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Abstract

In this article, we introduce a perturbed system of generalized mixed
quasi-equilibrium-like problems involving multi-valued mappings in Hilbert spaces.
To calculate the approximate solutions of the perturbed system of generalized
multi-valued mixed quasi-equilibrium-like problems, firstly we develop a perturbed
system of auxiliary generalized multi-valued mixed quasi-equilibrium-like problems,
and then by using the celebrated Fan-KKM technique, we establish the existence and
uniqueness of solutions of the perturbed system of auxiliary generalized multi-valued
mixed quasi-equilibrium-like problems. By deploying an auxiliary principle technique
and an existence result, we formulate an iterative algorithm for solving the perturbed
system of generalized multi-valued mixed quasi-equilibrium-like problems. Lastly, we
study the strong convergence analysis of the proposed iterative sequences under
monotonicity and some mild conditions. These results are new and generalize some
known results in this field.
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1 Introduction

The theory of variational inequality problem is very fruitful in connection with its appli-
cations in economic problems, control and contact problems, optimizations, and many
more; see e.g., [1-5]. In 1989, Parida et al. [6] introduced and studied the concept of
variational-like inequality problem which is a salient generalization of variational inequal-
ity problem, and shown its relationship with a mathematical programming problem. One
of the most important topics in nonlinear analysis and several applied fields is the so-called
equilibrium problem which was introduced by Blum and Oettli [7] in 1994, has extensively
studied in different generalized versions in recent past. An important and useful general-
ization of equilibrium problem is a mixed equilibrium problem which is a combination of
an equilibrium problem and a variational inequality problem. For more details related to
variational inequalities and equilibrium problems, we refer to [8—15] and the references
therein.
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There are many illustrious methods, such as projection techniques and their variant
forms, which are recommended for solving variational inequalities but cannot be em-
ployed in a similar manner to obtain the solution of mixed equilibrium problem involving
non-differentiable terms. The auxiliary principle technique which was first introduced by
Glowinski et al. [16] is beneficial in dodging these drawbacks related to a large number of
problems like mixed equilibrium problems, optimization problems, mixed variational-like
inequality problems, etc. In 2010, Moudafi [17] studied a class of bilevel monotone equilib-
rium problems in Hilbert spaces and developed a proximal method with efficient iterative
algorithm for solving equilibrium problems. After that, Ding [18] studied a new system
of generalized mixed equilibrium problems involving non-monotone multi-valued map-
pings and non-differentiable mappings in Banach spaces. Very recently, Qiu et al. [19] used
the auxiliary principle technique to solve a system of generalized multi-valued strongly
nonlinear mixed implicit quasi-variational-like inequalities in Hilbert spaces. They con-
structed a new iterative algorithm and proved the convergence of the proposed iterative
method.

Motivated and inspired by the research work mention above, in this article we introduce
a new perturbed system of generalized mixed quasi-equilibrium-like problems involving
multi-valued mappings in Hilbert spaces. We prove the existence of solutions of the per-
turbed system of auxiliary generalized multi-valued mixed quasi-equilibrium-like prob-
lems by using the Fan-KKM theorem. Then, by employing the auxiliary principle tech-
nique and an existence result, we construct an iterative algorithm for solving the perturbed
system of generalized multi-valued mixed quasi-equilibrium-like problems. Finally, the
strong convergence of iterative sequences generated by the proposed algorithm is proved.

The results in this article generalize, extend, and unify some recent results in the literature.

2 Preliminaries and formulation of problem

Throughout this article, we assume that / = {1,2} is an index set. For each i € ], let H; be
a Hilbert space endowed with inner product (-,-) and norm || - ||, d be the metric induced
by the norm || - ||, and let K; be a nonempty, closed, and convex subset of H;, CB(H;) be
the family of all nonempty, closed, and bounded subsets of H;, and for a finite subset K,
Co(K) denotes the convex hull of K. Let D(-, -) be the Hausdorff metric on CB(H;) defined
by

D(P:, Q) =max{ sup (s Q). sup (P}, VP Qi € CB(H),
xXi €l Vi€Qi

where d(x;, Q;) = inf),cq, d(xi,y:) and d(P;, y;) = infy,ep, d(x;, yi).

For each i € I, let N; : H; x H; — R be a real-valued mapping, M, : H; x H; — H;
be a single-valued mapping, A;, T}, S; : K; — CB(H;) and B; : K1 x K; — CB(H;) be the
multi-valued mappings, n; : K; x K; — H; be a nonlinear single-valued mapping, and
fi : K; — K; be a single-valued mapping. We introduce the following perturbed system of

generalized multi-valued mixed quasi-equilibrium-like problems: Find (x1,x2) € K1 x Ky,
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u; € Ti(x1), v; € Si(%2), w; € Bi(x1,%2), and z; € A;(x;) such that

Ni(zi, m (i) fi(x)) + (M (i, vi) + wi, m(fi(n), filx1)))

+ @1(x1, 1) — @1, 1) + o [[i(n) = fi(x1)[1> > 0, Yy € Ky, M
No(z2, n2(a(12), fo(%2))) + (M2 (2, v2) + wa, n2(fa(¥2), f2(%2)))
+@(x2,52) — P2, %) + a2 |fo(32) — fo(x2) 12 = 0, Yy, € Ko,

where o; is a real constant and ¢; : K; x K; — R is a real-valued non-differential mapping

with the following properties:

Assumption (*)
(i) @i(-,-) is linear in the first argument;
(ii) ¢:(-,-) is convex in the second argument;
(iii) ¢;(-, ) is bounded;
(iv) for any x;,%;,2; € K,

Oi(xi,y1) — di(xizi) < Pilxi,yi — zi).

Remark 2.1 Notice that the role of the term a;||f;(y;) — fi(x;)||?, for each i € I, in problem
(1) is analogous to a choice of perturbation in the system. Since «; is a real constant, the
solution set of the system (1) is larger than the solution set of system not involving the
term o ||f(;) — fi(x:)||%. It is also remarked that, combining Assumptions (iii) and (iv), it
follows that ¢(:, -) is continuous in the second argument, which is used in many research
works; see e.g., [20-23].

Some special cases of the problem (1) are listed below.
(i) If N1 =Ny =0, f; =f, =1, the identity mappings, and o; = oy = 0, then system (1)
reduces to the problem of finding (x1,%5) € K x Ky, u; € Ti(x1), v; € Si(x2), and
w; € Bi(x1,%7) such that

(M (a1, v1) + wi, m (1, %1)) + 121, 91) — dr(x1,%1) > 0, vy € Ky,
(Mo (2, v2) + W, 2 (¥2,%2)) + $2(x2,¥2) — (X2, 2) > 0,  Vy, € K.

(2)

System (2) was considered and studied by Qui et al. [19].

(ii) If A; is a single-valued identity mapping, f; is an identity mapping, g = a3 =0,
Ni(- n:(fi (), fi(x:)) = Ni(-, 1), and w; = —w; € CB(K;), then system (1) reduces to the
system of generalized mixed equilibrium problems involving generalized mixed
variational-like inequalities of finding (x1,%5) € K1 X Ky, u; € T;(x1) and v; € S;(x7)
such that

Ni(xi,m) + (Mi(ug, v1) = wi, m(, %)) + dr(x, ) — di(x, 1) > 0,
Vyl S I(l, (3)
N (x2,y2) + (Ma(uz, v2) — wa, 12 (y2,%2)) + d2(%x2,¥2) — P2 (x2,%2) > 0,

Vyz € [(2 .

System (3) introduced and studied by Ding [18].
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(iii) Ifforeachi €, K; = H;, B;=0, T;(x1) = x; and S;(x3) = x5, then system (2) reduces
to the following system of mixed variational-like problems introduced and studied
by Kazmi and Khan [22]: Find (x1,%,) € H; x Hj such that

(Mi(x1,%2), m(y,%1)) + dr(x, ) — di(x, 1) =0, Yy € Hy,
(M (x1, %), 12 (¥2,%2)) + P2(%x2,¥2) — Pa(x2,%2) = 0,  Vyy € Hy.

(4)

(iv) Ifforeachi€l,K;=K,N;=N,B;=¢;=0,0;,=0,A;=A, T; =T, n; =0, f; =f and
(M (i, vi), ni(fi (), filxi))) = Miui, fiyi)) = M(u, f(y)), then system (1) equivalent to
the problem of finding x € K, z € A(x) and u € T'(x) such that

N(zn(f0).f(®)) + M(u,f(y)) =0, VyeK, (5)

which is called the generalized multi-valued equilibrium-like problem, introduced
and studied by Dadashi and Latif [24].
It should be noted that, for a suitable choice of the operators M;, N;, T}, S;, ¢, ni, A;, B, and
fi, for each i € I, in the above mentioned problems, it can easily be seen that the problem
(1) covers many known system of generalized equilibrium problems and variational-like
equilibrium problems.

Now, we give some definitions and results which will be used in the subsequent sections.

Definition 2.1 Let H be a Hilbert space. A mapping #: H — R is said to be
(i) upper semicontinuous if, the set {x € H : h(x) > A} is a closed set, for every A € R;
(ii) lower semicontinuous if, the set {x € H : i(x) > A} is an open set, for every A € R;

(iii) continuous if, it is both lower semicontinuous and upper semicontinuous.

Remark 2.2 If /1 is lower semicontinuous, upper semicontinuous, and continuous at ev-
ery point of H, respectively, then / is lower semicontinuous, upper semicontinuous, and
continuous on H, respectively.

Definition 2.2 Let : K x K — K and f : K — K be the single-valued mappings. Then

n is said to be
(i) affine in the first argument if

n(kx +(1- A)z,y) =y + (1-A)n(z,y), Vrel0,1],x,y,z€K;
(ii) «-Lipschitz continuous with respect to f if there exists a constant « > 0 such that
In(F@fD) | < kllx=yll, VayeK.
Definition 2.3 Let N: H x H —> R be a real-valued mapping and A : K — CB(H) be a
multi-valued mapping. Then N is said to be

(i) monotone if

N(x,y)+N(y,x) <0, Vx,y€H;
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(ii) o-n-f-strongly monotone with respect to A if there exists ¢ > 0 such that, for any
x,y€K,zeAx), and 2’ € A(y),

N(zn(fo).f®)) + N, n(f@.f)) < -e|f) —f@]*

Definition 2.4 A mapping g: K — H is said to be

(i) e-n-relaxed strongly monotone with respect to f if there exists € > 0 such that

20

(g(f@) —g(f»)) n(fx).f 1)) = —e[f (@) £ )

(i) o-Lipschitz continuous with respect to f if there exists a constant o > 0 such that

le(F@®) —g(fF») | < o llx - yli;

(iii) hemicontinuous with respect to f if, for A € [0,1], the mapping
A g(Af(x) + (1 — 1)f () is continuous as A — 0%, for any x,y € K.

Definition 2.5 A mapping f: H — H is said to be S-expansive if there exists a constant
B > 0 such that

lf@) —f )| = Bllx -l

Definition 2.6 A multi-valued mapping P : K —> 2K is said to be KKM-mapping if, for
each finite subset {x1,...,%,} of K, Cofx,...,x,} C |, P(x;), where Cofxy, ..., x,} denotes

the convex hull of {x1,...,x,}.

Theorem 2.1 (Fan-KKM Theorem [25]) Let K be a subset of a topological vector space X,
and let P: K — 2X be a KKM-mapping. If for each x € K, P(x) is closed and if for at least
one point x € K, P(x) is compact, then (i P(x) # 0.

Definition 2.7 The mapping M : H x H — H is said to be (i, £)-mixed Lipschitz con-
tinuous if, there exist constants u, & > 0 such that

M1, 1) = M2, 32) | < sellsy =2l + &l = 22l

Definition 2.8 Let T': H — CB(H) be a multi-valued mapping. Then T is said to be
8-D-Lipschitz continuous if, there exists a constant § > 0 such that

D(T(x), T(y)) <8llx-yl, VxyeH,
where D(., -) is the Hausdorff metric on CB(H).

Lemma 2.1 ([26]) Let (X, d) be a complete metric space and T : X — CB(X) be a multi-
valued mapping. Then, for any given € >0, x,y € X and u € T(x), there exists v € T(y) such
that

d(u,v) <1+ e)D(T(x), T(y)).
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3 Formulation of the perturbed system and existence result
In this section, firstly we consider the following perturbed system of auxiliary generalized
multi-valued mixed quasi-equilibrium-like problems related to the perturbed system of
generalized multi-valued mixed quasi-equilibrium-like problems (1), and prove the exis-
tence result.

For each i € I and given (x1,%;) € K1 X Ky, u; € Ty(x1), vi € Si(x2), w; € Bi(x1,%7) and
z; € A;(x;), find (£, £5) € K7 x K3 such that, for constants o1, 02 > 0,

o1N1(z1, m(f (), () + (@ (fi(t)) — g(fi(x1) + o1 (M1 (uz, v1)
+w1), m(f0n), i) + pr{dr (e, 1) — dr(x, 1) + i) — ()1} = 0,
Yy, € K,
02N2 (22, M2 (£ (02), 2(£2))) + (©2(a(£2)) — g2(f2(x2)) + p2 (M2 (12, v2) (6)
+w2), M (h(02), /2(£2))) + p2{P2(%2,72) — Pa (%2, 12)
+ o |a(2) — fa(B)11} = O,
Yy, € Ky,

where g; : K; — H; is not necessarily the linear mapping. Problem (6) is called the per-
turbed system of auxiliary generalized multi-valued mixed quasi-equilibrium-like prob-
lems. Notice that if ¢; = x; is a solution of the system (6), then (x;, u;, v;, w;, z;) is the solution
of the system (1).

Now, we establish the following existence and uniqueness of solutions of the perturbed

system of auxiliary generalized multi-valued mixed quasi-equilibrium-like problems (6).

Theorem 3.1 For each i € I, let K; be a nonempty, closed, and convex subset of Hilbert
space H;, N; : H; x H; — R be a real-valued mapping, ¢; : K; x K; — R is a real-valued
non-differential mapping, M; : H; x H; — H; be a single-valued mapping, A;, T;, S; : Ki —>
CB(H;) and B; : K; x K — CB(H,) be the multi-valued mappings, n; : K; x K; — H; be
a nonlinear single-valued mapping, and f; : K; — K; be a single-valued mapping. Assume
that the following conditions are satisfied:
(i) Ni(zi, ni(fi(x:),fi(x:))) = 0, for each x; € K; and Nj is convex in the second argument;
(i) N;j is 0;-ni-fi-strongly monotone with respect to A; and upper semicontinuous;
(iii) n; is affine, continuous in the second argument with the condition
ni(xi, y:) + 1y, %:) = 0, for all x;,y; € Ki;
(iv) g is &;-n;-relaxed strongly monotone with respect to f; and hemicontinuous with
respect to f;;
(v) fi is Bi-expansive and affine;
(vi) ¢ satisfies Assumption (*);
(vil) &; = a;p; and 3g; < p;0;;
(viii) if there exists a nonempty compact subset D; of H; and t) € D; N K; such that for
any t; € K; \ D;, we have

piNi (i ni(fi(£)), £i(8)) + (@i (fi())) — g (Fix0)) + pi(Mi(uss, vi)
+wi), i (fi(8)).£i(8))) + pi{ i (%, 8 ) — pilewir 1) + o[ fi(27) —fz‘(ti)”2} <0,
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for given u; € Ti(x1), v; € Si(x2), w; € Bi(x1,%2) and z; € Ai(x;). Then the perturbed sys-
tem of auxiliary generalized multi-valued mixed quasi-equilibrium-like problems (6) has

a unique solution.

Proof For each i € I, t; € K; and fixed (x1,x;) € K1 X Ky, u; € Ti(x1), v; € Si(x2), w; €
Bi(x1,%,) and z; € A;(x;), define the multi-valued mappings P;, Q; : K; — 2% as follows:

Pi(y) = {t € K : piNi(zos i (i), £i () ) + (g (fi®) — gi(fi(x))
+ pi(Mi(ui vi) + wi),mi (i), fi(8)) + pil i i) — i 82)
+ailfiy) -fi@)|’} = 0},
Qi) = {ti € Ki: piNi(zio mi(fi ). fi(8))) + (@ (i) — & (fi(x:))
+ 0i(Mi(ui, vi) + wi),mi (i), fi(8))) + pil di(xi i) — dixi )} = 0.
In order to reach the conclusion of Theorem 3.1, we show that all the assumptions of
Fan-KKM Theorem 2.1 are satisfied.
First, we claim that Q; is a KKM-mapping. On the contrary, suppose that Q; is not a

KKM-mapping. Then there exist {y;,...,y"} and )»é >0,j=1,...,n, with Z/ 1)»}1 =1 such
that

y= ZMJ/, ¢ Ja)
j=1 j=1
Therefore, we have

piNiz i (f:(7)£i0))) + (& (604)) = & (0 + e (Mas,vi) -+ w),mi (£ (7). i)

+ pi{(;bi(xhy» - ¢;(xi,y)} <0, VijandzeAy).

Since n; and f; are affine, and N; and ¢, are convex in the second argument, we have

0=p; l( m(f()/ f()/))) ( (f(yﬁ)) —gi(ﬁ(xi)) + ;Oi(M(ui; Vi) + Wi)’ ni(fi()/)»fi(y)»
+ pz{¢t xz:y) oi( Xi ) }

- o= m(zu 10)) )+ (600 - 60) + (G + ),
m(ZW f(y)>>+p,{¢,(xnzw> wm}
< piN; (z, Zlim(fi(%):ﬁ(y)o + <gi(ﬁ(3/})) - gi(fix) + pi(M(ui, vi) + w;),

Z?»lm (7). fi) >+pl{2x ¢i(%0,, ¢,(xl,y)}
<Z)‘- PiN, Z»m z f(J’) ZK]@(f (f(xl)"'/oi(M(ui:Vi)
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+Wl) l(f(J/)fO/) +Ioz{z)‘¢z xz» Z)qul(xz’y)}
Zk’ piNi(z i (i (7). £0))) + @ (£ (7)) - & (ixd) + o1 (M(ui, vi) + w;),

Ui(ﬁ(J/,-):fi(Y))) + Pi{ﬁbi(xi;yi) —¢i(xip)}}
<0,

which is a contradiction. Therefore, y being an arbitrary element of Co {y}, ...,y7}, we have

y € Coly;,....y1y S Ui, Qi(y)). Hence Q; is a KKM-mapping.
Now, we show that ﬂyi ex; Qi) = ﬂyl, cx; Pi(yi), for every y; € K. Lett; € Q;(y;), therefore
by definition, we have

ptNi(Zir ni(ﬁ(yi)rﬁ i )) <g (f(yz ) (f Xi ) +P;(M(Mqu) + Wl) ﬂz(f()’z l 1 )>
+ pi{ di(xi 3i) — dilxin )} = 0,

which implies that

(gi(ﬁ(yt Yh(f(yz) f(t )) + pz (Zz: Th(f(tz)»fl(y)))
> (gi(fi(x) + pi(M(ui, vi) + i), mi (i), fi(8))) + pif{ bilxin vi) — iloxin 1)} (7)

Since g; is &;-n;-relaxed strongly monotone with respect to f; with the condition ¢; = p;a;,
inequality (7) becomes

i (zi i (i), £i(8))) + (@i (£i(8)) — & (i) + oi (M iy vi) + wi), mi(fi (i) f£i(8)))
+ o il y) - dili 1) + i |fiy) — fie) |’} = 0,

and hence we have ¢; € P;(y;). It follows that myiEKi Qiy;) < m)’iEKi Pi(y;).
Conversely, suppose that t; € ﬂyie « Pi(y:), then we have

PiNi(zi, i (fi (o), £i(8)) + (@i (i) — glfilxa)) + Pi{M(ui:Vi) +wib, (i), fi(8))
+ i pilen i) — dilwin ) + | 0) —£i8)|*) = (8)

Let y* = Ait: + (1= A;)yi, A; € [0,1]. Since K; is convex, we have y* € K. It follows from (8)
that

ptNi(Zir ni(ﬁ(yi)rfi(y?))) ( ;(f( )) gz(f(xi)) +:0i(M(uirVi) + Wi)rﬂi(fi(yi)rﬁ(y?)))
+pz{¢t(xnyz) ¢l(xl7 )"’at”f(yz) f( z)” } %)

Since 7; is affine with the condition n;(f;(¥;),fi(y:)) = 0, f; is affine, and N; and ¢; are convex
in the second argument, inequality (9) reduces to

)“lpl (Zu nl(f(yl)f(t ))) + A ( l(f( )) gl(f(xl)) + ;Ol( (uir Vi) + Wi)r nl(f;(yl)rﬁ(tt)»
+ Lipi{ i (%0 ¥i) — iloxi 1) + ki | i) — fi(t:) || }>o,



Rahaman et al. Journal of Inequalities and Applications (2017) 2017:56 Page 9 of 17

which implies that
LipiNi (zio i (i), £i(8)) + Ailgi (i) + A = X)fi () — g (fi(x2))
+ pi(MCui vi) + wi),mi (i), fi(8))) + il diin 3i) — ilir 1)
railfin) - £} = 0. (10)

Dividing (10) by 1;, we get

Ni(zi ni (i), £i(8))) + (@ (Afi () + (1= )i ) — & (filoxs)) + s (M (ot vi)
+wi), i (i) fi#)) + pil i (i yi) — iloxi, 1) + i | fi () — fi(t:) ||2} >0

Since g; is hemicontinuous with respect to f; and taking A; — 0, it implies that

Nizi i (), £i(8:))) + (g () = & (@) + 01 (M vi) + wi), mi (). fi(8))
+ pi{¢i(xi¢yi) - ¢ilx;, ,)} >0.

Therefore, we have ¢; € Q;(y;), and we conclude that ﬂyi e, Qi) = ﬂy; ex; Pi(yi) and P; is
also a KKM-mapping, for each y; € K;.

Since 7; is continuous in the second argument, f; and ¢; are continuous and N; is upper
semicontinuous, it follows that P;(y;) is closed for each y; € K.

Finally, we show that, for £ € D; N K;, Pi(¢”) is compact. For this purpose, suppose that
there exists #; € P;(¢)) such that #; ¢ D. Therefore, for Z; € A;(%;), we have

i (Zo mi(f(8)), £i(8))) + (@i (fi(8))) — g (i) + o (MiCuis vi) + wi), mi(fi(£7),fi(E)))
+ 0i{pi (30 £0) — ilosin ) + s [ (£0) — £i@)] "} = 0. (11)

But by Assumption (viii), for f; ¢ D, we have

i (o mi(fi(8)), £i(8))) + (@i (fi(8))) — g (fii)) + pi(Mi(uis vi) + wi), mi(fi(£7), fi(E)))
+ pl{¢l(xlr ) d)z(xz:t)} + i Hfl(tzo) _fl(fz)”2 <0,

which is a contradiction to (11). Therefore Q;(¢;) C D. Due to compactness of D, and
closedness of P;(t)), we conclude that P;(#]) is compact.

Thus, all the conditions of the Fan-KKM Theorem 2.1 are fulfilled by the mapping P;.
Therefore

() P #¢

yi€K;

Hence, (t1,%;) € K1 x K3 is a solution of the perturbed system of auxiliary generalized
multi-valued mixed quasi-equilibrium-like problems (6).

Now, let (¢, ), (&1, £3) € K3 x Ky be any two solutions of the perturbed system of auxiliary
generalized multi-valued mixed quasi-equilibrium-like problems (6). Then, for each i € I,
we have

N; (2o mi (i) fi(@))) + (@ (i) — & (filx:)) + Pi(M'(Mi; vi) + w), mi(fi i), £i(8)))
+ i dilxiy) - dilwi ) + [ fily) — @) |} = (12)
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and

piNi (20 i (i) £i(8))) + (@ (i) — g (fi (%)) + s (Mi(uis vi) + i), mi(fi (), fi(2:) )

+ pi{ @il i) — dilwir 1) + i | i) — fi(t:) ||2} > 0. (13)
Putting y; = ¢; in (12) and y; = £ in (13), summing up the resulting inequalities and using
the condition n;(fi(x,), fi(y:)) + n:(fi(¥:). fi(x:)) = 0, we have

Pi{ Ni(Zo i (fi(6), £i(8)) ) + Ni(zi n: (i@, i) } + (@ (@) — & (i), mi(fiEa), fi(E)))

+ 200 fi(t) - @) = 0. (14)

Since N; is strongly o;-n;-f;-strongly monotone with respect to A;, g; is &;-n;-relaxed
strongly monotone with respect to f; with the condition ¢; = o;p;, we have from (14)

—pieillfie) ~fi@) | + 20 fie) - £
> pif Ni(Zoo mi (fi(6), fi(8))) + Ni(zi mi (i@, £i(8))) } + 20000 | fi(&:) — fi(E2) ||2
> ( i(ﬂ(fi)) —gi(fi(ti)), Ui(ﬁ(ti):fi(fi)))
> —&;|[fitt) - £(E)]”

which implies that

(—piei + 3e) |fite) —£i@)]” = 0.
Since f; is B;-expansive and 3¢; < p;0;, we obtain
0 < (—pi0i + 3&) |fi(t:) —fi(fi)H2 < (-pi0; + 3e:) 7 IIti — &ill* <0,
which shows that #; = ;. This completes the proof. O

4 Iterative algorithm and convergence analysis

By using Theorem 3.1 and Lemma 2.1, we construct the following iterative algorithm for
computing approximate solutions of the perturbed system of generalized multi-valued
mixed quasi-equilibrium-like problems (1).

Iterative Algorithm 4.1 For any given (x),x)) € K1 x K, u) € T1(x)), ud € To(x)), W) €
$1(x9), 19 € $1(x9), w? € Bi(x?,x9), wl € By(x?,49) and 20 € A;(x?), 29 € A3(x9), compute
the iterative sequences {(x], %)} C Ki x Ky, {u'}, {v]}, {w!} and {z}'} by the following iter-
ative schemes:

PN (™ m (A0 A ) +a (A (™)) — @ (A (1)) + o (M (7 0])
+wi b m (A A (x "”))>+m{¢1(xpy1) ¢1(+7,47")
A AR A | Y F (15)
p2Na (25 2 (fo(92). o (5 1))) (gz(fz( ) —&(f(x5)) + p2 (Mo (u3,v5)
+wihm(h02)fo(x5™))) + 2{ 2 (45, 72) — 62 (25,457
o SR TR OES (16)
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uj € Ti(x7); o *t =l < (1 + —) (Tie™), Tily));

n+l
Ve Si(xh); [V — v < (L+ 2)D(Si(xs*h), Si(x);

n+l (17)
w/ € By, x%); Wit —wi <1+ M)D(B (e, x5, By, #5));
Z' € Ay()); 22! = 22| < (1+ =) DA (), Ay (2])),

n+l

where n =0,1,2,...,i=1,2,and p1, p3, @1, @3 > 0 are constants.

Now, we establish the following strong convergence result to obtain the solution of per-
turbed system of generalized multi-valued mixed quasi-equilibrium-like problems (1).

Theorem 4.1 For each i € I, the mappings N;, M;, A;, T;, Si, Bi, ni» ¢, and f; satisfy the
hypotheses of Theorem 3.1. Further assume that:
(i) M; is (i, &)-mixed Lipschitz continuous;
(ii) g is 0y-Lipschitz continuous with respect to f; and n; is k;-Lipschitz continuous with
respect to f;;

(i) Tj is 8;-D-Lipschitz continuous and S; is t;-D-Lipschitz continuous;

(iv) B; is (g, vi)-D-Lipschitz continuous and A; is ¢;-D-Lipschitz continuous.
For p1, p2 > 0, if the following conditions are satisfied:

TI/SZ{KIOI + picr (1 + &) + piyi} +

(pr0 Tzﬁz{ﬂz/(z(ﬂﬁz +0)} <1,

(20

7 {k202 + paka(E2To + V2) + P21} +

(ngz-lsaz) 2 B2 {pik1(6rim +v1)} < 1,

(p101- 381

then there exist (x1,%7) € K1 x Ky, u; € Ti(x1), v; € S;i(x2), w; € Bi(x1,%2), and z; € A;(x;) such
that (x1, %5, U1, U, V1, Vo, W1, Wa, 21, 22) IS the solution of the perturbed system of generalized
multi-valued mixed quasi-equilibrium-like problems (1) and the sequences {x}}, {x}, {u}'},
(v}, (W]}, and {2}'} generated by Algorithm 4.1 converge strongly to x1, %2, u;, v;, Wi, and z;,
respectively.

Proof Firstly, from (15) of Algorithm 4.1, we have, for all y; € Kj,

oL (2, m (A0 fi(x7))) +{a (A (x)) —@a (A (™)) + oM (™))
wi L m(A0).A () + o (e 0n) = (6 d)
rau i) —A ()} = 0 (19)

and

piNi (™ m (A0 A ) + @ (A (3™)) - (A a]) + oo { M (osf, vy)
+wi L m(A0DAE™))) + or{ b (3, 01) — g1 (] 27™)
ra i) -AE 7 = 0. (20)

Putting y; = 2/ in (19) and y; = &/ in (20), and summing up the resulting inequalities, we
obtain

N (2 (A () A (3))) + N2 m (A () A (3))) }
+H@(i() @A) + oM7)+ wi hm (A (). ()
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(A () =& (A () + on M v7) + i o (A () i ()

+ou{or (o7 a) = du (a7 4]) + (a7 47) —¢1(x§',xf+l)

ol ) ~AGH I + alfl) AT =

which implies that

(&1 (A=) - (AG)) m (A ().AR)))
+oufM 1, ), ma (6 ()£ (™) + 200 [ (5471) A 1) |
+ oWl = wi ™ m (A () A ) + o (o] — a7 - )
= o N (2 m (A (7)o A () + Na (2 m (A (), i (%))}
Ha (i) —a (=) mAE)AR)))

Since Nj is 01-m1-fi-strongly monotone with respect to A, g is &1-1;-relaxed strongly
monotone with respect to f, ¢; is bounded by assumption and using the Cauchy-Schwartz
inequality, we have

por[fi () - AE) |7 - e A -AED]
< pr{Ni(zs m(A (), A ) + Nu(e ™ m(A (). A () }
+Ha (i) @) mA () Al)))
< e (A=) — (A G) [ m () A ) |
+ o1 | M (), Vi) = My (=7 | ||m(f1(x1)f1( )l
+ oWl =i [ (A () A G | + o
+ 20101 A () - A ()| (21)

e

By using (p1,&1)-mixed Lipschitz continuity of M, §;-D-Lipschitz continuity of 7; and
7;-D-Lipschitz continuity of Sj, it follows by Algorithm 4.1 that

[0, v7) = M (o717 |

< mfuy - + &f i -7
1 1
< (1 + ;)DH Ti(«}) - Th ()| + & (1 + ;)DHSl(xE’) ~Si( )]
1 n n-1 1 -1
< w181 1+; ||ac1—ac1 H +&m 1+; ||x2—9c2 H (22)
Also by Algorithm 4.1 and (&3, v1)-D-Lipschitz continuity of B;, we have
1
||wf —wi “ < (1+ ;)D(Bl(xl,xZ) Bl(x;‘ Ll 1))

1
< (102 )@l st g -2

1
L L P (R [

—
[\
w

=
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Since g is o1-Lipschitz continuous with respect to fi, 1 is k1 -Lipschitz continuous with
respect to fi, fi is B1-expansive with the condition 3¢ < p;0y, it follows from (21), (22), and
(23) that

(pr01 = 3e1) B |2+t — ”2

< (mor=3en) (™) ~Ald) |
1
< oo = | = | + pm{mal (1 . ;) [ =)
1 n n-1 n+1 n 1 n n-1
+&T (1 + ;) Hx2 — XY H } Hxl — X} ” +K1p1{§’1 (1 + ;) ”xl — %] ”
1
R R | e Y P el [ e
1
- oot = o =]+ vt (1o ) ot - o -
1 n n-1 n+1 n 1 n n-1 n+l
+ p1kiérty (1 + ;) sz — X0 || Hxl —X] || + k10181 (1 + ;) ||x1 — X || ”xl
1
— | +kipamn (1 * ;) oy — a7l = ||+ oy o — o ™ = ]|

1 1
= {Klo'l + p1K1M181 (1 + ;) + Klplé‘l (1 + Z) + ,01)/1} ||xf —x;“l || ||xi"+1 _xf ”

1 1
+ {Plkl&ﬁ (1 + ;) + k1011 <1 + ;) } oy — 57| [t —

)

which implies that

™ -]

1 1
< + 1+ — 51 + n_ ,n-1
=G sm L1 (2 (1) Jos ool

+ {(pllq (1 + %))(Slfl + Vl)} ||x}zq _ng1 ||]

Hence,

o™ =t < 07 =™ |+ 07 -7

) (24)

where

1 1
or=— 142 5
L (por - 361)B? {Klgl * <'01K1< + n))(ﬂl 1+8) + ,01]/1}

and

n 1 1
=Gz | () Jam o)
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Secondly, it follows from (16) of Algorithm 4.1, for all y, € Kj, that

paNa (25,12 (F.02).5 (%)) + (@2((45)) - &2(A (%5 71)) + o2 (Mo (57, v57)
+wy L (R02).4(%3))) + o2{2(x1732) — 2 (657, %5)
+as ) - A ()"} = 0

and

p2Na (25 2 (H02).£2(6571))) + (@2 (R (%37)) — &2 (2 (%3)) + o2 { Mo (115, v3)
+ Wi} ma(R02), (%5))) + p2{ b2 (%5, 72) — o (. 5™)
raalh) —A )]’} = 0.

Using the same arguments as above, the imposed conditions on N3, g2, 12, f2, A2, T2, Sa,
and Algorithm 4.1, we obtain

n+l n—1

o5t~ a5 < 035 — 37 | + 03 7~ a7 (25)

where

! 1
o — 1.t
> (pr02 - 382)B? {KZGQ * (,02/(2( + n))(i"zfz +vg) + pzyz}

and

gno 1 1+ 3 ) sy 4 1)
> (szz—Bez)ﬂg{(sz( * ;>) Hao2 * 62 }

Adding (24) and (25), we have

e R e R R | B R U | i

8 (26)

< max{gl”,gz”}{ ||x{’ - x{“l || + ||x;’ —xg’_l

where

n n n 1 1
o = {91 + 02} = m{mm + (pﬂq (1 + ;))(,ulél +&1) + ,01)/1}

oz ({1 ) Juose v
+(p292—382),322{ 02K2 +; %) 2+§2}

and

Y n n 1 1
6y =105 + 9} = m{@@ + (,Osz <1 + Z))(éﬂz +Vg) + ,02)/2}

! 1
+ m{(mh (1 + ;))(5111 + V1)}.
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Letting

~ 1 1

L 5 S 5
1= Coor = 3en 2 {101 + prcr(uady + 0) + i } + (023522 {22 (11282 + 22) }

and

~ 1

27 (0202 - 362)B2 prci(E1m + 1)},

K202 + paka(62Ta + V2) + P2Y2f +
{ } (pr01 - 3€1)B? {
it can easily be seen that 8 — 6; and 6 — 6,, as n — oo. Taking into account the con-
dition (18), we conclude that max{6;,6,} < 1. Hence, it follows from (26) that {1, x5)} is
a Cauchy sequence in Kj x Ky; now suppose that (x],x5) — (x1,%2) € Kj x K3, as n — 00.
By Algorithm 4.1 and D-Lipschitz continuity of T}, S;, B; and A;, for each i € I, we have

" =] = (1+ 35 ) D). 7))

n+1

1.t )(;i”x{’” | v -

);

and

N+ n 1 n+ n
Jer -] = (1 g )P ) )

1
< (1 g sl -1

Therefore, for each i € I, {u]}, {v/}, {w/}, and {2} are also Cauchy sequences; now assume

that u} — u;, v = v;, w! — w;, and 2! — z;, as 1 — o00. As u! € T;(x]), we have

d(us, Ti(x1)) = |us— || +d(u], Ti (7)) + D(Ti(x}), Tix1))
< ||ul —u:’” +8,»||xf —x1H —0 asun— oo.
Therefore, we deduce that u; € T;(x). Similarly, we can obtain v; € S;(x5), w; € B;(x1,%3),
and z; € A;(x;), for each i € I.
By Algorithm 4.1, we have
PNy (2 m (A DA ) + e (A ) - (@) + oM ()
wi b (A0 AG))) + pr{en (] 31) - ¢ (o, 7)

+a|i) -AET P} =0, Y ek; 27)
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and

paN2 (257, 12 (R 02) o (35))) + g2 (R2(457)) — @2 (2 (%53)) + oo { M (15, v5)
+ WE’}, n2 (fz()/z),fz (xZ“))) + ,02{¢2 (xZ,yz) - ¢ (xgerH)

+ar|fn) -AETY P} =0, ¥ eks. (28)

By using the continuity of N, M, gi, ¢;, f;, and n;, for each i € I, and since u} — u;, V! — v;,
w! — w;, 2] = z;, and x] — x; for n — o0, from (27) and (28), we have, for p; > 0,

Ni(z1, m (A1), i) + (M (g, vi) + wi, m (fi0n), i)

+ @1 (%1, 71) — 1 (31, %1) + a1 |1 (0n1) —f1(9€1)||2 >0, Vy ek,

and

N (22, ma (2 (02), fo(%2)) ) + (M (ui, v2) + wa, 2 (fo(2), /o (%2)))

+ $a(%2,2) — a2, %2) + 2 | o (92) — fo (2) “2 >0, Vyeks.

Therefore (x1, x5, U1, Us, v1, V2,21, 22, W1, W) is the solution of the perturbed system of gen-
eralized multi-valued mixed quasi-equilibrium-like problems (1). This completes the
proof. O

5 Conclusion

In this article, a perturbed system of generalized multi-valued mixed quasi-equilibrium-
like problems and a perturbed system of auxiliary generalized multi-valued mixed quasi-
equilibrium-like problems are introduced in Hilbert spaces. For the corresponding aux-
iliary system, we prove the existence of solutions by using relatively suitable conditions.
Further, an iterative algorithm is proposed for solving our system and a strong conver-
gence theorem is proved. It is noted that the solution set of our system is larger than the
solution set of the system considered by Qiu et al. [19], Ding et al. [21], and many oth-
ers. Also, our results improve and extend many well-known results for different systems
existing in the literature.
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