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1 Introduction
Let C be the complex number field, and let F be the set of all formal power series in the

variable ¢ with coefficients in C:
F=1f®) =Y a |aeCy. (L1)
k=0

Let P = C[x], and let P* be the vector space of all linear functionals on IP. We denote the
action of a linear functional L € P* on polynomials p(x) € P by (L | p(x)), and it is known

that vector space operations on IP* are defined by

(L+M|pw)=(L|1p@)+(M]|p&),  (cL|pk))=cL]px), (1.2)

where c is a complex constant (see [3-5]).

For f(t) = Y oo ak%, we define a linear functional on PP by setting

(f(®) 12" =a, (n>0) (see[6,7]). (1.3)

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-018-1636-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1636-8&domain=pdf
mailto:mathkjk26@gnu.ac.kr

Kim et al. Journal of Inequalities and Applications (2018) 2018:40 Page 2 of 17

From (1.3), we note that
(tk | x”) =n8,x (n,k>0) (see [8]), (1.4)

where §,,x is the Kronecker symbol.

The order o(f(¢)) of a power series f(£)(#0) € F is the smallest integer k such that the
coefficients of t* do not vanish. For f(t),g(t) € F, with o(f(¢)) = 1 and o(g(t)) = 0, there
exists a unique sequence S, (x) of polynomials such that (g(£)f (£)¥|S,,(x)) = n'8,,x for n,k >
0 (see [5, 8]). The sequence S, (x) is called the Sheffer sequence for (g(z),f(¢)), which is
denoted by S,(x) ~ (g(¢),f(¢)). It is known that S,,(x) ~ (g(¢),f(?)) if and only if

o]

L o ¢
g(f(t))e ;S"(x)n!' (1.5)

where f(t) is the compositional inverse of f(t) with

@) =f(F®) =t (seel8,9)). (1.6)

For f(t) € F and p(x) € P, by (1.4), we get

o k 0 k
D= (O] pw =Y (W) (e ). (1.7)
k=0 :

k=0

From (1.7), we note that
p00) = (lpw) = (1pV () k>0, (1.8)

where p®(x) = (&) p(x).
From (1.8), we easily get

p)=pP), @) =px+y), (W) =pO) (see [9). (1.9)

Let S, (x) ~ (g(2),f()) and r,,(x) ~ (h(2),1(t)) (n = 0). Then we have
%) =) Comm®) (120) (see [8,9)), (1.10)

where

_ 1 [h(F@)
Coum = < 7o) 1(f®)"

> (n,m > 0). (1.11)

For u(+# 1) € C, the Frobenius-Euler numbers are defined by the generating function

“ =ZHn(u)n—r; (see [10-12]). (1.12)
n=0 :

When u = -1, H,(-1) = E, are the ordinary Euler numbers.
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The Bernoulli polynomials are given by

oo n

et = ZBn(x)% (see [3, 12, 13]). (1.13)
n=0

t
ef—-1

When x = 0, B,, = B,(0) are the Bernoulli numbers.
We know that the Euler polynomials are defined by

2 > "
e =Y E,x)— (see[10,11]). (1.14)
et +1 —~ n!

When x = 0, E, = E,(0) are the Euler numbers.
The falling factorial sequence is defined as

*o=1,x),=x(x-1)---(x—n+1) (n=>1). (1.15)

The Stirling numbers of the first kind are defined by
n
@n =Y Si(mDx' (1> 0) (see [8]), (1.16)
1=0
and the Stirling numbers of the second kind are given by

K= "Sm D) (1= 0) (see [8, 14, 15]). (117)
=0

The Stirling numbers of the second kind are also given by the exponential generating
function (see [8, p.59])

1 k i t"
Sl =)= HX:];SZ(H,/()E. (1.18)

It is well known that the Bell polynomials are defined by the generating function
oo t_n
D 2 Z Bel,(x)— (see [9]). (1.19)
= n!

When x = 1, Bel,, = Bel,,(1) (n > 0) are the Bell numbers.
From (1.19), we have

Bel,(x) = Y Sa(m k)" (1> 0) (see [9]). (1.20)
k=0

A derangement is a permutation that has no fixed points. The derangement number
d, is the number of fixed-point-free permutations on an # element set (see [1-3]). The
problem of counting derangements was initiated by Pierre Rémond de Montmort in 1708
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(see [1-3]). The first few terms of the derangement number sequence {d,}3, are dy = 1,
d1=0,dy=1,d3=2,d4=9, d5 =44, dg = 265, d; = 1854, ....

Indeed, d,, is given by the closed form formula:

"ok
dn:n!Z( kll) (see [3]). (1.21)

k=0

From (1.21), we note that the generating function of derangement numbers is given by

1, &t
¢ _;d% (see [9]). (1.22)

By using (1.22), it is not difficult to show that
dp=m-1)du1+dn>) (m>2), do=1, dy =0, (1.23)
and
dy =md,_1+(=1)" (m=>1), do=1 (see[1-3]). (1.24)

For r € N, the derangement numbers dY) of order r (n > 0), are defined by the generating

function

1Y ., =t
(m) etzgd;)m (see [3]). (1.25)

The umbral calculus comes under the heading of combinatorics, the calculus of finite
differences, the theory of special functions, and formal solutions to differential equations.
Also, formal power series play a predominant role in the umbral calculus. In this paper,
we study the derangement polynomials and investigate some interesting properties which
are related to derangement numbers. Further, we study two generalizations of derange-
ment polynomials, namely higher-order and r-derangement polynomials, and show some
relations between them. In addition, we express several special polynomials in terms of

the higher-order derangement polynomials by using umbral calculus.

2 Some identities of derangement polynomials arising from umbral calculus

Now, we define the derangement polynomials by

> |
dy(x)— = —e™. (2.1)
n 1-t
n=0 :

We note here that, for x = -1, d,, = d,,(~1) are the derangement numbers.
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We observe that
1 Xt —Iog (1-¢) xt m_—_ ltl
¢ = Z( 1) log(l -0)" (245
k £ © 4
(Bl

k=0 \m=0 =0

[eS] n k n
Z( ) (”)( 1S, (e, ™ k) = (22)
k=0 m=0

n=0

By (2.1) and (2.2), we get

dy(x) = Z Z ( )(—l)k’”Sl(k, mx"* (1> 0), (2.3)
k=0 m=0
and
n k "
d=3 "> ( k) (1) "Sik,m) (2 0). (2.4)
k=0 m=0

Therefore we obtain the following lemma.

Lemma 2.1 For n > 0, we have
n k "
)= 33 () st
k=0 m=0
and
n k "
di="Y" ( )( 1)y (k, m).

k=0 m=0

From (2.1), we have

m=0 1=0
3 - n n—-m t"
i X; <m=0 (m> e+ 1) ) Pl (25)

Therefore, we obtain the following proposition.
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Proposition 2.2 For n > 0, we have
e
du(x) =) ( )dm(x + 1) = (d+x+ 1),
m

m=0

with the usual convention about replacing d" by d,,.

From Proposition 2.2, we have

d
dx dx

By (1.5) and (2.1), we get
d.(x) ~ 1 -¢¢t).

That is, d,(x) (n > 0) is an Appell sequence.
Now, we note that

0
- Z( <n)Hl(2)Be1nl(x)) t—,
i l n!

On the other hand,

o]

1, ad ad t"
D) (e - 1)" = ;dk(x) > Saln k)

k=0 n=k

- Z( Sy, k)dk(x)> a3

n=0 \ k=0

Therefore, by (2.10) and (2.11), we obtain the following theorem.

—d,(x) = i(a’+x + )" =nd+x+1)" ' =nd,1(x) (n>1).

Page 6 of 17

(2.6)

(2.7)

(2.8)

(2.10)

(2.11)
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Theorem 2.3 For n > 0, we have

n " n
> ( )Hk(z)Beln_k(x) = So(n, k)dy(x).
k=0 k k=0

For S, (x) ~ (g(¢),£), from (1.5) we have

—x"=S,(x) (n=0) < S, ~ (g(0)1).
In (2.13), we take g(¢) = 1 — ¢, then we have

ix%dn(x) (n1=0),  tdy@)=ndia() (n>1).

Now, we observe that

n

dyx+y)=(d+x+y+1)" = Z <7>(d+x+ l)ly”’l
1=0

- Z <7)dl(x)y""l (n=>0).

1=0
From (2.15), we note that

n+l

1 1 n+1 k
m(dnﬂ(x +y) - dn+1(x)) = ﬁ kXﬂ: ( k )dnJrlk(x)y
n+l
nn-1)---(n—k+2
= Z ( ) k'(n )dn+l—kyk
k=1 ’
n+l
=S L1, (x).
k!
k=1

By (2.15) and (2.16), we get

n+l

x+y yk
f d,(u)du = Z Ftk_ldn(x)
* k=1

1 (n o Loy oy
- (k>dn_k(x)y - (e ) )

[

= ;(eyf -1)d,(x) (n>0).

Page 7 of 17

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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From (2.17), we can derive the following equation.

t
ef—-1

dp(x) =

Theorem 2.4 For n > 0, we have

t x+1 1 ;
d,(x) = 71 [x d,(u)du = ﬁx .

From (1.10), we have

et —1 . 1
< . \dn(x)>=<ey—1\mdm(x)>

=<1 ’ ! (dn+l(x+y)_dn+l(x))>

n+1

1
= (A1) = 411 (0)

=/yd,,(u)du (n>0).
0

In particular,

Comparing the coefficients on both sides of (1.17), we have

4,0=3" (7)011 (n=0).

1=0

Therefore, we obtain the following corollary.

Corollary 2.5 For n > 0, we have

d,(0) = (’l’)dl
=0

and

<eytt‘1 ‘dn(x)>=/0ydn(u)du.

x+1 1
/x d,(u)du = :x” (n>0).

Page 8 of 17

(2.18)

(2.19)

(2.20)

(2.21)
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For r € N, we define the derangement polynomials of order r by

N e g
<1_t)e _;dn () (2.22)

When x = -1, dff)(—l) = dﬁ,r) are the derangement numbers of order r.

For 0 < r < n, the r-derangement numbers, denoted by DY, are the number of derange-
ments on 7 +r elements under the restriction that the first r-elements are in disjoint cycles.
It is known that the generating function of the r-derangement numbers is given by

o0 ( )t” t’ .

Dy —=———¢". (2.23)
VS|

~ "ol (1-t)”

We consider the r-derangement polynomials given by

t = t"
n=0 :

From (2.24), we note that D’(~1) = DY are the r-derangement numbers. By (2.13) and
(2.22), we easily get

dPx) ~ (1-2,t) (n=0) (2.25)
and
tdV(x) = (n),d? (x) = r! (’:) dv (x). (2.26)

From (2.22) and (2.24), we have
[o¢] t" [o¢] . t”
2D =) A
n=0 n=0

=y (”‘) r!dfjj,l)(x)t—. (2.27)
r n!

n=r

Comparing the coefficients on both sides of (2.27), we get

DY) - (’:) AT (= 1), (2.28)

From (2.22), we have

oo r %) 00
t" 1 n+r-1 t"
() = — n _ _ i
E d, (O)n!_<1—t> = E ( Y )t = E n+r l)nn!. (2.29)
n=0 n=0 n=0
Thus, by (2.29), we get

d70)=(m+r-1), (n=0). (2.30)
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From (2.22) and (2.24), we have

t d(r+1) i —t (x+1)t
e s
n=0
(r) m
=0 m=0
00 n o
=3 (Z (”)D}”(x + 1)”") —. (2.31)
l n!
n=0 \ [=0

Therefore, by (2.27) and (2.31), we obtain the following theorem.

Theorem 2.6 For n > r, we have

3 <'1’>D}’>(x 1)t (’:) rd? D (x).
1=0

Now, we observe that

tr—l tr tr—l
(1 t)r ext + (1 t)r+1 ext = (1 t)r+1 ext

_ tr_l e—t 1 e—t e(x+2)t
-1 1-¢

k n
Z (Z ) <Z) ( ) Df Vi i(x + 2)”) % (2.32)

k=0 1=0

On the other hand, by (2.24), we get

tr71 xt t = 7
T )m XO: D(x) + D >(x)) (2.33)

From (2.32) and (2.33), we have

DUV (x) + DV (x Z Z ( ) ( ) Dy (e + 2, (2.34)

k=0 1=0

In particular, for x = -1, we get

iz( >< ) D i (235)

Therefore, by (2.34) and (2.35), we obtain the following theorem.

Theorem 2.7 For n > 0, we have

n k
Dy + DY@ =3 (Z) (’,()DE"”dk-Ax +2"%,

k=0 1=0
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Moreover,
n k " K
DYV + DY = Dy Vdi.
k) \1
k=0 1=0
By (2.22), we easily get

g0t (L g (5o 08\ (s &
r _ —t (x+1)f _ r m
Zd”’ (x);-(:) e e = Zdl ﬁ Z(x+1) %
n=0 =0 m=0

o0 n

tn
= Z(Z <’Z>dl(r)(x + 1)"‘1> —.

n=0 \ [=0 "
Comparing the coefficients on both sides of (2.36), we have
n

d}(q’")(x) = Z (7)(,1}”(96 + 1)”—1’

1=0
with the usual convention about replacing (d")! by d}r). Thus, by (2.37), we get

AP +y)=(d” +x+y+1)" = (d” +x+1+y)"

= (1) (@ +x+ 1)y =3 (7)015’) ('™ (n=0).
=0

=0

From (2.22), we can derive the following equation:

00 n r r—1
Zd,(,,r)(x)t_ _ < 1 ) et = (L) et( 1 )e(x+1)t
s n! 1-t¢ 1-t 1-t
o0 l o0 m
- -1t t
= (Zd, E) (de(x+ 1)%>
=0 m=0
00 n " . o
=Z<Z<l>dl( l)dn—l(x"' 1));

n=0 \ [=0
Thus, by (2.39), we get

n

A= (7)d§"1)d,,_l(x +1) (n=0).
=0

For x = -2, from (2.37) and (2.40) we have

" (n —
d};’(-z):Z( l)d} Vet

=0

n

=3 <’Z>d§’>(_1)"-l (n>0).

1=0

Page 11 of 17

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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From (2.17), we have

et

dV(x) = / AV (u) du = —{d,,+1(x +1) - d,,+1(x)}

_ 1 Ak n+1 d(r( ) d(r ( )
T n+1 ;( l ) 1V
e

=0

t

n+l
1 n+1 (r)
= ZE < ; >dn+1_l(x) (n>0). (2.42)
-1
By (2.37) and (2.42), we get
1 2 N\ 1-1 t
d(r) d(r) 1 n+l-l-m
" rz+1Z ( )( )mef—l(x+ )
=1 m=0
n+l n+l1-1
1 1 1-1
- TN T ) A0B (1), (2.43)
n+1 l m
=1 m=0

Therefore, by (2.43), we obtain the following theorem.

Theorem 2.8 For n > 0, we have

n+l n+l1-1 n+l P
( ) ( )dZ)BrrHllm(x + 1)
m

=1 m=0

For n >0, let
P, = {p(x) € C[x]| deg p(x) < n}.

Then P, is an (n + 1)-dimensional vector space over C.
For p(x) € P,,, we let

p@) = Crdi(). (2.44)
k=0

From (1.4), we have

(-0t ) = 3 Cil(1 - 0t di)

=0

=Y Cillsiy = Cik! (k= 0). (2.45)
=0

Thus, we have

G- %((1 _ ) pl) = %((1 )P P). (2.46)
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Therefore, by (2.44) and (2.46), we obtain the following theorem.

Theorem 2.9 For p(x) € P,, we have

plx) = Z Crdy(x),
k=0
where Ci = (1 - 0)t*|p(x)) = (1 - 1)[p" (x)).
Let us take p(x) = dﬁ,r) (x) € P,. Then we have
p) =Y Cidy(x),
1=0

where

C = %(1 - tlp(l)(x)) = %(1 - t|(n)ldfqr—)l(x)>

- (7)(1 — td? (%)) = (’Z)d;’_),m) - (lf1>(z+ 1)d

Hence, by (2.47) and (2.48), we get

(r)

n

-1 (0)

dD(x) = Z{ (7)61;”1(0) - (z :‘ 1)(1 +1)d?,,(0) }d;(x).
=0

Assume that p(x) = Y7, C,(:) d,(:) (x) € P,.. Then, by (2.25), we get
(1=t lp@) = > {0 -ty t1d) ()
1=0

=Y P =Clkt (k= 0).

=0

Thus, from (2.49), we note that

= !

Therefore, we obtain the following theorem.

Theorem 2.10 For n > 0, we have

p) =Y CPd(x) eP,,
k=0

where

Cr = %((1 - )t p(x)) = %((1 = 11p ).

L1~ oy () = %((1 0 p9).

Page 13 of 17

(2.47)

(2.48)

(2.49)

(2.50)
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Example 1 For p(x) = d,,(x) € P, we have

pw) =Y Cd)w),
k=0

where

ch = %((1 £ 1pP () = (Z)((l =) ld-i()

-(; )ZQ)( Vleld, ) - >ZQ)( 1Y (1= Rydy-1/0)
()3 (v -k-p- (2) 3 ()

Thus, we note that

d,x)=3" (Z (:) (- k! C) (_1)1'> 4"w)
j=0

k=0

Example 2 For p(x) = B,(x) (n > 0), we have

Bux) =) Cld) (),
k=0
where

cy :_((1 t)'t*|B,(x)) = <Z)((1—t)’“|Bnk(x))

k!

(Z)Z(D( 1Y(¢|B, -« (x))
(Z) r C) ~1Y (n = k);{11By-r—(x))
QB o

j=0

Hence

B ”(( >,ZOQ> (" ),Bn_k_j)d;r><x>.

k=0

Example 3 For p(x) = E,(x) € P, (n > 0), we have

E, ) =) C)d) )
k=0
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where

= %((1 ~ O, (x)) = (Z)(ﬂ = Ol

= (Z)Enk - (Z) (1~ K)Epi1.

Thus, we get

E,(x) = Z{ (Z)En_k - (’Z) (= K)En-ir }d;’) (x).

k=0
Example 4 For p(x) = Bel,(x) € P, we have

Bel,(x) = Y C{d’ (),
k=0

where

C](<r) _ %((1 _ t)tk|B61n(x)> = %<(1 - t)tk

252(71, m)xm>
m=0
= Z Sa(n, m) (7:)((1 - t)|xm_k>

m=k

= So(m, k) - ;Sz(n, m) (T) (m — k)01
=Sy(m, k) = Sy(m, k + 1) (k + 1) = 285(1,k) — So(m + 1,k + 1).

Hence

n

Bel,(x) = Y _(252(n, k) = Sa(n + L,k + 1))dy (x).
k=0

The ordered Bell polynomials are defined by the generating function

1 - "
e =) bylx)—. (2.51)
2-¢ef — n!

When x =0, b,, = b,,(0) (n > 0) are the ordered Bell numbers. From (2.12) and (2.51), we
note that b, (x) ~ (2 - €',t) (n > 0). For b,(x) ~ (2 - €',t), du(x) ~ (1 - t,£), by (2.7) and
(2.13), we get

ba@) =Y Comtm(x) (1>0), (2.52)
m=0
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where

1/1-
Com = _< £ |x"

st )= () a=ak )
( )< il m>=(:4)(l—tlbnm(x)>

= (Wl) {bn -m (}’1 - m)bn—m—l } (253)

Therefore, we obtain the following theorem.

Theorem 2.11 For n > 0, we have
n

bn(x) = " (bn—m - (}’l - m)bn—m—l)dm(x)'
m

m=0

For d,(x) ~ (1 -t,¢), (x), ~ (1,e' = 1), we have

= Cn,m(x)m (}1 > 0): (254')
2
where
1 1 o
ol ) Bl

Zsz(z (] >< > Zsz(z ()1
- ansz(z,m) (7):1,,_1(0). (2.55)

Therefore, by (2.54) and (2.55), we obtain the following theorem.

Theorem 2.12 For n > 0, we have

d,(x) = Z(Z &(Lm)(’l’)dn_l(m) ()
m=0 \l=m

3 Results and discussion

In this paper, as a natural companion to derangement numbers, we have investigated de-
rangement polynomials and derived several interesting properties on them which are re-
lated to derangement numbers. Also, we have considered two generalizations of derange-
ment polynomials, namely the higher-order and r-derangement polynomials, and showed
some relations between them and also with some other special polynomials. In addition,
by using umbral calculus, we derived a formula expressing any polynomials as linear com-
binations of higher-order derangement polynomials and illustrated this with several spe-
cial polynomials.
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4 Conclusion

The introduction of derangement numbers goes back to as early as 1708 when Pierre Ré-
mond de Montmort considered some counting problem on derangements. However, it
seems that the umbral calculus approach to the derangement polynomials and their gen-
eralizations has not yet been done. In this paper, we have used umbral calculus in order
to study some interesting properties on them, certain relations between them, and some

connections with several other special polynomials.
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