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1 Introduction

During the last decades, the study of spacelike submanifolds in semi-Riemannian man-
ifolds has got increasing interest motivated by their importance in problems related to
Physics, such as the theory of general relativity. Furthermore, the unique properties of
spacelike submanifolds are of great significance for solving the Cauchy initial value prob-
lem of hypersurfaces and the propagation of gravity in arbitrary space-time (see, for ex-
ample, [1-3]). Therefore, many authors have focused on the development of spacelike
submanifolds in semi-Riemannian manifolds; see, for example, [4—7] and the reference
therein.

Let M be a finite dimensional manifold, we assume that M can be endowed with a Rie-
mannian metric to become a Riemannian manifold. The structure and pinching problem
of some special submanifolds such as totally geodesic submanifolds, minimal submani-
folds, submanifolds with parallel mean curvature vector and totally umbilical subman-
ifolds are the research focus of submanifolds on Riemannian manifolds. The pinching
problem of submanifolds is to restrict norm square of the second fundamental form, sec-
tional curvature, Ricci curvature and scalar curvature of submanifolds, so as to obtain
some special properties.

Let N,; *(c) be an (1 + p)-dimensional connected semi-Riemannian manifold with con-
stant curvature ¢, and of index ¢, where 1 < g < p. It is called an indefinite space form
of index g. More specifically, it may be considered, up to isometries, as de Sitter space
877 (c), semi-Euclidean space R; ", and semi-hyperbolic space Hy *(c), if ¢ >0, ¢ = 0, and
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¢ < 0, respectively. A submanifold immersed in Nj 7 (c) is said to be spacelike, timelike,
lightlike, if the metric in M” induced by that of the ambient space N, (c) is positive def-
inite, negative definite, vanishing, respectively. As is usual, the spacelike submanifold is
said to be complete if the Riemannian induced metric is a complete metric. For further
details, see [8].

Letp: M — N(;Hp(c) be an n-dimensional spacelike submanifold in N;w(c). Ifg=p=
1, this initial step in this context is due to Goddard’s conjecture in 1977 (see [9]) that
complete spacelike hypersurfaces of $7*! with constant mean curvature H must be totally
umbilical. In order to prove this conjecture, many researchers began to study spacelike
submanifolds in constant curvature space. Although the conjecture turned out to be false
in its original statement, it motivated a great deal of work of several authors trying to find
a positive answer to the conjecture under appropriate additional hypotheses (see [10-
15]). In the case of higher codimension (i.e. ¢ = p > 1) in N;”(c), several fruitful results
have been achieved in recent years. Among them, Cheng [16] extended Akugatawa’s result
[10] to complete spacelike submanifolds with parallel mean curvature vector fields in de
Sitter space SZ”’ . Li [17] proved that the conclusion of Motiel [12] is still valid in spacelike
submanifolds. For relevant conclusions, refer to [18—26].

When g = p, we note here that complete maximal spacelike submanifold M in N, ”(c)
is totally geodesic for ¢ > 0 (see [27]). Thus the class of all such submanifolds is very
small. While if 0 < g < p, and M is a complete minimal submanifold in sphere S$”(c)
(m > n), which is embedded in S:,mq(c) as a totally geodesic spacelike submanifold such
that m — n + g = p, we know from [28] and [29] that M is a complete maximal spacelike
submanifold in S; 7 (c). This implies that the class of complete maximal spacelike subman-
ifold in S; " (c) is very large. From the above discussion, it is necessary and important to
study the classification of spacelike submanifold in S;“p (¢) (1 < g < p). But to the best of
our knowledge, the progress of this research topic is slow.

There are several authors have tried relevant topic and obtained some important prop-
erties. By calculating the divergence of certain tangent vector fields and using the diver-
gence theorem, Alias and Romero [28] proved an integral formula for the compact space-
like n-dimensional submanifolds in a de Sitter spaces SZIHP (¢) (1 < g < p), and obtained a
Bernstein type result for the complete maximal submanifolds in S;”(c) (1 < g < p). Cheng
and Ishikawa [29] studied compact maximal spacelike submanifold in S; 7 (c) (1 < g < p),
and obtained some important results in terms of the pinching conditions on scalar curva-
ture, sectional curvature and Ricci curvature, respectively. Under the assumption that the
second fundamental form of M is locally timelike, Mariano [30] obtained some results of
complete spacelike submanifold with parallel mean curvature vector in S;ﬂ” ()1 =<g<p).
And Yang and Li [31] obtained some classification results for spacelike submanifold in
SZ+p (¢) (1 < g < p), but they not only assume the mean curvature vector is parallel but also
it is spacelike or timelike.

Inspired and motivated by the research work above, in this paper, only assuming the
mean curvature vector is parallel, we continue to study this topic and prove some integral
inequalities of Simons’ type and rigidity theorems for n-dimensional spacelike submani-
folds in a de Sitter space S; ”(c) (1 < g < p), which is a further generalization of the results
obtained in [29].
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It should be noted that Simons’ method [32] is widely used in minimal hypersurfaces, or
hypersurfaces with constant mean curvature H in S"*!. Many rigidity results are obtained
by using Simons’ method (see, for example, [32-36]) .

Next, we will make a brief introduction to the main results present in this paper. We
denote by p? the nonnegative function p? = S — nH?, where S and H are the norm square
of the second fundamental form and the mean curvature vector of M, we see that p? =0
if and only if M is a totally umbilical spacelike submanifold. We also denote by K and Q
the functions which assign to each point of M the infimum of the sectional curvature and

the Ricci curvature at the point, we will present the following theorems.

Theorem 1.1 Lety: M — S;”p(c) (1 <q<p)beann(n=>2)-dimensional compact space-
like submanifold in a de Sitter space Sy (c) with parallel mean curvature vector. Then the

following integral inequality holds:

/Mp2{a,02+ %Hp—n(c—H2)}dv20,

wherea=1ifp—q=1,and a = % ifp—q>1.
In particular, if p* < b(a, H,c) and H* < ¢, where b (a, H, c) is the nonnegative root of
the multinomial
n(n-2)
P(x,H,a) = ax* + ————Hx—n(c - H?),
(. H, ) Ty e )
then
(i) ifp—q=1, M is totally umbilical, or M lies in the totally geodesic spacelike
submanifold S"*1(c) of S;+q+l(c) and is isometric to the Clifford torus
Sk(%c) X S"‘k(n’%kc);
(i) ifp-q>1, M is totally umbilical, or n = 2, p — q = 2, M lies in the totally geodesic

spacelike submanifold S*(c) of S;+q(c) and is isometric to the Veronese surface.

Theorem 1.2 Let ¢ : M — Sy (c) (1 < q < p) be an n (n > 2)-dimensional compact space-
like submanifold in a de Sitter space Sy " (c) with parallel mean curvature vector. Then the

following integral inequality holds:

1
/ pz{nl(— (1— —)pz}dvfo.
M p—-q

In particular, if

then M is totally umbilical, or M is a spacelike submanifold with parallel second funda-

mental form.

Theorem 1.3 Let ¢ : M — Szl”p(c) (1 <q<p)beann(n=>2)-dimensional compact space-

like submanifold in a de Sitter space Sy (c) with parallel mean curvature vector. Then the
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following integral inequality holds:

2 2 n-2 _l __pPtq -
Jorla-ommemnit- o (- 22 D) fav<o

In particular, if

2, Nn-2 1, pr+q
Q>m-2)c+nH" + n(n—l)Hp+I’l(3 (p—q)q)’

then M is totally umbilical, or M is a maximal Einstein submanifold with parallel second
fundamental form, and the Ricci curvature

Ric(M) = (n - 2)c + %(3 - Jj;q)

From Theorem 1.3, we also have the following corollary.

Corollary 1.4 Let ¢ : M — Sy’ (c) (1 < g < p) be an n (n > 2)-dimensional compact max-
imal spacelike submanifold in a de Sitter space Sy (c). Then the following integral inequal-
ity holds:

=S

In particular, if

1 p+q
0z-2ee(3- 22 0).

then M is totally geodesic, or M is a maximal Einstein submanifold with Ricci curvature

Ric(M) = (n - 2)c + %(3 - (;—-'-qq)q>

Remark 1 If H =0, i.e. M is maximal, we see that the second part of Theorem 1.1, Theo-
rem 1.2, and Corollary 1.4 are reduced to Theorem 1, Theorem 2 (if p — g = 1) and The-
orem 3 (if p = 2, g = 1) of [29], respectively. Thus, we generalize the results of [29] to
spacelike submanifold with parallel mean curvature vector for any 1 < g < p.

2 Preliminaries

In this section, we will introduce some basic facts and notations that will appear on the
paper. Let N; " (c) be an (n + p)-dimensional indefinite space form with index ¢ (1 < g < p).
Let M be an n-dimensional connected spacelike submanifold immersed in N; P(c). We
choose a local field of semi-Riemannian orthonormal frames ey, ..., e, in N; *2(c), such
that at each point of M, ey, ..., e, span the tangent space of M and form an orthonormal
frame there. We use the following convention on the range of indices:

1<A,BC,...<n+p, 1<ijk,...<nm, n+l1<opB,y,...<n+p.
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Let 1, ...,y be its dual frame field, so that the semi-Riemannian metric of Ny ”(c) is

given by ds* = Y, e4?, where

1, 1<A<n+p-gq,
Epq =
-1, n+p-q+1<A<n+p.

Then the structure equations of N;' *P(c) are given by (see [29])

dwy = - E EBWAR N WB, wap + wpy =0,
B

1
dwap = - E Ecwac N @cs = 5 E ecepKapcpwe A wp,
C c.D

Kapep = ceaep(8apdpc — 84clep).

If we restrict these form to M, then w, =0 (n+1 <« <n +p), and
wai= Y Ww, W=
j
The second fundamental form II, the mean curvature vector H of M are defined by

R 1
I=Y eohfoiwes, H=Y eqH',,  H"= - > hg,.
4 k

i

The norm square of the second fundamental form and the mean curvature of M are de-

fined by

S= P =Y (eaky)” =D ()" H=1HI= |3 (He)"

ij,a ij,a a
The Gauss equations are
Ryjxy = c(8udjx — 8idjp) + Z ea (Hh — hh),
o
Rjkz(n—l)c8jk+28a<2h§’§ ;_Zhgkh;;).
o i i

Defining the first and the second covariant derivatives of /1, say h; and hf, by

S = - o~ S~ o
k k k

B

B
D Hin = At =D o omi = D Ko m = S HimOomk = 3 el
l m m m B

we have the Codazzi equations and the Ricci identities

o _ 1,0
ijk = Migj>

(2.5)

Page 50f 13



Chen et al. Journal of Inequalities and Applications (2020) 2020:207

i — My = Z HG Rnjkt — Z W Romia — Z gﬂthﬁakl- (2.6)
B
The Ricci equations are
Rapy = = (Wil = By ). 2.7)

The Laplacian of 4} is defined by Ahj =3, My From (2.6), we obtain forany o (n +1 <

a<n+p),
AR =Y W =Y h R — > B Ronigic = > £y Rpa.
k k,m k,m k,B

We need the following lemma (see [37]).

Lemma 2.1 Let A, B be symmetric n x n matrices satisfying AB = BA and trA =trB = 0.
Then

|ra’B| < (rA?)(wB%)'?,

n-2
n(n—1)
and the equality holds if and only if (n — 1) of the eigenvalues x; of B, and the corresponding
eigenvalues y; of A satisfy |x;| = (tt B*)?//n(n = 1), x;x; > 0, y; = (r A2/ /n(n - 1).

3 Basic formulas
This section introduces some basic formulas which plays a crucial role in the proof of the

theorems in this paper. Define the tensors

it = he — 1, (3.1)
Gap = »_HSHE,  oup = Zhahﬁ (3.2)
ij
Then the (p x p)-matrix (64p) is symmetric and can be assumed to be diagonalized for a
suitable choice of e;,1,...,€,.,. We set
Gap = Oabap. (3.3)

By a direct calculation, we have

Z h, = Gap = Oup — nH'HP,  p? = "5, =S—nH?, (3.4)

where 6, = 0yq.

Page 6 of 13
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From (2.5) and (2.6), we have

1
A8 = ST(r) + > ek

ijko ija
= |VhP + ) Hg(nH®) =YY hhiRig
ipjyo a ikl
N KR~ > Y ephR g (3.5)
a ikl a,fijk

In general, for a matrix A = (a;) we denote by N(A) the square of the norm of A, that
is, N(A) = trace(A - A?) = Zi,j(dij)z' Clearly, N(A) = N(T*AT) for any orthogonal matrix 7.

From (2.7), we have

=2 D enhiHRag = =D 3 el (gl — ki)

ap ik o,B ijkl

-3 2 (S-S

ot/S]k

-3 > (- k)

(xﬁ]k

= _E ZeﬂN(AaAﬂ —AﬁAa), (36)
o

where A, := (ilf‘) (h“ H*8y).
Combining (2.1), (2.7), (3.1) (3.2), (3.4) and (3.6), we conclude that

=D > h (iR + H R

a ijkl
=ncp _Zsf‘%ﬁJ“”ZZSﬂHﬂhghzhfj( Z h]zh;kRﬂajk
a,B ijk aBijik
=nep” = Zeﬁ"aﬂ ~2n) Y egH HPghy —n* ) (H)" ) eq(H)’
a,pB i o B
+I’IZZS,3H h,’f]hf]‘hlk+np228ﬁ (H) +2”IZZ€/3H“H’S/:I?;;15
a,Bijk wp i

+nz;<H“>zzeﬁ<Hﬂ>2—;azeﬂmzxaaﬁ—fiﬁﬁa)
= ncp —Zgﬁoﬂ+np Zsﬁ H/-" +nZZEﬁHﬂhkl Z i

a,Bijk

1 - - I
-3 > epN(AAp - ApAy). (3.7)
a,p

Since the mean curvature vector is parallel, that is, |V-H|* = > iq(H%)? = 0, we see that

H =0 for all i, « and H® are constant for all &, this implies that H is constant. Putting

Page 7 of 13
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(3.6) and (3.7) into (3.5), we have
—A,o |Vh? + ncp? + np 28‘3 H’S +nZZsﬁHﬁhth pa
a,B ijk
_ZSﬂN(AaAﬁ_AﬂAa)_ZSﬂ&O?ﬂ' (38)

a,p a,B

4 Proofs of theorems
Proof of Theorem 1.1 We first have the following:

n+p—q n+p
npzz(?ﬁ(Hﬁ)Z:npz Z (H/S)Z_np2 Z (Hﬂ)z
B B=n+1 B=n+p—g+1
n+p—q n+p
=2np? Z (H’S)2 —np? Z (Hﬁ)2 > —np?H>. (4.1)
B=n+1 B=n+1

We use Zi(izf)z =63, Zl 5=0,>,u%=0,and Y_,(u%)? = Gg. It follows from Lemma 2.1

that
n Y epHPHRHG,
a,B,ij,k
n+p—q o n+p
Y S Y Y
a,i,j,k B=n+1 a,ij,k B=n+p—q+1
n+p—q n+p
_nZ Z H‘Shu (u$) —nZ Z Hﬁh’s
o, B=n+l o,i B=n+p-q+l
n(n 2) gy n(n—2) iy
e [ |05 - = (1G5
Vl(l’l 1 ;ﬂgl ‘ I’l(Vl 1 ;ﬂ n§q+l ‘
n(n _ 2) ) n+p—q n+p
= 0, H*? \/:+ Hﬁ \/;
V”(”_I)Xa: a(ﬁ2n;1| | ’ B= n§q+l | !
n+p
- ENCN
nn-1) Z ﬁ;l
n(n—-2) 2( 2% - )
_mn-4 HE
n(n—l)p Xﬂ:( ) ;Gﬂ
_MH 3 (4.2)
nn-1)
And

- ZeﬂN(AuAﬂ —AﬁAa) - 2855‘3)3
a,p a,p
n+p—q n+p

:—ZZNAAﬁ AﬁA)+Z Z AAﬂ AﬁAa)

o B=n+l o B=n+p—-q+l

Page 8 of 13
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n+p—q n+p
IDIL-ED DD DI
o B=n+l a  B=n+p-q+l
n+p—q n+p—q n+p—q n+p—q
Y Y NAA-AAD- Y Y
a=n+l B=n+1 a=n+l B=n+1
n+p n+p n+p n+p
+ 2, ), N@A-Add+ D ), 6
a=n+p—-q+1 B=n+p—q+1 a=n+p—q+1 B=n+p—q+1
n+p—-q n+p—q n+p—q n+p—q
2> Y N AR - D Y o @3
a=n+l B=n+1 a=n+l B=n+1

where the inequality N(A,Ag — AgA,) > 0 for any a, f is used.
If p—q=1, wehave

n+p—q n+p—q n+p—q n+p—q
=3 Y N(AAp-ApAa) = D > 6l = =60 = 0" (4.4)
a=n+1 B=n+1 a=n+l B=n+1

If p—g>1, from Anmin and Jimin [38, Lemma 1], we have

n+p—q n+p—q o o n+p—q n+p—q n+p—q 3
=D D NAAg-Apd) - Y D G z——( 2.6 ) >-2p" (45)

a=n+l B=n+1 a=n+l f=n+1 a=n+1

From (3.8), (4.1)—(4.5), we have
1
EApzz |Vh|2+p2{n(c—H2)—7H,o ap (4.6)

wherea=1ifp-g=1anda= % ifp—g>1.
From the Stokes formula, we get

[wpz{ap2+%Hp—n(c—Hz)}dsz. (4.7)

In particular, if p? < b%(a, H, c) and H* < ¢, since b, (a, H, c) is the nonnegative root of the

2 n(n

multinomial P(x, H, a) = ax* + ;(?’—ZHx n(c — H?), we easily see that ap?® + me—

n(c — H?) < 0. From (4.7), we have p? = 0 and M is totally umbilical, or ap? + Jr:n—fDHp -

n(c — H?) = 0. In the latter case, if p? = 0, then M is totally umbilical, if p? # 0, we see that
the equalities in (4.6), (4.1)—(4.3) hold. Thus, we have

n+p—-q n+p n+p

POICOREEED DU NCEL D DD

B=n+1 B a=n+p—q+1 B=n+p—q+1

This implies that H# =0for B=n+1,...,n+p-q,andGs =0for B =n+p—-g+1,...,n+p.
Therefore, we get Hp = Z,s |H? |\/£ =0. Since p #0, we have H =0, that is, M is a com-
pact maximal spacelike submanifold in S; "7 (c).

By Cheng and Ishikawa [29, Theorem 1], if p — g = 1, we know that M lies in the totally

n+q+1 (C)

geodesic spacelike submanifold $"*!(c) of Sy and is isometric to the Clifford torus

Page9of 13
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Sk(%c) X S”‘k(ﬁc)‘ If p— g >1, we know that n = p — g = 2, and M lies in the totally
geodesic spacelike submanifold S*(c) of S;Jrq(c), and is isometric to the Veronese surface.

This completes the proof of Theorem 1.1. d

Proof of Theorem 1.2 For a fixed o, n + 1 < a < n + p, we can take a local orthonormal
frame field {ey,...,e,} such that hf; = A{4;, then ;zf; = uidy with uf = AY — H®, >oind=0.

Thus
1
_ Z h‘l;» (hlelzyk - h%le/k) = 3 Z(A‘i" - )‘g)sziik
a,ijkl aik
1
=3 D (us - 1)’ Reiix = nK p?, (4.8)
a,ik

where K denotes the infimum of the sectional curvature of M and the equality in (4.8)
holds if and only if Ry = K for any i # k.

From Chern et al. [39, Lemma 1], we see that

1 -~ o~ ~ o~
—5 ZSﬂN(AaA/S —AﬁAa)

o,p
1 n+p—q 1 mp
=52 O Ny -Apd)+ 230 37 N(duAs - AgAs)
a B=n+l a  B=nt+p-g+1

n+p—-q n+p—q

=_% 33 Ny - Agdy)

a=n+l f=n+1
1 n+p n+p
+3 > > N(AAp - ApA,)

a=n+p—q+1 f=n+p—q+1

1 -~ ~ -
> - D N(AAp - ApAa) == Guby

2 a=n+l B=n+1 a#p

mip—q  \ 2 mipq mpg NP mra \?

() S (3a) ()

a=n+1 a=n+1 a=n+1 P—-q a=n+1

2
1 Vl+p—q 1
:_<1__> 3, Z—(l——)p4. (4.9)
pr-q a=n+1 r-q

Thus, from (3.5), (3.6), (4.8), (4.9), we have

1 1
—Ap? > |Vh]® +nKp? - (1 - —>p4.
2 P-q

From the Stokes formula, we get

Oz/ p2{n1<—<1—1%q>p2}dv. (4.10)
" _

Page 10 0of 13
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In particular, if K > %(1 - p%q)pz, from (4.10), we see that p2 = 0 and M is totally umbilical,
orK = %(1 - p%q )p2. Inthe latter case, we see that | V/| = 0 and M is a spacelike submanifold

with parallel second fundamental form. This completes the proof of Theorem 1.2. O

Proof of Theorem 1.3 From (2.2) and (3.1), we have

n+p—q
Ry = (1’1 —1)c+ (}'1 -2) ZSaHail‘/fk +(n— 1) Z (H“)z
@ a=n+l
mp n+p—-q n+p
2 ~ N2 ~ N2
~n-1) Y (H - YD () > (k)
a=n+p-q+1 hoa=n+l Lo=n+p-q+1

<(n-1c+(n-2))  eaHIty + (n—1)H’

n+p—-q n+p
Ta\2 Ta\2
-2 e X () (4.11)
Lo=n+1 Lo=n+p—q+1
Thus
n+p—q n+p
Ta\2 Ta\2
nQ=<Y Ru=n(n-c+nn-DH> = > (W) + Y (i)
k Lk,o=n+1 i,k,=n+p—q+1
From (3.2) and (3.3), we have
n+p—-q n+p
- Z Gy + Z 64 > nQ—n(n—-1)c—n(n-1)H>. (4.12)
a=n+l a=n+p-q+1
From (4.12), we see that
n+p—q n+p
Y- Lari- Y i Y
o, o a=n+1 a=n+p—q+1
n+p—q 2 1 n+p 2
(X)) i 2 4
a=n+1 q a=n+p—q+1
n+p—-q 2 n+p 2 1 n+p 2
=—(Z 5a> ( ) aa) +(__1)( 3 @)
a=n+1 a=n+p—q+1 q a=n+p—q+1
n+p—q n+p n+p-q n+p 1
(a3 a)(Tae ¥ oa)-(i-1)
a=n+1 a=n+p—q+1 a=n+1 a=n+p—-g+1 q
1
> (nQ—n(n—l)c—n(n—l)Hz),oz— (1— —),04. (4.13)
q
From (4.9), we have
n+p—q n+p—q
~ ~ ~ ~ 1 4
- Z Z N(A Ap —ApA,) > —2(1— —)p ) (4.14)
pb—q

a=n+l B=n+1
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Thus, from (3.8), (4.1), (4.2), (4.13) and (4.14), we have
1 -2 1
—Ap? > |Vh? + ncp? - np*H? - MHpg - 2(1 - —>p4
2 n(n—1) pP—q
+(nQ-n(n-1)c-n(n-1)H*)p (1 )
n-

2
:|Vh|2+n,02{Q (n-2)c—nH*- ————Hp
n(n-1)

1 p+q z}
n<3 —— )p . (4.15)

From the Stokes formula, we get

9 5 n—2 1 DALIRW

In particular, if Q > (n - 2)c + nH* + \/&H'O to

) from (4.16), we see that
02 =0 and M is totally umbilical, or

Q=m-2)c+nH?+

_n-2 . +1(3_m>
Jan=n T u\" T w-aq)

In the latter case, we see that the equalities in (4.15), (4.1) and (4.11) hold. Thus, we have

n+p—q n+p
IVhl=0, Y (H)"=0, > (=Y =o.
o=n+l a=n+p—q+1

This implies that H* =0fora =n+1,...,n+p,and H = 0, that is, M is a compact maximal
spacelike submanifold with parallel second fundamental form, and the Ricci curvature
Ric(M) =(n—-2)c+ = (3 - p+q ) This completes the proof of Theorem 1.3. d
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