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1 Introduction
This paper develops the theory of local Muckenhoupt weights in a variable exponent set-
ting. It mixes the results obtained in [2, 3, 14]. Also see the textbook [6]. Due to the setting
of variable exponents, we cannot directly use the ideas of Cruz-Uribe, Diening, and Hésto
[2], Cruz-Uribe SFO, Fiorenza and Neugebauer [3], or Rychkov [14].

Herein, we use the following notation of variable exponents: Let p(-) : R”" — [1, 00) be
a measurable function, and let w be a weight. In other words, w: R” — [1,00) is a mea-
surable function that is positive almost everywhere. Then the weighted variable Lebesgue
space L”)(w) collects all measurable functions f such that

(%)
/ <lf(;)|)p w(x) dx < 00
R~

for some A > 0. For f € I?")(w), the norm is defined by

p(x)
1l 2p0) Einf{k >0:/Rn(@) w(x) dx < 1}.
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Ifw=1,then ||l = -5 and 179(1) = LPO(R™). Thus, we have the ordinary variable
Lebesgue space L7*)(R").

The definition of L7)(w) slightly differs from that in [3], where the authors considered
the theory of Muckenhoupt weights for the Hardy-Littlewood maximal operator M for
Lebesgue spaces with variable exponents. Recall that Rychkov established the theory of
the local Muckenhoupt class [14]. Here and below, O denotes the set of all cubes whose
edges are parallel to the coordinate axes. Herein we mix the notions considered in [3, 14]

to define the local Muckenhoupt class with variable exponents.

Definition 1.1 Given an exponent p(:) : R” — [1,00), a weight w belongs to AIOC if

[W]Aloc) = SUPgeg, <1 1QI” Yixollp0 Yol xell oy < 00 where 0 = w ~poT and the supre-
mum is taken over all cubes Q € O with |Q| < 1. Given a cube Q, analogously define
Al"C )(Q) by restricting the cubes R to those contained in Q.

Remark that if p(x) = 1 for some x € R”, then we define o (x) = 1.

If p(-) = p is a constant exponent, then A;"(,C) coincides with the class A};’C defined in [14].
Using a different method, we seek to establish that the local analog of the result in [2, 3] is
available: Let f be a measurable function and let M'° be the local maximal operator given
by

MYf(x)= sup
QeQ, |Q\<1 |Q|

/ V@)| dy xeR”)

Needless to say, this is an analog of the Hardy—Littlewood maximal operator given by

_ o XQ(x) p
M= 74 /W)W (v e R?).

For the boundedness of M, we postulate the following two conditions on p(-):
(1) The local log-Hdlder continuity condition, which is given by

1
LHo : |p(x) - p(y)| < , xmyeRNIx—yl <. (1.1)

C
—log|x -yl

(2) The log-Holder continuity condition at infinity. That is, there exists p € [0, 00)
such that

o
oo |I9(x poo| <———, xeR" (1.2)
log(e + |x])’

Keeping these in mind, we state the main result of this paper.

Theorem 1.2 Let p(-) : R" — [1,00) satisfy conditions (1.1) and (1.2) and 1 < p_ =
essinfyepn p(x) < p, = esssup,pn p(x) < 00. For any given w € A;’(_C), there exists a constant
C > 0 such that for all measurable functions f,

[MF | 1oty < CUF ot
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Itis easy to show thatw € A;"(?) is necessary for the boundedness of M, since M!°°f (x) >
ﬁ /. Q |f ()| dx for all cubes Q with a volume less than or equal to 1 containing x.
Additionally, the matters are reduced to the estimate of the following maximal function.

We consider the local maximal operator given by

xQ(x)
M f(x)=  sup
6 Qegoi=6 QI

/ [f(y)‘ dy (xeR"),
Q

for a measurable function f. In fact, if we denote the seven-fold composition of M16°f1 by

(Mt',)"f1 )7, then there exists a constant C > 0 such that Ml"cf <C (Mlg’f1 )7f for any measurable
function f.

Before we go further, we offer some words on the technique of the proof. At first glance,
the proof of Theorem 1.2 seems to be a reexamination of the original theorem [3, Theorem
1.5], which is recalled below.

Proposition 1.3 ([3, Theorem 1.5]) Suppose that we have a variable exponent p(-) : R" —

[1,00) such that 1 < p_ < p, < 0o and that p(-) satisfies (1.1) and (1.2). Let w € Apy. Then,
the Hardy—-Littlewood maximal operator M satisfies the weak-type inequality

lEx xermpmres>aWlpe) < CllfWlpe, £>0
for all measurable functions f. If, in addition, p_ > 1, then
for all measurable functions f .

However, as the example of w(x) = exp(|x|) € A}:’(?) \ A,() shows, inequality

w(x)P® dx o(x)dx
/Rn (e+ %)X /R (e+ %)X =

which is used in the proof of [3, Theorem 1.5], fails for local Muckenhoupt class with

variable exponents. Hence, the proof of [3] cannot be used naively for the local Mucken-
houpt class. This observation led to the technique of Rychkov, who detailed a method for
creating global weights from given local weights.

Next, we consider why the technique employed by Rychkov [14] does not work di-
rectly. For simplicity, we work in R. In [14], Rychkov considered a symmetric extension
of weights. More precisely, given an interval I and a weight w on I, Rychkov defined a
weight w; on an interval J adjacent to / mirror-symmetrically with respect to the contact
point in I N J. Here, we tried to repeat this procedure to define a weight w; on R. Hence,
this method is not applicable because we cannot extend the variable exponents mirror-
symmetrically. For example, if the weight w satisfies w(t) = |t|‘% on (-2,2) and the expo-
nent p(-) satisfies p(¢) =2 on (=1,1) and p(¢) = % on (3,5), then the weight w(_5 ) defined

oL
mirror-symmetrically from w|(_, ) does not satisfy o = w_y2) 701 € L{. (2,6).
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To overcome these issues, two devices are necessary. The first device is well known. We
fix a dyadic grid Dy, kK € Z and a € {0, 1,2}". More precisely, we let

DY, = {2_k[m +al3,m+al/3+1):meL}
for k € Z and a =0, 1,2, and consider

Dk,aE{Ql X Q2 X oo X Qn:QjED;(),qj?j: 1,2"“’]/1}

for k € Z and a = (ay,as,...,a,) € {0,1,2}". See [4, Lemma 4.8] for this construction.
Herein, a dyadic grid is the family D, = | J;.; Dx. for a € {0,1,2}". It is noteworthy that
for any cube Q there exists R € UaE{O,l,Z}” D, such that Q C R and |R| < 6"|Q|. As in [11],
we reduced the matters to the local maximal operator generated by a family D given by

Mlgcf(x)s sup XQ—(x)/Q[f(y)|dy (xeR”)

0ep,jo<1 Q|

for a measurable function f and a dyadic grid D € {D, :a € {0, 1,2}"}. In fact, we have

MEf)<C Y MEfx) (xeR”).

ac{0,1,2}"

Here and below, due to the similarity, we suppose a = (1,1,...,1). We abbreviate D1, 1)
to ©. The other values of a can be handled similarly.

Since we reduced the matters to a dyadic grid ® = D(y,1,..1), it is natural to define the
class AL"(?)(Q).

Definition 1.4 Given an exponent p(-) : R” — (1,00) with p_ > 1 and a weight w, we say
that w € A;’&(@) if

[(Wlloc oy = sup |Q|_1||XQ||LP(-)(W)||XQ||Lp’(«)(g)<Oor
20) QeD,|QI<1

1
where 0 = w P0-T and the supremum is taken over all cubes Q € © with |Q| < 1.
In an analogy to Theorem 1.2, we can prove the following theorem:

Theorem 1.5 Let p(-) : R" — [1, 00) satisfy conditions (1.1) and (1.2). If 1 < p_ < p, < 00,
then, for any w € A}f&(@), there exists a constant C > 0 such that

1
M3 ooy < CIF ooy
forany f € PV (w).

The second device is a new local/global strategy. To prove Theorem 1.5 when deal-
ing with local dyadic Muckenhoupt weights, we consider (global) dyadic Muckenhoupt
weights.
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Definition 1.6 Given an exponent p(-) : R” — [1,00) with p_ > 1 and a weight w, we say
that w € A,()(D) if

[ty = 80P QI xeliso Xl < o0
€

1
where p'(-) is the conjugate exponent of p(-), o = w »0-1 and the supremum is taken over
all cubes Q € .

Here, we propose a new method to create a globally regular weight wg € A,(y(D), Qe ©
from a weight w € A};ﬁ(@) in Proposition 2.10. As we will see, this technique is valid only
for the dyadic maximal operator (see Remark 2.11). In addition to the local/global strategy
which differs from that in Rychkov [14], we use the localization principle due to Histo [8,

Theorem 2.4]. In analogy to Theorem 1.2, we can prove the following theorem:

Theorem 1.7 Let p(-) : R" — [1, 00) satisfy conditions (1.1) and (1.2). If 1 < p_ < p, < 00,
then given any w € Ap)(D), there exists a constant C > 0 such that

”M’Df”Lp(‘)(W) = C"f”lp(‘)(w)
for any measurable function f .

As explained above, Theorem 1.2 will be proven once we prove Theorem 1.5, whose
proof uses Theorem 1.7. We note that unlike the proof of Theorem 1.2, that for Theorem
1.7 is an analog of [3, Theorem 1.5]. However, we include its whole proof for the sake of
completeness.

Finally, as an application of our results, we will prove the Rubio de Francia extrapolation
theorem in our setting of weights, which in turn produces the weighted vector-valued
maximal inequality. The theory of extrapolation is a powerful tool in harmonic analysis
to extend many results starting from a weighted inequality. Cruz-Uribe and Wang [5] and
Ho [9] extended the extrapolation theorem to weighted Lebesgue spaces with variable
exponents. We will show the extrapolation theorem for A;’(?) by applying the boundedness
of the local maximal operator.

Theorem 1.8 Let N : [1,00) — [1,00) be an increasing function. Suppose that for some
Po,1 < pg <00, and every wy € A},‘:}C, the inequality

/ Fyowp(x) dx iN([Wo]A%c)/ 8(x)POwo(x) dx (1.3)
R” R”

holds for pairs of functions (f,g) contained in some family F of nonnegative measurable
functions. Let p(-) satisfy conditions (1.1) and (1.2) as well as 1 < p_ < p, < 00. Also let
we A;ﬁj’(?). Then,

|lf||LP(-)(W) = CIIgIIme(W)

for (f,g) e F.
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Rychkov [14, Lemma 2.11] proved the weighted vector-valued inequality for M!°° and
we A;"C as an extension of the results in [1].

Proposition 1.9 Let 1 <p<o0o,1<qg<00,andwe A}j’“. Then for any sequence of mea-
surable functions {f;}jen, we have

<C
LP(w)

(Sr)

j=1

(o)

1P (w)

Recall that Cruz-Uribe et al. extended the same result by Anderson and John [1] to vari-
able Lebesgue spaces.

Proposition 1.10 Suppose that p(-) satisfies conditions (1.1) and (1.2), aswellas 1 < p_ <
Py <00, and let w e Ayy and 1 < q < 0o. Then for any sequence of measurable functions

{fi}jen, we have
()
k=1

The following theorem is the weighted vector-valued inequality for the local variable

Q
Q

<C
LP0) (w)

(1.4)

()
k=1

LP0) (w)

weight:

Theorem 1.11 Suppose that p(-) satisfies conditions (1.1) and (1.2), as well as 1 < p_ <
P+ <00, and let w € A;’(’?) and 1 < g < co. Then for any sequence of measurable functions

{fi}jen, we have
k=1

Throughout the paper, we use the following notation. The relation A < B means A < CB

=

<C
LP0) (w)

(1.5)

(0

L70) (w)

for some constant C > 0, while A = B means A > CB for some constant C > 0. The relation
A ~ B means that A < B and B < A. For a weight w and measurable set E, we define
w(E) = fE w(x) dx.

The rest of this paper is organized as follows. Sect. 2 establishes various preliminaries
and some notation. Sect. 3 proves Theorem 1.7, while Sect. 4 proves Theorem 1.5, which
includes Theorem 1.2. Finally, as an application, Sect. 5 is devoted to the proof of the
weighted vector-valued maximal inequality for A}:’(?).

2 Preliminaries

We collect some preliminary facts by investigating some elementary properties of the
dyadic grids D,?,l and Dy 1,1,.,1) and recalling the definition of variable Lebesgue spaces.
Then we consider classes of weights.

2.1 Dyadic grids D,?ﬂ and Dy 11,1
Recall that the grid DY, is given by

DY ={27%m+1/3),27"(m+4/3)) :me Z} (ke).
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Thus, 0 € Vi = [-217%/3,27%/3) € D2,1 for all k € Z. Concerning Dy ,1,..,1), we employ the
following property.

Lemma 2.1 Suppose that Q € D(1,1,.,1) does not contain 0. If we set

U=V x - X Vg, kQ:max{keZ:QﬂLIk#Q]},
_\/_/

n times
then Q C Uy,-1 and Q N Uk, = V. In particular, £(Q) ~ 27%q,
Proof By the property of “max’, it is clear that QN Ukg1 = ). Let us prove Q C Ukg-1- First,

we prove Q does not contain Uy,. To this end, it suffices prove £(Q) < £(Uy,). Since we

can concentrate on the x; -direction, we may assume #n = 1. Write
Q=27 (m +1/3),27(m + 4/3))
with k,m € Z. Since 0 ¢ Q, m # —1. Since Uy, and Q meet at a point, a geometric obser-

vation shows

(2.1)

Equivalently,
3m+1<2kk <3m+4 or -@Bm+4)<2¥e<_Bm+1).
Thus, since 2% > 0, m > 0 or m < -2, in which case k > kq.

Next, we will show that Q C Ug,-1. If Q C Uk, this is clear. We assume otherwise. Then,
the relations (2.1) hold. Since the left relation in (2.1) holds, we have

2—(kQ—1) N 4 2—kQ 2—/(Q N 1 2—/(
3 -2 m+§ :T+ 3 -2 m+§ —? > 0.

Similarly, since the right relation in (2.1) holds, we have

1 _21—(kQ—l)
27 m+=)-———>0.
3 3

Therefore, we see that Q C Ukg-1- O

2.2 Weighted variable Lebesgue spaces
For any measurable subset 2 C R”, denote

P+ () = esssup p(x), p-(Q2) = essiélfp(x).
xX€

xeQ2

In particular, when © = R”, we simply write p, and p_, respectively.
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Let 1 < p(-) < 00.If p(-) € LHy then p'(-) € LHy. Likewise, if p(-) € LHy then p/(-) € LH.
Furthermore, (poo) = (p)oo-

In addition, recall generalized Holder’s inequality.

Lemma 2.2 (Generalized Holder’s inequality) Let p(-) : R" — [1, 00] be a variable expo-
nent. Then for all f € [PO(R") and all g € LY O(RM),

I “glpwn < rp”f”LP(-)(]Rn) ||g||Lp’(-)(Rn): (22)

where

Let us recall some properties for the variable Lebesgue space L*)(R").

Lemma 2.3 ([12, Lemma 2.2]) Suppose that p(-) is a function satisfying (1.1) and (1.2).
(1) For all cubes Q with |Q| < 1, we have |Q|"P-(Q < |Q|V7+ Q. In particular, we have

QNP ~ QP+ ~ QPR ~ I xqll -
(2) For all cubes Q with |Q| = 1, we have || xoll o ~ 1Q|7=.

Lemma 2.4 ([3,Lemma 2.2], [13, Lemma 2.17]) Letp(-) :R" — [1,00) be such thatp, < co.

Then given any set Q2 and any measurable function f,
. © o
(D) if I xellp) < 1, then [[fxall2i¥ < [o If@)1PD dx < |If el and

/Q @I dx < 1 o

. _(Q +(Q
@) i If xalpo = L then [ xallb™ < fo [F@)PY dx < If xa ).

Lemma 2.5 Letp(:) : R" — [1,00) and f be a measurable function. Then ||f ||,y <1 if and
only if [on |f()P® dx < 1.

1
6

Remark 2.6 Let Qbe a cube. In Lemmas 2.4 and 2.5, let f = w?0) x, to obtain the following

equivalence:
Ixollpog <1 <= f wx)dx < 1. (2.4)
Q

A direct consequence of (2.4) is the following:
(1) 1t ||XQ||L17(-)(W) <1, then

Ixallsis, < wQ) = lxall,- (25)

() If ||XQ||L17(-)(W) > 1, then

Ixallyis, < wQ = xR, (2.6)
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The following inequality is a key tool used in this paper. Although [3, Lemma 2.7] con-
siders Borel measures, we consider Lebesgue measures. Here and below denote by LO(R")
the set of all measurable functions defined over R”.

Lemma 2.7 ([3, Lemma 2.7]) Let u be a weighted Lebesgue measure defined on a measur-
able set G. Given a set G and two exponents s(-) and r(-) such that

s6) - r0)] £ (veG).

log(e + 1yl)
Then for all t € [1,00) and f € L°(R") with 0 <f < 1,

du(y)
(e + [yl)m-(©@"

[0 duo) < [ £0rautn+ [
G G G
Finally, recall the localization principle due to Histo.

Lemma 2.8 ([8]) Let p(-) : R" — [1, 00) satisfy conditions (1.1) and (1.2). Then
1
Poo

Il o) ~ ( Z (|leQ||Lp(~))p°o)
QeDy,1,1,..1)

for all measurable functions f .

2.3 Weights
Here and below, we assume that p(-) takes value in (1, 00) and satisfies conditions (1.1) and

(1.2). First, note that for w € A;‘Z,C) we have, by the definition of All;’(,c),

[ (00 1Q1) ™ [ Xl 00y X0y < 1

or equivalently,

” p(x)
/ <7"XQ”””<")> wix) dx < 1. 2.7)
o\ Wl Q]

for Q e Q with |Q| < 1.
Recall an equivalent definition of A,. We refer to [7, Theorem 7.3.3] for its proof.

Lemma 2.9 ([7, Theorem 7.3.3]) Given a weight w, the following are equivalent:
(1) weAy.
(2) There exist constants 0 < Cy, Cy < 1 such that given any cube Q and any measurable
set E C Q with |E| > C1|Q)|, then w(E) > Cow(Q).
If (2) holds, then it can be arranged so that Cy and C, depend only on the A, constant of w.

The next lemma is important in this paper. Rychkov extended a local weight mirror-
symmetrically but a variable exponent cannot be set in this manner. Hence, we propose a
different extension.
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Proposition 2.10 Suppose that p_ > 1. Let w € AL"(’_:)(D). Let I € © be a cube with |I| = 1.
Define

(||X1||Lp(~)(w))p(x) (x e R"\ 1),
w(x) (xel).

wx) =

Thenw € Ap()(D) and [Wla, o) S [W]Aloc) ®)

Proof Arithmetic shows that w € Al"C (ZD) ifand only if o € Al"c)(@) We also note that

1
[w] Al(}c) > 1 due to Holder’s inequality (see Lemma 2.2). Write & =w PO0-1. Let Q € D.

We need to estimate
—lIxall wllxall
XQllzr©) Xl @)

We distinguish three cases:
« Suppose I N Q = . In this case, by virtue of Lemma 2.3,

1 1
_ N oy = —— . o~ 1 <[w .
Q I xellzzomllxellyog Q I xQllzpo Ixell o) <[ ]A%(@)

+ Next, suppose Q C I. In this case, since w € A}f&(@),

1 1
@||XQ||[}0(~)(W)||XQ||Lp’(-)(g) = @ ||XQ||UJ(~)(W)||XQ||Lp’(-)((,) =< [W]A;f(?)(@)'

« Finally, suppose Q D I. In this case, again by virtue of Lemma 2.3 and the fact that
we AloC (@),

1
@”XQ”LP(')(W)”XQ”L}/(-)(E)
|Q|(||XQ\1||Lp<> + el 0 ) (Nl oy + 1l o)

a1
|Q| 7>

(IQI”"C 21l gy ) + ||X1||Lp(->(w))<||x + el e G))

T 1Ql

11l 226 )

1
~ |—Q||Q|”°° (117> + I xz 1 o6 I X1l 70 ))

5 [W]A;;O(?)(g);
([l

as required. )
Remark2.11 LetI = (0,1)and ] = (-1,0). Define w(t) = "2 onI and w(¢) = 1 onJ. Denote

by A,(I) the A, class over I. Although w € A;(I), wis not in A,(I U J U {0}).
Lemma 2.12 Suppose w € A,\(D). Then for all Q € © and a measurable subset E of Q,

[ ||xE||Lp
Q1 = A0 0w

Page 10 of 27
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Here for the sake of convenience, we include the proof.
Proof By Holder’s inequality (see Lemma 2.2), we have

I xEll 1p0)
IE| = /dx<2||xE||Lp wllxall o, < 2wl @)|Ql 2
||XQ||UJ(<)(W)

as required. O

Lemma 2.13 Suppose w € Ay (D). Then forall Qe D,

”XQ”i;((*?(L_)m(Q) <1
Proof We assume || xqll p0)() < 1. Otherwise the inequality is trivial since p_(Q) < p.(Q).
We distinguish 3 cases. Let Qg = [-4,4]".

« Suppose |Q] <1and QN Qg #¥. Then, Q C 5Qy and since p(-) satisfies the local
log-Holder continuity condition, |Q[P-(@-7+(Q < 1, Meanwhile, due to Lemma 2.5,
since 0(Qo) S 1, it follows that || xq, 2700 < 1. Thus,

1QI S xallrowmllxell oy S Ixallpow X5l roey S Ixall o

+ Suppose QN Qo = ¥. Write x for the left-lower corner of Q. Let
Uy = [-27%/3,217%/3)" as before and write ko = max{k € Z: Ux N Q # ¥}. Note that
kq < 3. Then, since Q C Ug,-1 by Lemma 2.1, we have

QIS lxell ey o 1xll o) o) S xQll o6 oy 1 X ety 1170 )

I XQ ”LP(‘)(W)

S [ Ukg-1]
Q ||XLIkQ_1 ||[}1(4)(W)

We observe that

p+(Q) - p-(Q) = sup |p(y) - p(2)| < 2sup|p(y) — poc| S ———.
,2€Q yeQ 10g(€ + |xQ|)

Thus, since |Uk,-1] ~ [xql", we have

Cn
IUkQ_1|P+(Q)—P—(Q) ~ IxQ| logle+[xqQ) _ CXP(M) 5 1
log(e + |xql)

for some C > 1. Moreover, since ||)(qu71 0wy = Xt | ooy < 1, we obtain the
desired result.

» Suppose |Q] >1and QN Qy # V. Let R € © with [-1,1]”" C Rand Q C R. Then
| x[-1,1) ||Lp(.)(w) < ||XR||Lp(')(W) < ||XQ||LP(~>(W) < 1, thanks to Lemma 2.12. Therefore,

Ixaltsi @ S el 4@ ~ 1. 0

If we fix a cube P € © such that 0 € P and if Q is any one of the adjacent cubes to P and
has the same size, then w(Q),o(Q) = 1.

Page 11 of 27
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Corollary 2.14 Let w € Ap()(D). Then

wi(x) dx o(x)dx
e (e + [x)K7 Jrn (e + [x)K

as longas K > 1.
Proof Let P; be the jth parent of P. Then

wix)dy [ wx)dx o w)de S
,/Rn (e + |x)X _/pl (e + |x))X +Z/+1\p (e+ DK ~ Zzl w(P,

j=1 75 Jj=

By Lemmas 2.4 and 2.12,

w(B) S max(lxa 5 o e 1250 ) S max( (20) 7 (1Y) < e
Vo’ o~ e} o\e) )T

Thus, since K is sufficiently large, it follows that

wix) dx i T K=nps)
(e + lxNK ~
o (et DK ™ 4

The second inequality is proven similarly. O

Lemma 2.15 Suppose w € Ap(y(D). Let Q € © and E be a measurable subset of Q.

(1) IFw(Q) = 1, then || xqll oy ~ W(Q) .
(2) Ifw(E) > 1, then

IEL (@)ﬁo
QI ~ \w(Q)

(3) In general
L (@)f*
QI ~ \w(Q)
Proof

(1) Using Lemma 2.7 for the measure w(x) dx, we have

1 P w(x) dx w(x) dx
dx < <1
/Q(W(Q)p;) M) ’“N/Q wQ */Q<e+|x|>f<~

Thus, w(Q) 2 (Il xqllzx¢) ()P - Likewise, due to Lemma 2.7,

Poo
/ (;) W) dx S/ w(x) dx +/ w(x) daj( <1
Q \Ixall Lzt ) Q (”XQ”Lp(')(W))p(x) qQ (e+x)

Thus, w(Q) < (Il xqll 16w
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(2) Asin (1), using Lemma 2.7 for the measure w(x) dx, we have

1 P wi(x) dx wi(x) dx
dx < <1
/E(W(E)ﬁ) e dx N/E w(E) " /E (e+ |x])K ~ 1

1
Thus, since w(Q)?>= ~ [| x|l 1ot ()

1
ES I XE 220 ) < W(E)Polo
Q| ”XQ”LP(')(W) w(Q)P=

)

as required.
(3) If w(E) > 1, then this is clear from (2). Suppose w(E) < 1.
+ If w(Q) < 1, then by virtue of Lemma 2.5, || xqll ;p¢)() < 1 and || XEll o0y < 1.
Hence

(Ixallpo) @ =w@Q,  (Ixelpow) @ < wE), (2.8)

p-(Q _
thanks to Remark 2.6. Meanwhile, || xqll 1)) *+@ ! <1 due to Lemma 2.13.
Thus, using (2.8), we have

w(E) P+

1 1
Q P+
_ wE)

<
~ ~ —Q@ ~ T
QA Ixelzrom ™ QR @ xqllpog, @ MQP

@ < ||XE||L17(-)(W)

o Ifw(E) <1 <w(Q), then

+(Q) +(Q
(”XQ”Lp(-)(W))p > W(Q): (”XE”LP(')(W))p < W(E),

thanks to Remark 2.6. Thus,

1 1
IE| _ I XEl 170 ) - W(E)»@ _ w(E)P

Q™ Ixellrow ~ wma ~ wQ)r

Next, we consider some estimates related to the dyadic maximal operator. We define

1 L (R
mQ(g)— |Q| Lg@)dy (gel’loc(]R ))

for a cube Q.

Lemma 2.16 (Sparse decomposition of f, [15, p. 250]) Let f € L (R") \ {0}, A >0, a >
2", and let ® be a dyadic grid. Then there exists a set of pairwise disjoint dyadic cubes
{Q;‘}kez,jgk such that

Q= {xeR": Mof(x) >a} = Uij
jelk

Page 13 of 27
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Further, these cubes have the property of a* < my(f1) < 2"ak for all j € Ji. Furthermore,
]

there exists a disjoint collection {E}]f Ykezjes,» Where each E}( is a subset of Q/(‘ called a nutshell,
such that 2|E]k| > IQ]'-‘I and that

Qi \ Qi1 = UE,k
IS

A direct consequence of Lemma 2.16 is that
Mof £y 2 map (1) xs-
k=—00 jE€li

Given a weight W and a measurable function f, define

My of @) XQ(’” / )| w

The next lemma reflects the geometric property of ®.

Lemma 2.17 ([10, Lemma 2.1]) Given a weight W and 1 < p < oo, we have

A
/WMW,@f(x)”W(x)dxf b1 /Rn [f(x)| W (x) dx.

We transform Lemma 2.17 as shown below.

Lemma 2.18 Let {Q]’»‘ Ykezje, be a sparse collection with the nutshell {E;‘ Ykezjes» and let
1 <r<o0.Alsolet W € Aso (D). Then for all nonnegative f € L°(R"),

> 3 (g [ o) wie < [ rerw

k=-00 jeJi

Proof By Lemmas 2.9 and 2.17,

o0

> Xy Lo &) W ()

k=—o00 jeJi

<y > (g [ Fovorw) wie)

k=—00 je€Ji

ZZ] (W(Qk)ff(y)W(y)dy) (0) d

o0 j€lk

< Z > / My, pf () W(x)d

k=—00 j€Jk

< r
< /R S W d,

as required. g

Page 14 of 27
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Lemma 2.19 Letw e A, (D) and Qe D.
1) ||XQ||Lp'(A)(a)P*(Q)“’(") <1forallxeQ.
(2) We have

p-(Q)
(&) <5(Q).
”XQHUJ’(J(G)

(3) [oo(Qr-QIQI"™w(x)dx S o (Q).

Proof Note that p/, = (p')_ and p_ = (p’),, where (p’), and (p’)_ are the supremum and the
infimum of p/(-), respectively.
(1) Since p(x) —p_(Q) < (¢)+(Q) = (¥)-(Q) as in [3, p. 755], we can use Lemma 2.13.
(2) If ||)(Q||Lpr(‘)(a) > 1, then ||XQ||LP/(’)(O') >0(Q) (P’)i(@ by Remark 2.6. Hence

-(Q -(Q) -(Q
( o(Q) )p < ( G(Q)l )’” _ ( G(Q)l )p - 5(Q).
I xall o) o (Q)¥+@ o (Q)7L @

If ||)(Q||U,/(.)(o) <1, then, again by Remark 2.6,

1 1
Q@ > | xqll i = 0 (Q¥-@,

Therefore

(@
o(Q N (Q-1\/-(Q)
(7> < (Ixall o @71
”XQ”U/(-)(U)

)+ (Q-1\7-(Q
= (”XQ”U/(-)(G)(pL(Q) 1)

¢+ (Q-1
<(0(Q )@ )@

rL(Q-1

_ (G(Q)f@ )P—(Q)
=0(Q),

as required.
(3) By the definition of A,()(®D), we have

H ([W]Ap(.)(©)|Q|)_1 H XQ”Lp’(»)((,)XQ”LP(-)(W) <1,

or equivalently,

” px)
/ (—”XQ””’”("’ ) wix) dx < 1 (2.9)
Q [W]Ap(_)(©)|Q|

for Q € ®. From (1) and (2) we deduce

| @ @iarut ds
Q

Page 15 of 27
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p-(Q)
a(Q) } _
( ) f Xl o QP lxall o o 1QI PP w(x) dx
Ixall o Q

Q fQ Il QW) dx < o (Q). -

Lemma 2.20 Suppose that w € Apy(D). Let S be a disjoint collection of cubes in dyadic
grid ®©. Then

Zfe+|x| ‘(@ QIQ W) dx S 1.

QeSS

Proof Let Q € S. Then either Q D P; for some [ or Q is included in some P;. Since the first
possibility can occur only in one cube, we only have to consider the second possibility.
For such a cube Q, we let [ be the smallest number such that Q C P;. Then P;_; and Q
never intersect due to the minimality of /, since Q does not contain P;. Thus, there exists
uniquely an integer / such that Q C P;\ Pp_;.

Using Lemma 2.19(3) and Corollary 2.14, we estimate

) / e+ |xl) o (QP-QIQI W w(x) dx

QeSs

= 2 /Q(e+|x|)_K0(Q)p‘(Q)IQI"”(")w(x)dx

I=1 QeS,QCP\P4

S22 ] e QTP w dx

=1 QeS,QCP\P_y Q
o0

< Z 9-Ki Z a(Q)
=1 QeS,QCP\Py

< > o(x)dx
>y [k
I=1 QeS,QcP\P; Y Q

<1 O

The next lemma is used in Sect. 3.2.

Lemma 2.21 Suppose that w € Ap)(D). Let {Ql]f Jkezjes, be a sparse collection with the
nutshell {Ef}rezjey, - Set Hy = {(k,j) : QNP =¢,0(Q)) = 1}. Then

/‘(”XQk“Lp U)) wi(x) dx <
X Q] (e +[xE ™

Proof By (2.7), we obtain

/ (“XQﬁf”Lp’(‘)(cr) )p(x) w(x) dx
AT ) T

(kjeHs "%

”XQ’K ||lp’(~)(g) px) 1
< ! wx)dy < sup ————.
e o /Q( o ) 2 S R

(ke (kj)eH2 er/’f

(kj)eHa
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By Lemma 2.9, Corollary 2.14, and the fact that G(Qll.() > 1 for any (k,j) € H,, we obtain

/ (“XQ;<||[}7,(‘)(U) )p(x) w(x) dx
ot Q| (e + %)X

(Q)

(kj)eH2

~

(ky)e

o (x)
k% /k (e+Ix|)’<

cr(x
Z [ (e+ K

(kj)eHa

sup ————
Ha 5et (e +]x))¢

<1 O

3 Proof of Theorem 1.7
Sect. 3 uses the notation in Lemma 2.21.
Suppose that w € A,()(D) and f € L (R") satisty [|f|lp0(,) < 1. We may assume f > 0

1
a.e. by replacing f by |f| if necessary. We write f; = f X7} and fo = f - fi. Here, o0 = w 701
is the dual weight. Then

/R ) P we)de<1 (7=1,2). (3.1)

We only have to show that for j = 1,2,

f Mofi ()P x)dx < 1.

We form a sparse decomposition of f; and f, separately. The estimates of f; and f, will
be established independently. So suppose that there exists a sparse family {Q}’F Jkez jey, With
the nutshell {E/]f Jkezjes, such that

oo
Mafis Y Y my(fil) e (=1,2).
ke—oo i !
Since the E/’,‘ s are disjoint, we have
/ (Msafl( ) x)dx < Z Zf )w(x)dx =1 (=12).
R"

k=—00 jeJi /

3.1 Estimate of Mypf,

We use the sparse decomposition of Mg f:

Mofi S D7 Y mep(Ifil) xge

k=—o00 j€Ji
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Let x € R”. Note that f;(x)o "1 (x) > 1 unless f; (x) = 0. Since p_(Q]’f) >1,

ry)

fa(y)dy</ GGV o () dy

/ (W)™
:/gzkfl(y)p(y)w(y)dyfl.

Consequently,

Q)

(/Qk(fl(y)o(ﬂ_l)a(y) dy>1’<x) < (/Qk(ﬁ(y)g(y)—l)mof)a(y) dy)p(x)

(J')

<( / (0100 Pa0)) s

Hence, by Lemma 2.19(3),

S L p(@)
b= ZZ( : / (L&) ’a(y)dy)
k=—00 j€Jk Q
X /k G(Qlll()pf(QMQﬂ_p(x)W(x) dx
E
S 1 2R ; e
) ,»ez,k(a@f) /Qfm)o(y) Dovrar) Va(@)
o0 (y o
T d Y.
< ¥ X5 [ w0 Fomar) o(@)

The last inequality used Holder’s inequality. Since o € A (D), O’(Q;( ) S O'(E;( ) by virtue of
Lemma 2.9. Consequently, due to Lemma 2.18, we have

LS {[fl(x)(fl(x)]%}p'o(x)dxgl.
RVI

3.2 Estimate of Mf,
Set

{k.j):Q c P},
{(k)):PcqQ},
{(k,j): PN Q =0}

]:
g
H

Accordingly,

IzA—Zf gt ()W) ds (A€ 1F,6,H).

(kj)e A
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Estimate of 1,7 Since f,o0~! < 1, we have

px)
- / (o /. kfz(y)a(y)"la(y)dy> i) dx
AR

(kj)eF
Z / Qk p)-p-(Q (Qk)P (Q )|Qk| w(x)dx
(kj)eF

=y / (140 ()7 @ (Q]/f)pf(of>’Q]g<’—p<x>w(x)dx
(kjeF

<Q+o@)™" Z / Qk |Qk| w(x) dx.

(kpeF

From Lemmas 2.19(3) and 2.9, we obtain

LrS(1 +a(P))p+—p’ Z U(Q]If)

(kj)eF

SA+o@) ™ Y o(E)S(1+0@) P o(P) S
(kpeF

Estimate of I, We note that w(Q}]-‘) > w(P) > 1 and G(Q]’-‘) > o(P) > 1. Consequently,
from Lemma 2.15(1)—(2),

1 1 1
W WG(P) il U(Qk) (Qk)
j

”XQk ”U’
Thus, by Holder’s inequality and (3.1),

1 |lf2||Lp(~)(w)||XQ’_<||Lp/(-)(g)
ot mmall IR LIS Y
Il x Qk ”U’ )(0) Q/].‘ ”XQ[k ”U’/(‘)(a)

M (2) <
Using Lemma 2.7 for the measure w(x) dx, we have

d
Lg S Z/ Qk(fz w(x)dx + Z /k :}J(rx|)x|x

(k,j)eG

Z/ ek ()" i) dc + 1.

(k,j)eG

To complete the estimate of I, g, we only have to show that the first sum is bounded by a
constant. We calculate

Z / Qk(fz) )" w(x) dx

(k,j)eG

~ " o(Q]’f))Poo( 1 o )poo
" )< Q1) \o@ /Q,kf"(y)“(y) TOY)

(kj)eG
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We note that
_ pee Q1 \P= Qi
o 1;19001:6 K\ e~ ” poo<< g ) o~ S
(@ =0l > rghorow)™ S\ o)~ wd
thanks to Lemma 2.15(1) and the definition of A,()(®). Thus,
> / () wiw) dx
(k,j)eG
a(Q) 1 peo
- S ) (5 ) (s [ L0010 00)
o Q1) \o@) Jot
W(Ek) Poo
< 0(Q) &) ( / AOoO) o(y)dy)
(kj)eG
< o) (s | ﬁ(y)a(y)*a(y)dy)pw
~ j k
(k)G o(Q) Jof
< [ (oY ot dr
RYI
owing to Lemma 2.18. Since 0 < oo~} < 1, we have
x o (x)
(x)o (%)) (x) dx,ﬁ/ (x)o (x)! P )G(x) dx+f —
/Rn(fz ) Rn(fz ) r (e + %)X

< fz(x)p(")w(x) dx+1<51,
Rn

thanks to Lemma 2.7 applied for the weighted measure o (x) dx. Consequently, I, g <

Estimate of 13, Set

le{(k,j)EH:o(Q/lf)fl}, HgE{(k,j)GH:U(Q}]-()>1}.

Accordingly, we consider

Ly = Z/ (x)dx (I=1,2).

(kj)eH,;

Let (k,j) € H;. Letx, € Q_Ik satisfy p(x,) :p+(Q1]f). Then

1
P+ (Q) =@ = |p(0) = poc| + |pe) = po| £ s

(x € Q]k)

<1
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Also see [3, (5.14)]. Consequently, from Lemma 2.7 applied for the measure w(x)dx, we

deduce
(@) wix) dx
Iy, S Z‘ k(R i) de + Z‘ Moy ¥
(kj)eH1 x
Z /ka(fz)p* D w(x) dx + 1.
(kjeH
Note that

1 9 -
TQ](()/Qfﬁ(y)a(y) ol)dy <1

from the definition of f,. We calculate

1 B U(Qk) P+(Qk
b S Y f(U(Qf)/(gffz(y)a<y> lo(y)dy) <|Qfl> W) dx + 1

(kj)eH

Poo O'(Qk) P+(Q1/'()
E -1 d / dx
=2 /( @ qufz(”“(y) o0 y) (IQfI) v

Ky P+(Q)
k(e+ le)_K<G(Q1)> w(x) dx + 1.

3
kj)eH, Q]

Since o(Q]’.‘) <1and p(x) §p+(Q]’f) for x € QF, we have

Poo O’(Qk) pa( Qk)
LS Y /k(a(Qk /fz(y)a(y) 'o)d) (|ij|> i) dx

(kj)eH
eyp-(QF)
_1<G(Qj) /
+ Z / WW(?C) dx +1
k/ eHy ]

1 i Poo (a(ij)>p+(Q,k>
=3 /Jsl.k(a(o,k)f(g,«ﬁ(”“(” “0)) Q) et

(kj)eH1
by virtue of Lemma 2.20. Consequently, we only have to show
oo 1o (QF)\P+(Q)
> /( 5 |, S0 (y)dy) (—k’) W@ dr 1.
ety o(Q)) Q1

In fact, from Lemma 2.19(3), we get

1
2 /E,k(o(Qk)

/Q S0)o6) o 0) dy)
(kj)eH1 J j

> G

= k
(kj)eH1 (Q

P o (Q]lf)ﬂ—(Q/]v()
Q1P

wi(x) dx

o0

f SO a(y)dy) o(Q).
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Thus, using Lemmas 2.18 and 2.20, we have

Page 22 of 27

~ o (Qy- @)
OO o)D) e
k;{ /( (Q"./ ’ Q@
S ( H@o®@) oy dy) Ooo(E(‘)
k,% @ f ? i

< / (B3 )™ o (x)dx
Rﬂ

o (x)dx <1
re (e + )M ™

< / (h6)o6) ) () da +
RVI

We consider H,. By Holder’s inequality,

/kﬁ(y) dy 5 ”fZ”LP(-)(W)”XQ//S”1}7%)(@ =< ”XQ]/f ||LP/(')(¢7)
Y

Consequently, using Lemma 2.7 for the measure w(x) dx and Lemma 2.21, we have

p(x)
> / (lQik' /Q kfz(y)dy) w(x) dx
Jj j

(kj)eHo

(kyj)eH

1 poo 7 Xkl o0 0)\ 2
S — 2()’)dy) (1—
2 /(”XQk”LP()(O- Q]'ff Q]

(kj)eH2
. Z ||XQI/$||1}¢’(->(J) pl) w(x) dx
i Q| (e+ )X
kjeHs V5 U

1 Poo ”XQ’F”LP/(‘)(U
< - - )d) (17
2 /(nkanw(a SO 1l

(kj)eHr

E]l +1.
Thanks to Lemma 2.15 applied to the dual exponent,

( o (Q)

||XQ]],(||LP/(')(0‘)

) Sel@) Ry <o (@)

Thus we obtain

p 0@\
Z /(G(Qk ./fZ(y) y) <||XQ[1,(||U/(-)(U)>

(kj)eHo

Xkl o o) \ 26
X (’—k> w(x) dx
Q]

2@ /Xl
= gt Lroe) (S

p(x)
) w(x) dx

(%)
) wi(x) dx

) p(x)
) w(x)dx + 1
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poo /X k0 o)\ 2
= = [ o) (Fgr) o @

(kj)eHs =5 |Q1k|
* k
< 3 (o fyo v) ()
<1

~

where in the third inequality, we used (2.7) and Lemmas 2.7 and 2.9. Together, we obtain

the desired result.

3.3 Equivalent condition on weights
Finally, we consider the condition on which Q in the definition of w € A;g"(?). We generalize

we A;’(_C) as follows:

Definition 3.1 Given an exponent p(-) : R” — (1, 00) with p_ > 1, a positive number R > 1

. locR ;
and a weight w, we say that w € A " if

[#) o = sup Q17110 12l 70 < 0
|QI=R"

whereo =w 1’( -1 as before and the supremum is taken over all cubes Q € Q with volume
R".

Accordingly, we consider the local maximal operator given by

Mloc,Rf(x) XQ(x) / lf(y |dy xe Rn)

QeQ IQI<R” |Q

for a measurable function f and R > 1.

Similar to Theorem 1.2, we can prove the following theorem:

Theorem 3.2 Suppose that a variable exponent p(-) : R” — [1, 00) satisfies conditions (1.1)
and (1.2) and 1 <p_ <p, <oo. Let R> 1. Then given any w € A;’(.C)'R,

loc,R
| M5 Loy = CIF oo
We remark that the class w € A;Z(,:)’R with R > 1 is independent of R > 1.

Proposition 3.3 Suppose that a variable exponent p(-) : R" — [1, 00) satisfies conditions
(1.1)and (1.2)and 1 <p_ < p, <o0o. Theclassw € A;:?;R with R > 1 is independent of R > 1.

Proof Letw e Allg"(?). If m = [2R + 1], then M°“Rf(x) < C,,(M'"°)"f(x) for any measurable
function f, where (M!°°)" denotes the m-fold composition of M'°¢, Consequently, MK
is bounded on L") (w). Thus, w € ALO(_C)'R. O
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4 Proof of Theorem 1.5
Thanks to Lemma 2.8, we have

1

Poo

a5 Lo~ (3 (1008 el o)) ™
QeDy,1,1,..1)

Since (M%Cf)XQ = Mlz(’)C f xal = Mo [f xol) xq for any Q € Dy ,1,..,1), we can use Theorem
1.7 to get

1
Poo
”Mlﬁocf”LP(')(w)’S( Z (IleQlle(,)(m)pw)
QeDy,1,1,..1)

Using Lemma 2.8, we obtain the desired result.

5 Application - the weighted vector-valued maximal inequality

Finally, as an application, we consider the weighted vector-valued inequality for M. If
Theorem 1.8 is proven, Theorem 1.11 follows immediately from Proposition 1.9. So, we
concentrate on Theorem 1.8 using an extrapolation for A;’ﬁ). We prepare two lemmas.

Lemma 5.1 Let wo, w; € A and 1 < p < co. Then, w = wow; ¥ € Ape,

Proof The proof is analogous to the corresponding assertion for A; and A,. For conve-
nience, here we supply the proof. Fix a cube Q with |Q| < 1. Then

p-1
1-p 1-p
|Q|/w0(x wi(x) dx(|Q|/wo(x) wl(x)dx>

1-p
IQI 0()<|QI/ 1(”‘”) &

: %/Qw«xw)‘“('a [pmor0)

=1.

Thus, [W]A}l;)c SlandweAp©. O

~

Let us conclude the proof of Theorem 1.8.
Let w € Aloc and (f,g) € F with |[fll;p0,) < oo. Assume that ||l > 0 and 0 <
g1l 2¢) () < 005 also set

A
”f”uﬂ(‘)(w) IIgllem(W)

hlf

Then, ; € L?Y(w) and ||/ 00wy < 2- We define the operator R as

o Mloc kh( )
EZ—

k”Mloc”k (x GRH)

)(w))

for i € LPV)(w). Then, we can show that
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(i) for allx e R”, |h(x)| < Rh(x),
(iD) IRAl L0 oy < 20171 o0 ()
(iii) Rk € AlC with [RA] oc < 2/ M 3150 () -
1
Define M'h = w! - M°°(hw). Note that if ¢ = w 701 € Ai;’(?), then M™°° is bounded on
17O)(o). Hence, M’ is bounded on L” )(w). In fact,

_1
1M k|| e "= [w™ - MO w)w? O ||
= || MO (hw) - o 70 |0

= || M (hw) ) SIAWl sy = Il )

Moreover, define

, o (M)hx) "
Rh(x)EZW (xeR")
k=0 B O (w)

for 1 € I”0). Then, we also have
(i) forallx e R”, |h(x)| < R h(x),
(i) IR Al oy < 2Al o,

(iti) (R'h)w € Al with [(R'h)w] Aloe = 20M | g0y

1
Fix f € L?Y(w). Then, fw?0 e LV, Thus, by duality there exists a nonnegative function
h e I”O with [|A ) = 1 such that

"f”[}’(v)(w)
< f PO dx
Rn

-1
< | f@&)Rhi(x) " Rhy(x)"0 R [hw 7'C
R~

(/ f(x)poRhl(x)l_poR’[ _L(](x)W(x) dx)

7

x ( Rin )R [hw 70 | ()w(x) dx) &
RVI
= 11 X 12.

.
48]

We estimate I;. Since Rk, R [hw lwe All"“, according to Lemma 5.1, we have

L
(Rhy)' 70 (R'[hw 70 |w) € Ay,.
Using our assumption (1.3) and Holder’s inequality, we have

< ‘/Rn ()P Rh; (%) POR/[ L<](x)w(x) dx

PO &)H’O Thw 70 d
S/Rng(x) (ngnm.)(w) R [w 70 J@wiw) de
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Sy fR ) g(x)R’[hw‘p}“](x)w(x)dx

po-1

,i
= g0 1€l IR w701 o
S 1815 17970 [0

= “g”l}’(>

Next, we estimate I. Using Holder’s inequality, we have

/ _L 1
150 S ”(Rh )Wp Hu’ ”R/[ 7o) ] wr0 ”U/()

,L
1RA oy [ R [Bw 7O o

A

__1
1 oy 11w ™70 | o

= Al ooy 1l ey ~ 1

Combining these two estimates gives the desired result.
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