W) +¢(s) Y FE(U) +o(1),
j=1 j=k1+1 j=k1+ka+1

where

Jorj=1,....,ki, Uj is a solution of (1.6);
Jorj=ki+1,....ki + ko, Uj is a solution of (1.5);

Jorj=ki+ky+1,....k + ko + k3, Uj is a solution of (1.7).

Page 6 of 27

Corollary 1.1 Any positive Palais-Smale sequence for F, (u) at a level d which is not of
the form k\D,, + kyDg + %k3Do if 0 € Q and the form %Dﬂ + kyDg + %k?)Do if 0 € 092 for

ki, ks, ks € NU {0}, gives rise to a nontrivial weak solution of equation (1.1).

By applying Theorem 1.1 and the mountain pass theorem [18], we can obtain the follow-

ing existence theorems by proving that F, (1) satisfies the geometrical assumptions of the

mountain pass theorem and that the mountain pass level is actually below the compact-

ness threshold quoted in Theorem 1.1.

Theorem1.2 Suppose0 € Q,p>s>0,1>-A,0< u<fi,then problem (1.1) has a positive

solution if

n  pQ2n-b(up-p)
b(w)’ n-p

max{p, } <q<p*(s).

Theorem 1.3 Suppose 0 € 2, s =0, L > —Ay. Then there exists a constant u* € (0, 1) such

that
(1) problem (1.1) has a positive solution if 0 < u < u*;
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(2) problem (1.1) has a positive solution if

n  pQ2n-b(u)p-p)
b(w)’ n-p

w<pu<pp and max{p, }<q<p*.

Furthermore, |1* can be calculated by solving Sp = 255.

Remark 1.1 For the case that 0 € 9Q2, we cannot obtain the existence of the solutions of
problem (1.1) since we do not know the explicit form of the attaining functions of S, .

This paper is organized as follows. In Section 2, we prove Theorem 1.1 by carefully ana-
lyzing the features of a Palais-Smale sequence for F, (). In Section 3, we apply Theorem 1.1
and the mountain pass theorem [18] to obtain the existence of critical points for F,,(x) un-
der different assumptions on the parameters p, A and the fact that 0 € 2. Finally, we put

some preliminaries in the last section as an appendix.

2 Proof of Theorem 1.1

In this section, the features of a Palais-Smale sequence for F,(x) will be analyzed by the
blow-up technique adopted by Struwe [10] for the Dirichlet problem. To this end, we need
the following lemma.

Lemma 2.1 Let {v,,},, be a Palais-Smale sequence of F,,(u) at level d > 0, and assume that
{Viu}m converges weakly but not strongly to zero in WP(Q).

(1) For the case s # 0,

+ if0 € Q, there exists a positive sequence k,, such that, up to a subsequence,

n-p
»

Wi = V(%) = k¥ volkux), x€ S, (2.1)

is a Palais-Smale sequence for F,,(u) in W"P(Q) at level d — ﬁS,’f, and vg solves
(1.6). Moreover, w,,, — 0 weakly in WYP(Q2) as m — +00;
o if 0 € 3R, there exists a positive sequence k,, such that, up to a subsequence,

n-p _
Wi = Vin(x) — kil volkipx), x € Q, (2.2)

n-s

is a Palais-Smale sequence for F,,(u) in W(2) at level d — %S{ﬁ, and vy solves

n-s)p
(1.8). Moreover, w,, — 0 weakly in W*P(Q2) as m — +oo.
(2) For the case that s = 0, then either
» if 0 € Q, there exists a positive sequence k,, such that, up to a subsequence,
np
p

Wi = V(%) = k,F volkx), x €, (2.3)

is a Palais-Smale sequence for F,,(u) in W"P(Q) at level d — %S,’E, and vqy solves (1.6).
Moreover, w,, — 0 weakly in WYP(Q) as m — +00;
o if 0 € 3R, there exists a positive sequence k,, such that, up to a subsequence,

np _
Wi = V(%) = K,k volkux), x€ K, (2.4)
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is a Palais-Smale sequence for F,,(u) in W'?(S2) at level d — ﬁSﬁ, and vy solves (1.8).
Moreover, w,, — 0 weakly in WY (Q) as m — +o0;
or there exist sequences y,, € Q, K,, € R* such that, up to a subsequence,
Case 1:

n-p

Win(x) = Vu(x) — KmT Vo (Km(x —ym)), x € Q, (2.5)

is a Palais-Smale sequence for F,(u) at level d — ﬁSlﬂ’ if lim,,,, ;oo Ky dist(y,,, 9€2) < +00.
Moreover, w,, — 0 weakly in WP (Q) as m — +00 and vy is the solution of (1.7);
Case 2:
n-—p
p

Wi (x) = v, (x) — K, vo (Km(x —ym)), xeq, (2.6)

is a Palais-Smale sequence for F,(u) at level d — %S% if limyy,, 400 Koy dist(y,,, 92) = +00.
Moreover, w,, — 0 weakly in W“P(Q) and vy is the solution of (1.5).

Proof We only prove the case when 0 < p < j1 since the proof of the case when p < 0 is

similar. By Lemma A.4 in the Appendix, we deduce that there are positive constants c;
(i =1,2) such that

aq < / Vv P dx <c;, VmeN. (2.7)
Q
From (2.7), let § > 0 be small (will be determined later) such that

lim supf [V lf dx > 8. (2.8)
Q

m—+00

Fix m, by the integral absolute continuity, Ve > 0, there exists a constant a > 0 for any
set E C Q2 and the measure m(E) < a, then

/ [VVulf dx < .
E

Define F(R) = [, B( |Vv,, P dx, then F(R) is a continuous function of R satisfying

0,R)NQ
lim F(R) = / Vv, P dx, lim F(R) = 0.
R—+00 Q R—0

Up to a subsequence, we can choose minimal /% > 0 such that
m

/( |VVulP dx = 6. (2.9)
B(0

V)N
We denote by E : W?(Q) — WP(R") the extension operator such that

EWie=v  [EO)|yrp@n = COQIVIwirg
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(remember that dQ € C!). For the simplicity of notations, we shall denote by the same
symbol both the function v € W#(2) and its extension E(v) € W?(R"). Define

er
m km ’

e x
‘_/m = kmp Vin (k_> and Ql,m = {x ceR”

then fB(Oyl)ﬂShm VY|P dx = 8. Let us point out that, thanks to (2.7)-(2.9), the sequence

{k,,} is bounded away from zero.
Obviously v,, € W(Q, ,,) C D'*(R"). Moreover,

Vil pro ey = Vil progey < CVinllwir(gy < c.

Up to a subsequence, there exists vy € DY (R”) such that v,, — v weakly in D"?(R”) and
V,u — Vo a.e. in R” as m — +00. We have either vy # 0 or vy = 0.

Case (1): Assume vy # 0.

Since v,, — 0 (m — +00) weakly in W?(Q) and v,, — vy % 0 weakly in W?(Q), we
have k,,, — +00 (m — +00).

In this case we claim that vy satisfies (1.6) and the sequence

n-p
Win(%) 1= Viu(®) = kil vo(knx), x€Q

N

—S
s

5

T

is a Palais-Smale sequence for F, (u) at level d — £=-§

(n-s)p
Since ¥,, is bounded in D7 (R"), then

¥,y — Vo weakly in D' (R"), Wlif (R") as m — +o0;

Vi —> Vo a.e. in R as m — +00;
* —
Y — vo in L © 1(R”, |x|_s) as m — +00; (2.10)

loc

Y — Vo in Lf;(R”, x| 7) as m — +00;

Vm — voin Ll (R"),1<q<p*, asm— +o0.

If 0 € , fix a ball B(x,r) and a test function ¢ € C5°(B(x,r)). Notice that for sufficiently
large m, B(x,r) C ©1,,- Then we have

/ |VV,lP 2V, Ve dx = / VP2V, Ve dx
Q,m B(x,r)

— f IVvol? 2 VvV dax;
B(x,r)

[Vin |p*(s)7zvm‘5m [Vin |p*(s)72vm(£m [vo |p* (S)72V0¢
————dx= ————dx— ——dx;
Q1 m |x|s B(x,r) |x|s B(x,r) |x|s

[Vml? >V V">V [volP2vog
U————dx = U————dx — n—————dx
Q1 m |x|p B(x,r) |x|17 B(x,r) |x|p

as m — +00.

(2.11)
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And since k;,, — +00 as m — +00, then

_ A o
V|V Pdx = — OVl VP2 dx — 0;
k{:’l Q1m m J B(x,r)
n - 1g-2- n g2
GlV|T 2V, dx = T OV, dx — 0;
Ky 71 m T e

1 X
— ol = \¢V|VmlP2do = 0.
kfn_l Q1 m (km)

Therefore we have

(¢, DEE (vo. R"))

p*(s)-2 p-2
=/ |Vv0|p—zv1/ov¢dx_/ de_/ gl v
B(x,r) Blx,r) e[ ) x[?

Pl / Pl
Q1m

=/ |wm|P-2wmv¢dx—/
Q,m Q,m |xls

| |?
1 / < x ) I A I
+— al — |pVulvulP " do + — V|Vl dx
k{nl IQ,m le e kf”” Q1,m "
T | 1Tl dx 4 0(1)
k::’_Tq Ql,m
p*(s)-2
/ |VV |p Zvvmv¢)m dy / |Vm| Vm¢m / |Vm| Vm¢m
Iyl
+/ Ol(Y)qngmlvmlp_sz +}\/ |Vm|p_2vmq_5m dy
FYe) Q
_ ) X
-n ¢mlvm|q Vin d}’ +o(1) lety =7
Q k.
=o(l) asm — +00,
_ np _
where ¢,,(x) = ki ¢(kin). Since [Pl propeer) = |Pmllwirg) + 0(1), vo solves (1.6).

Page 10 of 27

(2.12)

If 0 € 9Q, fix a ball B(x, ) and a test function ¢ € C§°(B(x,r)). Notice that for sufficiently

large m, B(x,r) "R’ C ,,, we have

(¢, DE? (vo 7))

Vo lP 62y,
= / IVvolP VvV dx — / Wl ™ vod
Blx, )R B(x,r) R |x[*

volP~2v
- / Lol v
B(x,r)NR” |x|P
_ v, p6)-23 5 o2y
:f |wm|p—2wmv¢dx_f de_/ Tl
Hm 1m sl Qum |x|?

[ oot ao |
— al — |oVmlvml?™ d0'+— V|V |P” dex
kot Jagy, \ K Qi

+

dx
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n

n-"24
km P Q,m

_ r*(5)-2,, 4 p-2,, &
:/ |va|”_2vaV¢>mdx—/ 7“/’"' Vb dx—/ M7|Vm| VP dx
Q Q Q

|| |x|?

B|V|T 2V, dx + 0(1)

+ / Ol(x)qngme |p—2 do + }\/ [Vin |p_2qu_5m dx — 77/ ¢_)m|Vm|q_2Vm dx +o(1)
IR Q Q
=0o(l) asm— +00,
n-p

where @, (x) = kuf ¢ (k). Since @l pio(agery) = l16m | wir) +0(1), vo solves (1.8).
By Lemma A.6 in the Appendix and the invariance of dilation, we have for large m

(5—_5S)ps’§’ for 0 € ,

p-s
2(n-s)p

F//.(Wm) = Fu(Vm) _FZO(Vo) + 0(1) =d-

Fu(Wm)=F/4(Vm)_F:OM(VO)+0(1)=d— Sffss, for 0 € 0%,

DF,(w,,) — 0 in W2(Q).
n-—p
Also, from k,,! vo(k,,x) — 0 weakly in W?(Q) and v,,, — 0 weakly in W#(), it is obvious
that w,, — 0 weakly in W'?(Q).

Case (II): Assume vy = 0.
If0 € Q,let h e C5°(B(0,1)), then we have

|V (@h)|” dx
R”

= / |VV,,IPHP dx + o(1)

Wi, V| P
ad dx + / L dx + o(1)
R}‘l

|x[*

= (DF,(Vy), BV yn) +f

re %P

TIAMONAN =
Pl [ 196,m) dx+55}s( / mdﬁ / V@) dx
B R”

T (n-p) Jrn oy 1%

+0(1) asm— +o0. (2.13)

Choose § suitably small, from (2.13) and the fact that 0 < u < (";f,’)p ,we can find a € (0,1)
such that

/ IVV,Pdx— 0 asm— +o0. (2.14)
B(0,a)

Thus we have

|Vnl? [Py
dx — 0, dx— 0 asm— +00. (2.15)
B %P Boa %I

If 0 € 0, define

5 - {vm(x’,xn), xp =0,

" v, —x,), %, <0,
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where &' = (x,...,%,.1). Proceeding as to obtain (2.14), we deduce
/ ‘Vf/;w’pdxe 0 asm — +oo for some a € (0,1),
B(0,a)
which implies that
/ IVV,.IPdx— 0 asm — +oo for some a € (0,1).
B(0,a)NR%}

For p > s> 0, we can deduce that Case (II) cannot happen.
In fact, if 0 € 2, from (2.10) and 0 < p < p*, 0 < p*(s) < p*, then VR > 0,

[Vin P [Vinl?
dx < dx=0() asm— +00, (2.16)
BO2\BO) %P BO2)\B0,a) P

[P [Pl
/ ——dx < / ———dx=0(1) asm— +o0. (2.17)
BO2\BOa) |1XI° BO2\BOa) @

From (2.14)-(2.17), we have

|Vl T
dx = dx=0(1) asm— +00. (2.18)
B2 [*IP B2 I«

Since & > 0, from (2.9) there exists a positive constant a such that k,, > a > 0, thus

B(0, lm) C B(0, %). Choose

2 1
0<gn € C (), suppngB(O,k—), and g,=1 inB(O,k—),

m m

and g,, is bounded in C{°(€2) since v,, is the Palais-Smale sequence of F, (i), then

(Fl’t(vm),vmgm):o(l) as m — +00 (2.19)
a.e.
/ VP2V ¥V (Vo) i
Q
4 p*(s)
[l de_/ (@) vy g d
o |xP o | FYe!
+n/ |vm|qgmdx—A/|vm|p m AX. (2.20)
Q
Since

Vi — 0 weakly in W' (Q) as m — +00;
Vi — 0in L1(Q),LP(0R2),1 < g < p*, as m — +00; (2.21)

Vi — 0 a.e.in Q as m — +00,

Page 12 of 27
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then from (2.18)-(2.21) we have

/ Vv, |P dx
BO,2-)

5/ VY|P dx
Q

5/ |va|P*1|vm||ng|dx+|A|/ ol gl
Q Q
[Vinl? [V, [P
+c dx+c dx+c | a@®@|valPdx+cn | |val|ldx
BO,2) |xl? BO,2) |x[* a0 Q

p-1 1
Va P v, |P
§c</ Iva|pdx> (/ |vm|pdx> +c/ Vo dx
Q Q B02) %P

[V |p*(s)
+ c/ dx +o(1)
Bo2) I

=o0(l) asm — +o0, (2.22)
where c is a positive constant. Then we have
”VWI”DLP(B(O,i)) = ||‘_’m||D1,p(B(0,1)) =o(l) asm— +00, (2.23)

which contradicts (2.9).
If 0 € 9L, similarly as (2.16), (2.17), we have

v P
/ i dx=0(1) asm— +00, (2.24)
BO2\BO) |XIP
[V [P
/ o dx=0(1) asm— +00, (2.25)
BO2\BO@) X[

then we obtain (2.18).
Thus

1Vl pro s, L yngy = 0(1)  as m — +oo,
=

which contradicts (2.9).
For the case that s = 0, we denote v, by z,,.

Denote by

Qm(1) = sup / |VZul? dx
B(x,r)

x€Q1 1,

the concentration function of z,,. From (2.7), (2.8) we can choose %,, € Q., 7y € R and
define
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so that

_ 1 1
On)=  sup / V2l dox = f \VZnlP dx =8 < —S, (2.26)
B(x,1) B(0,1) 2L

X
Fr Em €Q1m

where 0 < §; < §, L denotes the least number of balls with radius 1 in R” that are needed
to cover a ball of radius 2.
Note that there exists a constant b > 0 such that r,, > b. Set

Q= {xeR”
T'm

x

— + X, € Ql,m}.

We may assume z,,, € D*?(R"). Moreover, {Z,,} is bounded uniformly in D' (R"). Thus, up
to a subsequence,

Zm — Vo weakly in DY (R") as m — +00.

We are going to prove that the convergence actually holds in the strong VV;’C’ (R™) sense.

Since C°(R")N Wltf (R") is dense in W/ﬁ)f (R"), then without loss of generality we can as-

sume that v,, — vy € C°(R")N WP (R™). Let xg be a fixed point of R”, from Proposition 6.6

loc

in [19], we can find p € [1,2] such that the solution w,, of the Dirichlet problem

Apw =0 in B(xo,3)\B(xo, p),

T (2.27)
W|aB(x,p) = Vm — V0, W|aB(x,3) = 0
satisfies the following conditions:
Wy — 0 in WP (B(xo,3)\B(x0, p)) as m — +00. (2.28)
Define
Vi — Vo in B(xo, p),
Pm = Wiy in B(xo, 3)\B(x0, p), (2.29)

0 in R™\B(xo, 3).
It follows from the above equation that ||, ||»® — 0 as m — +00. Now, scaling back
the function ¢,

n-p
(/_)m = rmp ‘pm(rm(x_xm))x

then there exists a constant 8 > 0 such that supp ¢,, C B(xo, 8) C Q1 for m large.
Taking into account (2.27), (2.28) and (2.29), letting m — +00, we have

”ngm”f}ﬂ(g(xo_ﬂ)) - ”(Pm”I;Lp(Rn) - ”2m - 1_’0”[1:})1,;7(3(;60,/))) — 0. (2'30)

By scale invariance and the fact that {z,,} is a Palais-Smale sequence for F,(u), it follows
that

(DFu,m(Em)) ¢m> = <DF;L (Zm): (/_)m> + 0(1) = 0(1)7
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where

1 _ |v|P 1 X\ -
Fum@) =— VU —pp——— | dx+ — alx, + — ||V do
P Jq, % + 7y |P prf’n Elo V'

1 - _ A _
-— V)P dx - Lﬂ_},/ V|1dx + — |v|P dx.
* S, =5k Jg,, 1o Jo

q'm

m JQy

Therefore, from the definitions of F,, ,,, ¢,, and (2.28), we have

_ oo Znl? 22 Z — V.
0(1):/ [|V2m|p‘2Vsz(zm—Vo)—u| ml” 2 G 0)]dx
QmﬂB(xo,ﬂ)

|% + ¥y |P
- Bl 220 (Bo — 70) i + 0(1)
QmﬂB(xo,p)
_ _ Zm — Wol?
=/ (|V(zm—vo)|p—uw) dx
QmNB(x0,p) |x + 'mXm |p
—/ IEm—|70|p* dx +o(1)
QmNB(x0,p)

p £3
=[ (|V<pm|1”—u—"”’”' )dx—[ @l dox + 0(1).
Q |x+rmxm|p Qi

Moreover, by scale invariance and

1
/ | @ P dx =] |@m P dx = —/ |@ml|? dx = 0(1) asm — +00,
B(x0,8) Q1,m r,';, R"

_ |G| -
o(1)=/ (vaml”—u "N e [ Gl dx
Q,m |x|P Q,m
—_ p*
< ~ ”QOm”U,*(QL ) )
Jor,, (V@ml? = 1 1%257) dx

5l IVGulln?
Z/ <|V¢m|lﬂ_“|(ﬂm| )dx(l— m i”(%,m))
Qum |x|?

5y

p
p
S

IV G — 70 55
dx(l - OLP (Blexo.) > 2.31)

*

Si

Let us cover B(xg, p) with L balls of radius one, from (2.26) then

[V G =0 o

b 4
%0,) = ”VZm”Lp(B(

xo) t o()

_ 1.,
< LIVZullp o) + o) < isf +o(1), (2.32)
so that (2.31) and (2.32) yield

9l wir Bexg, 8y = 1€mllwiry,,) = 0 asm— +oo.
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Finally, using again the properties of the extension operator, we obtain from (2.30)

- P - P
”(/)m ” WP (B(xg,B)) = a ||§0m ” wlp(R")

1
= a ||‘pm||1:X/1,p(Rn) + 0(1)

1
_ N 12
e 1Zsme VOHWLP(B(xO,p)) +0(l) asm— +00,

where C is a positive constant depending on the domain B(xy, 8). Therefore
Vxo € R”, 1Z = Vol WL (B(xg,p) 0.

Since |, 501 | Vel dx =81 > 0, we have 7 # 0. Hence by local properties of the extension
operator, we have that y|g  — 0. Since z,, — 0 weakly in D' (R"), we also have r,, = +00
as m — +00.

Now, using the result of Case (I), we have

pn —n
zm(x):rmp 1_/m(ﬁ +xm> :(rmkm)PTVm(L xm)

o
T Tk ko

Define K, = 7'k Y = Xmlkim; then ¥, — yo € Q, Kyplym| = Ful%m|. By (2.14) we have
|%| > a >0, so K|y, — +00. Also, by the fact that {k,,} is bounded away from zero,
p—n

K,, — +00 (as m — +00). Then ,, = {x € R"|ﬁ + Y € R}, Vi =Km7vm(ﬁ + Yim)-
ZmlP2Zmé
[oc+Kimym [P
proceed our proof as follows.

Since we have me dx = o(1) for large m and any given ¢ € C3°(B(x,r)), we can

(1) For the case when limy,,_, ;00 Kiy; dist(y,,, 32) = +00 uniformly, we claim that vy solves
(1.5). Indeed, for a fixed ball B(x, r) and a test function ¢ € C3°(B(x,r)) and for sufficiently
large m, B(x,r) C Qm. Therefore, we have

(¢, D (vo, R"))

- / [ViolP2Vo Ve dx — / [0l Vo dx
B(x,r)

B(x,r)

~ > — *_o_ Z p722
) / V22920Vl ~ / 2ol 2np / 12nl” "2t
o Qi &, |+ Kpyml?

_ _ 1 x o

- Pl zndr+ — = |« <_ +ym>¢zmlzm P2 do
Ky 71 am K27 Jog, \ Ko
m

A
+ — Znl? 22,0 dx + o(1
Kf;f@m' P20 dx + o(1)

|x[?

:/ |va|p_2vaV<]3mdx—f |vm|”*_2vmq_§mdx—/u dx
Q Q Q

+/ a(x)émvmlvmvj_z do — 77/ q_sm|Vm|q_2Vm dx + A/ [Vin |p_2Vm§Z7m dx +o(1)
Q2 Q Q

=0(l) asm — +o0o,

n-p

where ¢,,,(x) = K, ¢(Kpu(x = yn)).
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(2) For the case when lim,;,_, ;o K, dist(y,,, 32) — ¢ < +00, we claim that 7, solves (1.7).
Indeed, fix a ball B(x,r) and a test function ¢ € C3°(B(x,r)) and note that, for sufficiently
large m, B(x,r) NR” C Qm we have

(¢ DEG" (0, RY))
- / |V P2Vig Ve dix — / 90 l?" 200 dix
B(x,r)NR% B(x,r)"R%

> = _ * o _ 2 p722
) / V2 "*V2,V  dix - / Zm " 2 Zp dx — / MM dx
b S Q%+ Ky l?

_ _ 1 X o
- nnfp D\Zm|* 2 dx + ,1/ a<—+ym>¢zmlzm|”‘2da
Ko 1 a, K2 Joa,, \Kn
m
+ — Znl? 22,0 dx + o(1

[Vin |p_2Vm‘73m

|x[?

:f |va|p’2vaVqudx—f |vm|p*’2vmq3mdx—/u dx
Q Q Q

+/ a(x)‘ﬁmvmlvmVFZ do — TI/ $m|Vm|p72Vm dx + )\f Vm(im dx +o0(1)
Q2 Q Q

=o(l) asm — +00,

_ n-p
where ¢,,,(x) = K, ¢(Ku(x = ym)).
Define

n-p
p

Win(x) = Vin(x) = Ky Vo (1<m(x _ym))~

For the case that lim,,_, , o K}, dist(y,,, 02) = ¢ < +00, we have that Vy is a weak solution of
equation (1.5) and w,, is a Palais-Smale sequence of F, (u) at level d — iSﬁ. For the case
that lim,,, ;o K, dist(y,,, 9€2) = +00, we have that v, is a weak solution of equation (1.7)
and w, is a Palais-Smale sequence of F, (1) at level d — %Sg.

This concludes the proof of Lemma 2.1. O

Now, we are going to complete the proof of Theorem 1.1.

Proof of Theorem 1.1 By applying Lemma 2.1, Lemmas A.4-A.6 recursively, the iteration
must stop after a finite number of steps; moreover, the last Palais-Smale sequence must
strongly converge to zero. Hence we prove parts (i) and (ii).

As a consequence, we finish the proof of Theorem 1.1. g

3 The proofs of existence results

In this section, we shall apply Theorem 1.1 and the mountain pass theorem [18] to obtain
the existence of critical points for F,, (#) under different assumptions on the parameters p,
A and the fact that 0 € Q or 0 € 9<2. For convenience, we only consider the case of «(x) = 0.

Lemma 3.1 For A > —\y, F,,(u) satisfies the geometry structure of the mountain pass theo-

rem.
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By Lemma A.3 in the Appendix, the proof of Lemma 3.1 can be completed easily.
Define

¢, =: inf sup F,(y(t)),
B yer te[oI,)u (r®)
where T = {y € C([0,1], W'?(RQ)) : y(0) = 0, y (1) = ¥y € W?(Q)}. The v is chosen such
that F, (o) <0 forall ¢t > 1.
According to Theorem 1.1, we easily have the following.

Proposition 3.1 For the case that s # 0, the following two statements are true:
(1) Suppose 0 € 2, € (0, 1) and X > —r1. If

Shss (3.1)

then (1.1) has a positive solution satisfying F,(u) < c,,.
(2) Suppose 0 € 02, w € (0, 1) and A > —Ay. If

0<cM<2p_s sk (3.2)

then (1.1) has a positive solution satisfying F,(u) < c,,.

Proposition 3.2 For the case that s = 0, the following two statements are true:
(1) Suppose 0 € 2, v € (0, 1) and X > —Xrq1. If

0 inl Lob Lo (3.3)
<¢, <miny —S87, — , .
" 2n n

then (1.1) has a positive solution satisfying F,(u) < c,,.
(2) Suppose 0 € 02, u € (0, 1) and A > —Ay. If

1 =
0 —S}, 3.4
<C”<2n L (3.4)

then (1.1) has a positive solution satisfying F,(u) < c,.

Proof of Theorem 1.2 By Proposition 3.1, we only need to prove that ¢, < { 5:;)105[(:1’?)/(;;4)‘

Let o(x) € C5°(2), ¢(x) = 1for |x| <R, ¢(x) = 0 for |x| > 2R, where B(0,2R) C Q. Set v, (x) =

@(x) V) (x), we only need to verify

—-S
S=9/p=s) 3.5
(n—s)p ** 39

max F,(tv,) <
t>0

It is easy to get the following estimates (Lemma 2.3 in [17]):

|ve ? (n-5)/(p—s) b()p+p-
/Q<|va|p—u mr dx = S\ 4 O (1P (3.6)
|ve " © (n-5)1(p-) b()p* (s)
——— dx = S0 4 O (PP, 3.7)

o |
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O(Sb(H)P*'P—n), p< bL’

/Q|V8|de= O(eP|logel), p= W (3.8)
O(e?), p> ’/’4
O(S(h(ﬂ)ﬂ—;,)Q), q<%“)’
fQ [vel dx = § O™ P llogel), q= gy, (3.9)
n+(1-5)q
O(e r’1), q> ﬁ.

(2n m

Since max{p, b(” } < g < p*(s) and from (3.9), we have

/ |ve|Tdx = O(sm(l_lg) ), O(e?) + O(e”|logel) + O(e?WPrr—r) = o(sm(l_l%)q). (3.10)
Q

Similar as the proof of Lemma 8.1 in [20], let ¢, be the attaining point of max;. F,,(tv),
we claim ¢, is uniformly bounded for ¢ > 0 small. In fact, we consider the function

174 [ve | ") [ve ™ ®)
g(t) F (tVa)— Vvl — dx —
|l P Jo  IxF

+—/A|v€|pdx n—/ |ve |9 dx.

Since lim;_, 0 g(t) = —00 and g(¢) > 0 when ¢ is close to 0, so that max;.o g(¢) is attained
for ¢, > 0. Then

g/(ts) = tp_lf ('V vel? - " 7 + Ave |p> dx
X

w o [
dx nt |v| dx=0. (3.11)

Since n > 0, from (3.6)-(3.9) and (3.11), for ¢ sufficiently small, we have

Ja (|VV8|P—u'r;L + MvelP) dx
f \Vs|p
Q xf

Thus from (3.8), (3.11), (3.12), p < g < p*(s) and for ¢ sufficiently small,

'3
J (=g envr)
Q

. e
<) ”/ |VT|| dx+21’*<S>Pn/ |vel? dx
o P

" Op <2. (3.12)

.\ p. [P 1 v.|P
< tg ()-p L dx + — / |VV8 |19 — /,,L| £ + )\.|V€ |P dx. (3'13)
2 Jo x[P

o &I

By (3.6)-(3.9), (3.13) and choosing ¢ small enough, we have

1 [ve [P
L (v Ip — Al P
2O s 2 fg(| velP — |x|p + A|velP) dx S l

€ - f [velP
Q |x|S

Thus ¢, is uniformly bounded for ¢ > 0 small enough.

(3.14)
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Then from (3.6)-(3.10), (3.12) and (3.14), for ¢ sufficiently small, we have

max F, (tv;) = Fy, (t:ve)

t>0
174 v.|P e V. |Pe
< max{—/(stV’—M' el )dx— / Vel dx}
0 | p Ja |c[? ps) Jo  Ixf

& td
+_‘/‘)‘|V8|pdx_77_‘/‘ [ve|? dx
b Ja qJa

- (P "5 §h 4 OeHPey _ osHir 0
n-sp "

(b(uw)+1-Y)g b(wp+p-
O(e 2, q< 530 O(e™P ™), p < g

-1 106" P logel), g= 5, + 5 O logel), p= s,
1-2
O™ -5y, 7> 55 O(e?), P> 50

which completes the proof of Theorem 1.2. d

Proof of Theorem 1.3 Since Sy = S, lim,,_,; S,, = 0 and S, is continuous with respect to p,
we deduce that there exists u* € (0, jt) such that %Sﬁ < Sé for 0 < u < u* and %Slg > S,’?
for u* < ;u < 1. From this fact, we can define p* as above.

(1) By Proposition 3.2 and the definition of ©*, it suffices to prove

n

1 Sp (3.15)
c,<—S», .
k= on

Let B(x,r) be a ball containing €2, 0B(x,r) N 92 # ¥, xo € 0B(x,r) N 2. Then without loss

of generality we may suppose that Q C {x € R”,x, > x4}, where xp = (x),49,...,x9). Since
>0, n>0,we have

P tP* *
ngf})xF,L(tLIjO) <Yei= II})%X{; /Q(|Vujo AU, |7) dx - r /Q|u§0 1” dx},
and by Lemma 3.4 in [21], we have

1
Ve < —gmp, (3.16)
2n

It follows from the definition of ¢, and (3.16) that (3.15) holds.
(2) For the case that u* < i < 1, let v, and ¢, be defined as in the proof of Theorem 1.2.
Since i > 0, n > 0, we have

max F, (tve) = F,, (L ve)
t>0

t A 7 .\
< max{ — [VvelP — 1 dx—— | |velP dx
>0 | p Ja |c[? p* Ja

& tl
+—6/A|v£|1"dx—n—£/ |ve|? dx
b Ja qJa
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t "
<max{ /|va|pdx——/ AL dx}
t>0 p p
+—/A|v£|de n—/ |ve|? dx.

By a similar argument as in the proof of (3.5) for the special case s = 0, u = 0, we have

lsﬂ
C, < —oP.
m
n

The proof of Theorem 1.3 is complete. d

Appendix
In this appendix, we give some lemmas and detailed proofs for the convenience of the
reader. In the following, assume that 2 C R” is a bounded domain and 992 € c.

Lemma A.1 Define

»
A :inf{/ <|Vu|p—uﬂ) dx+/ a(x)|u|pda;/ lufPdx=1uc Wl'p(Q)}, (A1)
Q |x|? FYe! Q

then M is obtained.

Proof Let {u,,} be the minimizing sequence for A;. That is,

P
lim (|Vum|1’—u|”’”| )dx+/ () |t dx = s, /|um|pdx=1.
Q Q2 Q

m—+00 |x|P

By the Sobolev-Hardy inequality, and ¢ < i, (x) > 0, we have

/(WWW—M' tnl” )dx+/ a(x)|um|1’dxz<1—ﬁ)/ Vg, |? dx > 0.
Q lx|? Yo n/) Ja

Then u,, is bounded in W#(£), there exists u € W?(Q2) such that, up to a subsequence

still denoted by u,,,
u,, — uweakly in W (Q) as m — +o00.
By the Sobolev imbedding theorem we have

u,, — uin I¥(Q2) and L7 (0R2) as m — +00,

U, — ua.e. in Qasm— +00.

Thus by the Fatou lemma we have

/ (IV Ip—u—| i >dx+f a(x)|ul? dx
Q |c[? a0
. » |t [P »
< lim [Vu,l? — dx + a(x)|u,l? dx |. (A.2)
m—+oo| | o |x|P a0
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And since limy,, o [, [tm|? dx = [, |ulP dx, from (A.1) (A.2), the proof of the lemma is
complete. O

Lemma A.2 For any § > 0, there exists a constant C = C(8) > 0 such that

|ul? 1
—dx<|—=+94 IVulP dx+ C(8) | |ul’ dx
Q lx? Iz Q @
Sorue WH(Q).

Proof The proof is similar to that in [12]. Here for convenience we give the details of the
proof. For y € R”, denote the unit ball centered at y by B;(y) and domain

D=Bi(y)N {x,, > h(x/)},
where h(x') is a C* function defined in {x' € R": [x' — /| <1} with y, = A(yy,...,y,_1) and
Vh vanishing at ¥ = (y1,...,¥,-1), # > 0. Employing similar arguments in Lemma 2.1 of

[22], it can be proved that if u € W?(D) with suppu € B,(y), then Ve > 0, there exists a
constant r > 0 depending on ¢ such that

|ul? 1
—dx<|—-+e¢ |Vul? dx (A.3)
p &l iz D

provided |VA| <r.Infact,if 1 =0,

1 i » »
/|W|de= —/ \Vul? dx > ﬁ/ P e [ 4 (A.4)
D 2 Jy) 2 ) xIP D |xl?

If 1 > 0, h # 0, make the coordinate transformation

7 =x, Zy =%, — h(x), (A.5)
which straightens the bottom of D, and write z = F(x), then

Oz (%) = Oy, u(x) + Oy, u(®) O, h(x), i=1,2,n-1,

|82iu(ac)|2 = |8xl,u(x)|2 + |8xn u(x)axih(x/)|2 + 2|8xnu(x)8xiu(x)8xih(x/) 2

|Vzu(x)|2 < |qu(x)|2 + 2|Vh|2{qu(x) 2,

lz| < |x].
Denote D; = F(D), then we have

/ IVul*dx > (1-2|Vh]*) | |Vul*dz
D

Dy
s @ooviPa [ s aoavnpya [ M 4 A6
> (1-2| |)“DWZ—(—| |)MDWX- (A.6)
1

Then (A.3) is obtained provided |Vh| <r.
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Let ¢ be a small positive constant to be determined later, and let (¢x)}Z, be a partition of
unity on Q with diam(supp ¢x) < r for each k, where diam(supp @) is the diameter of the
domain supp ¢x. From (A.3), we see

P 1
dx<|—+¢ |V(<pku) |p dx, V1<k<mue W)
Q [« Jz Q

for sufficiently small r. Hence

ut ] »
o e /g dex<(_+8)Z/W it

k=1

1 < u ,
< <T + g) Z/ (pk(|Vu|p +CY |Vul + cw) dx
s k=1 7% j=1

1 v » }
< (’EL+8>|:(1+8)/Q|VM| dx+C(8)/$;|u| dx|.

As a consequence, by choosing ¢ appropriately, we obtain the desired result. O

Lemma A.3 For A > —Ay, the norm

Jul? ’
| = IVulP — p—— + AMul? ) dx + a(x)|ulf do
Q [P 30

is equivalent to || - |l y1p(q)-
Proof For simplicity, we suppose «(x) = 0. We only consider the case 0 < u < jx since the

case u < 0 is similar.
First we have

/<|Vu|1’ MH +A|u|")dxz(k+k1)/ lulP dx, Yue W2 (Q).
Q Q

By Lemma A.2, we deduce that for all u € W(Q),

C(S)M/Q<|vu|p_ H+)L|u|19>dx>c(8)u/ |ul? dx

)\.+)\.1
[ 1 )
>un —dx—u —+46 |Vul? dx.
o %P 7 Q

Hence, for § > 0 small enough,

1)
(1+ < m)f(W |”—/Lu+k|u|1’) dx
Atr ) Ja ||
1
> [I—M(T +8)]/ |Vu|pdx+k/ |u|? dx
128 Q Q
Zc/ |Vu|"dx+c/ |ul? dx,
Q Q
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which implies that

llzell = clleell win

for some ¢ > 0.
On the other hand, it is easy to check that

lluell < Cllullwre o)

for some C > 0. As a result, we complete the proof. d

Lemma A.4 Let {u,,},, be a Palais-Smale sequence for F, (u) at level d € R. Then {u,,},
is bounded in W' (Q2). Moreover, every Palais-Smale sequence for F,(u) at a level zero
converges strongly to zero.

Proof Since {u,,},, is a Palais-Smale sequence for F, () at level d € R, we have

d+0(1) = Fy(tt) - ;(F;(u,n), o)

1 1 |7 ® 1 1
() [ e (22 [ i 9
p p))Ja |z P 49/ Ja

Hence

|t
dx < C, |tm|?dx < C,
S
o I« Q

since g, p*(s) > p.
As aresult, by Lemma A.3,

*(s)
, o pe [l pe / .
u <cllu = pcd + dx + — uu|ldx+o0(1)<C. (A8
I oy < il =ped + 5 | =2 = | e 1) <C. (A8)
Take d = 0, from (A.7) then
|um|p*(S)
dx — 0, / |t|Tdx — 0, asm — +00

o IxF Q

and from (A.8), we have ||u,, ”1\7%17 @~ 0, the lemma is complete. a

Let {#4;4},» be a Palais-Smale sequence of F, (1), we shall assume that, up to a subse-

quence,
U — up weakly in WP(Q2) as m — +0o. (A.9)

Then we have the following lemma.

Lemma A.5 DF,(u) =0.
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Proof We have to prove that (v, DF, (1)) = 0 for every v € W'?(Q) as m — +00. Since
9Q € C, it is enough to prove that the above relation holds for every restriction to Q2 of a
C§°(R™) function ¢.

From (A.9), the Sobolev imbedding theorem and Lemma 3.2(2) in [20], we have as
m—> +00

Vu,, = Vuy weakly in L7 (),
U — g in L7 O71(Q, %],
U —> to in P71 (Q, x| 7),

Uy — Ug in LP71(39),

Uy — up in LY(Q) for 1 < g < p*,

then

(¢’DFM(um)) = / (|Vum |p—2vumv¢ - dx
Q

um|um|1’-2¢> / U | U [P 2

|x|P Q

- 77/ |Mm|q72um¢dx + )‘/ 172 |p72”m¢dx+/ O5(~’C)|"‘m|p721"m¢ dx
Q Q Q2

— (¢, DF,(uo)) asm — +00,

0= lim (qS,DFM(um)):(qS,DFH(uo)). O

m—+00

Put y,, = u,, — o, then y,, — 0 weakly in W?(Q2). Then we have the following lemma.

Lemma A.6 {y,,},, is a Palais-Smale sequence for F, (u) at level dy = d — F,,(uy).
Proof Since u,, is bounded in W'#(R), by the Sobolev-Hardy inequality [, ‘“”"’LTS Y dx,
Ja ‘I\A;T;‘ap dx is bounded. That is, u,, is bounded in L7 (S, |x|™), L?(, |x|?). And as

m — +00

U, — up weakly in wr(Q),
U, — Ug in LP(2),

U, — ua.e.in .

By the Brezis and Lieb lemma [9] we obtain, as m — +00,

p*(s) p*(s) P*(s)
Dl = e [ 1 dx—/|u°|s dx +o(1), (A.10)
o Il o |l o |«
P P P
Dl” o [l g [ 150 o), (A11)

X x
o |xf? o |xl? o |x?
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Similarly,
/ |VylP dx = f Vi, |P dx - / |Vuol? dx + 0(1), (A12)
Q Q Q
[ vultds= [ wnirdn— [ ot o), vpzq=p6) (A13)
Q Q Q
/ lyml? do = / |t |P do —/ luo|? do + o(1). (A.14)
30 aQ 30

From (A.10)-(A.14), we obtain F,,(y,,) = F,(t4yn) — F,.(t40) + 0(1) = d — F,,(ug) + o(1). On the
other hand, for any test function v € wir(Q),

*(s)- 2y u 2y v uo?" - 214 v
/D’ | |S /| m| | |S m /| 0| 0 d +0(1)
x x

/Iymlq‘2ymvdx:/ Iumlq'zumvdx—/ luo|Tuovdx +o(1), Vp <q<p*(s),
Q Q Q

/lym|p’2ymvda—/ |t |P 200,y do — /|u0|p’2u0vdo+o(1),
PIe)

p-2 p-2
/ |ym| YmV / |Mm| umV / |MO| dx+o(1)
wl el

/ IVYlP2Vy,, Vvdx = / Vit P2V s, Vvdx — f Vo P2 VuoVvdx + o(1),
Q Q Q

thatis, (v, DF,(y)) = (v, DF,,(4,,,)) — (v, DF,,(140)) = o(1), thus we complete the proof of the

lemma. O
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