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Abstract

In this paper, we are concerned with the split equality problem (SEP) in Hilbert spaces.
By converting it to a coupled fixed-point equation, we propose a new algorithm for
solving the SEP. Whenever the convex sets involved are level sets of given convex
functionals, we propose two new relaxed alternating algorithms for the SEP. The first
relaxed algorithm is shown to be weakly convergent and the second strongly
convergent. A new idea is introduced in order to prove strong convergence of the
second relaxed algorithm, which gives an affirmative answer to Moudafi's question.
Finally, preliminary numerical results show the efficiency of the proposed algorithms.
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1 Introduction
The split feasibility problem (SFP) was first introduced by Censor and Elfving [5]. It models
various inverse problems arising from phase retrievals and medical image reconstruction

[3]. More specifically, the SFP requires to find a point x € H; satisfying the property
xe€C and AxeQ, (1.1)

where C and Q are nonempty, closed and convex subsets of real Hilbert spaces H; and H»,
respectively, and A : H; — H, is a bounded linear operator.

Various iterative methods have been constructed to solve the SFP (1.1); see [3-5, 16,
19, 20, 22-25, 28]. One of the well-known methods appearing in the literature for solving
the SFP is Byrne’s CQ algorithm [3, 4], which generates a sequence {x,} by the recursive
procedure

Xn+l = PC(xn - VA*(I - PQ)Axn)’ (12)

where y € (0, ﬁ), Pc and P are projections onto C and Q, respectively, I denotes the
identity operator, and A* denotes the adjoint of A. The SFP can be also solved by a different
method [17, 27], namely

KXnsl =Xy — V[(I_Pc)xn +A*(1_PQ)Axn]» (1.3)
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where y is a properly chosen parameter. In Hilbert spaces, both (1.2) and (1.3) converge
weakly to a solution of the SFP whenever such a solution exists.
Recently, Moudafi [11] introduced the split equality problem (SEP):

Find x€C,ye Q suchthat Ax=By, (1.4)

where Hi, Hy, Hs are real Hilbert spaces, C € H;, Q C H, are two nonempty, closed and
convex subsets, and A : H; — Hs, B: Hy — Hj are two bounded linear operators. It is
clear that the SEP is more general than the SFP. As a matter of fact, if B=1 and Hs = Hj,
then the SEP (1.4) reduces to the SFP (1.1). Algorithms for solving the SEP have received
great attention; see, for instance, [6, 7, 10-12, 14, 18]. Among these works, Moudafi [11]
introduced the alternating CQ-algorithm (ACQA), namely

Xpe1 = Pc(x, — VnA*(Axn - B)’n));
Yn+l = PQ()’V! + VnB*(Aerl _Byn))~

(1.5)

It is shown that the sequence {(x,,7,)} produced by ACQA converges weakly to a solution

of (1.4) provided that the solution set S = {(x,y) € C x Q | Ax = By} is nonempty and {y,,} is

1 1

a positive nondecreasing sequence such that y,, € (e, min(W, TBIE

) —€) for a small enough
€>0.

However, the ACQA might be hard to implement whenever P¢ or Py fails to have a
closed-form expression. A typical example of such a situation is the level set of convex

functions. Indeed, Moudafi [10] considered the case when C and Q are level sets:
C={xeH |clx) <0} (1.6)
and

Q={yeH,|q(y <0}, (1.7)

where ¢: H] — R and g : H, — R are two convex and subdifferentiable functions on H;
and H», respectively. Here the subdifferential operators dc and dq of ¢ and g are assumed
to be bounded, i.e., bounded on bounded sets. In this case, it is known that the associated
projections are very hard to calculate. To overcome this difficulty, Moudafi [10] presented
the relaxed alternating CQ-algorithm (RACQA):

Xn+l = PC,, (xn — }/A*(Axn - Byn)):
Yn+1 = PQn (yn + VB*(Aan _Byn))‘

(1.8)

where y € (0, min(w, W))’ {C,} and {Q,} are two sequences of closed convex sets de-
fined by

Cu={x € Hy | c(xy) + (§pyx —x,) <O}, &, € dclxy), (1.9)
and

Qu={yeHy 1qn) + sy —yn) <0}, 0y € dg(yn). (1.10)
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Since C, and Q,, are clearly half-spaces, the associated projections thus have closed form
expressions. This indicates that the implementation of RACQA is very easy. Under suitable
conditions, Moudafi [10] proved that the sequence {(x,,y,)} generated by the RACQA
converges weakly to a solution of (1.4). Meanwhile, he raised the following open question
in [10].

Question 1.1 Is there any strong convergence theorem of an alternating algorithm for the
SEP (1.4) in real Hilbert spaces?

Motivated by the works mentioned above, we continue to study the SEP. We will treat the
SEP in a different way. Indeed, we will prove that the SEP amounts to solving the coupled
fixed point equation:

x=x—1[(x — Pcx) + A*(Ax — By)],
y=y-tl(y - Pqy) - B*(Ax - By)],

1.11)

where 7 is a positive real number. This equation enables us to propose a new algorithm
for solving the SEP. We also consider the case when the convex sets involved are level sets
of given convex functionals. Inspired by (1.11) and the relaxed projection algorithm, we
propose two new relaxed alternating algorithms for the SEP governed by level sets, which
present an affirmative answer to Moudafi’s question. Finally, we give numerical results for
the split equality problem to demonstrate the feasibility and efficiency of the proposed
algorithms.

2 Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-,-) and norm || - ||. We denote by I the identity operator on H, and by Fix(T) the
set of the fixed points of an operator T. The notation — stands for strong convergence
and — stands for weak convergence.

Definition 2.1 ([2, 4]) Let T: H — H be an operator. Then T is
(1) nonexpansive if

”Tx_Ty”S”x_yH’ Vx»J’EH;
(2) firmly nonexpansive if

ITx— Ty|1* < Ilx -y = | (1 - T)x— (T - Ty,

Vx,y € H.

Let C be a nonempty, closed and convex subset of H. For any x € H, the projection onto
C is defined as

Pcx = argmin{ ly—xl1ye C}.
The projection P¢ has the following well-known properties.

Lemma 2.2 ([2, 15]) Forallx,y € H,
(1) (x—Pcx,z—Pcx) <0,Vze C;
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(2) Pc is nonexpansive;
(3) Pc is firmly nonexpansive;
(4) (Pcx —Pcy,x—y) > ||Pcx — Pcyl|*.

Definition 2.3 Let T: H — H be an operator with Fix(7T) # #. Then I — T is said to be
demiclosed at zero, if, for any {x,} in H, the following implication holds:

%, —~x and ([-T)x,—0 = «xeFix(T).

It is well known that if T is a nonexpansive operator, then I — T is demiclosed at zero.
Since the projection P¢ is nonexpansive, then I — P¢ is demiclosed at zero.

Definition 2.4 Let 1 € (0,1) and f : H — (—00, +00] be a proper function.

(1) f is convex if

Fx+ @ -0)y) <A (x)+ (X -1)f(y), VxyeH.

(2) A vector u € H is a subgradient of f at a point x if

fO) =f®) + (wy-x), VyeH.

(3) The set of all subgradients of f at x, denoted by 9f (x), is called the subdifferential
of f.

To prove our main results, we need the following lemmas.

Lemma 2.5 Forall x,y € H, we have
e+ y1% < 911> + 2%, + ).

Lemma 2.6 ([21]) Let {a,} be a sequence of nonnegative real numbers such that
ans1 < (L= Yn)an + Yudn, n=0,

where {y,} is a sequence in (0,1) and {8, } is a sequence in R such that
(1) Zzio Yn = 0Q;
(2) limsup,,_, .8, <00r Y -2 18,Vul < 00.

Then, lim,,_, o @, = 0.

3 A new alternating CQ-algorithm
In what follows, we always assume that the solution set of the SEP is nonempty, i.e.,
S={(xy) € C x Q| Ax = By} # . In order to solve problem (1.4), we need the following

lemma, which has as a key role in later developments.

Lemma 3.1 An element (x,y) € Hy x Hj solves (1.4) if and only if it solves the fixed point
equation (1.11).

Page 4 of 18
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Proof 1f (x,y) solves (1.4), then x = Pcx, y = Poy and Ax = By. It is obvious that the fixed
point equation (1.11) holds.
To see the converse, let (x,y) be a solution of equation (1.11). Then,

(x — Pcx) + A*(Ax — By) =0,

3.1
(y - Poy) — B*(Ax — By) = 0. ey

Choosing any (%,%) € S, we get
0= <(x — Pcx) + A*(Ax — By),x — 5c)
= (x — Pcx,x — x) + (Ax — By, Ax — AX),
and
0=((y— Pgy) - B*(Ax — By),y - j)
= (y - Pqy,y —y) — (Ax — By, By — By).
Adding the above two equalities, we have
0= {(x = Pcx,x - %) + (y - Pay,y = §) + llAx - By|*
= (x — Pcx,x — Pcx) + (x — Pcx, Pcx — X) + (y — Pqy,y — Pqoy)

+(y = Py, Py —y) + |Ax - By
> |lx — Pex|® + lly — Poyll* + [l Ax — Byl|>.

Thus, x = Pcx, y = Poy and Ax = By. That is, (x,y) solves (1.4), and the proof is complete.
O

Applying Lemma 3.1, we introduce a new alternating CQ-algorithm for the SEP (1.4).

Algorithm 3.2 Let (xo, y0) € H1 x Hj be arbitrary. Given (x,, y,), construct (x,,1,¥»+1) via
the formula

X1 = % — T[4y — Pcxy) + A*(Ax, — By,)], (32)
Ynel =Yn — T[(yn - PQyn) - B*(Axy.1 - Byn)];

where 0 < 7 < (1 + ¢)~! with ¢ = max(||A||%, || B]|?).

Theorem 3.3 Let {(x,, y,)} be the sequence generated by Algorithm 3.2. Then {(x,, y,)} con-
verges weakly to a solution of the SEP (1.4).

Proof Let (x*,y*) € S. Then x* € C, y* € Q and Ax* = By*. In view of (3.2), Lemma 2.2 and
Young’s inequality, we conclude that

||x,,+1 —x* ||2 = ||x,, —x* ||2 - 2r<(xn — Pcxy,) + A*(Ax, — Byy), %, — x*>

+ 72 || (xn — Pcxy) + A*(Ax, — By,,)H2
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< ||xn —x* “2 - 2t<xn — Pcx,, %, —x*) - 2I<Axy, — By, Ax, —Ax*>

+7° ((1 + 1AI%) s — Pexall® + (1 o Al ”2) |A*(Ax, —Byn)||2)
< Hx,, —x* H2 —27||l%, — Pexy|* - 2t(Ax,, - By, Ax, —Ax*)
+ 22 (1 + [|AI%) (Ilen — Pexull> + 1A%y = Byall?).

Similarly, we obtain

||yn+1 _y* ”2 = ||yn _y* ”2 - 27:(()’;1 - PQyn) _B*(Axwrl - Byn))yn _y*>
+ 72 0 = Poyn) = B (Axyer - By,) |

<y =5[> = 2¢(yn = Py yu — ) + 2(A%,s1 — By, By, — By*)

1
+ r2((1 + 1BI?) lyn = Poyall® + (1 + 3”2) |B* (A%t —Byn)||2)

< |w =*|* = 2711y = Poyull® + 2(A%1 — By, By, — By")

+ 72 (L+ 1BI?) (I1yn = Poyull® + |A%ns1 — Byall®).
On the other hand, we have

2(Ax, — Byn, Ax, — Ax")
= ||Ax, — By, | + ”Ax,, — Ax* ”2 - HBy,, - Ax* ”2

= ||Ax, — By,|* + ||Ax,, —Ax* ||2 - ||By,, - By* ||2
and

2(A%s1 — By, By, — By*)
= —[|A%s1 = Byull® = | Byn = By*|* + | A%uir — By

= —[|A%ps1 = Byall> = | By, — By* | + |Axpir — Ax*|".
Altogether, we have

||x,,+1 —x* ||2 < Hxn —x* H2 - r(2 - (1 + ||A||2)r)||x,, — Pexy? - tHAx,, —Ax* ||2
—t(1= (1 + IAI?)7) A%, - Byall* + 7| By, - By*|
< ||on - x* H2 - 7(2= (1 +)7) |ty — Pcxull® = || Ax, — Ax* ||2

- ‘L'(l —(1+ c)t)||Ax,, —By,|*+1 ”By,, - By* Hz

and

[er =3[ < [ =" * = 72 = (1 + 1BI?)T) 1y = Poyull® + 7 | Aspes — Ax*|?

— (1= (1+ IBI*)7) | A%ys1 - Byull* - 7 | By, - By* |’
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= ”yn _y* ”2 - 7(2_ 1+ C)T)"yn _PQyn||2 + T”Axnﬂ —Ax* ||2

1|2
— (1= (1+9)7) |A%s1 = By, lI* = 7| Byn - By* ||
Adding the two last inequalities, we obtain

[ner ="+ Jer =57
< =1 + D =57 — oAy = A 4 7 Ay - A
- ‘L’(2 - (1 + C)T)(”xn _Panllz + ”yn _PQyn||2)

—1(1= (1 +)t) (A% = Byull® + 1A% a1 — Byall?). (3.3)

Let [,(x*%,y") = llxg = 21 + llyn — ¥*II> = TllAxy — Ax*|*. Then t||Ax, — Ax*|* <

7||A|1?||%, — x*||?, which implies
Lu(w,5%) = (1=l AI) w2 |* + |3 = 5°|* = 0. (3.4)
In view of (3.3), we obtain the following inequality:

Dot (x%,9%) < Tu(x, %) = (2 = (1 + ©)7) (160 = Peull* + 1171 — Poyull®)

- T(l -1+ C)T)(”Axn _BynHZ + [[A%ye1 — Byn||2)- (3.5)

This, together with (3.4), implies that the sequence {I5,(x*, y*)} is bounded and converges
to some finite limit y (x*, y*). By passing to the limit in (3.5) and by taking into account the

assumption on 7, we finally obtain

lim ||x, — Pcxyll = lim ||y, — Poyall =0 (3.6)
n—+00 n—00
and
lim ||Ax, — By,|l = lim [|A%x,.1 —By,ll = 0. 3.7)
n—00 n—00

We next prove that any weak cluster point of the sequence {(x,,y,)} is a solution of the
SEP (1.4). Since {I},(x*,y*)} is bounded, in view of (3.4), the sequences {x, } and {y,} are also
bounded. Let X and y be weak cluster points of the sequences {x,} and {y,}, respectively.
Without loss of generality, we assume that x,, — X and y,, — ¥. Since I — Pc and I — P, are
demiclosed at zero, from (3.6), we obtain ¥ = Pcx and y = P¢cy, i.e, x € C and y € Q. On
the other hand, since x, — x and y,, — ¥, we deduce that Ax,, — By, — Ax — By. The weak

lower semicontinuity of the squared norm implies
A% - By|*> <liminf || Ax, — By,|* =0,
n— 00

hence (x,7) € S.
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We finally show the weak convergence of the sequence {(x,, y,)}. Assume on the contrary

that (%, ) is another weak cluster point of {(x,,y,)}. By the definition of I'};, we have

L(%5) = T,& ) + 1% - %1% + |7 - 71% - | A% - AZ|®

+ 20, — 2%, X — %) + 2(yy = 3,5 = J) — 2T({Ax, — A%, Ax — AX).
By passing to the limit in the above, we obtain

y@9) = &)+ 15 =& + I - JII* - T Ax - Az|)%,

y&3) =y ®3) + 12— %1% + 7 -51° - 7] A% - A%|>.
By adding the last two equalities, we obtain
(1-zlAIP) Iz - %1%+ 1y -51* <0,

which clearly yields X = ¥ and y = §. This in particular implies that the weak cluster point
of the sequence {(x,, y,)} is unique. Consequently, the whole sequence {(x,, y,)} converges
weakly to a solution of problem (1.4). O

4 A relaxed alternating CQ-algorithm
When C and Q are level sets, the projections in Algorithm 3.2 might be hard to be im-
plemented (see [1, 8, 9, 13, 25, 26]). To overcome this difficulty, we propose a relaxed al-
ternating CQ-algorithm, which is inspired by methods (1.8) and (3.2). In what follows, we
will treat the SEP (1.4) under the following assumptions:

(Al) The sets C and Q are given by (1.6) and (1.7), respectively.

(A2) Foranyx € H; and y € Hj, at least one subgradient & € dc(x) and n € dg(y) can be

calculated.

We now present a new relaxed alternative CQ algorithm for solving the SEP (1.4).

Algorithm 4.1 Let (xg,%0) be arbitrary. Given (x,,y,), construct (x,.1,,+1) via the for-

mula

Xn+l =Xy — f[(xn - PCnxn) +A*(Axn - Byn)]: (4 1)

Yn+1 = Yn — t[@n - PQnyn) - B*(Axml _Byn)]:

where 0 < 7 < (1 + ¢)™! with ¢ = max(||A|?, |B||?), and C, and Q, are given as (1.9) and
(1.10), respectively.

Remark 4.2 By the definition of the subgradient, it is clear that C < C,, and Q € Q,, for all
n> 0. Since C, and Q,, are both half-spaces, the projections onto C, and Q, can be easily

calculated. Thus Algorithm 4.1 is easily implementable.

Theorem 4.3 Let {(x,,y,)} be the sequence generated by Algorithm 4.1. Then {(x,,, y,)} con-
verges weakly to a solution of the SEP (1.4).
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Proof Taking (x*,y*) € S, i.e.,, x* € C (and thus x* € C,), * € Q (and thus y* € Q,,), we
have Ax* = By*. Let I,(x*,y*) = %, — x*||2 + lyx — ¥*|I* = Tl|Ax, — Ax*||. Similarly as in

Theorem 3.3, we obtain the following inequality:

Fua(6%,9%) < Tu(x9%) = t(2 = (L+ 0)7) (1% — Pe,ull® + 1y — Po,yull®)

—7(1= (1 +)t) (1A% = Byull* + |A%s1 = Byall®). (4.2)
In addition, we have
Lu,y%) = (1= Tl AIP) Jn = 7| + |3 =" > 0. (4.3)

It follows that the sequence {I},(x*,y*)} is bounded and converges to some finite limit

y (x*,y*), which yields

lim ||x, — Pc,%q|l = im |y, — Pg,yull =0 (4.4)
n—oQ n— 00

and
lim [|Ax, — By,|l = lim ||Ax,.1 — By,|l = 0. (4.5)
n— 00 n— 00

From (4.1), we obtain

”xn+l _xn” = H f[(xn _PCnxn) +A*(Axn - Byn)] H

< (%0 — Pc,%ull + IAII A%, — Byull) — 0
and

lyie1 = yull = ” T[(yn - PQnyn) - B*(Axu1 _Byn)] ”

< t(llyn = P,yull + 1B [ A%n1 = By,ll) — O.

We next prove that any weak cluster point of the sequence {(x,,y,)} is a solution of the
SEP (1.4). Since {I},(x*,y*)} is bounded, in view of (4.3), the sequences {x, } and {y,} are also
bounded. Let X and y be weak cluster points of the sequences {x,} and {y,}, respectively.
Without loss of generality, we assume that x,, — x and y, — . Since dc is bounded on
bounded sets, there is a constant §; > 0 such that ||&,]| < §; for all # > 0. From (4.1), we

have
1 *
Xn — ;(xn —Xpi1) + AN (Axy, _Byn) = PCnxn € C,.

This implies that

c(xn) + <§nr_%(xn —Xns1) + A¥(Ax, _Byn)> <0.
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Thus
1 *
c(xn) < (&, ;(xn —Xns1) — A% (Axy, — By,)
51
= 1 = 2wl + 01| ANl A%y = Byu|| — O.
The weak lower semicontinuity of ¢ leads to
¢(®) <liminfc(x,) <0,

and therefore x € C. Likewise, since dq is bounded on bounded sets, there is a constant
85 > 0 such that ||n,|| < 8, for all # > 0. From (4.1), we have

1
yn - ;(yn _yn+l) _B*(Axrﬁl _Byn) = PQnyn € Qn

This implies that

1
q(yn) + <77m _; (yn _yn+1) _B*(Axn+1 _Byn)> E 0.
Hence

1
Q()/n) =< <7)n; ;(yn _yn+1) + B* (A%, — Byn)>
é
< ?2”.)/71 = Yus1ll + B2l Bl | A%y — Byl — O.

Again, the weak lower semicontinuity of g leads to

q(y) <liminfq(y,) <0,

and therefore y € Q. Furthermore, the weak convergence of {Ax, — By, } to Ax — By and the

weak lower semicontinuity of the squared norm imply
|Ax — By||* < liminf || Ax, — By,||* = 0.
n—oo

Hence (x,7) € S.
The proof of the uniqueness of the weak cluster point is analogous to that of Theo-
rem 3.3. Therefore, the whole sequence {(x,,y,)} converges weakly to a solution of prob-

lem (1.4). This completes the proof. O

5 A strongly convergent algorithm

As we see from the previous section, the sequence generated by Algorithm 4.1 is only
weakly convergent. So, the aim of this section is to modify Algorithm 4.1 so that it gen-
erates a strongly convergent sequence. This provides an affirmative answer to the open
question raised by Moudafi [10].
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Algorithm 5.1 Let (u,v) € H; X H; be fixed and start with an initial guess (xo, yo) € H; X
H,. Given (x,,7,), construct (x,.1,4+1) via the formula

Uy =Xy — T[(0 _PCnxn) + A*(Ax, — Byn)];
Xn+l = Qplh + (1 - (X,,)Mn,
Vi = Y = T[n = PQ,¥n) = B*(A%pi1 — Bya)l,

Yn+1 = 0uV + (1 —a)v,

(5.1)

where {a,} is a sequence in [0,1], 0 < 7 < (1 + ¢)~! with ¢ = max(||A4||%, ||B||%), and C, and
Q, are given as (1.9) and (1.10), respectively.

Theorem 5.2 Let {(x,,y,)} be the sequence generated by Algorithm 5.1. If {«,,} satisfies the
following conditions:

[o¢]
lim o, =0 and E o, = 00,
n—0oQ 1

P

then {(x,,y,)} converges strongly to a solution (x*,y*) of the SEP (1.4), where (x*,y*) =
Pg(u,v).

Proof Since (x*,y*) = Ps(u,v) € S, we have x* € C (and thus x* € C,), y* € Q (and thus
y* € Q,), Ax* = By*. In what follows, we divide the proof into four steps.

Step 1. We prove that the sequences {x,} and {y,} are bounded. By the same argument
as in the proof of Theorem 3.3, we arrive at

k 2 sk 2
fon ="+ v =]
|2 2 2 w2
= w277+ o = 7| = v A = A" |7+ o[ Anin - Ax7]
~ (2= (1 +6)7) (It — Pe5ull® + 1yn = Po,3ul?)

- 7(1- (1 +97) (A%, = Byul® + | A%s11 = Byal®). (52)
In view of (5.1) and the convexity of the squared norm, we obtain

N I
= Ha,,(u—x*) + (1 — o) (tn —x*)”2 + ”a,,(v—y*) + (1= o) (v —y*)”2
<aflu—a* "+ (- e g = + v =57 + (1= ) [ v = 5

=ay(u—a "+ [v=57 ") + @ =) (=5[] + v =57[).
This, along with (5.2), implies that

[#enn =+ ymn =5
2 ) ) 12
<an(fu—a["+ Jv=y"|) + @ = [0n = 2" + 7 - 57|

-7 ||Axn - Ax* ||2 +T ||Ax,,+1 —Ax* H2
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—7(2= 1 +)7)(I%n — P, xall* + lyn — Po,yall?)
—7(1- (1 +)7)(lIA%s — Byull* + |A%ui1 — Byal?) ]
(e e P e Ve
+ @a)lon =2 [ =y - v Am, - Ax |
- 7(2 -1+ C)T)(”xn _PCnxn”2 + {|yn _PQ,,ynllz)
-7(1- (1 +97) (lA%n — Byal* + |A%i1 — Byall*)]. (5.3)
Now, by setting
Lu(',5") = Jen ="+ =57 |” = | Ay - A2,
we have
Lu(6,y%) = (1= IAIP) 6w =%+ |y =57 = 0. (5.4)

In view of (5.3), we conclude that

Fua(¢,5") < - a) (', 57) + o (=27 + v =] *)
— 1 =an)[t(2 = (1 +)7t) (1% = Pc,ull® + 11yn = Po,yull®)

+7(1= (1 +)7) (1A% = Byal® + 1A% = Byall®) |-
This implies

T (7,5) < A=) 5(a0) + (=[P + v =7 )

< max{F,(x*y"), |u—-x* ||2 + ||V—)’*||2}'

By induction, we obtain

Lo (6°,5°) < max{Fo(@,5%), Jue = + v =)

for all # > 0. This implies that the sequence {I,(x*, y*)} is bounded. Hence, in view of (5.4),
the sequences {x,} and {y,} are bounded, too.
Step 2. We show that the following inequality holds:

D (25,%) < Q=) Ta(x%, %) + 2udp, (5.5)
where
8n =2((u — & 201 = ") + (v =", ya1 = 7%))
C ) L (14 07) (= Pyl + 9 = Poyal?)

o7

+7(1 = (1 +¢)7) (A%, = Byall* + [ A%1 — Byul®)]-

Page 12 0of 18
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Indeed, by Lemma 2.5, we have

e Y s
= o (= #*) + (1= @) (0 = 2*) | + latn (v = 5*) + A = @) (v = 5") |*
< (1= ) |t — & |* + 20 (10 = &%, 2001 — 27)
+ (L= )|V =9 | + 20{v = 7, 301 = 5)
= (=) ([ =]+ va = 57[)

+ 200 ({10 — &%, %001 — &%) + (v = ¥, Y1 = 5%)).-
Again from (5.2), we obtain

e Y e
< (=) [on ="+ [ =" |” = T A%y - Ax* | + 7 | Ay - By
—1(2= 1@ +)t)(I%n = Pc,xull® + lyn — Po,yull?)
- t(1=(1+)7) (A%, = By, > + | A%s1 — Byu )]
+ 200, (16 = 2, Xt = &) + (V= 5, Y = 7))
< =) (oo ="+ [ =57 | = Ay = 45 ?) + ¢ | Ars B[
- (1= a,)[t(2= 1+ ) (% = Pe,xull® + 1y = Po,yull®)
+7(1= (1 +07) (1A% = Byall> + [ A%ss1 = Byall®)]
+ 20 ([t = &, Xp1 = &) + (V= 5, 1 = ¥7)).
This implies
Fra (x%5) < (1 - a) Tu(x%,5%)
- (1= a)[(2= 1+ 7) (10 = Pe,xall® + 1y = Po,yall?)
+7(1= (1 +0)7) (1A% — Byull* + | A%ni1 — Byull*)]

+ 200, (18 — 6%, %001 — %)+ (v = ", Y1 — 7))

= (1—an) Fu(x%,5%) + otn{2(<u =& X1 = &) + (V=¥ Y1 — )

_ (1—0[,,)[_[(

” 2= (L +)t)(I%n = Pc,ull® + lyn — Po,yull?)
n

+ T(l -1+ C)T)(”Axn —Byn||2 + [|A%y41 _Byn”2)] }

Hence, the desired inequality follows at once.

Step 3. We show that limsup,,_, . §, is finite. Since {x,} and {y,} are bounded, we have

8n < 2((ue = &%, %pe1 — &)+ (V= ¥, a1 = 7))

= 2([ju =" [ orwer =" + [v =57 [ |01 = 57])) < 0.
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This implies that limsup,,_, ., 8, < 0c0. We now show limsup,,_, . 8, > —1 by contradiction.
If we assume on the contrary that limsup,,_, ., §, < —1, then there exists 7y such that §, <
—1 for all n > ny. It then follows from (5.5) that

Lot (6%,9%) < U= an) Ty (5%, 5") + by
< (1-a,)l(x"y")
= (%, y%) — an(Fa (2%, 5%) + 1)

S Fn(x*:y*) -y

-y

for all n > ny. By induction, we have

T (%59%) < T (6%,9%) = Zai-

i=ng

N
i=ng

Since > i «a; = 0o, there exists N > ny such that >

i=ng a; > Iy (x*,y*). Therefore, we

have

N
Miaa (x%,9%) < T (6%,57) = )i <0,

i=ng

which clearly contradicts the fact that I,(x*,y*) is a nonnegative real sequence. Thus,
limsup,,_, ., 6, > —1 and it is finite.

Step 4. We show thatlimsup,,_, ., 8, < 0and {(x,, y,)} converges strongly to (x*,y*). Since
limsup,_, ., 8, is finite, we can take a subsequence {r,} such that

limsupd, = lim §,,
n—00 k—00

= lim {2((u =& X1 = &)+ (V=¥ Y1 — 7))

k—00

(1 -oay)
- 1 (2= W+ 7) (Il = Py o I” + 1, = Py 1)
ni

+7(1= (1 +0)7) (1A%, — By |I> + 1A% 1 = By [1%)] } (5.6)

Since (4 — x*,x,,1 —x*) and (v — y*, y,,1 — ") are bounded, without loss of generality, we
may assume the existence of the limits

lim (u =X K1 —x*) and klim (v =¥ Y1 —y*).

k— o0

Hence, from (5.6), the following limit also exists:

. (@- ank) 2 2
kllfgo Tnk[r(Q' - (1 + C)t)(”xnk _Panxnk ” + ||J’nk —Pan)’nk” )

+ T(l -(1+ C)T)(”Axnk = By, ”2 + | A%y 1 — By ”2)]
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Since limy_, o 2y, = 0, we get limy_, oo l;ﬂ = 00. This implies that
3
klingo[r(2 — (1 +)7) (I = Py Z II” + 19, = Py Y 1%)
+7(1= (1 +0)7) (A% =By I” + A1 = Byw |1°)] = 0.
So, by taking into account the assumption on 7, we have
kllzgo ”xnk - Panxnk ” = klifgo ||J/nk - PanJ’nk ” =0
and
Jim A, = By || = Jim ([ Asiye1 = By || =0.
From (5.1), we deduce that
lim [t =%z, || = lim (s, — P, %) + A*(Ax, — By, ) |
k—o00 k—o00 <
< Tklif{,lo(”x"k — Pe,, x|l + ANl A%, — By, |l) = 0
and
lim ”Vnk o ” = lim 7 || (Ynk _Panynk) _B*(Axnk+1 _Bynk) ||
k— 00 k—00
<t JL‘BQ(”M = Po,, Y|l + 1B | A%y 41 = By Il) = 0.
Similarly as in the proof of Theorem 4.3, we conclude that any weak cluster point of
{(%n;5 ¥, )} belongs to S.

Since the sequences {x,} and {y,} are bounded, one gets

lim ”xnk+1 _xnk ” = lim ||Olnk (I/[ _xnk) + (1 - Olnk)(blnk - xnk)”
k—o00 k— 00

< Tim (e [l =2 |l + [t = %, 1) = O
k—00
and
lim ||ynk+1 — Yy [ = lim ”ank(v_.ynk) +(1 _ank)(vnk _ynk)”
k— o0 k— o0
= klgrolo(ank ”V _ynk ” + ”Vnk —J’nk ”) =0.

This implies that any weak cluster point of {(x,,+1,¥x,+1)} also belongs to S. Without loss
of generality, we assume that {(x,, +1,¥x,+1)} converges weakly to (%,%) € S. Now by (5.6),
Lemma 2.2 and the fact that (x*, y*) = Ps(u, v), we obtain

li:gsolip 8y < kll)n;o 2((u = &%, a1 — %) + (V=¥ a1 = 7))

= 2((u—x*,5c—x*> + (V—y*,j}—y*)) <0.
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Applying Lemma 2.6 to (5.5), we have lim,,_, o, 17,(x*,y*) = 0. Finally, by (5.4), we infer that
lim |x, —x*| =0 and lim |y, -y*| =0,
which ends the proof. d

6 Numerical results

In this section, we verify the feasibility and efficiency of our algorithms through an exam-
ple. The whole codes are written in Matlab R2012b on a personal computer with Inter(R)
Core(TM) i5-4590 CPU, 3.30 GHz and 4 GB RAM.

Example 6.1 Let H, = Hy = Hy = R3,

J5 0 0 1 00
A=|0 5 o, B=|o 1 of,
0 0 1 0 0 1

C={xeR®|x=(v,w), vV +u?-1<0,and Q={yeR®|y=(u,v,w)T,u® —v+5<0}.
Find x € C, y € Q such that Ax = By.

It is easy to verify that this problem has a unique solution (%,y) € R® x R3, where x =
(0,1,0)7, y = (0,5,0)”. In the experiments, we take y = 0.9 x min(—— AT IBHZ) in RACQA
algorithm (1.8) and 7 = 0.9 x (1 + ¢)~ with ¢ = max(||4||% ||B||?) in Algorithm 4.1. The
stopping criterion is ||, 1 — X || + [|¥ks1 — ¥k || < 1073 and [|Axy — By || < 1073, The numerical
results can be seen from Tables 1-3. It is worth noting that the initial point in Table 3 is
generated randomly. From Tables 1-3, we can see that the CPU time and iteration number
of Algorithm 4.1 are less than that of RACQA algorithm (1.8).

Table 1 Numerical results of Example 6.1

Initial point: xo = (1,1,1)7, yo = (0,0,0)”

Algorithm Time (s) No. Iterations Approximate solution (x*,y*)

RACQA (1.8) 0.34021 7357 x* =(0.0130,1.000,0.0079)"
y* =(0.0291,5.0008,0.0079)"

Algorithm 4.1 026312 5847 * =(0.0001,0.9996,0.1028)"
y* =(0.0002,4.9990,0. 1030)7

Table 2 Numerical results of Example 6.1

Initial point: xo = (5,5,5), yo = (1,1,1)7

Algorithm Time (s) No. Iterations Approximate solution (x*,y*)

RACQA (1.8) 0.32586 7010 x* =(0.0120,0.9999,0.0106)"
y* = (0.0268,5.0007,0.0106)"
Algorithm 4.1 0.27749 6250 x* =(0.0003,0.9996,0.1028)"
* = (0.0006,4.9990,0.1030)"
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Table 3 Numerical results of Example 6.1

Initial point: xo = (0.9528,0.7041,0.9539), yo = (0.5982,0.8407,0.4428)"

Algorithm Time (s) No. Iterations Approximate solution (x*,y*)
RACQA (1.8) 0.28871 6581 x* =(0.0107,0.9999,0.0130)”
y* =(0.0240,5.0006,0.01 317
Algorithm 4.1 0.27543 6004 x* = (0.0002,0.9996,0.1028)"
y* = (0.0005,4.9990,0.1030)7
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