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Abstract

The paper deals with the oscillation of the first-order linear difference equation with
deviating argument and nonnegative coefficients. New sufficient oscillation
conditions, involving lim sup, are given, which essentially improve all known results,
based on an iterative technigue. We illustrate the results and the improvement over
other known oscillation criteria by examples, numerically solved in Matlab.
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1 Introduction

Consider the difference equation with a variable retarded argument of the form
Ax(n)+p(m)x(t(n) =0, neNy, (E)

and the (dual) difference equation with a variable advanced argument of the form
Va(n)—q(n)x(o(n)) =0, neN, (E)

where Ny and N are the sets of nonnegative integers and positive integers, respectively.

Equations (E) and (E’) are studied under the following assumptions: everywhere
(p(n))u=0 and (g(n)),>1 are sequences of nonnegative real numbers, (t(n)),>0 is a sequence
of integers such that

t(n)<n-1, VneNy and Ilim t(n)=o00 (1.1)
n— 00
and (o (n)),>1 is a sequence of integers such that
on)>n+1, VmeN. (1.2)

Here, A denotes the forward difference operator Ax(n) = x(n +1) —x(n) and V corresponds
to the backward difference operator Vx(n) = x(n) — x(n — 1).

Set w = —min,»o T(n). Clearly, w is a finite positive integer if (1.1) holds.
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By a solution of (E), we mean a sequence of real numbers (x(n)),>_,, which satisfies (E)
for all # > 0. It is clear that, for each choice of real numbers c_,, c_,11, ..., ¢c_1, Co, there
exists a unique solution (x(#)),>_,, of (E) which satisfies the initial conditions x(-w) = c_,,,
x(-w+1) =c_ys1, .. %(=1) = c_1, x(0) = co. When the initial data is given, we can obtain a
unique solution to (E) by using the method of steps.

By a solution of (E’), we mean a sequence of real numbers (x(n)),>¢ which satisfies (E’)
forall m>1.

A solution (x(7)),>_y (or (x(n)),=0) of (E) (or (E")) is called oscillatory, if the terms x(n)
of the sequence are neither eventually positive nor eventually negative. Otherwise, the
solution is said to be nonoscillatory. An equation is oscillatory if all its solutions oscillate.

In the last few decades, the oscillatory behavior and the existence of positive solutions
of difference equations with deviating arguments have been extensively studied; see, for
example, papers [1-20] and the references cited therein. Most of these papers concern
the special case where the arguments are nondecreasing, while a small number of these
papers are dealing with the general case where the arguments are non-monotone. See,
for example, [1-3, 7, 8, 16] and the references cited therein. The consideration of non-
monotone arguments of other than pure mathematical interest can be justified by the fact
that it approximates (in a more accurate way) the natural phenomena described by an
equation of type (E) or (E’). That is because there are always natural disturbances (e.g. noise
in communication systems) that affect all the parameters of the equation and therefore the
fair (from a mathematical point of view) monotone arguments become non-monotone
almost always. In view of this, for the case of equation (E) (or (E’)) an interesting question
arising is whether we can state oscillation criteria considering the argument 7 (#) (or o (7))
to be not necessarily monotone. In the present paper, we achieve this goal by establishing
criteria which, up to our knowledge, essentially improve all other known results in the
literature.

Throughout this paper, we are going to use the following notations:

k-1 k-1
ZA(i) =0 and HA(i) =1, where A(Q) eR,,
i=k i=k

n-1
o =liminf » " p()), 1.3)
n—0o0
j=t(n)
o(n)
p =liminf ) q(), (1.4)

j=n+1

O; if(,()>1/ei
Lovide-o?  if 0, [0,1/e],

2 ’

D(w) :=

MD :=limsup Z r(),

TS i

p(n)

MA :=limsup Z q(),

n—o0o0 7
j=n
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where

h(n) = Zax 7(s) (L.5)
and

p(n) =mino(s). (1.6)

s>n

Clearly, the sequences /(n) and p(n) are nondecreasing with t(n) < h(n) < n -1 for all
n>0and o(n) > p(n) > n+1forall n> 1, respectively.

1.1 Chronological review for retarded difference equations
In 2008, Chatzarakis, Koplatadze and Stavroulakis [4, 5] proved that if

MD>1 (1.7)
or
1
o> -, (1.8)
e

then all solutions of (E) oscillate.
It is obvious that there is a gap between the conditions (1.7) and (1.8) when the limit

n-1
Jfim 2 200
j=t(n

does not exist. How to fill this gap is an interesting problem which has been investigated
by several authors. For example, in 2009, Chatzarakis, Philos and Stavroulakis [6] proved
that if

MD >1-D(), 19)

then all solutions of (E) oscillate.
In 2011, Braverman and Karpuz [3] proved that if

n h(n)-1 1

lim sup Z P 1_[ 1——p(l) >1, (1.10)

"0 ih(n) i=(j)
then all solutions of (E) oscillate, while, in 2014, Stavroulakis [16] improved (1.10) to
h(n)-1

timsup » " p() | | 1_; 5 >1-D(a). (1.11)

" ek =)

In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if for some r € N

lim sup Z p(j)a;1 (h(n), t(]')) >1, (1.12)

n—00 ]=h(}’l)
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or
lim sup Z p(a;t (h(n), T(j)) >1 - D(a), (1.13)
n—0o0 ] h(}’l)
where
n-1 n-1
a1(n, k) = l_[[l -p()], a1 (n,k) = H -p@a; (i, 7 ()], (1.14)
i=k i=k

then all solutions of (E) oscillate.
Recently, Asteris and Chatzarakis [1], and Chatzarakis and Shaikhet [8] proved that if
for some £ € N

limsup Z p() h(ﬁl ke (115)
or
h(n)-1
h}ﬂsogp Z pli) ]—[ >1 D(), (1.16)
where
n-1 h(n)-1 1
pe(n) = p(n) [1 ¥ M%p(i) ,E([,-) m] (1.17)

with pg(n) = p(n), then all solutions of (E) oscillate.
Lately, Chatzarakis, Pournaras and Stavroulakis [7] proved that if for some £ € N

h(n)-1
1 1.18
1}28;11)1; P()/l:([l 1P, (1 (1.18)
or
h(n)-1
llrrlrlsolip an(z) l—[ -P, (}) >1-D(a), (1.19)
or
lim sup Z p(i) 1_[ L, (1.20)
nooo ) 1-P, (]) D(oz)
where

j-1
Pi(m) = plon )[ S ,)exp<2p(, I ﬁ)] (121

i=t(n) m=1(j)

with Py(n) = p(n), then all solutions of (E) are oscillatory.
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1.2 Chronological review for advanced difference equations
In 2012, Chatzarakis and Stavroulakis [9] proved that if

MA > 1, (1.22)
or
MA>1-(1-1-8)> (1.23)

then all solutions of (E’) oscillate.
In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if for some r € N

p(n)
lim sup Z q()b," (p(n), a(j)) >1, (1.24)
or
p(n)
lim suqu(] ,o(7) ) >1-D(B), (1.25)
where
k k
bk = [[[1-a@]  bnb) = [][1-ab; (b0 )] (1.26)
i=n+1 i=n+1

then all solutions of (E’) oscillate.
Recently, Asteris and Chatzarakis [1], and Chatzarakis and Shaikhet [8] proved that if
for some £ € N

p(n) a (i)
1
lim sup Z q(i) H —>1, (1.27)
n—>00 j=p(n)+1 1- qe (])
or
p(n) o (i) 1
hm sup Z q(i) H — >1-D(B), (1.28)
i=n Jj=p(n)+1 _q[(])
where
p(n) a (i) 1
qu(n) =q(m)| 1+ Y q() H (1.29)
i=n+1 j=p(n —6Ie 1(])

with g (n) = g(n), then all solutions of (E’) oscillate.

2 Main results and discussion

2.1 Main results

We study further (E) and (E’), and derive new sufficient oscillation conditions, involving
lim sup, which essentially improve all the previous results.

Page 5 of 24
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2.1.1 Retarded difference equations
The following simple result is stated to explain why we can consider only the case

p(n)< —, Vn=0, (2.1)

where Ao > 1 is the smaller root of the transcendental equation A = e¥* with 0 <o < 1/e.

Theorem 1 Assume that there exists a subsequence 0(n), n € N of positive integers such
that

p(@(n)) >—, VmeNlN. (2.2)

1
ro
Then all solutions of (E) are oscillatory.

Proof Assume, for the sake of contradiction, that (x(#)),>_, is a nonoscillatory solution
of (E). Then it is either eventually positive or eventually negative. As (—x(n)),>_,, is also a
solution of (E), we may restrict ourselves only to the case where x(n) > 0 for all large n. Let
n; > —w be an integer such that x(#) > 0 for all # > n;. Then there exists n, > n; such that

x(t(n)) > 0, Vn > ny. In view of this, equation (E) becomes
Ax(n) = —p(n)x(r(n)) <0, VO(n)=>mny,

which means that the sequence (x(n)) is eventually nonincreasing.

Taking into account the fact that (2.2) holds, equation (E) gives

x(0(n) +1) = 2(6(n)) — p(6(n))x(z (6(n)))

iw@mn-pwm»drwmn)

IA

5ﬁywm»—dmmMWM»

= x(@(n))(}\io —p(@(n))) <0, forall@(n)>ny,

where 0(n) — oo as n — oo, which contradicts the assumption that x(n) > 0 for all
n>m. O

The proofs of our main results are essentially based on the following lemmas.

The first lemma is taken from [8]. For the sake of completeness, we cite its proof here.

Lemmal ([8], Lemma 1) Assume that (1.1) holds and « is defined by (1.3) with « > 0. Then

n-1 n-1
lim inf Z p(j) = liminf Z pi)=a, (2.3)
Jj=h(n) Jj=t(n)

where h(n) is defined by (1.5).
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Proof Since h(n) is nondecreasing and t(n) < h(n) <n -1 for all n > 0, we have

n-1 n-1
POEDINL
j=h(n) j=t(n)
Therefore
n-1 n-1
liminf ‘%:)p(/) <liminf 'Z”P(I)-
j=h(n Jj=tin

If (2.3) does not hold, then there exist ' > 0 and a subsequence (6(n)) such that (1) — oo
as n — 0o and

0(n)-1
. - < /
Jm D pi) e <a
J=h(®(n))

But /4(6(n)) = maxo<s<p() T(s), hence there exists 6'(n) < 0(n), 8’'(n) € Ny, such that
h(0(n)) = t(0’(n)), and consequently

0(n)-1 0(n)-1 0'(n)-1
Yo=Y pi= > pi).
j=h(0(n) j=t(0'(n)) j=t(0'(n))

It follows that (Zi(;%_,(ln)) p():, is a bounded sequence having a convergent subsequence,

say

0 (ng)-1
Z pl) > c<da/, ask— oo,
j=T(0" (ng))

which implies that
n-1
. ; /
hnr£1)1or.}f Z pi)<a' <a.
j=t(n)

This contradicts (2.3).
The proof of the lemma is complete. O

Lemma 2 ([6], Lemma 2.1) Assume that (1.1) holds, h(n) is defined by (1.5), 0 <@ < 1/e
and x(n) is an eventually positive solution of (E). Then

liminf ——— > D(«). (2.4)
n

Lemma 3 Assume that (1.1) holds, h(n) is defined by (1.5), 0 < « < 1/e and x(n) is an even-
tually positive solution of (E). Then

lim ing */0)

n—00 X\n

Z )‘40: (25)

where L is the smaller root of the transcendental equation A\ = e**.
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Proof Assume that (x(#)),>_, is an eventually positive solution of (E). Then there exists
ny > —w such that x(#n), x(t(n)) > 0 for all n > n;. In view of this, equation (E) becomes

Ax(n) = —p(n)x(t(n)) <0, VYn>m,

which means that (x(#)) is an eventually nonincreasing sequence of positive numbers.
Taking into account that 0 < « < 1/e, it is clear that there exists ¢ € (0, @) such that

n-1

Zp(}') >a—-¢ forn>n(e)>m.
j=h(n)

We will show that

fim in S0

n—oo  x(n)

> Ao(8)s (2.6)

where A¢(¢) is the smaller root of the equation

e =),

Assume, for the sake of contradiction, that (2.6) is incorrect. Then there exists £y > 0 such

that

ela—c)y

>1+ &g, (2.7)
14
where
h
y = liminf #(hn)) < Ao(e). (2.8)
n—oo  x(n)

On the other hand, for any § > 0 there exists 7(8) such that

x(h(n))

x(n)

>y -68 forn=>n(s). (2.9)

Dividing (E) by x(n) we obtain

Ax(n) x(t(n))
= -p(n)

x(n) x(n)
_ (i)

pn) < —(y = d8)p(n),
x(n)

or

Ax(n)
x(n)

< —(y = d)p(n).

Summing up last inequality from k(x) to n — 1, we get

n-1 Ax(]) n-1
> w5 9 > i) <~y = 8)(e ). (2.10)
j=h(n) j=h(n)
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But, since ¢* > x + 1, Vx > 0 we have

J=h(n)
n-1 .
> Z (1 In x(;(;)l)) — (n—h(n)
j=h(n)
n-1 . 1)
= (n - h(n)) + In il + - (n - h(n))
P
! x(+1) x(n)
= 1 =1 s
L) T )

or

yi Ax(j) -1 x(n)

W) = nx(h(n))' (2.11)

j=h(n)

Combining (2.10) and (2.11), we have

x(n)
n <—(y-8)(x-¢),
*(h(m) =
ie.,
M > e()/—é)(a—e) for n > 71(8)
x(n)
Therefore,
Yy = liminf x(h(n)) > e(V*&)(Olfs),
t—oo  x(n)

which, as § — 0, implies
y > ev(@-e)

Combining the last inequality with (2.7), we obtain

y(a—e)
€ > orla—e)

1+gy —

’

which is impossible since gy > 0. Therefore (2.6) is true. Since X¢(¢) = 1y as € — 0, (2.6)
implies (2.5).
The proof of the lemma is complete. 0
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Theorem 2 Assume that (1.1) and (2.1) hold, and h(n) is defined by (1.5). If for some £ € N

lim sup Z p(i) exp( Z p() 1_[ 7, (m)) 1, (2.12)

el j= () m= r(/)

where
n-1 n-1 j-1 1
P =pm|1+ Y pexp D p)) [ ——= (2.13)
i=t(n) =1 (i) m=1(j) 1- P[ 1( )

with T’o(n) = hop(n) and Lg is the smaller root of the transcendental equation ). = e**, then
all solutions of (E) are oscillatory.

Proof Assume that (x(#)),>_, is an eventually positive solution of (E). Then there exists
ny > —w such that x(#n), x(t (n)) > 0 for all # > ;. In view of this, equation (E) becomes

Ax(n) = —p(n)x(t(n)) <0, Vn=m,

which means that (x(#)) is an eventually nonincreasing sequence of positive numbers.
Taking this into account along with the fact that t(n) < k(n), (E) implies

Ax(n) +p(n)x(h(n)) <0, n>mn. (2.14)

Observe that (2.5) implies that for each € > 0 there exists a n(¢) such that

x(h(n))
x(n)

>Ao—¢€, foralln>n(e)>mnm. (2.15)

Combining the inequalities (2.14) and (2.15) we obtain

Ax(n) + p(n)(ho — €)x(n) <0, n> n(e),
or

Ax(n) + Po(m, €)x(n) <0, 1> nle), (2.16)
where

DBy(n,€) = (ho — €)p(n).

Applying the discrete Gronwall inequality, we obtain
n-1

x(k) > x(n) 1_[ - Pl(z o’ for all n > n(e). (2.17)
()

Dividing (E) by x(n) and summing up from k to n — 1, we take

Ax(j) _
S S

j=k
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Also, since ¢* > x + 1, x > 0 we have

ERE
o)

> Z[ln x(;;)l) +1- 1]

M

1M

~.
=

E
,_.

j=k
i x(j+1) x(n)
= In — =In——,
TG T A
or
Ax(f) x(n)
Z ) =)

Combining (2.18) and (2.19), we obtain

— . x(t(f) x(n)
_;P(]) () Zln%>

or

x(k) < *(z ()
In=—— > Xk:l?(}) e

Since 7(j) <, (2.17) implies

j-1
) > 5) 1_5 Po(l o)

In view of (2.21), (2.20) gives

j—1

x(k) &7 1
o 2P 505

Jj=k i=t(j)

or

n-1 j-1 1
k j R~ — .
x(k) > x(n) exp(/zzkp(l) l_[ 1 —Po(i,e)>

i=7(j)

Summing up (E) from t(#) to n — 1, we have

x(n) — x r(n) Z p(z)x r(z)

Page 11 of 24

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Setting k = 7(i) in (2.22) implies
n-1 J-1 1
x((i)) > x(n) exp (,% () m]‘f[0 m)
so, combining (2.23) and (2.24), we find
= U T
x(n) = x(v(n)) + 2(n) ) pli)exp (}Z ri) T1 T) <0.

i=t(n) (i) m=1(j) - O(WI’G

Multiplying the last inequality by p(n), we get

n-1 j-1
p(m)x(n) - p(m)x(z () + p(n)x(n) ZP(Z)@XP(ZP(J) I1 #
=

o

i=t(n) (i) m=t(j)

which, in view of (E), becomes

n-1 n-1 j-1
Ax(n) + p(m)x(n) + p(n)x(n) Z pli) exp(Zp(j) H N;) <0,
i

i=t(n) i=7(i) m=1(j) 1- PO(m’ 6)
ie.,
n-1 n-1 j-1 1
Ax(n) + p(n)| 1+ Z p(i)exp Zp(j) 1_[ ——— ] [x(n) < 0.
, 1= Py(m,e)
i=t(n) j=t(@)  m=t()
Therefore
Ax(n) + Py(n, €)x(n) < 0
where

j-1 1
Pl(nxf) P(Vl)|:1+ ZP(I)CXP(IZP(I) 1_[ m)}

i=t(n) 140} m=t(j)
Repeating the above argument leads to a new estimate,
Ax(n) + T’g(n, €)x(n) <0,

where

Byme [1+ Zp exp<]zp(’ H #(ME)H

i=t(n) (i) m=1(j)

Continuing by induction, for sufficiently large n we get

Ax(n) + E(n, €)x(n) <0,

Page 12 of 24

(2.24)

(2.25)

(2.26)
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where

n-1 n-1 j-1
Py(n,€) = 1
(1, €) P(”)|: +i§)p( exp(} - 1_[ 1-D, 1(m»6)>i|

m=1(j)

and
h(n)-1 j1 )
x( (@) > x(h(n)) exp( Z () H m) (2.27)
j=t(i) m=1(j) ’

Summing up (E) from k(n) to n, we have

x(n +1) - x(h(n)) + Z pli)x(z() = (2.28)

i=h(n

Combining (2.27) and (2.28), we have, for all sufficiently large #,

x(n+1) - x(h(n))

h(n)-1
h(n)) Zp(z)exp(Zp(;) [T 5o €)> 0. (2.29)

j=t(i) m=1(j)
The inequality is valid if we omit x(# + 1) > 0 in the left-hand side:
n h(n)-1 j-1 1
—x(h(n)) +x(h(n)) Z p(i)exp Z p() 1_[ — ] <0.
, : 1-Py(m,e)
i=h(n) j=t(i) m=1(j)

Thus, as x(h(n)) > 0, for all sufficiently large »,

1
Zp(l)eXP(IXT(;)p(/)m]:[ml Fome )) 1,

from which by letting n — oo, we have
n h(n)-1 j-1 1
lim sup Z p(i)exp Z )26)) l_[ —_—
n—oo ; 1- Pf(m €)
i=h(n) j=t(i) m=t(j)

Since € may be taken arbitrarily small, this inequality contradicts (2.12).
The proof of the theorem is complete. d

Theorem 3 Assume that (1.1) and (2.1) hold, h(n) is defined by (1.5) and 0 < a <1/e. If
forsome £ € N

hmsip Z pli exp( Z p() l_[ - Pe( )) >1-D(a), (2.30)

j=() m=t(j)

where T)g(l’l) is defined by (2.13), then all solutions of (E) are oscillatory.
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Proof Assume, for the sake of contradiction, that (x(#)),>_, is an eventually positive so-
lution of (E). Then, as in the proof of Theorem 1, for sufficiently large #, (2.29) is satisfied,

ie.,

" h(n)-1 j-1
1+ 1) = 2(n) +2(h01) 3 pl) exp( 20 T 50 ) -

i=h(n) j=tl)  m=t(j)
That is,

h(n)-1 j-1

~ ; 1 x(m+1)
,»:;%p(l) exp( Z 120)) ]_[ l—ﬁe(m,e)) <1- o)

j=t(@) m=t(j)

which gives

n h(n)-1 j-1
lim sup Z p(i) exp( Z 20 l_[ #(me)) =1-liminf 9;((};;4)1))

O imh(n) j=t)  m=t()

By Lemma 2, inequality (2.4) holds. So the last inequality leads to

n h(n)-1 j-1
limsup > p(i) exp( >0 1 #(m)) <1-D(@).

i=h(n) j=t@)  m=t()

Since € may be taken arbitrarily small, this inequality contradicts (2.30).
The proof of the theorem is complete. d

Remark 1 It is clear that the left-hand sides of both conditions (2.12) and (2.30) are iden-
tical, also the right-hand side of condition (2.30) reduces to (2.12) in the case that « = 0. So
it seems that Theorem 3 is the same as Theorem 2 when o = 0. However, one may notice
that condition 0 < & < 1/e is required in Theorem 3 but not in Theorem 2.

Theorem 4 Assume that (1.1) and (2.1) hold, h(n) is defined by (1.5) and 0 < o < 1/e. If
forsome € e N

n n j-1
. . . 1 1
lim sup E p(i) exp( E P 1_[ - (m)) > D) 1, (2.31)
"0 imhin) j=t()  m=1() ¢

where T)g(}’l) is defined by (2.13), then all solutions of (E) are oscillatory.

Proof Assume, for the sake of contradiction, that (x(#)),>_, is an eventually solution of
(E). Then, as in the proof of Theorem 1, for sufficiently large n, (2.27) is satisfied. Therefore

n j-1 )
x(7 (i) >x(n +1) exp(z () 1_[ Ni) 5
j=t(i)  m=t(j) 1-Py(m,e€)

Summing up (E) from k(n) to n, we have

x(n+1) —x(h(n)) + Z p(i)x(t(i)) =0,
)

i=h(n
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which, in view of (2.32), gives

x(n+1) ~ x((m) + ZP(”’“("*”“"(Z”(’) [ ﬁ) >
'

i=h(n) (i) m=1(j)

or

x(n+1)— x(h(n) +9C h(”) Z x((IZl(+)1)) (ZP(}) 1_[ 1-— PE m, E)) 0-
J=

=h(n) (i) m=t(j)

Thus, for all sufficiently large #,

. - 1 x(h(n))
ZP(z)exp(ZP(] 1_[1 B0 ><x(n+1)—

y=1(i) m=(j)

Letting n — 0o, we take

n j-1 1 x(h
hmsup ZP(Z)CXP(ZP(I 1_[ 1- [( ><11nloop x(( (:-/1)1))

=1 (i) m=1(j)

which, in view of (2.4), gives

1 1
lim sup Zp(z)exp(ZP(l 1_[ 1- pl(m e)) = D(x) -
Y

=00 (i) m=(j)

Since € may be taken arbitrarily small, this inequality contradicts (2.31).

The proof of the theorem is complete. O

Remark 2 If D;(n) > 1 then (2.26) guarantees that all solutions of (E) are oscillatory. In
fact, (2.26) gives

Ax(n) +x(n) <0

which means that x(z+1) < 0. This contradicts x(n) > O for all # > »;. Thus, in Theorems 2,
3 and 4 we consider only the case T)[(Vl) < 1. Another conclusion that can be drawn from
the above, is that if at some point through the iterative process, we get a value of ¢, for
which T)[(Vl) > 1, then the process terminates, since in any case, all solutions of (E) will
be oscillatory. The value of ¢, that is, the number of iterations, obviously depends on the

coefficient p(n) and the form of the non-monotone argument 7 (n).

2.1.2 Advanced difference equations
Similar oscillation theorems for the (dual) advanced difference equation (E’) can be de-
rived easily. The proofs of these theorems are omitted, since they are quite similar to the

proofs for a retarded equation.
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The following simple result is stated to explain why we can consider only the case

1
qn)<—, VneN, (2.33)
Ao

where g > 1 is the smaller root of the transcendental equation A = eP* with 0 < B8 <1/e.

Theorem 5 Assume that there exists a subsequence 6(n), n € N of positive integers such
that

q(@(n)) > ;—0, Vn e N. (2.34)

Then all solutions of (E') are oscillatory.

Theorem 6 Assume that (1.2) and (2.33) hold, and p(n) is defined by (1.6). If for some
LeN

hmsupif;q(l exp(}_§+lq0) ii - Qll (m)> L (2.35)
where

N a(n) o (i) o (j) 1

Qu(n) = q(n) [1 : ,»;q(i) exp (}Zl q()) 11 m)} (2.36)

with ao(n) = hogq(n) and Mg is the smaller root of the transcendental equation ) = e?*, then
all solutions of (E') are oscillatory.

Theorem 7 Assume that (1.2) and (2.33) hold, p(n) is defined by (1.6) and 0 < B < 1/e. If
forsome € € N

p(n) o (i)
limsuqu(i)exp< Z q(7) 1_[ . Ql( )) >1-D(B), (2.37)
j

0 iy j=p(n)+1 m=j+1
where a(n) is defined by (2.36), then all solutions of (E') are oscillatory.

Remark 3 It is clear that the left-hand sides of both conditions (2.35) and (2.37) are iden-
tical, also the right hand side of condition (2.37) reduces to (2.35) in the case that 8 = 0. So
it seems that Theorem 7 is the same as Theorem 6 when g = 0. However, one may notice
that condition 0 < 8 <1/e is required in Theorem 7 but not in Theorem 6.

Theorem 8 Assume that (1.2) and (2.33) hold, p(n) is defined by (1.6) and 0 < B < 1/e. If
forsome € € N

hilqnsuqu(z exp(Zq(/) l_[ - Qz ) > D(l,B) -1, (2.38)

m=j+1

where 6(;1) is defined by (2.36), then all solutions of (E') are oscillatory.
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Remark 4 Similar comments to those in Remark 2 can be made for Theorems 6,7 and 8,

concerning equation (E').

2.1.3 Difference inequalities
A slight modification in the proofs of Theorems 2-4 and 6-8 leads to the following results

about deviating difference inequalities.

Theorem 9 Assume that all conditions of Theorem 2 [6] or 3 [7] or 4 [8] hold. Then
(i) the retarded [advanced) difference inequality

Ax(n) +p(n)x(r(n)) <0, neN [Vx(n) - q(n)x(a(n)) >0,n¢ N],

has no eventually positive solutions;
(ii) the retarded [advanced) difference inequality

Ax(n) + p(n)x(t(n)) =0, n €Ny [Van) - q(n)x(o(n) <0,neN],
has no eventually negative solutions.

2.2 Discussion

In the present paper we are concerned with the oscillation of a linear delay or advanced
difference equation with non-monotone argument. New sufficient conditions have been
established for the oscillation of all solutions of (E) and (E’). These conditions include
(2.12), (2.30), (2.31), (2.35), (2.37) and (2.38) of Theorems 2, 3, 4, 6, 7 and 8, respectively,
and are based on an iterative method.

The main advantage of these conditions is that they improve all the oscillation condi-
tions in the literature. Conditions (2.12) and (2.35) improve the non-iterative conditions
that are listed in the introduction, namely conditions (1.7), (1.10) and (1.22), respectively.
This conclusion becomes evident immediately by inspecting the left-hand side of (2.12),
(2.35) and the left-hand side of (1.7), (1.10) and (1.22).

The improvement of (2.12) and (2.35) as to the other iterative conditions, namely (1.12)
(for r > 1), (1.15) (for € > 1), (1.18) (for £ > 1) and (1.24) (for r > 1), (1.27) (for £ > 1), is that
they require far fewer iterations to establish oscillation, than the other conditions. This
advantage can easily be verified computationally, by running the Matlab programs and
comparing the number of iterations required by each condition to establish oscillation
(see Section 3).

Similar observations and comments can be made for conditions (2.30) and (2.37). It
is to be pointed out that conditions (2.31) and (2.38) are of a type different from all the
known oscillation conditions. Nevertheless, in Example 2, it is shown that (2.38) implies

oscillation, while other known ones fail.

3 Examples and comments

In this section, examples illustrate cases when the results of the present paper imply oscil-
lation while previously known results fail. The examples not only illustrate the significance
of main results, but also serve to indicate the high degree of improvement, compared to
the previous oscillation criteria in the literature. All the calculations were made in Matlab.
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Figure 1 The graphs of 7(n) and h(n).

Example 1 (Taken and adapted from [7]) Consider the retarded difference equation

Ax(n) + ‘L'(}'Z)) =0, neNy, (3.1)

x(
2,000
with (see Figure 1(a))
n-1, ifn=3u,

tn)={n-2, ifn=3u+1, wneN
n-4, ifn=3u+2,

By (1.5), we see (Figure 1(b)) that

n-1, ifn=3pu,
h(n)=max t(s)={n-2, ifn=3u+1, pneNo.
0<s<m

n-3, ifn=3u+2,

It is easy to see that

n-1 3u—-1
283
= liminf =0.1415
o ];H)p () = limin £~ 2,000

and, therefore, the smaller root of €%1415* = 3 is 1o = 1.18206.
Clearly, p(n) = Foe5 = 0.1415 < 1/A9 = 0.84598, i.e., (2.1) is satisfied.

Observe that the function F, : Ny — R, defined as

n)-1 j-1
Fy(n) = Zp(l exp(Zp(i IT; T:(m)>

m=1:(1
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attains its maximum at n = 3u + 2, u € Ny, for every £ € N. Specifically,

3u+2 3u-2 i 1
FBu+2)= Y pl) CXP<ZP(’) [ 1- P(m))

i=3pu~-1 =T (i) m=t(j)
with
m-1 m-1 1
Pl(m):p<m)[1+ > p(k)exp( Y pw) ]‘[ = (V)ﬂ
k=1 (m) w=t (k) v=1(w) op

By using an algorithm on Matlab software, we obtain
Fi(3n +2)~1.0091
and therefore

lim sup F;(n) ~1.0091 > 1.

n—o0

That is, condition (2.12) of Theorem 2 is satisfied for £ = 1. Therefore, all solutions of
equation (3.1) are oscillatory.
Observe, however, that

3u+2

283
MD =limsup Y p(j)=4- 5000 = 0566 <1,
U—> 00 j:3;L—l ’
1
a=0.1415< -,
e
0.566 <1 - D(a) ~0.9882,
h(n)-1 1
lim sup Z p() H B
n—00 J=hn) iz —pl
3u+2 3u-2
283 1
= lim sup Z 1_[ TE
H=00 g 2 000 i=t() = 2,000
283 ' 3u-2 1 3u-2
=2000 l—[ T o283t l—[ T 283
’ P20 Li=e@u-1) = 2,000 = ,(3,0 ~ 2,000
3u-2 3u-2
1 1
+ I1 128 * [1 - 283}
i=t(3p+1) 2,000  i=r(3u+2) 2,000
3u-2 3u—2
283 1 1
= .limsup! 1_[ —m t 1_[ —
2,000 ;- i35 1- 5500 81 1- 35656

3u-2 3u-2
+ 1_[ T_ 28t l_[ T 283

i=3pu— 1 T 2,000 = 3u-2 ~ 2,000

283 1 4 1 N
=000 lim sup o )t 1+1+ P 0.7083 <1,

=00 ~ 2,000 ~ 2,000
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0.7083 <1 - D(«) >~ 0.9882,

h(n)-1

lim sup Z p(i) l—[ =~ 0.8169,

n—00
=h(n)

0.8169 < 1 — D(a) ~ 0.9882,

n h(n)-1
1
hmsup > ope) [] =50 ~0.9550,
0 i h(n) j=t(i)

0.9550 <1 - D(«) >~ 0.9882,

~3.9361 < =~ 84.5735.

1
—h(n) = ‘E(l D(er)
That is, none of conditions (1.7), (1.8), (1.9), (1.10) = (1.12) (for r = 1), (1.11) = (1.13) (for
r=1), (1.15) (for £ = 1), (1.16) (for £ = 1), (1.18) (for £ = 1), (1.19) (for £ = 1) and (1.20) (for
£ =1) is satisfied.

Notation. It is worth noting that the improvement of condition (2.12) to the correspond-
ing condition (1.7) is significant, approximately 78.29%, if we compare the values on the
left-side of these conditions. Also, the improvement compared to conditions (1.10), (1.15)
and (1.18) is very satisfactory, around 42.47%, 23.53% and 5.67%, respectively.

Finally, observe that the conditions (1.12)-(1.13), (1.15)-(1.16) and (1.18)-(1.20) do not lead
to oscillation for the first iteration. On the contrary, condition (2.12) is satisfied from the
first iteration. This means that our condition is better and much faster than (1.12)-(1.13),
(1.15)-(1.16) and (1.18)-(1.20).

Example 2 Consider the advanced difference equation

x(o(m) =0, mneN, 3.2)
with (see Figure 2(a))

n+3, ifn=5u+1,
n+l, ifn=5u+2,
o(n)=3n+5, ifn=5u+3, MEN.
n+2, ifn=5u+4,

n+l, ifn=5u+S5,
By (1.6), we see (Figure 2(b)) that

n+2, ifn=5u+1,
n+1l, ifn=5u+2,
pm)=1{n+3, ifn=5u+3, neN,
n+2, ifn=5u+4,

n+1, ifn=5u+5,
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Figure 2 The graphs of o (n) and p(n).
It is easy to see that
o(n) 5u+3 297
= liminf /) = liminf ) = —— =0.1485.
j=n+1 j=51+3

Therefore, the smaller root of e%148* = ) is Ao = 1.194 and

1
—— ~1275.0329.
D(B)

Clearly, q(n) = 5505 = 0.1485 < 1/ > 0.8375, i.e., (2.33) is satisfied.

Observe that the function F; : Ny — R, defined as
p(n) ‘ o (i) ‘ a(j) 1
Fy(n) = ;q(z) exp(,n 40) mgl %),
attains its maximum at n =5u + 3, u € Ny, for every £ € N. Specifically,

5u+6 o (i) o (j) 1
Fi(51 +3) = Z q(i)exp( Z q() 1_[ W)
-

i=5u+3 J=51+3 m=j+1

with

o (m) a (k) o(w)
al(m)zq(m)|:1+ > q(k)exp< > aw ] m>i|

k=m+1 w=m+1 v=w+l

By using an algorithm on Matlab software, we obtain

Ei(5p +3) ~ 77.7076
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and therefore

—-12~75.0329.

1
lim sup Fy(n) ~77.7076 >
1 D(B)

n—0oQ

That is, condition (2.38) of Theorem 8 is satisfied for £ = 1. Therefore, all solutions of
equation (3.2) are oscillatory.

Observe, however, that

p(n) 5u+6
MA =limsup Zq(j) = limsup Z q(j) =0.594 < 1,
n—00 j=n —>00 j=5u+3
0.594<1-(1-+/1-B)*~0.9940,
p(n)
limsup » ~ g()by" (p(n), o ()
n—0oQ /=n
5u+6
=limsup Z q()br (5 +6,0()
W00 5443
297 o B
= 000" limsup[b;"' (51 + 6,0 (51 +3)) + by (51 + 6,0 (5 + 4))
) L—>00

+ 07" (51 + 6,051 +5)) + b (51 + 6,0 (51 +6))]

297
= —— - limsup[b;'(5u + 6,51 + 8) + b (5 + 6,51 + 6)
2,000 oo

+ b5+ 6,50+ 6) + b (5 + 6,51 +9)]

+1+1+ ]:0.7423<1,
2 )3

297 [
2,000 |[(1-355) -6

0.7423 <1 - D(B) ~ 0.9868,

o (i)

p(n)
lim sup Z q(i) 1_[

o0 iy j=p(n)+1

_~09183<1,
1-q1(j)

0.9183 <1-D(B) >~ 0.9868.

That is, none of conditions (1.22), (1.23), (1.24) (for r = 1), (1.25) (for r = 1), (1.27) (for £ = 1)
and (1.28) (for £ = 1) is satisfied.

Notation. It is worth noting that the conditions (1.24), (1.25), (1.27) and (1.28) do not
lead to oscillation for the first iteration. On the contrary, condition (2.38) is satisfied from
the first iteration. This means that our condition is better and much faster than (1.24),
(1.25), (1.27) and (1.28).

Remark5 Similarly, one can construct examples, illustrating the other main results stated

in the paper.



Chatzarakis and Jadlovska Journal of Inequalities and Applications (2017) 2017:173 Page 23 of 24

4 Conclusions
In this paper, new sufficient oscillation conditions for all solutions of (E) and (E’) have been
established. These conditions have been derived using an iterative technique. As a result,
the conditions in this paper significantly improve on the previously reported conditions
that are reviewed in the introduction. The results are illustrated by two examples, showing
that our conditions achieve a significant improvement over the known conditions. That
improvement gets even greater by appropriately selecting the coefficients p(n) and g(n)
and the non-monotone arguments 7(x) and o (n).

The conditions in this paper involve limsup. Thus, an apparent research objective for
future work can be establishing similar iterative techniques, for oscillation conditions, in-
volving liminf.
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