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1 Introduction and our main conclusions
In this paper, we would like to consider a family of closed planar curves F: S! x [0, T) —
R?, which satisfies the following initial value problem (IVP for short):

%F(u, £) = k% (u, )N(u, t) - Vp(u,t), VYueSh,tel0,T),
5(,0) = f(u)No, (1.1)
F(': 0) = FO,

where Fy : S! — R? is a smooth strictly convex closed curve in the plane R?, Ny is the
unit inner normal vector of the initial curve Fy, o > 0 is a positive constant, k(-, ) is the
curvature function of the evolving curve F(-,t), N (-, ) is the unit inner normal vector of
F(-,t), f(u) € C®(SY), andf(u)ﬁo is the initial normal velocity. Besides, Vp is defined by

0*F OF\-
Vo= {2 N, 12
P <838t 3t> 12

where (-,-) is the standard Euclidean inner product in R2, and T, s are the unit tangent
vector of F(-,t) and the arc-length parameter, respectively. For this flow, first, we can get
the following.

Theorem 1.1 (Local existence and uniqueness) Suppose that F is a smooth strictly convex
closed curve in R?. Then there exist a positive constant T > 0 and a family of smooth strictly

convex closed planar curves F(u, t) satisfying (1.1).

If furthermore the normal velocity of the initial curve F(-,0) is nonnegative, we can also
describe the asymptotical behavior for the hyperbolic flow (1.1).
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Theorem 1.2 Suppose that Fy is a smooth strictly convex closed curve in R2. Then there
exist a finite time interval [0, Trax) and a family of strictly convex closed planar curves
F(-,t) such that F(-,t) satisfies (1.1) only on [0, Tyax), provided that o > 1 and f(u) is a
smooth nonnegative function on S'. Moreover, as t — Ty, one of the following should be
true:
(i) the solution F(-,t) converges to a point, that is to say, the curvature of the limit curve
becomes unbounded,;
(ii) the curvature k of the evolving curve is discontinuous so that the solution F(-,t)
converges to a piecewise smooth curve, which implies that shocks and propagating
discontinuities may be generated within the hyperbolic flow (1.1).

Remark 1.3 If a = 1, then the hyperbolic flow (1.1) degenerates into the one considered
in [6], and correspondingly, our Theorem 1.1 would become [6, Theorem 1.2]. Therefore,
our paper here is an interesting extension of [6]. Besides, as in [7], one can also add a
term c(£)F(u, t) to the RHS of the evolution equation in (1.1), which is actually a forcing
term in the direction of the position vector, and then using the methods in [7] and the
paper here, the evolution and the asymptotical behavior of the new hyperbolic planar flow
can be expected without any big difficulty. The research of curve flows and related topics
is important and has many interesting applications in other scientific branches (see, e.g.,
[1-4,8,9,11,12]).

2 Proof of Theorem 1.1

In this section, we will reparameterize the evolving curves so that the hyperbolic partial
differential equation (PDE for short) can be derived for the support function defined by
(2.5) below, which leads to the short-time existence and the uniqueness of the solution to
the flow (1.1).

Definition 2.1 A curve F:S! x [0, T) — R? evolves normally if and only if its tangential
velocity vanishes.

It is easy to know that the flow (1.1) is a normal flow.
Lemma 2.2 The curve flow (1.1) is a normal flow.

Proof Since

<8F 8F> < dF 8F> <E 32_F>

at’ ds ar2’ ds at’ dtds

< 8F> <8F 82F>

ds at’ dtds
oo ) (5 )

dsdt’ ot at’ dtds

=0

and the initial velocity of the flow (1.1) is in the normal direction (i.e., the initial tangential
velocity vanishes), then the tangential velocity of the evolving curve F(-, t) vanishes for all
t>0. g
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By Lemma 2.2 and (1.1), it is easy to know that there exists a function o (u,f) =:
(&5

N)(u, 1) satisfying

8w 1) = 0w, ON = k*(u, DN, 2.1)
F(u,0) = Fo(u),

where o (u,£) = f(u) + [, k%(u, &) d.
Denote by s = s(-, £) the arc-length parameter of curve F(-,£) : S' — R2. By the arc-length

formula, we have

1 a 1 0 10
ae T 0F 5,
as (%)2+(§_Z)2 du |g.10u  vou

where (x,7) is the Cartesian coordinates of R?. By the Frenet formula, for the orthogonal
frame field {7, N} of R2, we have

aT - N -
— =kN, — =—kT.
as as

Let 6 be the unit outward normal angle of a closed convex curve F : S! — R? w.r.t. the
Cartesian coordinates of R, Then we have

-

N = (—cos8,—sinf),

T= (—sin@, cos6).
Correspondingly, we have % = k and, by the chain rule, it follows that

AN N 90 - AT 9T 30 90 -
R -2 - N. (2.2)
at 00 at ot at 90 at ot

Clearly, by (2.1) and (2.2), we have
do0 9 |dF - 3°F -
— =—{(—,N)=(—,N)=k
ot ot\ ot o2
doc  [IF - 9’°F - OF 9°F
o—=(—,N)-{—,N)={—,— ).
0s ot 0s0t ot 0sot

By the definition of v, (2.1), (2.2), and (2.3), we can obtain the following.

(2.3)

Lemma 2.3 The derivative of v with respect to t is ‘3—’; = —kov.

Proof By a direct computation, we have

3, 5 dF 3°F OF |2, 0 =
— () =2(—,——)=2(|—|T,—(oN)
at du dtdu du| " Odu
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= 2<UT,G(—k7")U>

= —2v%ko,
which implies the lemma. O

By Lemma 2.3, we can obtain

) ==+ 0 — + ——.
v 0u v2 0t du v du Ot s  0sot

# 9(/1a\ 1ovad 10320 9 92
dtds Ot

Noting that T =2 and together with the above equality, we can deduce

s ?

0T  9°F

at  dtds
dF 9°F
=ko—+ —
ds  dsot

I N
=koT + —(oN)
as

. 90 - -
—koT + 2N + o (-kT)
as
_8(7~
T 9s

’

which, combining with (2.2), implies

do 90 N _ 3o
os ot’ ot 0s

Assume that F : S! x [0,7) — R? is a family of curves satisfying the flow (1.1). As in
[7, 12], one can use the normal angle 6 to reparameterize each evolving curve F(u,t) as
follows:

F(0,7) = F(u(9,7),t06,7)), (2.4)

where £(6, ) = t. By the chain rule, we have

00 00 0u 06
== —— 4 —
dt Jdudt Ot

’

and

20 00 du 00 ds du X ou
— = = =—kv—.
at ou 0t d0s 0u 0T ot

Hence, by a direct calculation, one can obtain

T 9T ds du 90 - du 96\ -
— e~ 4t —_N=|kv—+—=|N=0
it ds du ot Ot Jtr Ot
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and

9t 8s dudt ot

which implies that Nand T are independent of the parameter 7.
Define the support function of the evolving curve F 0,7) = (x(0,7),9(0, 7)) as follows:

S0,1) = (IA-:(@, 7), —K[) =x(0,7)cosO + y(0,7)sinb. (2.5)
Then we have

S4(8,7) = —x(9,7)sinb + y(8,7) cos b = (F(6, 1), T).
Solving the above two equations yields

x(0,7) =Scosh — Sy sin0,
(6, 7) =Ssin6 + Sy cosb.

Furthermore, we have

Spo +S = (Fs(0,7), T) + (E(6,7),N) + (F(6,7), -N)

~ > OF 0u 0s -
:<F9(9:T);T>: ___yT
du ds 00
1
=
which implies
1
k= . (2.6)
599 +S

The equation Sgg + S = % makes sense, since the evolving curve ?(9, ) = F(u(9,1),t0,1))
is strictly convex under the flow (1.1), see Proposition 4.3 for details.

On the other hand, since N and 7 are independent of the parameter 7, together with
(2.1) and (2.4), we can get

oF - dF du OF - OF - -
ST = _1_N =\—7 + _y_N = _7_N = _0(91 t);
0T du ot 0t ot

and moreover,

OF 0u  3°F [du\> _ 9°F du 9*F -
= —|=) +2 —+—,—-N
ot udt 9t It?

——+
ou 9t2  Ju?
82F (du\> 9°F ou - 92F ou 3°F -
={—|—)] + —,-N )+ —+—,-N
ou? \ ot oudt 0t dudt 9t It2

ou oF - 02F du 93°F -
2 (E) N+ 2N
ot du ), dudt 9t 2
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eI
oudt 0t  0t?

9°F du -
=(———,-N) -k~
oudt ot

<a2F du 0°F a>
= N

Since, by Lemma 2.2, we know that F: S! x

oF -
<—, T> =0
ot

holds for all ¢ € [0, T'). Then by a straightforward computation, we can get

0 ~ = oF
579:_<F:T) < T>

0 ar’

B oF 3u 7

“N\ouwar " t’

- Br

and
0 [0F - 9°F du -
SQ‘L’ = _1_N = _;_N

00\ ot oudt 00

dudt ds 00"

1/093%F -
=—(—,-N).
kv \oudt

<82F du ds ~>
= N

Hence, the support function S(6, t) satisfies

2F 9 -
S = ([ ZE2 K\ g
ouot 0t

9
= kUSpr — — K
at

= kS;, —k“,

which is equivalent to

599 +S 599 +S

(2019) 2019:52

[0, T) — R? is a normal flow,

S2 1 *
Spp= —0T ( ) , Y(0,7)eS' x[0,T).

Therefore, we have

SSi¢r +S::809 — Sgr + (599 + S)l_a =
5(6,0) = h(0) = (Fo,N),
S:(6,0) = —f(6) = =f (w(8,0)),

(2.8)

where / is the support function of Fy(u(6)), and f is the initial velocity of the initial

curve Fy.

Page 6 of 17



Zhou et al. Journal of Inequalities and Applications (2019) 2019:52

Here we would like to get the short-time existence of the flow (2.8) by the linearization

method. First, we have the following conclusion.

Lemma 2.4 Suppose that Fy is a smooth strictly convex closed curve and ko > 0 is the cur-

vature of the curve Fy. Then the wave equation

Ste =Spo + /<8‘,

~

81(9,0) = f(e):

has a unique solution Sy € C®(S' x [0, T1)) with some Ty > 0, where a > 0, Sy, Sga, h(6),
omdf(@) have the same meaning as those in (2.8).

Next, we want to consider the linearization of (2.8) around Sy.

Lemma 2.5 Let Sy € C*®(S! x [0, T1)) be the solution of the wave equation (2.9) and & €
C>(S* x [0, T1)). Then there exists some T > 0 such that the linearization of (2.8) around
So given by

LSOS = SU - [ﬂSQ@ + bS@r + CSg + dST + eS] = 5;',

S‘L’ (9)0) = _f(e)x
has a unique solution S € C*(S! x [0, T)).
Proof For equation (2.7), set

St
S@g +S

1 a
= ’S 75 ryS;Sr;S'
(599+S> B (x, Se0, Sor,Se )

Let S, := So + €S. We obtain the linearized operator Lg, of % — ¢ around Sy as follows:

de 972
_s _|: 00 d(S)ee . ¢ d(S)er
o 9(Se)ee  de 9(Se)or de

" 3¢ d(sa)6+ 3¢> d(SE)r+ 3¢ d(ss)]|
3(S.)e de  9(S.), de  8(S.) de |
¢ ¢ ¢ ¢ R S}

=S — Soo + Sor + So + S+
[3(50)09 S T (S0 9(So)e 9(So)

d 2s,
LSOS:= _|£0<a 5 _¢(x7 (58)09!(58)91'1(55)91(SE)T)SE))

which implies in (2.10)

-2 1 \*! AT
a= + o , b= .
(Spo +S)? Soo + S Spp + S
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Consider the principal matrix

Sor
< -1 ) Spp+S
Sot ~S6¢ 1 o+l
Spp+S (Spg+S)? + Ol(S@g +5)

which, by a proper linear transformation, can be transformed into

-1 0
0 aketl :

At t =0, since ky is strictly positive, thus Lg, is uniformly hyperbolic in some time interval
[0, T). Therefore, the theory of second-order linear hyperbolic PDEs yields the result. O

By Lemma 2.5, we have the following.

Lemma 2.6 Suppose that Fy is a smooth strictly convex closed curve and ko > 0 is the cur-
vature of the curve Fy. Then there exist some T > 0 and a family of strictly convex closed
curves F(-,t) such that (2.8) has a unique solution S € C*°(S* x [0, T)) with S the support
function of F(-,t).

Proof We want to translate the solvability of (2.8) to the invertibility of some operator A
defined as

S— AS:= S — ¢(%,Sp9,So1,S9, Sz» S).

The inverse function theorem states that if DA(Sy) is a linear homeomorphism from S to
AS, then there exists a neighborhood Uy, such that A : Us, — A(Us,) is a homeomor-
phism.

Let Sy be the solution of (2.8), then DA(Sy) is given by

DA(So) : S — DA(So)(S) = L, S.

By Lemma 2.5, we know that there exists a unique solution S to (2.9), which shows that
DA(Sp) is invertible. Since DA(Sy) is a linear homeomorphism, A is invertible in a neigh-
borhood Us, of Sy, which implies the conclusion of Lemma 2.6. O

Then Theorem 1.1 follows by applying Lemma 2.6 directly.

3 Aninteresting example
Example 3.1 Let F(u,t) be a family of round circles, with the radius r(¢) centered at the
origin, given by

F(u,t) = r(t)(cos9,sinH)

with F(u,0) = ro(cos @, sin@), which implies r(0) = rp > 0. Then the support function and
the curvature of circles are given by

50,8) = r(t)
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and

k(0,t) = %

In this setting the hyperbolic flow (1.1) becomes

Ty = —%,
r0)=ro>0, r/(0)=r1,

(3.1)

where o > 0. For IVP (3.1), we divide the discussion into two cases as follows:

Case (I). Assume that ; < 0. Since 7y = —% < 0, which implies the acceleration and
the initial velocity are in the same direction, it is easy to know that r(¢) decreases and then
there must exist a finite time #o > 0 such that r(¢p) = 0. That is to say, the initial circle F(u, 0)
contracts to a single point as ¢ — £. Especially, by [5, Lemma 3.1], if = 1 and r; = 0, then
to = \/g ro.

Case (II). Assume that r; > 0. By [5, Lemma 3.1], if « = 1, we know that the solution 7 to
IVP (3.1) increases first and then deceases and attains its zero point at some finite time £,.
Assume in addition that o # 1. Multiplying both sides of the first equation in (3.1) by ry,
and then integrating from O to ¢ > 0, we have

2
a-—1

r’= [F@) —rg™] + 7.

So, it follows that

1-« 1/(1-a)
r< (r(l)“ + 5 r%) =T (ro,71).

Therefore, if r increases for all time, i.e., r; > 0 for £ > 0, we have ry < r(t) < T (ry,r1) and

-1 <1y < —=5~—, which implies that the curve 7, is bounded by two straight lines
o T%(ro,r1)
1 1
7y = —%t +rand ry = ~ T o)

t >0, ry is a convex function. Hence r, would vanish at some finite time and change sign

¢ + 1. On the other hand, since (r,)y = ar- @Yy, > 0 for
after that time, which contradicts the assumption that r; > 0 for ¢ > 0. Thus, for @ > 0 and

r1 > 0, the solution r(¢t) to IVP (3.1) increases first and then deceases and attains its zero

point at some finite time.

4 Some propositions of the hyperbolic flow

Consider the general second-order operator L defined by
L[] := awgg + 2bwy; + cwy + dwg + ewy, (4.1)

where a, b, c are twice continuously differentiable and d, e are continuously differentiable

w.r.t. 6 and ¢. If at a point (0, t) the inequality

b —ac>0
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holds, then the operator L is said to be hyperbolic at point (6, £). It is hyperbolic in a domain
D if it is hyperbolic at each point of D, and uniformly hyperbolic in a domain D if there

exists a constant p such that b2 —ac > >0 in D.
Assume that w and the conormal derivative

Jw - Jw Jw
w0 ot

are given at ¢ = 0. The adjoint operator L* of L can be defined as follows:

L*[w] := (aw)og + 2(bw)g; + (cw)y — (dw)g — (ew),

awgg + 2bwys + cwy + (2ag + 2by — d)wg + (2by + 2¢; — e)w;

+ (ago +2bg + cu — dp — er)w.
As shown in [6, pp. 502—503], for any hyperbolic operator L, there exists a function / sat-

istying the following condition:

24/b% — acll, - %(\/b2 —ac-b)ly] +IK, >0,
24/b% — acll, + %(\/ b2 —ac—-Db)lg] +IK_>0, (4.2)

(L* +@lw] =0,

in a sufficiently small strip 0 < ¢ < £, where

K, := (vbz—ac)g + é(vbz—ac)g + %(be +¢—e)Vb?—ac

C

1 b
+ [—%(bz_ac)g+ﬂ9+bt—d—z(b9+ct—e)i|

and

K_:= (x/b2 —ac)e + é(vbz —ac)e + %(bg +c¢—e)Vb:—ac

1 b
_ [_%([ﬂ _ac)g +ag+b,—d- ;(bg +¢ —e)].
Choose the function [ to be

10,8):=1+nt - Bt%,

and then it is easy to check that the coefficients restriction (4.2) becomes

202 —ac(n — 2B8t) + (1 + nt — BtH)K, > 0,
202 —ac(n - 2B8t) + (1 + nt — Bt2)K_ > 0, (4.3)
(L*+g)w] =0,

for 0 <t < ty. However, (4.3) can be assured by suitably choosing values for n and g; for
this fact, see [6, p. 503]. Once the function [ is determined, the condition on the conormal
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derivative becomes

d
—Li)+(b9+ct—e+cn)a)§0
av

at £ = 0, and if we choose a constant M large enough, the following inequality
M > —(bg + ¢, —e+cn) (4.4)

holds on I, where I is the boundary of the initial domain.
Using the above facts, one can easily get the following maximum principle for the trip
adjacent to the 6-axis (see, e.g., [6, 10]).

Lemma 4.1 Suppose that the coefficients of the operator L given by (4.1) are bounded and
have bounded first and second derivatives. Let D be an admissible domain. If ty and M are
selected in accordance with (4.3) and (4.4), then any function w which satisfies

L+g9w]=0 inD,
%—%’—wao on Iy,

w=<0 on Iy,

also satisfies w < 0 in the part of D which lies in the strip 0 < t < ty. The constants ty and
M depend only on lower bounds for —c and ~/b* — ac and on bounds for the coefficients of
L and their derivatives.

Lemma 4.1 can be used to get the following principle.

Proposition 4.2 (Containment principle) Let F; and F, : S' x [0, T) — R? be two convex
solutions of (2.8). Suppose that F,(u,0) lies in the domain enclosed by Fy(u,0), and f>(u) >
fi(u) = 0. Then Fy(u,t) is contained in the domain enclosed by Fy(u,t) for all t € [0, T).

Proof Assume that S1(6,t) and S»(0,t) are the support functions of F;(u,t) and F,(u, £),
respectively. Then, under the above assumptions, it is easy to know that S; (8, £) and S,(60, t)
satisfy the first equation of (2.8) with S;(6,0) < §1(6,0) and Sx(8,0) < 51,(6,0). That is, we
have

2 o1l
S181u + S14S190 — S1p, + k7 =0,

8282t + S21¢S200 — S%@r + k§71 =0,
where k; and k; are the curvatures of curves F (,t) and F,(u, t), respectively. Set
(1)(9, t) = 82(9) t) - 51(91 t)

By direct calculation, we have

2 -1 2 -1
_ _ Szet ~ /(5' Swt - k?
S S
Wy = Ot — Ot = -
Sz + S200 81+ S100

= glk1, ko) - wog + (k1S16¢ + koSoor)wer + glk1, k) - w,
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where

kik
gk, k) o= =2

- koSS = k™) = (S = )

Therefore, we have

wy = g(ki, k2) - wgo + (k1S101 + kaSaor)wor + glkr, ko) - w,
@4(0,0) =£1(0) — f2(0) := w1(6), (4.5)
(0,0) = hy(6) — 1:1(6) := wo(6).

Define the operator L as
L{w] := glky, ky)wgg + (k1S19¢ + kaSags)wes — wyt.
So, it is easy to check that
1
a = g(ky, ka), b= E(klslat + k2S291), c=-1

are twice continuously differentiable functions w.r.t. 6 and ¢. Since

1 kik
b —ac= 1(k1519t + kaSo00)* — 2 - 2 [k2(S16S20e = k5 1) — ki (S16¢Sa0e — K¢ )] - (1)
1—ky
1 kika a o
= Z(klsl(v‘t — kySaar)” + s (K - &3)

>0,

which implies that L is uniformly hyperbolic in S! x [0, 7). The last inequality holds since
for o >0, (k§ — k3)/(k1 — k) is strictly positive. By Lemma 4.1, we have Sy(6,t) < S1(6,¢)
forallt € [0, T). (]
Proposition 4.3 (Preserving convexity) Let ko be the mean curvature of Fy and let

8= min {ko(0)} > 0.

(T o} >

If o > 1, then for a solution S of (2.8), we have

k(6,t) =8
forallt € [0, Tiax), where [0, Thax) is the maximal time interval for solution F(u, t) of (1.1).
Proof By Theorem 1.1, it is easy to know that the evolving curve F(-,£) of the flow (1.1)
remains strictly convex on some short time interval [0, T) with T < Ty,x. Moreover, the

support function S of F(-, ) satisfies

Stt = kSgt - ka
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for any (0,¢) € S' x [0, T). By direct calculations, we have

1
k; = = —k*(S; + Spoe)s
t (S+599>t (St + Soor)

1
St + Spor = —(S + Se0) ks = —— ks,

2
1 2 1
Sor + Soo0r = <_pkt)e k—gktke - pk@t,
and
ki = 1 (S: + Spos)
it = (S+ 5.09)2 t 00t ,

= kz[kDFl - 53: +(a — 1)/(‘172]/(99 + 2kSpiko; + 4k259¢5tk9

— 4kS,k, + K3 [Sgt - 25}2 + k7 4 (0 = Dk (o — 2 + 2k)(Sp + 5999)2].
Define the operator L as
L[k] := k2 [k‘)‘_1 — Sgt + (. — l)k""z]kgg + 2kSpikos — kyp + 4k>Sp:Siky — 4kS,k,.
By the definition of (4.1), we have
a= kz[k"‘_1 - Sﬁt + (a — l)k“_z], b = kSy;, c=-1,
which are twice continuously differentiable functions w.r.t. 6 and ¢, and
d=4K>SyS;,  e=—4kS;,
which are continuously differentiable functions w.r.t.  and ¢. Moreover, since
b —ac= (kSp,)?* - k2 [k""l - Sﬁt + (o — l)k"‘_z] (1) =k 4 (@ - 1Dk* >0

provided o > 1, the operator L is hyperbolic in S! x [0, T). Determine a function (6, £) by
the following system:

(L + R[]

:= LIK] + K3[S3, = 287 + k*71 + (a0 = 1)k“(a — 2 + 2k)(Sp + Spep)*]  in S x [0,T),
k(6,0) = ko(0) on Iy,
0< g—lgzz —bky — ck, = B(0) on Iy,

where I} is the boundary of the domain enclosed by the initial curve F(-,0). It is easy to
check that the function Z(@, t) := minge[o2x){ko(0)} = § satisfies

(L+H)[k]=0 in'S! x [0, T),
(6,0) < ko(6) on I,
% _ MK < B(0) - Mko(8) on I,

Page 13 of 17
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where M is a constant given by (4.4). Applying Lemma 4.1 to the difference k-k yields
k<k@®,t) inS'x[0,t)

with #y < T. Therefore, F(-,t) remains convex on [0, Tp.x) and the curvature of F(-,¢) has

a uniform lower bound § on S! x [0, Tra)- This completes the proof. O

We also need the following properties of the evolving curves F(-,¢) and the Blaschke

selection theorem.

Lemma 4.4 Under the hyperbolic flow (1.1), the arc-length €(t) of the closed curve F(-,t)
satisfies

de(t)

2
— == o(6,t)do
= /0 56,1

and

a*e) [, (95\°
—— = k{ — | —k*|d6.
) [‘(ae) }
Proof ByLemma 2.3, the first- and second-order derivatives of the arc-length £(¢) are given
by

2 2 2 2
de—(t):if Ud9=/ a—Udé?:— kv&d@:—/ odo
dt dt 0 0 ot 0 0

and

d2£ t 2 P " 21 9 2
Tg) = —/ E(O’(@,t)) do Z/ 5(5;)6{9 = / Sttde
0 0 0

2 21 9 2
= / (kS5, — k) do = / [k(—St) - k“} do
0 0 00
2 ~\ 2
_ / [k(a—") - ka] do,
A 36
which finishes the proof. O

Lemma 4.5 Under the assumption of Proposition 4.3, the following inequality

holds for all t € [0, Trax)-

Proof Since

do

—=k“>0
at



Zhou et al. Journal of Inequalities and Applications (2019) 2019:52 Page 15 of 17

for t € [0, Trnax), we have
o(u,t) >o(u,0)

for t € [0, Timax), which is equivalent to say
o0,t) =0 (u,t)>o0(u,0)=5(,0)

for t € [0, Tax). This leads to the fact that

00
—>0
ot

for t € [0, Tmax). On the other hand, by the chain rule, we can obtain

do 9600 95 95 do 9o 35 95 90 95

— =t —=—— + — = +
ot 00 0t 0t 00 0s Ot 00 060 0s Ot

’

which implies

5 9 a5\ 200 35\ >
90 00 (99 9 e _1 (29
at ot \90) 9s 30

Hence, together with the convexity of evolving curves on the time interval [0, Tpax), one

has
95\ 2
il -kt <o,
a0

This completes the proof. O

Theorem 4.6 (Blaschke selection theorem) Let {Kj} be a sequence of convex sets which
are contained in a bounded set. Then there exist a subsequence Ky and a convex set K such
that {Kj} converges to K in the Hausdorff metric.

5 Proof of Theorem 1.2
By reasonably using Example 3.1 and the containment principle, we can get the conver-
gence of the hyperbolic flow (1.1).

Proof of Theorem 1.2 Let [0, Tiax) be the maximal time interval of the hyperbolic flow
(1.1). We divide the proof into the following several steps.

Step 1. Preserving convexity

By Proposition 4.3, the evolving curves F(-,t) remain strictly convex on [0, T,x) and
their curvatures have a uniformly positive lower bound max,cg1 ko(6) on S x [0, Trax).

Step 2. Short-time existence

Enclose the initial curve F by a large enough round circle y,, and then let this circle
evolve under the hyperbolic flow (1.1) with the initial velocity min, g1 f(u) to get a solution
y(-,t). By Example 3.1, we know that the solution y (-, £) exists only at a finite time interval
[0, T*), with T* < oo, and y (-, £) shrinks into a point as £ — T*. By Proposition 4.2, we know
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that F(-,¢) is always enclosed by y(-,t) for all £ € [0, T*). Therefore, F(-,t) must become
singular at some time Ty, < T*.

Step 3. Hausdor{f convergence

From Example 3.1, since f () is nonnegative, the round circle y (-, £) constructed in Step 2
is shrinking. Since, for any time ¢ € [0, Thax), F(-, ) isenclosed by y (-, t) and y (-, ¢) is shrink-
ing, every convex set K., enclosed by F(-,£) must be contained in an open bounded disk
enclosed by y(:,0) = yo. By Theorem 4.6, we know that F(-, ) converges to a (maybe de-
generate and non-smooth) weakly convex curve F(-, Ty,x) in the Hausdorff metric.

Step 4. Asymptotical behavior

By Lemma 4.5, we know that, for all £ € [0, Tjax),

95\ 2
(%) —k*t<o

holds, then one can obtain from Lemma 4.4 that, for all £ € [0, Tnax),

2
de) o A

0.
dt e -

Therefore, there exists a finite time T such that £(T) = 0. There will be two situations (the
rest is similar to Step 4 of the proof of [6, Theorem 1.2], however, for readers’ convenience,
we would like to write down all the details here):

Casel. Ty < Tyax- On the one hand, there exists a unique solution of the evolution equa-
tion (1.1) on the interval [0, Tj). On the other hand, £(t) — 0 as ¢ — Ty, which implies
that the curvature k goes to infinity when ¢t — T, and then F(-, £) will blow up at time Tj.
Hence, by the definition of Ty,x, we have Ty = Tyax. That is to say, F(-,£) converges to a
point as £ = Trx.

Casell. Ty > Tpax. In this situation, we have £(T.x) > 0, then the solution F(-, Tipax) must
be non-smooth. We divide the argument into the following three cases:

(1) IF(et, Tmax) |l = sup,,est |F (4, Tmax)| = 00. However, as shown in Step 2, we know that
F(-,¢) is contained by the initial curve Fy, and then ||F(u, Tmax)|| must be bounded,
which is a contradiction. So, this case is impossible.

(2) [I1Fu(tt, Tmax) || = 00, then the length of the limit curve satisfies

lim ds
t— Tmax Fut)

Z(Tmax)

lim |Fu(u, t)| du
t— Tmax F(u,t)

/ lim |F,(ut)|du
F(u,t)

t— Tmax

o0,

which is contradict with the fact £(Tax) < £(0) < 00. So, this case is also impossible.
(3) The curvature k is discontinuous. We cannot exclude this case, and then this
phenomenon will occur if the above shocks are impossible.

This completes our proof. O
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