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Abstract

In this paper, we deal with the existence and multiplicity of solutions for perturbed
Schrédinger equation with electromagnetic fields and critical nonlinearity in RV:

&2 A,ulx) + VUl = [ulZ2u + h(x, Ju]?)u for all x € RY, where V4u(x) := (V +iAK)u,
V(x) is a nonnegative potential. By using Lions’ second concentration compactness
principle and concentration compactness principle at infinity to prove that the (PS).
condition holds locally and by variational method, we show that this equation has at
least one solution provided that € < &, forany m € N, it has m pairs of solutions if

& < &Em, where £ and &, are sufficiently small positive numbers.

MSC: 35J60; 35833

Keywords: perturbed Schrodinger equation; critical nonlinearity; magnetic fields;
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1 Introduction

In this paper, we are concerned with the existence of nontrivial solutions to the following
perturbed Schrédinger equation with electromagnetic fields and critical nonlinearity in
RN:

—2Au(x) + Vx)ux) = [u* 2u+ h(x, |u|2)u for x € RV, 1.1)

where Vau(x) := (V + iA(x))u. Here, i is the imaginary unit, 2* := 2N/(N — 2) denotes the
Sobolev critical exponent and N > 3, V(x) and h(x, u) are functions satisfying some con-
ditions.

This paper is motivated by some works concerning the nonlinear Schrédinger equation

2
ihaa—‘/; - _zh—m(v +iA@) Y + W)y
— K@) ¥ 2y —h(x |y )y forxeRY, (12)

where 7 is Plank constant, A(x) = (4;(x), A2(x),...,Ax(x)) : RN — RN is areal vector (mag-
netic) potential with magnetic field B = curl A and W(x) : R¥Y — R¥ is a scalar electric
potential.
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In physics, we are interested in standing wave solutions, i.e., solutions of type (1.2) when
h is sufficiently small, when E is a real number and u(x) is a complex-value function which
satisfies

—(V + iAW) ulx) + AV @)u(x) = AK@)[ul* 2u + Mh(x, [ul?)u, xeRY, (1.3)

where A7! = % and V(x) = W(x) — E. The transition from quantum mechanics to classical
mechanics can be formally performed by letting 7 — 0. Thus the existence of solutions
for /i small, semi-classical solutions, has important physical interest.

It is well known that the linear Schrédinger equation is a basic tool of quantum me-
chanics, and it provides a description of the dynamics of a particle in a non-relativistic
setting. The nonlinear Schrodinger equation arises in different physical theories, e.g., the
description of Bose-Einstein condensates and nonlinear optics, see [1] and the references
cited there. Both the linear and the nonlinear Schrédinger equations have been widely
considered in the literature. The main purpose of this paper is to study the existence and
multiplicity of solutions of perturbed Schréodinger equations with electromagnetic fields
and critical nonlinearity (1.1).

Problem (1.3) with A(x) = 0 has an extensive literature. Different approaches have been
taken to attack this problem under various hypotheses on the potential and the nonlinear-
ity. See, for example, [2—13] and the references therein. Observe that in all these papers the
nonlinearities are assumed to be subcritical. In [11], using a Lyapunov-Schmidt reduction,
Floer and Weinstein established the existence of single and multiple spike solutions. Their
method and results were later generalized by Oh [12] to the higher-dimensional case. Kang
and Wei [14] established the existence of positive solutions with any prescribed number
of spikes, clustering around a given local maximum point of the potential function. In ac-
cordance with the Sobolev critical nonlinearities, there have been many papers devoted
to studying the existence of solutions to elliptic boundary-valued problems on bounded
domains after the pioneering work by Brezis and Nirenberg [15]. Ding and Lin [9] first
studied the existence of semi-classical solutions to the problem on the whole space with
critical nonlinearities and established the existence of positive solutions as well as of those
that change sign exactly once. They also obtained multiplicity of solutions when the non-
linearity is odd.

When A(x) £ 0, there are also many works dealing with the magnetic case. The first one
seems to be [16] where the existence of standing waves was obtained for % > 0 fixed and
for special classes of magnetic fields. If A and W are periodic functions, the existence of
various types of solutions for fixed /i > 0 was proved in [17] by applying minimax argu-
ments. Concerning semi-classical bound states, it was proved in [18] that for & > 0 small
and admits a least energy solution which concentrates near the global minimum of W.
A multiplicity result for solutions was obtained in [4] by using a topological argument.
There it was also proved that the magnetic potential A only contributes to the phase fac-
tor of the solitary solutions for 7 > 0 sufficiently small. In [19] single-bump bound states
were obtained by using perturbation methods. These concentrate near a non-degenerate
critical point of W as h — 0. For the critical growth case, Wang [20] studied the electro-
magnetic Schrodinger equations

_(V + iA(x))Zu(x) + AV@)ux) = K@x)|u)* 2u  forx e RN, (1.4)
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By using the linking theorem twice to the corresponding functional, they established the
existence results. Chabrowski and Szulkin [21] considered problem (1.4) under assump-
tion that V(x) changes sign; by using a min-max type argument based on a topological
linking, they obtained a solution in the Sobolev space which was defined in the paper. As-
sume K (x) =1, Han [22] studied problem (1.4) and established the existence of nontrivial
solutions in the critical case by means of variational method. For more results, we refer
the reader to [20, 23-27] and the references therein.

In the present paper, we consider the existence of solutions for problem (1.1) under the
condition inf, gy V(x) = 0 and critical nonlinearity. It seems that Byeon and Wang [1]
were the first to study energy level and the asymptotic behavior of positive solutions to
Schrédinger equations under the condition inf, gy V(x) = 0. In [25], Cao and Tang ex-
tended the results of Byeon and Wang [1]. However, to the best knowledge, it seems that
there are few works on the existence of solutions to be the problems on RY involving crit-
ical nonlinearities with electromagnetic fields. We mainly follow the idea of [9, 10]. Let us
point out that although the idea was used before for other problems, the adaptation of the
procedure to our problem is not trivial at all. Because of the appearance of electromag-
netic potential A(x), we must consider our problem for complex-valued functions, and so
we need more delicate estimates. Furthermore, we use Lions’ second concentration com-
pactness principle and concentration compactness principle at infinity to prove that the
(PS). condition holds, which is different from methods used in [9, 10].

2 Main results
Let A = £72. Equation (1.1) reads then as

—(V + iA(x))zu(x) + AV@)u) = Aul® u+ kh(x, |u|2)u for x e RN, (2.1)

We make the following assumptions on A(x), V(x) and /& throughout this paper:
(V) V(x) € C(RN,R); V(xg) = min,gn V = 0, and there is b > 0 such that the set
VP = {x € RN : V(x) < b} has finite Lebesgue measure;
(A) Aj(x) e CRN,R) (j=1,2,...,N) and A(xo) = 0;
(H) (hy) he C(RN x [0,+00),R) and h(x, t) = o(1) uniformly in x as £ — 0;
(hy) there are Cp > 0 and ¢ € (2,2*) such that |k(x, £)] < Co(1 + t%);
(h3) thereareag >0, p >2and u > 2 such that H(x, ) > aotg and %H(x, t) < h(x, t)t
for all (x, t), where H(x, t) = fot h(x,s)ds.
Set

Vau = (V +iAx))u
and
H(RN) = {u e L*(RY) : Vau € L*(RY)}.
Hence H} (RY) is the Hilbert space under the scalar product

(u,v) = Re/ ((Vu + iA(x)u) (VV + iA(x)v) + uT/) dx,
RN
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the norm induced by the product (-,-) is

1

lull 1 ey = ( / (IVaul® + |u|2)dx)
RN

2
= (/ (|Vu+ iA(x)u|2 + |ul?) dx)
RN
3
= (/ (IVul* + (‘L'A(x)‘2 +1)|ul?) dx - 2Re/ iA(x)ﬁVudx) .
RN RN
Let
E:= {u IS HA(RN) : / AV(x)|u|* dx < oo},
RN
which is a Hilbert space equipped with the norm
flul|? = / (IVaul® + AV (x)|ul*) dx.
]RN
Remark 2.1 We have the following diamagnetic inequality (see [16] for example):
’VAu(x)| > ’V|u(x)|| foru e H}l(]RN).
Indeed, since A is real-valued,
u
Re (Vu—) ‘ =
|u]

(the bar denotes complex conjugation) this fact means that if u € HA(RN ), then |u| €
HY(RN), and therefore u € LP(RY) for any p € [2,27].

|V |ul(x)| = < |Vu +iAu|

u
Re(Vu + iAu)—
|ul

Remark 2.2 The spaces H}(RV) and the spaces H'(R") are not comparable; more pre-
cisely, in general H} (RN) ¢ H'(RN) and H'(RN) ¢ H} (RY). However, it is proved by Arioli
and Szulkin [17] that if K is a bounded domain with regular boundary, then H}(RY)
and H'(RYN) are equivalent, where H:(K) = {u € L*(K) : Vu € L*(K)} with the norm

1
il gy = (i (Vs + al?) d)?.

Let
E, := {u € Hy(RY): /RN V(x)|u* dx < oo}
with the norms
= [ (% 2V uP)

Thus, it is easy to see that the norm || - ||¢ is equivalent to the one || - ||, for each A > 0.
From Remark 2.2, for each s € [2,2*], there is ¢; > 0 (independent of A) such that if A > 1,
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then

1 1 1
H 2 2
(/ Iuls) fcs(/ |V|u||2) Scs<f |VA”|2) <cllullx. (2.2)
RN RN RN

Consider the functional
1 9 9 A o
J(u) = — (|VAu| + AV (x)|u| )dx—— lul” dx
2 RN 2* RN
—5/ H(x,|u|2)dx

1 A " A
= —||u||§——/ lu|? dx——/ H(x,lulz)dx.
2 2* RN 2 RN

Under the assumptions [28], J, € C'(E;, R) and its critical points are solutions of (2.1).

Theorem 2.1 Let (V), (A) and (H) be satisfied. Thus:
(1) Forany o >0, thereis Ay > 0 such that problem (2.1) has at least one solution u, for
each \ > A, satisfying 0 < J,(u) < oAl %
(2) Assume additionally that h(x,t) is odd in t; for any m € N and o > 0, there is
Ao > 0 such that problem (2.1) has at least m pairs of solutions u, with
0 < Ji(w,) <oA% whenever > A,

Remark 2.3 We should point out that Theorem 2.3 is different from the previous results
of [9, 10] in three main directions:
(i) A(x)=£ 0. There exist many functions /(x, £) satisfying condition (H), for example,
h(x,t) = P(x)|t|P~2t, where P(x) is a positive and bounded function.
(ii) Other potentials V'(x) guaranteeing compactness of the embedding from
E;, = LP(RY) can also be used in this paper. For example, (1) V(x) € C(RY,R) and
liminfl, 00 V(%) > V(xo) = minygn V = 0; (2) V(x) € C(RN,R) with periodic
function (or bounded function) and V'(xg) = min,px V(x) = 0.
(iii) We use Lions’ second concentration compactness principle and concentration
compactness principle at infinity to prove that the (PS) condition holds, which is
different from methods used in [9, 10].

3 (PS). Condition
Recall that we say that a sequence (u,) is a (PS) sequence at level ¢ ((PS).-sequence, for
short) if @, (u,,) = c and P’ (i,,) — 0. P, is said to satisfy the (PS). condition if any (PS).-

sequence contains a convergent subsequence.

Lemma 3.1 Let (V), (A) and (H) be satisfied. Then there exists constant M(c) which is
independent of A > 0 such that ¢ > 0 and

limsup ||u,||Z < M(c).

n—0oQ

Proof Let {u,} be a sequence in E such that

1 A LA
C+0(1)=J(un)=Ellunlli—E/]RNIMnl2 dx—E/RNH(x,IunIQ)dx, 3.1)
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oletnll = (' (), v)
:Re{/ (Vatty - Vav + AV (x)u,v) dx
]RN
_xf |un|2*’2un5dx—k/ h(x,|u,,|2)u,,17dx}. (3.2)
RN RN

By (3.1) and (3.2) we have

1 1

1 1
+)L/RN<;h(x,|un|2)|un|2— EH(x,IMHIZ)) dx. (3.3)
On the other hand, condition (hz) implies that
lh(x: |24 *) |14 |* = lH(x, l1%) > 0.
H 2
Thus, it follows from (3.3) that

11 )
27 lanlly < c+0() + enllunlly,

hence for # large enough, we have

2u

2
loenl < =

C.

Thus ||u,]|, is bounded as n — co. Taking the limit in (3.3) shows that ¢ > 0. This com-

pletes the proof of Lemma 3.1. O
The main result in this section is the following compactness result.

Lemma 3.2 Suppose that (V), (A) and (H) hold. For any A > 1, ], satisfies the (PS), con-
dition, for all c € (O,aokl‘%), where ag = (llL - 2%)5]7\]; that is, any (PS).-sequence (u,) C E;

has a strongly convergent subsequence in E, .

Proof Let {u,} be a (PS). sequence, by Lemma 3.1, {u,} is bounded in H[I1 (RN). Hence, by
diamagnetic inequality, {|u,|} is bounded in H}\ (RN). Then, for some subsequence, there
is u € H) (RV) such that u, — u in H}(R"). We claim that

/lunlz*dx%/ lu|* dx. (3.4)
RN RN

In order to prove this claim, we suppose that

’V|u,,||2 — |V|u||2 +0 and |u,,|2* — |u|2* +v (weak* sense ofmeasures).

Page 6 of 14
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Using the concentration compactness principle due to Lions (cf [29, Lemma 1.2]), we ob-
tain a countable index set I, sequences {x;} C R, {0}, {v;} C (0, 00) such that

V= 289% Vi, o> Zéxioi and o; > SviZ/z* (3.5)

iel iel
for all i € I, where 8y, are Dirac measures at x; and o;, v; are constants.

Now, let x; be a singular point of the measures o and v. We define a function ¢(x) €
C (RN, [0,1]) such that ¢p(x) = 1in B(x;, €), ¢(x) = 0 in RV \ B(x;,2¢) and | V| < 2/e in RN,
Since {u,¢} is bounded in H}(RN) and ¢ takes values in IR, a direct calculation shows that

(]}/\ (un)’ un¢) -0
and

Va(un@) = itV + ¢Vausy.
Therefore,

[ Vaods+ [ aviiu,Pods

RN RN
= —Re(/ Uy V4tV dx) + x/ (%, |t ]*) |4 dxe
RN RN

+;\/ 1> § dx + 0,(1). (3.6)
]RN

By Holder’s inequality, it is not difficult to prove that

Re(/ iu,Vau,Vo dx)
RN

In this way, it follows that

lim sup =0.

n—0o0

/ |vAun|2¢dxsx/ h(x,|un|2)|un|2¢dx+x/ 4”@ e+ 0,(1).
RN RN

RN

Consequently, using the fact that u, — u in L, (RV), 1 < s < 2* and ¢ has compact sup-
port, we can let # — oo in the last inequality to obtain

pdo <r | ¢dv.
RN RN

2
Letting ¢ — 0, we obtain o; < Av;. Combining this with (3.5), we obtain v; > A"1Sv*" . This

result implies that

Nz

M v=0 or (I) v >(r"S)7%.

To obtain the possible concentration of mass at infinity, we will use the concentra-
tion compactness principle at infinity [30]. Similarly, we define a cut-off function ¢z €
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C(RN,[0,1]) such that ¢r(x) = 0 on |x| < R and ¢r(x) =1 on |x| > R + 1. Note that
{u,¢r} is bounded in H}{ (RN) and ¢ takes values in R. A direct calculation shows that
(I; (uy), unr) — 0, this fact implies that

f |V att|*pr dx + / AV (x) |t > dx
RN RN
:—Re</ iﬁnVAunV¢Rdx)+A/ h(%, n|?) |14 P dxe
RN RN
‘A / tal? e dx + 0, (D). (37)
]RN

It is easy to prove that

R— 00 n—>00

— lim lim Re(/ i, Vau,Vop dx) =0.
RN

2
Letting R — 00, we obtain 0 < AVso. Thus vs, > A71SvZ . This result implies that

N
2

(II) ve=0 or (IV) ve>(27'S)2.

Next, we claim that (II) and (IV) cannot occur. If case (IV) holds for some i € I, then by

condition (H) we have
. 1,,
¢ = lim ( () — _<])L(un)1un))
n—0o0 l[,(,

> (_ - _>/ (IVasal® + AV (%) 4 |*) dix + (— - —)x\f | |*
2 w)Jry moo2x RN

1 oy, 2 L 2
+)»/RN(Mh(x,|u,,| )24 2H(x,lu,,l ))dx

1 1 . I 1 *
Y MG T € o Ao
wo 2%) Jen wo 2%) JrN

1 1 1-N
== AVoo > 0gA "2 as R — 00,
"

where o = i - zi*)S Y. This is impossible. Consequently, v; = 0 for all i € 1. Similarly, if

case (II) holds for some i € I, then by condition (H) we have
. 1,
¢ = lim (])L(un) - _<])L(un)1 un))
n—o0 I[,(,

1 1 . 11 *
> =—-— A/ lu,|* dx>(— - — )»/ |un|* p dx
wo 2% ) Jen wo2v) Jey

1 1 N
= kT AV >ogh 2 ase— 0,
%

which leads to a contradiction. Thus, we must have that (II) cannot occur for each i. Thus
limit (3.4) holds.

Page 8 of 14
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Thus, from the Brezis-Lieb lemma [31], we have

o) llttnlls, = [ (sn), ) = llt4 I3 —A/N > dx—A/ H(x, |uy|*) dx
R:

RN
:||u,,—u||i+||u||i—)»/ |u|2*dx—A/ H(x, |ul®) dx
RN RN

2
= llun — ully + o(L) |,

here we use J; (1) = 0. Thus we prove that {u,} strongly converges to u in H}& (RN). This
completes the proof of Lemma 3.2. O

4 Proof of Theorem 2.1
In the following, we always consider A > 1. By assumptions (V), (A) and (H), one can see
that /; (#) has mountain pass geometry.

Lemma 4.1 Assume that (V), (A) and (H) hold. There exist o, py. > 0 such that J, (u) > 0 if
ue B, \ {0} and J,(u) > o if u € 0B, , where B, ={u € E: ||lull, < p.}.

Proof By condition (H), for § < (4Ac;)7%, there is Cs > 0 such that

* 1 *
> |ue|? dx+5/ H(x,|u|2)dx§8|u|§+C5|u|%*.
RN RN

So, from (A) and (V) it follows that
1 *
Jou) Z Nl = 28ul = A Culs.
> 22 = G lul
) A 5|M|2*.

By (2.2) and 2* > 2, we know that the conclusion of Lemma 4.1 holds. This completes the
proof of Lemma 4.1. g

Lemma 4.2 Under the assumption of Lemma 4.1, for any finite-dimensional subspace F C
E}u

Ji(u) > —co0 asu€F,|u| - occ.

Proof Using conditions (A), (V) and (H), we can get
Ju(w) = =l = Aaolu?
a\U) = 2 ujl, —Ado Ltp

for all u € E since all norms in a finite-dimensional space are equivalent and p > 2. This
completes the proof of Lemma 4.2. O

Since J;(#) does not satisfy the (PS), condition for all ¢ > 0, in the following we will find
a special finite-dimensional subspace by which we construct sufficiently small minimax
levels.
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The assumption (V) implies that there is xo € RN such that V(x) = min g~ V(%) = 0.
Without loss of generality we assume from now on that x, = 0.
Observe that by (hs)

* A
I((x)|u|2 dx + Ef H(x,|u|2) deﬂo)\./ |u|1’dx
RN

2% RN RN

Define the function I, € C}(E;,R) by
1
L(u) = —/ (IVaul? +W(x)|u|2)dx—a0,\/ |ul? dx.
2 RN RN

Then J; (1) < I, (u) for all u € E, and it suffices to construct small minimax levels for I;.
Note that

inf{/ Vo> dx: ¢ € CP(RY), g, = 1} =0.
RN

For any § > 0, one can choose ¢s € C*(RN) with |¢;|, = 1 and suppps C B,,(0) so that
|Vs|5 < 8. Set

f = ¢s(A2x), (4.1)

then

suppfi, CB _1 (0).
A 2rg

Thus, for ¢ > 0, we have

t2

L(tf) = E/RN(WAMZ+AV(x)m|2)dx—tPa0AAN[mpdx

2
=A% (% / (IVadps|® + V()\’%x)|¢a|2) dx — t”aO/ s 1” dx)
RN N

R

N
= )‘-1_7 \I‘J}»(t¢5)’

where W, € C}(E),R) defined by

U, (1) := %/RN(WAMZ + V()\’%x)lmz) dx—ao/

|ul? dx.
RN

Obyviously,

_P_

-2 1 p-2
max \U; (t5) = ”72[ / (IVags|* + V(3 2x)|¢s]?) dx} .
t>0 zp(pao)m RN

On the one hand, since V(0) = 0 and note that supp ¢s C B,,(0), there is A5 > 0 such that

v(x-%x) for all |x| <75 and A > As,.

<
513

Page 10 of 14


http://www.boundaryvalueproblems.com/content/2014/1/240

Liang and Song Boundary Value Problems 2014, 2014:240 Page 11 of 14
http://www.boundaryvalueproblems.com/content/2014/1/240

On the other hand, by Holder’s inequality, we have
/ |Vags|* dx < / (21V 51> + 2| A (A3 %) b5 ) dx. (4.2)
RN RN

Since A(x) is continuous on RN and A(0) = 0, there exists As, > 0 such that

)
|A()L"%x)| < |¢—|2 forall |x| <rsand A > As,. (4.3)
512

Without loss of generality, we take Aj := {As,, As, }. So, by (4.2) and (4.3) we can get

-2 P
max W; (t¢s) < —L——(58)7°2. (4.4)
=0 2p(pag) =
Therefore, for all A > Aj,
p-2 25,14
max J (ts) < ————(58)72 1 "2, (4.5)
=0 2p(pao)r2

Thus we have the following lemma.

Lemma 4.3 Under the assumption of Lemma 4.1, for any o > 0, there exists A, > 0 such
that for each . > A, there isﬁ € E; with |[ﬁ|l > ,0,\,])\(;3\) <0 and

max J; () < o273 (4.6)
te[0,1]

Proof Choose § > 0 so small that

-2 2
piz(ss)pl—} <o,

2p(pag) -2

and let f; € E be the function defined by (4.1). Taking A, = As. Let %, > 0 be such that
Lo llx > p and Ji () < O for all ¢ > ;. By (4.3), letﬁ = £,fs.; we know that the conclusion
of Lemma 4.3 holds. g

Forany m* € N, one can choose m* functions ¢! € C°(RN) such that supp ¢ Nsupp ¢% =
0,i#k, |¢il, =1and |[Vei|2 < 8. Let ! > 0 besuch that supp ¢} C B, (0)fori=1,2,...,m".
Set

flx) :¢§(A%x) forj=1,2,...,m"
and

HZ’; = span{f)}, f,,fkm*}

Observe that for each u = Zlm:: cﬂ I= H{’(‘S*,

m*

/RN |Vaul|? dx = Z |ci|? /N|VAﬁ’2dx,

i-1 R
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m*
VEluldx =3l / v d,
/. el [ Vel

1 o 1 »
— | ¥ dx=— lal u|* dx
2% RN 2% RN

i=1

and

and as before
Jiled) < X1 w (lalf).
Set
B max{ |62 =1,2,...,m")

and choose A,,;+s > 0 so that

é *
V(Al’%c) < 5 forall |x| <r§" and A > A,»s.
s

As before, we can obtain the following:

max J,(u) < m

(58)72 315 (4.7)
MGH)TS* Zp(pao)m

forall A > A, 5.
Using this estimate we have the following.

Lemma 4.4 Under the assumption of Lemma 4.1, for any m* € N and o > 0, there ex-
ists Ayxo > 0 such that for each A > Ay, there exists an m*-dimensional subspace F

satisfying
N
max Ji (1) <oAl" 2.
ueF)s

Proof Choose § > 0 so small that

mp-2 22) (58)72 <o

2p(pag)?>

and take F;s = H K’:. By (4.5), we know that the conclusion of Lemma 4.4 holds. O
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We now establish the existence and multiplicity results.

Proof of Theorem 2.1 Using Lemma 4.3, we choose A, > 0 and define for A > A, the

minimax value

¢, := inf max ]x(tf,\),
vel) te[0,1]

where

Iy = {y € C([0,11,E) : y(0) =0 and y (1) = £;}.

By Lemma 4.1, we have o) <¢; < a)»l‘% . In virtue of Lemma 3.2, we know that J, satisfies
the (PS),, condition, thereisu, € Esuchthat]}(«,) = 0andJ, (u,) = c;, hence the existence
is proved.

Denote the set of all symmetric (in the sense that —Z = Z) and closed subsets of E by X
for each Z € ¥. Let gen(Z) be the Krasnoselski genus and

i(2):= hrerll"l,l,,l* gen(h(Z) N 3B,,),

where I« is the set of all odd homeomorphisms % € C(E,E) and p;, is the number from
Lemma 4.1. Then i is a version of Benci’s pseudo-index [32]. Let

ci:= inf sup/i(u), 1<i<m"
ZlyeZ

Since J; (1) > a; forall u € 8B;A and since i(Fy,,+) = dim Fy,,» = m*,

_N
0 <1< < < sup Si(u) <or"7.
MEH;\m*

It follows from Lemma 3.2 that Jj, satisfies the (PS),, condition at all levels c;. By the usual
critical point theory, all ¢; are critical levels and J; has at least m* pairs of nontrivial critical
points. g
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