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1 Introduction
Leta;>0,1<i<m,1<j<mn,p;>1,and Z]’ilp],‘l = 1. The following Hélder inequality

is well known:

> [Ta=T1(34) " 8

n
i=1 j=1 j=1

The integral form of the Holder inequality is

bf " n b 1/p;
/ (]_[ﬁ(x)) dx < ]_[( / £ dx) :
4 \j=1 j=1 \Wa

In addition, from (1) the famous Cauchy inequality follows:

(5) =(24)(57)

Analytic inequalities [1-12], especially Holder’s inequalities play an important role
in mathematical analysis, harmonic analysis, functional analysis, and partial differential
equations. It is precisely because of the importance of the Holder inequality that more
and more authors have invested in its research and have made a lot of optimization and
advancement. In this paper, we describe the discrete and continuous forms of the Holder
inequality and its associated inferences.
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Yang’s [13, 14] insights into inequalities have further led to several inferences. Qi’s [15,
16] several integral inequalities explain the integral form of the inequality and further
elaboration of the integral form of the Holder inequality. Tian [17-20], Tian and Ha [21,
22], Tian, Ha, and Wang [23], Tian and Pedrycz [24], Kwon and Bae [25], Tian, Zhu and
Cheung [26], and Zhao and Cheung [27] give a series of meaningful improvements, gener-
alization, properties, and applications of Holder’s inequality. The papers in the references
are of great guiding significance to the conception and promotion of this paper.

From the paper by Yang [14] we can get the following conclusions.

Let the function /% : (—00, +00) — (0, +00) be defined as

ht ﬁ[Z(H%)H f Tpk' @)

k=1

It is easy to see that # € C* and (1) becomes

0 -3 [T =I1( S ) -y o

i=1 j=1

it is not difficult to see 1(0) = >/, H} 1 aij, h(1) = I—[} O a i a7 under the conditions
pk>1,k=1,2,...,mand > ;_, 1/px = 1. From (2) it follows that

W (t)

and the equation holds if and only if £ = 0 or @/ [}, ay = @i/ T]}_, ay for 1 < i, j < m,
k=1,2,...,n

From (2) and (3), it is natural to consider the function /() more deeply. Similarly, we
can define the function g(¢) related to the integral form of Holder’s inequality:

1/pk

1-t
g(t>—1_[[ / (Hf(x)) pkt(x)dx:| , teR, @)

k=1

where fi(x) >0, x € [a,b], k=1,2,...,n, and fi € LP[a, b].
The integral expression of Holder’s inequality now becomes

1/pk
g(0) = / (ka(x)dx<1‘[( f k(x)dx) = ¢(1). (5)

As can be seen from the paper of Yang [14], (2) and (4) are generalized to the case p; >
1, Y %1 1/pi = r. We will show that /,(¢) and g,(¢) are concave functions on R and that
mingeg 4,(t) = h,(0) and minseg g,(£) = g-(0); moreover, 4,(£)¢ > 0 and g/(¢)t > 0 for £ € R.
Therefore, we obtain refinements of (3) and (5):

hr(o) = hr(l) - h/y(f): TE€E (O; 1)’

20)=g(1)-g(s), se(0,1),
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where 0 < /(7) < /(1) and 0 < g/(s) < g/.(1). We also obtain conditions at which the
equalities hold.

2 Main results
We begin this section with three lemmas, which will be used in the sequel.

From Yang [13] we get the following lemma.

Lemma 2.1 ([13]) IfA and B are positive numbers, then
(InA - InB)(A* - BY)

and the equality holds if and only if (A — B)t = 0.

Lemma 2.2 ([14]) Let rpr > 1, ) ;1 pik =r,a;>0,1<i<m,1<j<mnb;= (]—L’?=1 alj)%,

dy = a;fk/l_[;’zl aj,1<i<m,1<k<n.Then

5 i(ibl, lnd,,k) o,

o PN

Proof By the definition of b; and dj; we have fori=1,2,...,m:

n 1 n 1 T'Pk

Z —Indy = Z — ln(ul;kr )

o1 Pk o1 Pk i
= irlnaik - Zn: L In b;

k=1 i1 Pk
n ai
=rl1 -
k=1 i
=0.
Therefore

n

1 m m n 1
Zp—(belndik> = Zb;(Z—lndik) =0.
k\'icg

k=1 i-1 1 Pk

Thus the proof of the lemma is completed. d

Lemma 2.3 ([14]) Letrpr>1,) y_; pik =71, fi(x) >0, F(x) = (]_[;’zlﬁ(x))%,gk(x) :f}:pk/Fr(x)’
x€la,bl,k=1,2,...,n. Then

Zp,;l Ingi(x) =0, x¢€[a,b].
k=1
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Proof After a simple operation, we have

n ) n 1 rpk( )
Zpkl Ingi(x) = Z 19_k lnfk—x

k=1 k=1 Fr (x)

n

= Z pik [rpx Infi(x) - rIn F(%)]

k=1

= Zlnfk(x) - Z LlnF(x)
k-1 1 Pk

k=

=rIn] [ - r*InF(x)
k=1

l_[/y::lfk(x)

Thus the proof of the lemma is completed. O

The main result of this paper is the following theorem.

As can be seen from Kwon and Bae [25], we can get the continuous function #,(¢) pro-
posed by Theorem 2.4. In this paper, we consider continuous variables f(x,y) instead of
discrete variables a;;. At the same time, we will introduce the discrete form of 4,(t) used
in this paper by the continuous function.

Theorem 2.4 Let X = (X, u) and (Y, v) be positive measure spaces with u(X) =1 and 0 <
v(Y) < co. Let f(x,) be a real-valued bounded measurable function on X x Y. Define the
function h,(t) : R — R* by

h,(t) = exp [ /X ln< /Y G(y)et) dv(y)) du(x):|, 6)

where G(y) = el /@y du) g4 H(x,y) =rf(x,y) - fo(x,y) du(x).
Then the discrete form of h,(t) can be further pushed out:

n n m 1-t pik
ho(t) = H[Z(HXii> (Xi’fk)f} : )
k=1L i=1 \j=1

where rpg > 1, ZZ:I pik =1, X;j>0(1 <i<m,1<j<n),and X;; are measurable.

Proof Take X, Y as two discrete spaces X =1,2,3,...,n, Y =1,2,3,...,m, and take a posi-
tive sequence pj satisfying Z;'Zl pij =r.Set u, v as

"1
n= =3,

Page 4 of 12
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where §; and §; denote the unit mass concentrated at j and i, respectively. Then (X, 2%, 1)
and (Y,2%,v) are positive measure spaces with 1(X) = 1 and 0 < v(Y) = m < oo. Here 2!

means the set of all subsets of {-}. Let

&9 X,

Then

exp (fxf(x,y) dﬂ(ﬂC)) =exp (Z‘% lan;/)

j=1

exp (Z In le)
j=1

= exp (ln HXU') =| | Xy
j

j=1

Therefore /,(t) has the expression

h,(t) = exp /X / G(y)eHt= dv(y)) du(x)]

= exp / ln</ elxS @ ) grif ey)—t [ f () du(x dv(y)) du(x):|
Y

_exp /X In /Y (e 1 ey dv(y)) du(x):|
_exp| /X m( /Y (ﬁx,,) 1_t( XY’ dv(y)) du x)i|
=exp _/X ln(Xm: (ﬁ&;) H( 'Pk) )du(x)]
e[S e(E(1x) )]

ﬁ[z(m) o }_

k

Thus the proof of the theorem is completed. d

Theorem 2.5 Leta; >0 (1 <i<m,1 <j<n), rpr>1, Y ;_, 1/px = r. Define the positive

function

1-t 1/pk
hy(2) = ]‘[[Z (]‘[a,,> (@) } , teR. ®)

k=1

Page 5 of 12



Yan and Gao Journal of Inequalities and Applications (2019) 2019:97 Page 6 of 12

Then the function h,(t) defined by (8) is concave, that is, h(t) > 0 for t € R, and the equality

holds if and only if
a4

= 1<ij<mk=12,...,n )

n - n ’
]_[/:1 aj [l an
In this case, h,(t) is a constant.

Proof It is easy to see from (2) that /,(t) can be expressed in the following equivalent form:
Let b; = ([T, ay) ", di = " I1,

n m atllfk t pik
Iy (t) = o .
o-TT| S u(%)
k=1L i=1 i
Let H,(£) = Inh,.(¢),
n 1 m
H) =Y —n| Y b} ).
o1 Pk i-1

Then by Lemmas 2.1 and 2.2 we obtain

_ @) _ Z 1Y, bidy Indy

H,(t)
hr(t) i1 Pk Zznil b;dztk

_ Xn: 1 Zznil b;dltk lndik Xn: 1 ZZI b; ]Hdik
w1 Pk > iy by 1 Pk i b

"1 D icicjem DD (Indy — Indy)(dfy — dfy) >0, t>0
o Pk (oL B bidy) <0, t=<0.

Therefore H)(t) = 0 if and only if £ = 0 or
dx=dy, 1<i<j<mk=12,...,n

Similarly, by Lemmas 2.1 and 2.2 we obtain

n

(0= 3 L ot B Wil ind)®) — (7, iy ndl?
S (i bidy? '

It is easy to see that H > 0 and the equality holds at some £, if and only if
dix=dy, 1<i<j<mk=1,...,n
Since K.(¢t) = h,(t)H(¢), we have 1/ (¢) = h,(£)[(H/(¢))* + H/(¢)] > 0,and //(¢) = 0 if and only

if H/(t) =0and H/(¢) = 0.
The proof of the theorem is completed. d
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From our discussion we see that /2 (t) > 0 and the equality holds at some ¢, € R if and
only if (9) holds. In this case, /(£) = 0 and /,.(t) = /,(0) = const. Since, by by the proof,
H,(¢) = h,(0)H(0) = 0, which yields 4,(¢) = h,(0) = const, ¢ € R.

Corollary 2.6 If(9) holds, then h,(t) = const. Otherwise, h(t) > 0,t € R, and I, (t)t > 0 for

t #0; in particular, for 0 =t; <ty <--- <ty = 1, we have

h,(0) = h(t1) <l () < - -+ < B (EN) = B, (1),
oo -1 30| (201
k=1L i=1 i=1
= <i ﬁ%’) <h(1) = H[Z a’pk}p :

i=1 j=1
If r = 1, then we get a refinement of (1),
S 1a<11(54)"
i=1 j=1
Corollary 2.7 If(9) holds, then h,(t) = const. Otherwise,

h(0) = h,(1) - b (r), 7 €(0,1),

and 0 < 1,(t) < h,.(1), where

d r<jem D10} (I dige = In djp)(dix —
h/r(l):H;(l)h,(l):( i21§l<]<mz (In % lnbr];)( )H(Z )
i=1 z

o1 Pk =170 j=1

Theorem 2.8 Let fi(x) >0, x € [a,b], k = 1,2,...,n, and fi € LP¥[a, b]. Define the positive

function

1-t pi
l_[ |:/ (nf x)) rpkt(x) dxi| ' , telR (10)

k=1

The function g,(t) defined by (10) is concave, that is, g (t) > 0 for t € R, and the equality

holds if and only if
fk’Pk (x)
———— = ¢, = const. (11)
Mo

1
-

Proof 1t is known from Lemma 2.3 that if F(x) = (]_[;11 fi(x)
then

and gi(x) = ;7% (%)/F" (x),

n

b ;
40 = ]‘[[ [ g dx} k
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Let G,(t) = Ing,(¢). Then
- 1 b r t
G(t)=) o ln( / F'(x)g} (x) dx).

k=1

Then by Lemmas 2.1 and 2.3 we obtain

G,(2)

_ Z 1 f) P () Ingi(x) da
P [V F)gx) dx

"1 [P eg W Ing@dy ) F(C 5 Ingdw) d

-y

o [P (wgl(x) dx Y Fr(x) dx
_ Z 1 [ J F@gi@ Ingx)dx [, F (%) Ingi(x) dx:|
Sl [PPwg)dx P Fr(x) dx

y L L P @F0)@h) - gt 0)(Ingi(x) - Ing(p)) dxdy | =0, t=0,
Pl [P Fr(w)gt(x) dx [ Fr(x) dx <

Therefore G/(t) = 0 if and only if

f}:Pk (x)

———— = (¢, = const.

AT

Similarly, by Lemmas 2.1 and 2.3 we obtain

G'(t) = Z 1 S22 P F (gl (0l () (In g (x) - Ingie(9))* dix dy o
r o1 Pk 2(fabe(x)gl€(x) dx)2 =

It is easy to see G/ (¢) > 0 and the equality holds at some ¢ if and only if

& = ¢y = const
[T

Since g/(¢) = g-(£)G. (), we have g/ (¢) = g ()[(G.(£))* + G/(t)] > 0, and g/(¢) = O if and
only if G/(t) = 0 and G/ (¢) = 0.

Thus the proof of the theorem is completed. O

Corollary 2.9 Ifg(x) = const, then g.(t) = const. Otherwise, g/ (t) >0, t € R, and g,(t)t >0

for t #0; in particular, for0=t; <ty <--- <ty =1, we have

gr(o) zgr(tl) <gr(t2) <-ee <gr(tN) =gr(l),

L

n n

b P b ?
g,(o>=1‘[[ / F’(x)dx] ‘ Sgr(1)=l_[[ / P’(x)gk(x)dx] ‘.

k=1 k=1



Yan and Gao Journal of Inequalities and Applications (2019) 2019:97

Corollary 2.10 If(11) holds, then g,(t) = const. Otherwise,
g(0)=g(1)-g/(s), s€(0,1),
and 0 < g/(s) < g.(1), where

& (1) =G,(1)g(1)

i Z 12 PP @F ()@) - g0)(inge(x) — Inge(y) dvdy
— 2y 17 Frg(x) dx [* Fr(x) dx

n 1
b I
x ]‘[( / S @) dx)
k=1 N4
Next, we use the existing inequalities to derive the inequalities obtained in Kwon and

Bae [25].

Theorem 2.11 Let a; >0, pr > 1, o e R, 1 <i<m, 1 <j, k<m, ZZ=1 I%k =1, and
Y ko1 o = 0. Then

S 1(E(1))

Moreover, for the integral form of this inequality, if fi(x) >0 (j=1,2,...,n), x € [a, b], —00 <
a < b < +oo, and f(x) € Cla, b], then

f (l_[f x)> dx < H( f l_lf“”k“k’ )dx) g (13)

Proof From (2) we can see that 4(0) is the minimum point of /(¢).
Thus /4(0) < h(z), that is,

ST 1[2(1Ta) @ ]

i=1 j=1

Under the assumptions of (2), taking ¢ = —pyay; for j # k and £ = o /(1 - pik) for j = k with
> ko1 o = 0, we have

S 1= 115 (1147))

i=1 j=1 i=1 \j=1

Similarly, the integral expression of Holder’s inequality now becomes g(0) < g(¢), that is,

b/ n n b/ n 1-t ik
/ (ka(x)) dx < ]‘[( / (]‘[ ﬁ(x)) P () dx) , teR.
4 \k=1 k=1 \"% \j=1

Page 9 of 12
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Next, we make some changes to g(¢). Taking ¢ = —pray; for j # k and ¢ = ax/(1 - pik) for
j=kwith 3"}, ouj = 0, we have

" - b Ltpgag; i
/ [[5® |dx<]] / [1f ™" @ ax
4 \j=1 k=1 \"% j=1

Thus, the proof of the theorem is completed. O
Similarly, we also consider the case p; > 1, Y ;_; I%k =r.

Theorem 2.12 Let a; >0, rpp > 1, ayy € R, 1 <i<m, 1 <j, k <n, ZZ=1 Plk =r, and
Y iy i =0. Then

151

Moreover, for the integral form of this inequality, if fi(x) >0 (j=1,2,...,n), x € [a, b], —00 <
a < b < +00, and f;(x) € Cla, b], then

b z b 1+rpgoyi ]i
/ (]‘[ﬁ(@) dx < ]‘[(/ [ " dx) : (15)
4 \j=1 k=1 \"4 j=1

Proof From (8) we get that %,(0) is the minimum point of %,(¢). Thus, 4,(0) < h,(¢), that

e fE([1) o]

Under the assumptions of (8), taking ¢ = —rpyou; for j # k and t = o/ (1 - ﬁ) for j = k with
Y ko1 o =0, we have

1

Z l_[ a; < 1‘[ (Z (1—[ 1+rpkak]) ) ﬁ‘

i=1 j=1 j=1

Similarly, the integral expression of Holder’s inequality now becomes g,(0) < g,(¢), that is,

b n 1-t e
/(Hﬁx)) x<1_[</ (Hﬁ(x)) P (%) d ) , teR.

Similarly to discrete /,(£), we also make some changes to the continuous g,(¢). Taking
t = —rproy; for j # kand t = ax/(1 - —) for j = k with Y "} _, oj = 0, we have

U

Thus the proof of the theorem is completed. O



Yan and Gao Journal of Inequalities and Applications (2019) 2019:97

3 Conclusion

As is well known, the Holder inequality and its derivative theorems play an important
role in mathematical analysis. In this paper, we have presented a wider range of discrete
function 4,(t) and continuous function g, () based on the existing discrete function /(t)
and continuous function g(¢). In addition, we give a proof and application of /4,(¢) and
g,(t), and, finally, by using the results obtained we get an extension of Hélder’s inequality
to the new inequality. In the future research, we will continue to explore other derived

inequalities of Holder’s inequality.
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