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()M (a,b) + (1 - ()N (a,b)] /" < TD[M(a, b), N(a, b)]

<[BoM(a,b)+ (1 - BI)HN(,6)]",

holds for all r < 1 and a,b > 0 with a # b, where

/2
TD(@a,b) = / Va2 cos26 + b2sin2 6 do
0

is the Toader mean, and M, N are means. As applications, we attain the optimal
bounds for the Toader mean in terms of arithmetic, contraharmonic, centroidal and
quadratic means, and then we provide some new bounds for the complete elliptic
integral of the second kind.
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1 Introduction
Let I C R be an open interval. A two-variable function M : I> — I is called a mean on the

interval I if
min{a, b} < M(a,b) < max{a,b}, a,bel.

If for all a,b € I, a # b, these inequalities are strict, M is called strict mean. M is called
symmetric if M(b,a) = M(a,b) holds for all a,b € 1. If M(ta,tb) = tM(a,b) holds for all

a,b,t e R, then M is called homogeneous.
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For all a,b € R,, the power mean or the Holder mean M, for p € R is defined by

1
(£2)r, pHo,
Vab, p=0.

My(a,b) =

As some special cases,

b
L= “; =A(a,b), M, =~ab=Gab),

2ab
,1:a+b::H(a,b), My =~a? + b2 =:Q(a,b),

are, respectively, the classical arithmetic mean, geometric mean, harmonic mean and
quadratic mean.

For a,b € R,, the Gauss-iteration of the arithmetic mean A and the geometric mean G
defined by

a,+b,
a =a, by :=b; Anl = 5 by i= V anb,, nel,

satisfies

lim a, = lim b, =: A ® G(a,b),
n— 00

n—00

which is called the Gauss arithmetic—geometric mean [1]. As is well known, Gauss found
the general formula for A ® G as follows:

2 (3 dt -1
A®G(a,b)=<—f2 ) , abeR,,
0

b4 Va?cos?t + b?sin® ¢

which can be rewritten as

2,0 /1= (22, ifa>b,
AQ®G(a,b) = Gl (@) - a,beR,,
(Zi(J1- (%)), ifa<b,

where

re(0,1), (1.1)

/2 1
K(r):/ —do,
0 +/1-r2sin’@

is the complete elliptic integral of the first kind.
In 1991, Haruki considered a more general mean [2]:

1 2T
Myo(a,b) :=¢-1<g fo o (r0)) d9>,

where ¢ : R* — R is strictly monotonic function and r,(0) is given by

(a"cos® 0 + b"sin0)", if n #0,
r,(0) = y a,beR,.
a8 Hbsm 6’ lfl’l — 0,

It is well known that M,,, = A ® G for the case 7 =2 and ¢(x) =x7".
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In 1998, Toader found that, for the case # = 2 and ¢(x) = x, the mean ¢, ,(a, b) becomes
another new mean TD(a, ), called the Toader mean later, which has a close relationship

with the complete elliptic integral of the second kind [3], that is,

/2
TD(a,b) = / Va2cos20 + b2sin0do, abeR,. (1.2)
0

It can be rewritten as

2e(J1-(2)?), ifax=b,

TD(a,b) = a,beR,,
Z?bg( 1-(3)?), ifa<b,
where
%
e(r) = / 1-r2sin?60dh, re(0,1), (1.3)
0

is the complete elliptic integral of the second kind.

For a,b € R, with a # b, the contraharmonic mean C(a, b), the centroidal mean Cla, b),
the logarithmic mean L(a, b), the identric mean I(a, b) and the first Seiffert mean P(a, b)
[4] are, respectively, defined by

a’ + b? — 2(a* + ab + b?) b-a
’b = ) ;b = L ,b =
¢lab) a+b Clab) 3(a + b) (@.5) logh —loga
L/ g ) (1.4)
a*\ & a-
I(a,b)= - = , P(a,b)= ——,
(@,5) e(bb> (@) 2arcsin(Z—:Z)

which satisfy the well-known chain of inequalities

H(a,b) < G(a,b) < L(a,b) < P(a,b) < I(a,b)
< A(a,b) < TD(a,b) < C(a, b) < Q(a, b) < C(a, b).

In 1997, Vuorinen [5] conjectured that

TD(a, b) > M32(a, b),

for all a,b > 0 with a # b. The conjecture was proved by Qiu and Shen [6], and Barnard,
Pearce and Richards [7], respectively.
In [8], Alzer and Qiu presented a best possible upper power mean bound for the Toader

mean as follows:

TD(‘L b) < MlogZ/log(n/2)(ﬂ) b),

for all a,b > 0 with a # b.
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Neuman [9] proved that the inequalities

(a + b)Vab — ab D4, b) 4(a + b)v/ab + (a — b)*
ARG@b) 7T 849G b)

hold for all @, b > 0 with a # b.
Kazi and Neuman [10] proved the inequality

TD(a, b) < %(\/ (2+2)a2 + (2 - V2)b2 + \/ 2 +V2)b2 + (2 - V2)a?)

holds for all @, b > 0 with a # b.
In [11], the authors proved the inequalities

a1A(a,b) + (1 - a1)C(a, b) < TD(A(a, b), C(a, b)) < B1A(a, b) + (1 - B1)C(a, b),
A% (a,b)C1™2(a, b) < TD(A(a, b),C(a, b)) < AP2(a,b)C' P2 (a, b),

o3 +1—a3< 1 < B3 +1—,33
A(a,b)  Cla,b)  TD(A(a,b),C(a,b))  A(a,b) Cla,b)’

Cloga + (1 - as)b,asb + (1 — as)a) < TD(A(a, b), C(a, b))
< ClBaa+ (1 - )b, fub + (1 - Ba)a),

hold for all 4,5 > 0 with a # b if and only if

o >1/2, p1 < 2|:1 - i8(1/3) + i/((1/3)i|,
T 3

ary>1/2, B, <log[37/(9e(1/3) - 4x(1/3))],

a3 < [3m —92(1/3) + 4 (1/3)]/[96(1/3) — 4k (1/3)], Bs >1/2,

0 <evVD4, iz (1+/[186(1/3) - 8c(1/3)] /37 — 1)/2.

Recently, there were published numerous articles which focus on the bounds for the
Toader mean [12-23]. For example, Zhao, Chu and Zhang [24] presented the best possible
parameters «(r) and B(r) such that the double inequality

[«(r)A”(a,b) + (1 - a(r)Q (a,b)]"" < TD[A(a, b), Qa, b)]
< [BOIA @, b) + (1- B(IQ (@, b)]""
holds for all » < 1 and @, b > 0 with a # b.

Motivated by the above mentioned work, in this paper, for two means M, N, we present

the best possible parameters «(r), B(r) such that the double inequality
[a(r)M(a,b) + (1 - a(r)N"(a, b))]""" < TD[M(a, b), N(a, b)]
< [BOM (a,b) + (1- BOIN"(a, )"

holds for all » < 1 and @, b > 0 with a # b.

Page 4 of 14



Zhang et al. Journal of Inequalities and Applications (2020) 2020:118

2 Lemmas
In what follows, we will need some useful functional relations about complete elliptic in-

tegrals which we collect.

Lemma 1 ([1]) Forr < (0,1),
(i)

«(07) = #(07) =

wl:l

(i)

di (r) _ e(r) = (1 =r>k(r) de(r) _ e(r)—«(r)
dr r(l —r?) ’ dr r ’

(i)

1-7 2r 1-7
=(1+7 - ,
&) ( +r)s<1 +r’) 1 +r’K(1+r/)
where ' = /1 —r2.
Lemma 2 For all 0 < r < 1, the following inequalities hold:
(i) e(r)> Z(1+~v1-71?),
(i) V1-7r2k(r)+e(r) < F1+~1-712),
(iff) (1= r2)e(r) < e(r) < (1= 5k (r) < k().
Proof (i) In fact, by the definition of (r), we get
e(r) - %(1 +v1-12)
=f2 V1-r2sin0db - %(1+\/1—r2)
0

:/4(\/1—r2sin29+v1—r200529)d9—/z(1+\/1—r2)d9

0 0

:f4(\/2—r2+2\/1—r2+r45in2800s29—\/2—r2+2v1—r2)d9 > 0.
0
(ii) By the definition of ¢(r) and « (r), we get

V1 -r2(r) +&(r) — %(1+\/1—r2)

:vl—r2/ d9+/ V1-r2sin®6do - /7 1++1-r2)do

0o +/1-r2sin’0 ( )

~ /% rtcos?6(1 - v1-r2sin®9)
0

V1-r2sin?0(v1 =72 + V1 - r?sin®6)

do < 0.

Page 5 of 14
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(iii) By the definition of &(r) and « (r), we get

(1 - FZ)K(}“) —&(r)

1-72 T (- / V1-r2sin®60 do
/ V1-r2sin6

7 in“6 -1
/ reint-1 o o

0 1-r2sin’6

and

(1 - r—22>/c(r) —&(r)

T

5 r*(sin? 9—5)

—= 0
0 +/1-r2sin%6

, [T sin®0-1 cos®0 — 1
:r/ do
0 \~1—-7r2sin%6 Jl—r2c0s29

d9 / V1-r2sin®0do

S (T, 1 1 1
=r sin“ — — | - - do > 0.
0 2 V1-r2sin20  V/1-r2cos?0

s(k

Lemma3 LetO<ky<1,k=,/1- kg,te(Ok’)A_ and

= %n«/l—tz+ %(l—p)—é?(t)-

Then
(i) f(t) <0 forallt e (0,kp) if and only if p > 1/2,
(ii) f(2) >0 forallt € (0,ky) if and only if p < A.

Proof Firstly, we can, respectively, give the first-, second- and third-order derivatives of f

as follows:

ro=20 fe=viceo -] -2,

tV1-22
t[2e(t) — k(¢

£y - 120 — @] I’T’Z‘” _pt,

" (3-26%)e(t) - (2 - )k (2)

1 (8= 3 —np,

(1-1)3
() = @+ )k (t) — ()] + 2k () <0,
t(1-12)3

for all £ € (0, k).
Letting ¢ — 0, from (2.1)—(2.4), we have

F0)=A0)=F0) =0, £0)=x(5-)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

Page 6 of 14
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and substituting ¢ = k() into (2.1)—(2.4), we get

/ T / 'T[k(,)z *
flkg) =50 -k)-p)  filk) ==>("-p), (27)
Ak =k (0 —p),  fI(K) =7 (2~ p), (2.8)
where
_ - 2¢e(ky) . _ 2ko(k (kj) — e(ky))
71—k n(l-kp)
o (2e(ky) -« (kp)) e (3 = 2k?)e(ky) — (2 — kP (k)
ko ’ ky '
By Lemma 2, we can easily prove that
1
PR P P WP 3 (2.9)

Since f(t) < 0, ¢ € (0,k;), f(t) is strictly decreasing on (0, k). Then we divide the proof
into six cases in the following.

Case 1 p > 1/2. Then from (2.6) we can clearly see that
1//(0+) <o. (2.10)

It follows from (2.10) and the monotonicity of f{’(¢) that f{ (¢) is strictly decreasing on (0, k).
Therefore f(¢) < 0 for all ¢ € (0, kp), as follows easily from (2.2), (2.6) and the monotonicity
of f](t).

Case 2 ). < p < 1/2. From (2.6), (2.7) and (2.8), we have

fky) <0, fi(ky) <0, fi(ky) <O, 7' (ky) <0, (2.11)
and
7(0%) > 0. (2.12)

It follows from (2.11), (2.12) and the monotonicity of f;’(¢) that there exists #; € (0, k)
such that f{(¢) is strictly increasing on (0, £;] and strictly decreasing on [¢, k). Then from
(2.6), (2.11) and the piecewise monotonicity of f(£) we clearly see that there exists ¢, €
(0, k)) such that f;(¢) is strictly increasing on (0, £,] and strictly decreasing on [f;, k). The
piecewise monotonicity of f(£) and f;(0*) = 0, f(k;) < 0, show as a result that there exists
t3 € (0, k) such that f(¢) is strictly increasing on (0, £3] and strictly decreasing on [¢3, k}).

Therefore, we find that there exists ¢, € (0, k;) such that f(t) > 0 on (0,%] and f(t) <0
[t4, kp) as follows easily from f(0*) = 0, f(k;) < 0 and the piecewise monotonicity of f(¢).

Case 3 1* < p < A. Then (2.7) and (2.8) lead to

(k) =0, fi(kg) <0, (k) <0, 7 (ky) <0,

Page 7 of 14
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and
7(0%) > 0.

Similar to Case 2, the piecewise monotonicity of f(¢) can be proved, that is, f(¢) is firstly
strictly increasing and then strictly decreasing on (0, k7). It follows from f(0*) = 0, f (k) > 0
that f(£) > 0 for all £ € (0, k).

Case 4 .** < p < A*. Then (2.7) and (2.8) lead to

flk)>0,  Alk) =0 fi(ky) <0,  f(ky) <0,
and
7'(0%) > 0.

We can similarly prove that f;(¢) has piecewise monotonicity, that is, fi (¢) is firstly strictly
increasing and then strictly decreasing on (0, k).
It follows from f1(0*) = 0, fi(ky) > 0 and the piecewise monotonicity of fi (¢) that

A@)>0 (2.13)

forall ¢ € (0, k). By (2.2) and (2.13), then f(¢) is strictly increasing on (0, kj). Therefore, we
get f(£) > 0 for all £ € (0, k) from £(0*) = 0.
Case 5 \*** < p < A**. Then (2.7) and (2.8) lead to

flk)>0,  filko)>0,  fi(ke) =0,  £'(ko) <O,
and
7(0%) > 0.
Since f"(0*) > 0, f{'(ky) < 0 and f'(¢) is strictly decreasing, we find that f] (¢) is firstly strictly
increasing and then strictly decreasing on (0, ;). Then f{(£) > 0 holds for all ¢ € (0, k;) for
£1(0%) =0, f{(kj) = 0. Therefore, we get f(¢) > 0 for all £ € (0, k) from (2.2) and (2.6).
Case 6 p < 1**, Then (2.7) and (2.8) lead to

'(0%) >0, 1'(ky) = 0.

Since f'(2) is strictly decreasing, we have f'(¢) > 0 for all ¢ € (0, k). So f{(¢), f1(¢), f(t) are
strictly increasing from f;(0%) = f{(0%) = 0. Therefore, we get f(¢) > 0 for all £ € (0, k) from

f(0)=o.
Therefore, we have f(¢) < 0 for all ¢ € (0, k) if and only if p > 1/2, and f(¢) > 0 for all
t € (0,kp) ifand only if p < A. |

Lemma4 LetO<ko<1l,reR,a,b>0withky<alb<1,cy= %e(k(’)), ky=/1-k3,c1 =ko,
Mr) and U(r; a, b) be, respectively, defined by

1-¢ log co
1-

Alr) =

r#0),  A(0)= (2.14)

r ?
a logc;
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and

1
r

U(r;a,b) = [A(na” + (1-A(r)b]"  (r#0), U(0;a,b) = a*Op'-*0, (2.15)

Then the function r — U(r; a, b) is strictly decreasing on (—00, 00).

Proof WhenO<t<1,
7
s(x/l—t2)—%t:/ (Vcos? +£2sin*6 — £) df > 0.
0

Hence, 0 < ¢y <¢g < 1.
Letx =a/b € (ko, 1), r #0. Then

1
log U(r;a,b) =logb + = log[A(r)(x" - 1) + 1], (2.16)
r
dlogU(r;a,b) M (r)(x" —1)+ A(r)x"logx  log[r(r)(x" —1) + 1]
- - , (2.17)
ar r(AM(r)(x =1) + 1) r2
where
V) = (c] = Dcglogey — (cf — 1)cf log ey ' (2.18)
(c] - 1)
Substituting x = ky and x = 1 into (2.17), we get
dlogU(r;a,b) _ dlogU(r;a,b) _o. (2.19)
or x=ko ar x=1
Now we give the derivative of (2.17) with respect to x as follows:
8%log U(r;a,b) Ar)art
= Vi(r,x), 2.20
or ox A(r)(x —1) +1)2 (%) ( )
where
)\’/
V(r,x):= (1-A(r))logx + A((:)) (2.21)
Substituting x = ko and x = 1 into (2.21), we get
logey, logc log = log +
V(r, ko) = c(')( - ), Vi(r,1) = 0o _ T L (2.22)
-1 -1 (g)r—l (a)r—l

Because the function ¢ + logt/(t" — 1) is strictly decreasing on (0, +00) and ¢y > ¢;, we find
that V(r, ko) < 0 and V/(r, 1) > 0. Note that the function x > V/(r, %) is strictly increasing on
(1, ko) for A(r) € (0, 1). There exists xy € (0, 1) such that the function x — 9 log U(r; a, b)/dr
is strictly decreasing on (1,xp) and strictly increasing on (xo, ko). Therefore, we have, for
alla,b>0withky<a/b<1,r+#0,

dlogU(r;a,b) .

0. 2.23
oy (2.23)
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Since

lin?) A(r) = A(0), lirr(l) U(r;a,b) = U(0;a,b),

the function r + U(r;a, b) is strictly decreasing on (—o0, +00) from (2.23). O

3 Main result

Theorem 1 Let 0 < ko < 1, ky = /1 - k3 and the functions M, N : ((0,+00),(0,00)) >
(0, +00) be two means which satisfy

< Mia,b) <1
N(a,b)

0

foralla,b >0 witha #b. Suppose cy = 2e(kp) /7, c1 = ko and A(r) be defined by (2.14). Then
the double inequality

[oz(r)M’(a, b) + (1 —a(r)N'(a, b))]l/r < TD[M(a, b),N(a, b)]

<[B)M (@, b) + (1- BIN"(a,5)]""  (3.1)
holds for allr <1 and a,b > 0 with a # b if and only if
a(r) =172, B(r) <i@), (3.2)
where r = 0 is the limit value of r — 0.

Proof We first prove the case r = 1. Let

M(a,b)\* )
1_(N(a,b)> € (0.K)),

then we get

M(a,b) =N(a,b)v'1 - £2, TD[M(a, b),N(a, b)] = %N(ﬂ, b)e(t),
pM(a,b) + (1 - p)N(a,b) - TD[M(a, b),N(a,b)] = ;N(a, b)f (),

where f(¢) is defined as in Lemma 3.

Therefore, by Lemma 3, we get the result for the case r = 1. So we have

w <TD[M(a,b),N(a,b)] < \(1)M(a, b) + (1 - A(1))N(a, ), (3.3)

2.
where A(1) = ! fﬁ‘;{f)k") = A

By Lemma 4 and for the function r > [(a” + b")/2]*'" being strictly increasing, we get

AM1)M(a, b) + (1 - A(1))N(a, b) < [A(r)M"(a,b) + (1 - A(r))N'(a, b)]”’ (3.4)

Page 10 of 14
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and

|:M’(a, b) + N'(a, b) } r . M(a,b) + N(a, b)

> > , (3.5)

hold forall ¥ <1 and a, b > 0 with a # b.
If a(r) > % and B(r) < A(r), since M(a, b) < N(a,b),

M (a,b) + N"(a, b) ] Ur

[a(r)M"(a,b) + (1 - a(r)N'(a, b))]”’ - [ .

and

[A(r)M(a,b) + (1= A(r))N"(a,5)]"" < [B(r)M(a,b) + (1 - B(IN"(a, b))]"".
Then we find that the double inequalities (3.1) hold from (3.3)—(3.5). Thus we prove the

“if” part of our theorem.
To prove the converse implication, note that

TD[M(a,b),N(a,b)] _ 2'*'" e(t)
[w]; o [+ (1=’
TD[M(a, b), N(a, b)] 2 e(t)

AOM (@ b) + (1 - AN (@ b)]} 7T A= 2)7+ 1= 2]
and

ol+lir e(t) 2 e(t)

lim = lim — =
t>0t g [T+ (1 -2)2]Vr g w [Mr)(1 —£2)72 + 1= A(r)]Vr

’

which imply that the bonds for «(r) and S(r) given by (3.2) are optimal. This completes
the proof. d

Remark 1 Using the symmetry of the Toader mean, we get the result for the case M(a, b) >
N(a,b).

4 Some examples
Example 1 Let ¢y = 2e(v/3/2)/m =0.770-- -, ¢; = 1/2 and A(r) be defined by (2.14). Then
the double inequality

[a(nNA"(a,b) + (1 - a(r)C(a,b))]"" < TD[A(a, b), C(a, b)]
< [B(NA"(a,b) + (1 - B(IC'(a,b))]""

holds for all » <1 and a,b > 0 with a # b if and only if «(r) > 1/2 and B(r) < A(r), where
r = 0 is the limit value of r — 0.

Proof Since

Ala,b)
Clab) =

1
=<
2
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letting ko = 1/2, we have k) = +/3/2 and ¢y = 2&(+/3/2)/m = 0.770- - -, ¢; = 1/2. By Theo-
rem 1, we get the result. O

Remark 2 (i) Let r = 1, Theorem 1 leads that the double inequality
a(DA(,y) + (1= (1)) C,y) < TD(Ax,5), C,9)) < BDA(xy) + (1= B(1)C(x,)
holds if and only if
a(l)>1/2,8(1) <A(l) =2 - %s(ﬁ/z).
It follows from Lemma 1 (iii) that
e(v/3/2) = 38(1/3) - §K(1/3),
then

A1) =2- és(«/§/2) = 2[1 - i8(1/3) + i,<(1/3)].
T T 3

Therefore, the result agrees well with Theorem 3.1 in [11].
(ii) Letting r = —1, Theorem 1 shows that the double inequality

a(-1) N 1-a(-1) . 1 . B(-1) . 1-B(-1)
Axy)  Clxy  TDAM®),Cxy) Alxy)  Clxy)
holds if and only if
- - 2¢(v/3/2)
a(-1)=1/2,8(-1) < A(-1) = 232

Since
3 2
e(\3/2) = E8(1/3) - g;<(1/3),

we have

Me1)= T 26(v/3/2) 31 - 9¢(1/3) + 4k (1/3)
T T 2eV32) | 9e(1/3) -4 (1/3)

Therefore, the result agrees well with Theorem 3.3 in [11].

Example 2 Let ¢y = 2e(x/7/4)/w = 0.879-- -, ¢; = 3/4, A(r) is defined by (2.14). Then the
double inequality

[@(r)A"(a,b) + (1 - a(r)C (a,b))]"" < TD[A(a, b), C(a, b)]
< [ﬁ(r)A’(a, b) + (1 - ,B(r)fr(a, b))]m

holds forall ¥ < 1and a,b > 0, a # b if and only if &y (r) > 1/2 and B2(r) < A(r), where r =0
is the limit value of r — 0.
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Proof Since

Ala,b) .
Cla,b)

3
- <
4

’

letting ko = 3/4, we have k| = V714 and ¢y = 2¢(v/7/4) /7 =0.879-- -, ¢; = 3/4. Using The-
orem 1, we prove the result. O

Example3 Letcy = 28(v/2/2)/m = 0.859- -, ¢; = +/2/2, A(r) is defined by (2.14). Then the
double inequality

[a(NA”(a,b) + 1 — a(r)Q (a, b))V < TD[A(a, b), Q(a, b)]
< [B(0A7(a,b) + (1 - Bo(NQ (@, b)) ]

holds for all » <1 and a,b > 0, a # b if and only if «(r) > 1/2 and B(r) < A(r), where r = 0
is the limit value of r — 0.

Proof Since

V2 Ala,b)
2 Qb

<l

letting ko = V/2/2, we have k), = +/2/2 and ¢g = 26(+/2/2)/7 = 0.859 -, ¢1 = /2/2. Using
Theorem 1, we prove the result. O

Remark 3 The same result can be found in [24].
From the case r = 1 of Examples 1-3, we get the following results.

Corollary 1
(1) Let A =2—4e(v/3/2)/m = 0.458 - - - . Then, for all t € (0,~/3/2), the double inequality

%x/l—t2+%<s(t)<%)\1\/l—t2+%(l—kl) (4.1)

holds.
(2) Let hy=4—8s(\/7/4)/m =0.482-- - . Then, for all t € (0,~/7/4), the double inequality

T T T T
Z 1_t2+Z<8(t)<EA2V1_t2+§(1—A’2) (42)
holds.
(3) Let A3 = (2 +~/2)[1 —28(v/2/2)/7]) = 0.478 - - - . Then, for all t € (0,~/2/2), the double
inequality
T T T T
n 1_t2+Z<8(t)<EABVI_t2+§(1_A3) (4.3)

holds.



Zhang et al. Journal of Inequalities and Applications (2020) 2020:118

Acknowledgements
Not applicable.

Funding
This research is supported by the National Natural Science Foundation of China (No. 11771296 and No. 11931016).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

"Mathematics and Science College, Shanghai Normal University, Shanghai, China. >School of Science, Southwest
University of Science and Technology, Mianyang, China. *Department of Mathematics, Sichuan University, Chengdu,
China. *College of Mathematics and Computer Science, Zhejiang Normal University, Jinhua, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 14 December 2019 Accepted: 16 April 2020 Published online: 29 April 2020

References

1.
2.

3.
. Seiffert, H.: Problem 887. Nieuw Arch. Wiskd. 11(2), 176 (1993)
. Vuorinen, M.: Hypergeometric functions in geometric function theory. In: Special Functions and Differential

IN

20.

21

22.

23.

24.

Borwein, J.M., Borwein, PB.: Pi and the AGM. Wiley, New York (1987)

Haruki, H.: New characterizations of the arithmetic-geometric mean of Gauss and other well-known mean values.
Publ. Math. (Debr.) 38,323-332 (1991)

Toader, G.: Some mean values related to the arithmetic-geometric mean. J. Math. Anal. Appl. 218(2), 358-368 (1998)

Equations, Madras, 1997, pp. 119-126. Allied Publ., New Delhi (1998)

. Qiu, S, Shen, J: On two problems concerning means. J. Hongzhou Inst. Electron. Eng. 17(3), 1-7 (1997)
. Barnard, RW, Pearce, K., Richards, K.C.: An inequality involving the generalized hypergeometric function and the arc

length of an ellipse. SIAM J. Math. Anal. 31(3), 693-699 (2000)

. Alzer, H., Qiu, S.: Monotonicity theorems and inequalities for the complete elliptic integrals. J. Comput. Appl. Math.

172(2), 289-312 (2004)

. Neuman, E.: Bounds for symmetric elliptic integrals. J. Approx. Theory 122(2), 249-259 (2003)
. Kazi, H, Neuman, E.: Inequalities and bounds for elliptic integrals. J. Approx. Theory 146(2), 212-226 (2007)
. Li,N, Zhao, T, Zhao, Y.: Bounds for a Toader-type mean by arithmetic and contraharmonic means. Int. J. Pure Appl.

Math. 105(2), 257-268 (2015)

. Wang, MK, He, ZY. Chu, Y.M.: Sharp power mean inequalities for the generalized elliptic integral of the first kind.

Comput. Methods Funct. Theory 20, 111-124 (2020)

. Qian, W, He, Z, Chu, Y:: Approximation for the complete elliptic integral of the first kind. Rev. R. Acad. Cienc. Exactas

Fis. Nat,, Ser. A Mat. 114, 57 (2020)

. Wang, J, Qian, W, He, Z, Chu, Y.: On approximating the Toader mean by other bivariate means. J. Funct. Spaces 2019,

Article ID 6082413 (2019)

. Chu, Y, Wang, M., Ma, X.: Sharp bounds for Toader mean in terms of contraharmonic mean with applications. J. Math.

Inequal. 7(2), 161-166 (2013)

. Chu, Y, Wang, M.: Optimal Lehmer mean bounds for the Toader mean. Results Math. 61(3-4), 223-229 (2012)
. Chu, Y, Wang, M., Qiu, S.: Optimal combinations bounds of root-square and arithmetic means for Toader mean. Proc.

Math. Sci. 122(1), 41-51 (2012)

. Chu, Y, Wang, M.: Inequalities between arithmetic—geometric, Gini and Toader means. Abstr. Appl. Anal. 2012, Article

ID 830585 (2012)

. Chu, Y, Wang, M,, Qiu, S, Qiu, Y: Sharp generalized Seiffert mean bounds for Toader mean. Abstr. Appl. Anal. 2011,

Article ID 605259 (2011)

Yang, Z, Chu, Y, Zhang, W.: High accuracy asymptotic bounds for the complete elliptic integral of the second kind.
Appl. Math. Comput. 348, 552-564 (2019)

Wang, M., Zhang, W., Chu, Y:: Monotonicity, convexity and inequalities involving the generalized elliptic integrals.
Acta Math. Sci. 39(5), 1440-1450 (2019)

Wang, M., Chu, Y, Zhang, W.: Monotonicity and inequalities involving zero-balanced hypergeometric function. Math.
Inequal. Appl. 22(2), 601-617 (2019)

Huang, T, Tan, S., Ma, X, Chu, Y:: Monotonicity properties and bounds for the complete p-elliptic integrals. J. Inequal.
Appl. 2018, 239 (2018)

Zhao, T, Chy, Y, Zhang, W.: Optimal inequalities for bounding Toader mean by arithmetic and quadratic means. J.
Inequal. Appl. 2017(1), 26 (2017)

Page 14 of 14



	Optimal bounds for Toader mean in terms of general means
	Abstract
	MSC
	Keywords

	Introduction
	Lemmas
	Main result
	Some examples
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


