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e, | Abstrac

o oo oo Fohod Given a sequence {f,}ners of measurable functions on a o-finite measure space such

that the integral of each f,, as well as that of lim sup,,;, f» exists in R, we provide a
sufficient condition for the following inequality to hold:

Iimsupffndugflimsupfndu.

ntoo ntoo

Our condition is considerably weaker than sufficient conditions known in the
literature such as uniform integrability (in the case of a finite measure) and
equi-integrability. As an application, we obtain a new result on the existence of an
optimal path for deterministic infinite-horizon optimization problems in discrete time.
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1 Introduction

Let (Q2,.7, 1) be a measure space. Let £(2) be the set of measurable functions f : 2 — R.
A standard version of (reverse) Fatou’s lemma states that given a sequence {f,},en in £(S2),
if there exists an integrable function f € £(2) such that f,, <f u-a.e. for all n € N, then

fim / oy < / fim £, du, (11)

where lim = lim sup. We call the above inequality the Fatou inequality.

Some sufficient conditions for this inequality weaker than the one described above are
known. In particular, provided that the integral of each f, as well as that of lim, o f;, exists,
‘uniform integrability’ of {f}} (where £, is the positive part of f,,) is a sufficient condition for
the Fatou inequality (1.1) in the case of a finite measure (e.g., [1-4]); so is ‘equi-integrability’
of the same sequence in the case of a o -finite measure (see [5, 6]). These conditions are
precisely defined in Section 2.
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In this paper we provide a sufficient condition for the Fatou inequality (1.1) considerably
weaker than the above conditions. Our approach is based on the following assumption,
which is maintained throughout the paper.

Assumption 1.1 (Q,.7, 1) is a o -finite measure space.

Under this assumption there is an increasing sequence of measurable sets of finite mea-
sure whose union equals 2. We use this sequence to specify a ‘direction’ in which we
successively approximate the integral of a function.

There is a natural increasing sequence of measurable sets if the measure space is the set
of nonnegative integers equipped with the counting measure. In this setting, we provide
a simple sufficient condition for the Fatou inequality (1.1) as a corollary of our general
result. Applying this condition to a fairly general class of infinite-horizon deterministic
optimization problems in discrete time, we establish a new result on the existence of an
optimal path. The condition takes a form similar to transversality conditions and other
related conditions in dynamic optimization (e.g., [7-10]).

The current line of research was initially motivated by the limitations of the existing
applications of Fatou’s lemma to dynamic optimization problems (e.g., [11, 12]). In partic-
ular, there are certain cases in which optimal paths exist but the standard version of Fatou’s
lemma fails to apply. This is illustrated with some examples following our existence result.

We should mention that there are other important extensions of Fatou’s lemma to more
general functions and spaces (e.g.,, [13-15]). However, to our knowledge, there is no re-
sult in the literature that covers our generalization of Fatou’s lemma, which is specific to
extended real-valued functions.

In the next section we define the concepts and conditions needed to state our main result
and to compare it with some previous results based on uniform integrability and equi-
integrability. In Section 3 we state our main result and derive those previous results as
consequences. In Section 5 we present two simple examples that cannot be treated by the
previous results but that can easily be treated using our result. In Section 6 we show a new
result on the existence of an optimal path for infinite-horizon deterministic optimization

problems in discrete time. In Section 8 we prove our main result.

2 Definitions
Given f € L£(R), let f* and f~ denote the positive and negative parts of f, respectively; i.e.,
f* =max{f,0} and f~ = max{—f,0}. A function f € L() is called semi-integrable if f* or
f~ is integrable, and upper (lower) semi-integrable if f* (f~) is integrable.

We say that a sequence {A;};cy in .Z is a o -finite exhausting sequence if

VieN, A, CA1, /,L(Al') <00, (21)
M(Q\ UA,) 0. (2.2)
ieN

It is easy to see that p is o -finite if and only if there exists a o -finite exhausting sequence.
Since we assume that p is o -finite, we have at least one o -finite exhausting sequence.

A sequence {f,},en of integrable functions in £(R2) is called equi-integrable (e.g., [6],
page 16) if the following conditions hold:
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(a) Forany € > 0 there exists § > 0 such that any A € .7 with (A) < § satisfies

sup/A Ifuldu <e. (2.3)

neN

(b) For any € > 0 there exists E € .# with u(E) < oo such that

sup [fuldp <e. (2.4)
neN J Q\E

Suppose that ©(2) < 0o. A sequence {f,},cn of integrable functions in £(£2) is called
uniformly integrable (e.g., 3], page 144) if

lim[sup/ [f,,|du:| =0. (2.5)
1oL neN J{|f1>c)

It is well known that a sequence {f,},cn of integrable functions in £(2) is uniformly
integrable if and only if sup,.y [ |fu|di < oo and condition (a) above holds (e.g., [3],
page 144). In the case of a finite measure, condition (b) trivially holds, and thus uniform in-
tegrability implies equi-integrability. Conversely, provided that sup,,. [ |fu| du < 00, equi-
integrability implies uniform integrability on each measurable set of finite measure; see [6],

Proposition 2.8, for related results.

3 A generalization of Fatou’s lemma
We are ready to state the main result of this paper.

Theorem 3.1 Let {f,},cn be a sequence of semi-integrable functions in L(2) such that
Hmo fu is semi-integrable. Let {B;}icn C F be a o-finite exhausting sequence. Suppose
that

limlim [ f,du<0 (3.1)
itoo 110 Jona;

for any o -finite exhausting sequence {A;}ien C F such that
(i) VieN, A;CB, (ii) l%m w(B; \A;) =0. (3.2)
Too

Then the Fatou inequality (1.1) holds.
Proof See Section 8. d

It is shown in the proof (Lemma 8.4) that (2.1) and (3.2) imply (2.2); i.e., (2.1) and (3.2)
imply that {A;}en is a o -finite exhausting sequence. Thus in Theorem 3.1, the requirement
that {A;} be a o -finite exhausting sequence can be replaced with (2.1). However, to verify
(3.1) to apply Theorem 3.1, it is useful to have (2.2) instead of deriving it; for example, see
the proofs of Corollaries 4.1 and 4.2.

If Q =Z, and u is the counting measure, we obtain a simple sufficient condition for the

Fatou inequality:
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Corollary 3.1 Suppose that 2 = 7., and that | is the counting measure. Let {f,,} ,cn be a se-
quence of semi-integrable functions in L(Q2) such that lim,« f, is semi-integrable. Suppose

further that
o
lim Tim ;ﬁ«(t) <0, (3.3)
where the sum is understood as the Lebesgue integral with respect to the counting mea-
sure . Then
- s 0 N
lim > /() < ; lim £,(0) (3.4)

Proof Assume (3.3). For i e N, let B; = {0,...,i — 1}. Then {B;};cy is a o -finite exhausting
sequence. Let {A;};,eny C 7 satisfy (3.2). Then A; = B; for sufficiently large i. For such i we

have
PN ACEDIFAC! (3.5)
Q\4; t=i

Hence (3.1) follows from (3.3). Now (3.4) holds by Theorem 3.1. O

4 Known extensions of Fatou’s lemma
The version of Fatou’s lemma stated at the beginning of this paper can be shown as a
consequence of Theorem 3.1.

Corollary 4.1 Let {f,},cn be a sequence in L(S2) such that for some upper semi-integrable
Sfunction f € L(2) we have f,, <f p-a.e.for all n € N. Then the Fatou inequality (1.1) holds.

Proof Since f, <f p-a.e. for all # € N and f is upper semi-integrable, f, is upper semi-
integrable for each n € N, and so is mnm fu. For any o -finite exhausting sequence {A;};en

we have
tmfin [ fdp<tin [ fdpstio [ fdu-o (4.)
itoo 1120 Jo\4; itoo J Q\4; iroo Jov4;

where the equality holds by (2.2) since f is upper semi-integrable. Now the Fatou inequality
(1.1) holds by Theorem 3.1. O

The following version of Fatou’s lemma is shown in [1], page 4, and [2], page 10, and can
be derived as a consequence of Theorem 3.1.

Corollary 4.2 Suppose that 1(2) < 00. Let {f,,},en be a sequence of functions in L(2) such
that {f; }wen is uniformly integrable. Suppose further that lim, o f, is semi-integrable. Then
the Fatou inequality (1.1) holds.

Proof Recall that uniform integrability of {f,"} requires integrability of each f," and condi-
tion (a) in Section 2 with f, replacing f,. Let {A;},en be any o -finite exhausting sequence.
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We have
lim lim fudp <limsup frdp=0, (4.2)
itoo €N Jo\4; 100 yeN Jo\4;

where the equality holds by condition (a) since {f,"} is uniformly integrable and
limjy o0 (€2 \ A;) = 0 by (2.2) and the finiteness of ;. Now the Fatou inequality (1.1) holds
by Theorem 3.1. O

The next result is a slight variation on the results shown by [5], Lemma 3.3 and [6],
Corollary 3.3. The latter results (unlike Corollary 4.3 below) do not require upper semi-
integrability of lim,« f,, since they use the upper integral, which always exists, instead of
the Lebesgue integral.

Corollary 4.3 Let {f,},en be a sequence of integrable functions in L(Q) such that {f;] } e is
equi-integrable. Suppose that lim,, f, is semi-integrable. Then the Fatou inequality (1.1)
holds.

Proof By equi-integrability of {f,’} and condition (b) in Section 2, there exists a sequence
{E:}ien in % such that w(E;) < oo for all i € N and

lim sup fidpn=0. (4.3)
100 eN JQ\E;

Since u is o -finite, there exists a o -finite exhausting sequence {C;};cn. For i e N, let B; =
(U;:I E;)UC;. Then {B;} ey is also a o -finite exhausting sequence. Let {A;};cn be a sequence
in .7 satisfying (3.2).

Fix i € N for the moment. For each n € N we have

[ fns [ grau= [ graws | g (4.4)
Q\4; Q\A; Q\B; Bi\A;

Applying sup,,. to the leftmost and rightmost sides, we obtain

sup fu < sup/ f.Fdp + sup frdp. (4.5)
neN JQ\A; neN JQ\B; neN JBj\A;

The first supremum on the right-hand side converges to zero as i 1 oo by (4.3) since E; C B;
for all i € N. The second supremum also converges to zero as i 1 co by (3.2)(ii) and con-
dition (a) in Section 2. It follows that (3.1) holds for any sequence {A;};cy in % satisfying
(3.2); thus by Theorem 3.1, the Fatou inequality (1.1) holds. O

5 Examples
In each of the examples below, 2 is taken to be an interval in R. Accordingly, .% is taken
to be the o -algebra of Lebesgue measurable subsets of 2, and p the Lebesgue measure
restricted to .%.

Our first example shows that Theorem 3.1 is a strict generalization of Corollaries 4.2
and 4.3 even in the case of a finite measure.
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Example 5.1 Let @ =[-1,1] \ {0}. For n € N, define f,, : @ — R by

0 ifwel-1,-1/n),
f ( ) -n ifwe [—1/717 0); (5 1)
(o) = .
n ifwe (0,1/71];

0 ifwed/nl].

It is easy to see that there is no upper semi-integrable function that dominates {f;},cn;
thus Corollary 4.1 does not apply. Furthermore, {f,'} is not uniformly integrable; indeed,

for any ¢ > 0 we have

sup fldu= sup n/n=1 (5.2)

neN J{f,f >c} neNin>c

Hence Corollary 4.2, which requires uniform integrability of {f}, does not apply either.
Neither does Corollary 4.3 since equi-integrability implies uniform integrability on a finite
measure space provided that sup,,.y [ |fu| di < 00, which is the case here.

By contrast, Theorem 3.1 easily applies. To see this, note that, for each n € N, f,, is inte-
grable, and so is lim, ;o f;. For i € N, let

B; = [-1,-1/i) U (1/i,1]. (5.3)

Then {B;}en is a o -finite exhausting sequence. Let {A;};cy be any sequence in % satis-
fying (3.2)(i). For each fixed i € N, for any #n > i, we have f, = 0 on B;, and fQ\A,—fn du =
fQ\Bif,, du = 0. Thus the left-hand side of (3.1) is zero. Hence the Fatou inequality (1.1)
holds by Theorem 3.1.

Infact [ f, du = 0 forall n € N, and lim,;1 f, = 0. Thus both sides of the Fatou inequality

(1.1) equal zero.

In the next example, u is not finite, and the sequence {f,},cx is uniformly bounded from

below.

Example 5.2 Let 2 =R,.Forn € N, define f,, : @ — R by

0 ifwel0,n),
n ifowelnn+l),
Ju(@) = (5.4)

-1 fwen+1,2n+1),

0 ifwo>2n+l.

It is easy to see that there is no upper semi-integrable function that dominates {f,},en;
thus Corollary 4.1 does not apply.
For any § € (0,1) we have

frdp=ns§4to00 asmutoo. (5.5)

[m,n+68)
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Thus {f;/} does not satisfy condition (a) in Section 2. To consider condition (b), let E € .#
with w(E) < 0o. Then

W(E) = Z w(EN[nn+1)) < oo, (5.6)

ne’ly

which implies that lim,4oc (E N [1, 7 + 1)) = 0. It follows that

fidw=n(1-pw(EN[nn+1))) > o0 asntoc. (5.7)
Q\E
Hence {f;}} does not satisfy condition (b) either. Therefore {f;} is far from being equi-
integrable; as a consequence, Corollary 4.3 does not apply.

To see that Theorem 3.1 applies, note that, for each n € N, f,, is integrable for each n,
and so is lim,;oo f. For i € N, let B; = [0, 7). Then {B;};cn is a o -finite exhausting sequence.
Take any sequence {A;};cy in Z satisfying (3.2)(i). Then for each fixed i € N we have
fSZ\Al-f” dp =0 for all n > i. Thus the left-hand side of (3.1) equals zero. Hence the Fatou
inequality (1.1) holds by Theorem 3.1.

In fact, as in the previous example, we have [ f, du = 0 for all n € N, and lim,; f;; = 0;
thus both sides of the Fatou inequality (1.1) equal zero.

6 An application to infinite-horizon optimization in discrete time

In this section we consider a fairly general class of infinite-horizon maximization prob-
lems, establishing a new result on the existence of an optimal path using Corollary 3.1. We
start with some notation.

Fort € Z,,let X; be a metric space. Fort € Z,,let 'y : X; — X;,1 be a compact-valued up-
per hemicontinuous correspondence in the sense that, for each x € X;, I';(x) is a nonempty
compact subset of X;,;, and for any convergent sequence {x,},cn in X, with limit x* € X;
and any sequence {y,},en with y, € T'y(x,) for all #n € N, there exists a convergent sub-
sequence {yy, }ien Of {¥n}nen with limit y* € I';(x*); see [16], page 56 and [17], page 564,
concerning this definition of upper hemicontinuity. For ¢ € Z,, let

D, = {(x,y) €Xy x Xp1:y€ Ft(x)}« (6.1)

Fort € Z,, let r; : D — R U {—00} be an upper semicontinuous function.
Consider the following maximization problem:

max Z 7%, %041 (6.2)
{xt}t 1 4-0

st xp1 €Tixy), VE€Z,, (6.3)
x0 € Xo given. (6.4)

We say that a sequence {x;}7°; is a feasible path (from x,) if it satisfies (6.3). We say that a
feasible path {x}}{%, is optimal (from xy) if for any feasible path {x,};°,, we have

oo

Zrt(xtrxtJrl) Z xtyxtJrl (6.5)
t=0

t=0

where x§ = x¢. For the above inequality to make sense, we assume the following.
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Assumption 6.1 For each feasible path {x;}2°, we have
oo
Z max{rt(xt,xm), 0} < 00. (6.6)
t=0

In other words, the mapping r(x;, %;.1) : t = R U {—00} is upper semi-integrable.
We are ready to show our existence result.

Proposition 6.1 Let Assumption 6.1 hold. Suppose that, for any sequence {{x}},},en of
feasible paths, we have

lim lim Z re(),x)) < 0. (6.7)

lTOOn o0
Then there exists an optimal path.

Proof Let

[ee]
v=sup Yyl %), (6.8)

t=0

where the supremum is taken over all feasible paths {x,};°,. By the definition of v, there

exists a sequence {{x}}?° },en of feasible paths such that
o0
iiTroréZn(xf,xfﬂ) =v. (6.9)

Since I'y(xo) is compact, there exists a convergent subsequence {x?’ }jen of {x]'},en with
limit x{ € Iy(xp). By the definition of upper hemicontinuity, there exists a convergent
subsequence of {x, }jen with limit x5 € I'; (x]). Continuing this way and using the diag-
onal argument, we see that there exists a subsequence of {{x}}°,},en, again denoted by
{x}}21 }nen, such that, for each ¢ € N, ¥ converges to some x} as n 1 00, and for each

t € Zy, x5,; € Te(x}). Hence {x}}7°, is a feasible path, which implies that

[e¢]
Z re(x),x5,) < v. (6.10)
t=0

To apply Corollary 3.1, let f,,(t) = r.(x},x},;) for t € Z,. By Assumption 6.1, for each n € N,
fu(2) is an upper semi-integrable function of ¢ € Z,. For t € Z,, let f*(¢t) = r,(x}, x},,). Since
{x7}72, is feasible as shown above, f*(¢) is also an upper semi-integrable function of t € Z,

by Assumptlon 6.1. For each ¢ € Z,, by upper semicontinuity of r, we have

lim £,,(¢) = rlliT_rcr)lor,(x;’,le) <r(x},x5) =/*(0). (6.11)

ntoo
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Since the rightmost side is an upper semi-integrable function of ¢ € Z,, so is the leftmost
side. Note that (3.3) directly follows from (6.7). Thus we can apply Corollary 3.1 to ob-

tain (3.4), which is written here as

oo

o0
Z (x5 x%0) ZylliT_r;lort(xf’,x:’H). (6.12)
=0

We are ready to show that {x}}?°, is an optimal path. Recall from (6.9) that

[o¢]
V= 31&10 tZ:O:rt(xf’,x;’H) (6.13)
[o¢]
< ZO@ re(x, ) (6.14)
[o¢]
<> el agg), (6.15)

t=0

where (6.14) uses (6.12), and (6.15) uses (6.11). It follows from (6.13)-(6.15) and (6.10) that
{x7}72, is an optimal path. O

As a simple consequence of Proposition 6.1, we obtain a result that can be viewed as an
abstract version of the existence result shown in [12], Proposition 4.1; see [18], Theorem 1,

for a similar result that requires stronger assumptions.

Corollary 6.1 Suppose that there exists an integrable function f : Z, — R, such that, for
any feasible path (x,};°,, we have

VteZy (% %00) Sf(t)' (6.16)
Then there exists an optimal path.

Proof Note that (6.16) implies Assumption 6.1. Thus to apply Proposition 6.1, it suffices
to verify (6.7) for an arbitrary sequence {{x}}{, },,en of feasible paths. Let {{x}}?°, },en be a

sequence of feasible paths. Then by (6.16) we have

[e.¢]

limlim ) r(xf, 7)) < hm lim E f(£) = lim Zf(t) = (6.17)

itoo o0 {— oo 1too itoo
where the last equality holds by integrability of f. It follows that (6.7) holds; hence an
optimal path exists by Proposition 6.1. d

Corollary 6.1 can be shown directly by using Fatou’s lemma to conclude (6.12) from
(6.16) in the proof of Proposition 6.1. As illustrated in the next section, Proposition 6.1

covers some important cases to which Corollary 6.1 fails to apply.
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7 Examples of optimization problems
To illustrate the significance of our existence result, we consider two special cases of the
following example.

Example 7.1 Letu:R, — RU{-o00} be a strictly increasing, upper semicontinuous func-
tion. Let § : R, — R,, beastrictly decreasing function. Consider the following maximiza-
tion problem:

o0
max Z 8(t)ulcy) (7.1)
{xz}?fl =0
St Cp + X1 = Xy, c, X1 >0, VEeZ,, (7.2)
x0 € R, given. (7.3)

In economics, # and 8§ are known as a utility function and a discount function, respectively.
The above maximization problem is a special case of (6.2)-(6.4) such that, for all £ € Z,,

X; =R, and
ri(x,y) = 8(Hulx - y), (7.4)
[x)={yeR,:0<y=<x} (7.5)

It is easy to see from (7.2) that
VEeZy, Coke<Xg. (7.6)

For simplicity, we assume that there exists 6 > 0 such that
(i) Ve=>0, ulc)<0c (i)  u(xg) > 0. (7.7)

(Condition (ii) above does not depend on 6.) It is easy to see that condition (i) above implies
Assumption 6.1; see (7.13)-(7.16) for details.

Example 7.2 Consider Example 7.1. Most discrete-time economic models assume an ex-
ponential discount function of the form

VteZ,, 6&(@t)=p" (7.8)

for some B € (0,1). In this case, Corollary 6.1 easily applies. To see this, let £(£) = Bfu(xo)
for t € Z,. Then f : Z, — R, is integrable, and (6.16) holds by (7.6). Hence an optimal
path exists by Corollary 6.1.

Example 7.3 Consider Example 7.1 again. Although exponential discounting (7.8) is tech-
nically convenient (implying time consistency), experimental evidence suggests that ‘hy-
perbolic discounting’ is more plausible; see, e.g., [19], page 1. A simple hyperbolic discount
function can be specified as follows:

VteZ,, ()= (7.9)

1+at

for some « > 0.
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In this example, Corollary 6.1 does not apply since there exists no integrable function
f:7Z, — R, satisfying (6.16) for all feasible paths. To see this, define the feasible path
{x7}2°, for each n € N by

xo ift<mn,
%= (7.10)
0 ift>n+1.

o u(xo)/(1+at) ift=n,
n(@a) =1 (7.11)
u(0)/(1 + at)  otherwise.

Hence any f satisfying (6.16) must satisfy
f@®) > ulxo)/Q +at), VteZ,. (7.12)

Since the right-hand side is not upper semi-integrable in ¢ € Z, by (7.7)(ii), there exists no
integrable function f satisfying (6.16) for all feasible paths. Hence Corollary 6.1 does not
apply.

However, Proposition 6.1 still applies. To see this, let {{x}}5% },en be a sequence of fea-
sible paths. For any #,i € N we have

C- u(xy —x1) 213
St = L 713
t=i t=i
0 (x} —x7,1)
< 7.14
Z 1+ai ( )
_ 0 Zt=i(x;tq _x:l+l) (7 15)
1+ai ’
"
< b (7.16)

l+ai — 1+ai

where (7.14) uses (7.7)(i), and the second inequality in (7.16) uses (7.6). It follows that

9960

lim hm Z re(x),x7,1) <lim =0. (7.17)

oo 100 itoo L+ ai
Thus (6.7) holds; hence an optimal path exists by Proposition 6.1.

In the above example, the hyperbolic discount function (7.9) is used to show that Corol-
lary 6.1 does not apply. The only property of the discount function required to apply
Proposition 6.1 is the equality in (7.17). We summarize this observation in the following

example.
Example 7.4 Consider Example 7.1 again. Suppose that

lim §(¢) = 0. (7.18)

t1oo

Then the argument of Example 7.3 shows that an optimal path exists by Proposition 6.1.
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8 Proof of Theorem 3.1

8.1 Preliminaries

Throughout the proof, we fix {f,;},cn and {B;};cn to be given by Theorem 3.1. Define f* =
lim,y 0 f For n € N, deﬁneﬁ =sup,,-.,. - We have

f* = limf,. 8.1)
ntoo
The following observation helps to simplify the proof.
Lemma 8.1 Iff* is not upper semi-integrable, then the Fatou inequality (1.1) holds.
Proof Suppose that f* is not upper semi-integrable. Then [(f*)* du = oo, and f* must be
lower semi-integrable (i.e., [(f*)"du < o) since f* is semi-integrable by hypothesis. It
follows that [f*du = [(f*)*du — [(f*)” du = co. Thus the Fatou inequality (1.1) trivially

holds. O

Since the above result covers the case in which f* is not upper semi-integrable, we as-

sume the following for the rest of the proof.

Assumption 8.1 f* is upper semi-integrable.

8.2 Lemmas

We establish three lemmas before completing the proof of Theorem 3.1.

Lemma 8.2 Suppose that there exists a o -finite exhausting sequence {A;}cn satisfying (3.1)
and the following:

VieN, mff,,dugff*du. (8.2)
o0 Ja; Aj

Then the Fatou inequality (1.1) holds.

Proof Since each f,, is semi-integrable, we have

VineN, /fndusz,,du+/ fadu. (8.3)
A Q\4;

By (3.1) there exists a subsequence {A;, }xen of {A;};en such that

VkeN, lim fudu < oo, (8.4)
mtoo Janay,

lim lim fodu <0. (8.5)
k*too ntoo Q\Aik

Note that {A; }zen is a o -finite exhausting sequence.
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Fix k € N for the moment. Replacing i with i in (8.3) and applying Emm to both sides
of the resulting equation, we obtain

m/ﬁ,m:m[/ fdus fndu} (8.6)
ntoo ntoo Aik Q\Aik
gm/ fodp+im [ fodu (87)
ntoo Aik ntoo Q\Aik
<[ paueim [ fdn (8.8)
Ajy nteo Jona;,

where (8.7) holds by (8.4), and (8.8) uses (8.2).
Since f* is upper semi-integrable and {A;, }sen is a o -finite exhausting sequence, we have
limpyoo [, f*du = [ f*du < 0. Thus applying limgyo to the right-hand side of (8.8) yields
k

lg_m/ﬂdusff*dwnmm fndMS/f*du, (8.9)

ktoontoo Q\4;,
where the last inequality uses (8.5). The Fatou inequality (1.1) follows. d

Lemma 8.3 Let {A;}icy be a sequence in F such that, for each i € N, u(4;) < oo andf’n*
converges to (f*)* uniformly on A; as n 1 co. Then {A;}icn satisfies (8.2).

Proof Letie N.Leté >0. Sinceffn+ converges to (f*)* uniformly on A; as n 1 0o, for suf-
ficiently large n € N we have f, Sﬁ, 5}; < (f*)* + 8 on A,. Since (f*)* is integrable by
Assumption 8.1 and 1(4;) < 00, (8.2) holds by Fatou’s lemma. O

Lemma 8.4 Let {A;}icy be a sequence in F satisfying (2.1) and (3.2). Then {A;} is a o -finite
exhausting sequence.

Proof Since {A;} satisfies (2.1) by hypothesis, it suffices to verify (2.2). For any i,j € N with
i <j, by (2.1) for {B;}, we have

w(Bi\ Aj) < n(Bj\ A;) > 0 asj1 oo, (8.10)

where the convergence holds by (3.2). It follows that

VieN, ,u(B,»\ UA,) ~lim 14(B; \ A;) = 0. (8.11)
Pt jtoo
Therefore
,u(UB,\ UA,) :}%gu(Bi\UA,) 0. (8.12)
ieN jeN jeN

Since | J;yAi C ;e Bi» we have

M(Q\ UA,) - M(Q\ UB,») + “(U B,-\ UA,) -0, (8.13)

ieN ieN ieN ieN
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where the last equality holds by (2.2) for {B;} and (8.12). It follows that {A;} satis-
fies (2.2). O

8.3 Completing the proof of Theorem 3.1

Note from (8.1) that (f*)* = limmoofn*. Let {€;}icn be asequence in R, such thatlim;y €; =
0. For each i € N, by Egorov’s theorem there exists E; € .# such that E; C B;, w(B; \ E;) < €;,
andf’,jr converges to (f*)* uniformly on E; as n $ co. Fori € N, let

i
A= JE cB. (8.14)
j=1

Then, for each i € N, fn* converges to (f*)* uniformly on A; as n 1 co. Thus (8.2) holds by
Lemma 8.3.

Note that {A;};cn satisfies (2.1) and (3.2) by construction. Thus by Lemma 8.4, {A;} is a
o -finite exhausting sequence. Hence (3.1) holds by the hypothesis of Theorem 3.1. Since
(8.2) also holds as shown in the previous paragraph, the Fatou inequality (1.1) holds by
Lemma 8.2.

9 Conclusions

In this paper we have provided a sufficient condition for what we call the Fatou inequality:

liT_m/ﬁ«dMS/IiT_mﬁqdu.

Our condition is considerably weaker than sufficient conditions known in the literature
such as uniform integrability (in the case of a finite measure) and equi-integrability. We
have illustrated the strength of our condition with simple examples. As an application, we
have shown a new result on the existence of an optimal path for deterministic infinite-
horizon optimization problems in discrete time. We have illustrated the strength of this
existence result with concrete examples of optimization problems.
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