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Abstract

It is well known that for every bounded operator A in L(H), there exists a compact
operator K in K(H) such that the Weyl spectrum o/(A) of the operator A coincides
with the spectrum o (A + K) of the perturbed operator A. In this work, we show the
extension of this relation by the use of Kato's decomposition to the set of
semi-Fredholm operators.
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1 Introduction

In 1965 Schechter demonstrated in [1] this result that for every bounded operator A in
L(H), there exists a compact operator K in K(H) such that the Weyl spectrum o (A) of
the operator A coincides with the spectrum o (A + K) of the perturbed operator A for a
compact perturbation of Fredholm operators of index zero. In 1973 Stampfli showed in
[2] that the minimum of this perturbation is achieved for a certain compact operator. This
work is intended to extend this result to semi-Fredholm operators of any index using the
decomposition of Kato, an extension already done by Apostol in [3] and Herrero in [4].

Let H be a complex, separable, infinite dimensional Hilbert space, and let L(H) denote
the algebra of all linear bounded operators on H, C(H) the set of linear operators A with
domain D(A) dense in H and range R(A) contained in H and a graph G(A) closed in H x H.
K(H) is the set of compact elements of L(H).

For A € C(H), we let 6 (A), p(A), and N(A) denote the spectrum, the resolvent set, and
the null space of A, respectively. The nullity a¢(A) of A is defined as the dimension of N(A)
and the deficiency B(A) of A is defined as the codimension of R(A) in H.

ow(A) will denote the Weyl spectrum. Recall that the Weyl spectrum is the union of
the essential spectrum o,(A) and all bounded components of C/o,(A) associated with a
nonzero Fredholm index. In other words, the Weyl spectrum of A is the set

ow(A) = 0 (A)\Po(A),

where ®((A) designates the set of all scalars . € C such that R(A — ul) is closed and both
dimN(A — ) and dim N(A* — I) are finite such that the index ind(A — ul) of (A — i) is
null where

ind(A — ul) = dimN(A — i) — dim N (A* - 2.
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Note that it was shown in [1] that for every bounded operator A in L(H), there exists a
compact operator K in K(H) such that

ow(A)=0(A + K).

Proposition 1 (See [5]) For A € C(H) we get
(1) R(A) is a closed subspace in H if and only if c(A) > 0,
(2) c(A) =c(A"),

where A* is the adjoint of A and c(A) is given by

[l Al

c(A) = .
ueDANNEA)L [z

(11)

Definition 1 The operator A € C(H) is called a semi-Fredholm operator, denoted A €
SF(H), if the following conditions are satisfied:

(1) R(A) is a closed subspace in H,

(2) minind(A) = {dimN(A),dimN(A*)} < co.

Theorem 1 (See [6]) Let A € SF(H), there is a direct decomposition H = M @ N such that
(1) M and N are invariant by A,
(2) Aln is regular,
(3) N < D(A), dimN < oo, and Aly is nilpotent.

This decomposition is known as the decomposition of Kato [6]. Operators admit-
ting such decomposition were characterized in 1976 by Labrousse in [7] and are called
quasi-Fredholm operators, also generalized by Mbekhta to the operators called pseudo-
Fredholm [8].

Definition 2 Let A € C(H); the complex set p.(A) of the operator A given by
pe(A) = {1 € C,(A - ul) € SF(H)},

will be called the essential resolvent (resp. o.(A) = C\ p.(A)) and it will stand for the essen-

tial spectrum of the operator A.

For A € C(H), we define the set
M,(A) = { 1 € C such that (A — ) is invertible on the left or on the right}.
Lemmal If(A — nl) € SF(A) such that
min{dim N (A - uI),dim(A* - ul)} =0,
then 1 € M (A).

Definition3 LetA € C(H), the complex point u € Cis called a regular point of A, denoted

reg(A), if the following conditions are satisfied:



Bensalloua and Nadir Journal of Inequalities and Applications (2016) 2016:55 Page 3 of 12

(1) R(A — i) is a closed subspace in H,
(2) N[(A-ud)"] CRA - pud),VneN.

Remark 1 The set reg(A) of regular points of A is open in C.
Theorem 2 (See [9]) A € SF(H) if and only if A* € SF(H) and ind(A) = —ind(A4*).

Theorem 3 (See [10]) For any A € L(H) N SF(H) and B € L(H) such that (A — B) € K(H)
we get B € SF(H) and ind(A) = ind(B).

Theorem 4 (See [11]) ind(A — ) is constant on each connected component of p.(A).

Definition 4 Let A, B € C(H); we denote by Pg4) the orthogonal projection of H x H on

G(A). We set

8(A,B) = | (I - P4)Pg| (1.2)
and

g(A,B) = |Po) — P - 13)

Remark 2 g(A, B) defines a metric on C(H).

Proposition 2 (See [5]) Let M, N be two closed subspaces of H with dimN < oco. Then if
8(M,N) <1 we have dimM < dim N.

Definition 5 Let A € L(H). A is called quasi-nilpotent and will be noted A € QN(H) if
and only if limy_, o | A"[|7 = 0.

Proposition 3 (See [12]) Let A € L(H), then A € QN(H) if and only if o (A) = 0.
Definition 6 A € L(H) is called a Riesz operator if and only if o.(A4) = 0.

Theorem 5 (See [1]) Let A € L(H), that is, K € K(H) such that

ow(d)= () oA+K).
KeK(H)

In 1973 Stampfli demonstrated in [2] that there is an operator K € K(H) such that
ow(A)=0(A + K).
Passing to the complement in the expression oy (A) = 6 (A + K) = 0 (A) N [Pp(A)]¢ we
obtain p(A) U ®(A) = p(A + K). Hence p(A) C ®y(A); then the result of Stampfli is equiv-

alent to ®y(A) = p(A + K).

2 Main results
Theorem 6 Let A € L(H), there exists a compact operator K € K(H) such that

pe(A) = M (A + K).
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2.1 Correction of the operator A

2.1.1 First correction

This correction involves the construction of a compact perturbation K; such that if A €
L(H) and B= (A + K7) € L(H) then

Pe(A) Nreg(A + Ki) C M (A + K3).

Lemma 2 Let A € L(H) such that A is invertible on the left or on the right, K| an operator
of K(H) and B=A + Ky. If || K1 || < ¢(A) then

(1) S(N(B),N(4)) < I,

(2) B is invertible on the left or on the right.

Proof We have by definition §(N(B),N(A)) = ||(I = Pn))Pna)ll. Assume that 4 € H and
let v = (I — Pya))Pnesyu- Then v is orthogonal to N(A) and we have

lAv]l > c(A)[IvIl,
or still

vy < 121

lAvIl  IA(U = Pnay)) Py )l

c(A) c(A)
_1A@NE W
- c(A)
A~ B) Py
- c(A)
_ A= BllIPyaul

c(A)

Using Proposition 2, we have
§(N(B),N(4))<1 = dimN(B)<dimN(A).

If A is one-to-one, then dimN(A) = 0 = dimN(B) = 0. Therefore N(B) = {0}, hence B
is one-to-one. As R(B) is closed (compact perturbation of semi-Fredholm operator), we
deduce that B is left invertible.

If N(A) # {0}, then A is not left invertible. Hence A is right invertible. Then N(4*) = {0}.
A,Be L(H)= A*,B* € L(H), A* — B* = A — B, and c(A) = c¢(A*).

By a similar reasoning we will have

_la-B

()N () < 2

<1 = dimN(B")=0.

Then N(B*) = {0} and B* is one-to-one. B = (A + K1) € SF(H), in particular R(B) is a
closed subspace of H, R(B) = N(B*)* = {0} = H, then B is onto. Thus it is right invert-
ible. O
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Lemma3 Let M, N be two closed subspace of H such that dim N > dimM > 0 and dim M <
00. Then there is U, a partial isometry of H such that

RU)SN and R(U")=M.

Proof Letey,ey,...,e, beanorthonormal bases of M and fi, f3, . .., f,, an orthonormal fam-
ily of vectors of N. Let P the orthogonal projection of H onto M and Q the orthog-
onal projection onto the space spanned by fi,f,...,fn. If u € H, there are m complex
numbers a;,ay,...,d, such that Pu = Y " a;e;. We put Uu = Y ) a;f;. Then R(U) € N
and if v € H, there are m complex numbers by, b, ...,b,, such that Qv = Zle bf;. Then
(Uu, vy = 3" aib; = (u, Y 1" bies) = (u, U*v), hence U*v = Y 7" bie;. It is easy to see that
R(Ux) =M, U is a partial isometry of H, and

Uu=pr, UU =Q. O

Lemma 4 Let A € L(H), B € p.(A), and o € R%. Then there is T(A, B) € L(H) such that
(1) T(A,PB) is of finite rank,
2) ITABI<T,
(3) BeM(A+aT(A,B)).

Proof We suppose at firstind(A —B7) > 0. Hence dim N(A* — BI) < co. By Lemma 3, there is
U such that R(U/) C N(A - BI), R(U*) = N(A* — BI). We take U* = T(A, B). Then T'(A, B) is
of finite rank, thus compact, and we have 8 € p.(A+aT(A, B)). Furthermore A+aT(A, B) -
Bl is onto. Indeed R(A — BI) is a closed subspace of H. Hence H = R(A — BI) ® N(A* - BI).
Let u € H, then u = u; + up with u; € R(A - BI) and u, € N(A *—BI). Let Q be a projection
onto N(A — BI). There is v; and v, such that (A — BI)v; = u; where Qv; = 0 and uy = aTv,,
where vy = Qus, that is, vo € N(A — BI). If we take v = v; + v, it follows that

(A+aT(A,B)-BI)v=(A-BDUI- Qi +aT(A,B)v
=(A-BDvi+aT(A,B)vy=up +uy =u.
Hence the operator (A+aT(A, 8)—BI) isonto and 8 € M (A+«a(T, B)). Ifind(A-BI) <0
and dimN(A - BI) > 0, we proceed as above by replacing A — BI by A* — gl and T by T*

as ind(A — BI) = —ind(A* — BI). The operator (A + «T(A, B) — BI) is one-to-one, it follows
that

B eMe(A+aT(A,,6)). O
Remark 3 Ifind(A — BI) = 0, then A + a T(A, B) — BI is onto and one-to-one.

Remark 4 If minind(A — BI) = 0, we take T = 0. Indeed in this case A + «T(A, B) — BI =
A — Bl is invertible on the left or right.

Lemma 5 Let A € L(H). Then for all € > 0, there is Ky € K(H) such that
D) 1Kl <e,
(2) pe(A+Ky) Nreg(A + K7) € M (A + K7).



Bensalloua and Nadir Journal of Inequalities and Applications (2016) 2016:55 Page 6 of 12

Proof Suppose that p.(A) = p.(B) = Ulfifn C; where C;, i =1,2,3,...,n, is a connected
component. For each j, let §; € C;. We inductively define a sequence of positive real num-
bers and a sequence of operators in L(H) as follows:

(1) o1 =a,Ag =4,

(2) Ai=Ai1+a;T;,i=1,2,3,...,n,where T; = T(A;_1, Bi),

(2) @i =3 minfo;, c(A; - Bil),i=1,2,3,...,n—1}.

Note that (1) and (3) give o;y1 < %ai = a1 < 5. Weset S; = ZIS}.SL. o;Tj; then

MED T ED N LI EL DY %zga,

1<j<i 1<j<i 1<j<oo 15j<o0

Therefore ||S;|| < %a. For each i, A; = A +S; where S; is a finite rank operator and therefore
compact. We must have p,(A) = p.(4;) and c(A; — B;I) > 0. This shows that all o; are strictly
positive. In addition, by the previous lemma A; — 8,1 is left or right invertible, from which
we deduce that C; Nreg(A4;) € M.(A;). Finally

3 1
1S, =Sill = Y o) = Soun = Jeldi = Bil) <c(A; = Bil).

i+1<j<n

Hence A, — Bil — (A; — Bil) = S,, — Si; using Lemma 2, we deduce that for i =1,2,3,...,n,
Ay, — Bil is left or right invertible and therefore p.(A + S,) Nreg(A + S,) € M.(A + S,,).
Accordingly we get K; =S, and o = %8, and the theorem is proved. If p.(A) has a countable
infinite numbers of connected components, the only other possible case, we observe that
the sequence (S,) converges normally, and taking K; = lim,,_, o S,;, we proceed exactly as in
the previous case. As, for every n, S, is an operator of finite rank, K; is a compact operator.
We set B=A + Kj. O

2.1.2 Second correction

Let B € L(H) such that p.(B) Nreg(B) € M.(B). We will build a second compact perturba-
tion K, such that p.(B) C M.(B + K;). If B € L(H) such that p.(B) Nreg(B) € M,(B), then
Pe(B)\M,(B) is a finite or countable set denoted u,. Note that o,(B) = §, because in [6],
there exist # € N and g, o, 43,..., 1w, € C such that o(B) = {1, 2, 43,..., 4,}. Hence
dim H < oo, this is contrary to our hypotheses. As 0,(B) is a closed set of o(B) (which is
compact), o.(B) is also compact. Since the distance function is continuous on o,(B), there
is a sequence of points (1))jen+ € 0(B) such that d(u;, 0.(B)) = |u; — /,L]/-|. Finally if the se-
quence (u,) is infinite, then lim;_, o |ut; — u;| = 0, because otherwise u, would have an
accumulation point in p.(B), which is contradictory. For every p;, let M;, N; be the two
subspaces of H corresponding to the decomposition of Kato of the operator B — u;/ and

let P; be the associated projection of the kernel M; and the range N;.

Construction of subspaces M and N;

For j € N, let My, = H, Mj,, = Mj N Mj,1, and Ny = M-, N}

L
= MO M,

P Finally, we

denote by P; the orthogonal projection onto N;.

Lemma 6
(1) Ifi<i<mnl 5j§n,andi#jthenN[LN} ifandonlyifP{P} =0.
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(2) If1<j<n,then N;®M;=N;®M;=M; | and dimN; = dimN; < oo.
(3) If1<j <n,then(,;;N; =M and codimM; =3, _,_;dimN;.

Proof For any i > j, we have N; L N;. Indeed N; € M ; € M}; and N} € M;J—, then M; €
Nj’L and we deduce N} € N/’L. Suppose PP = 0 and let x € N;. Then (x,y) = (Pix, P}y) =
(x, P;Pjy) = 0. N} is orthogonal to N;. Reciprocally if N; is orthogonal to N/ and u € H,
then Pju € N/ and Pju € N/* then P;Pju = 0 and P;P; = 0.

Nj’ DM}’- C M;J— OM; = {0} and Nj’ ﬂM}’- - Nj’ ﬂM; ={0}. Ml/ + Nl’ = M]f_l (because Nl.’ =
M N M;").

For any i > j, N| QM]T_I :Nj’ @ M, thenM]f EBNI./ gM]/. @ N/; le gM]f_l :M]/- &N, =
MoN M oN.

If i = j, the result is obvious. Suppose that it is true for j. Then codim M < 0o and there-
fore M~ ® M, is closed. Hence M @ M},; = N/;; and we have

+1

() N =M ONS =M N (M &M, =M,

Jj+1 J+1*
1<i<j+l

It follows that for any j e N, 1 <j < ; M}/fl = M]/.l @ N] It is easy to see that codimM; =
Y i<icjdim N} < oco. O

Remark 5 If (P;) is a sequence of mutually orthogonal projections in H, then }_,_;_, P;
converges to P, which is an orthogonal projection (see [13]).

Suppose first that the sequence () is finite, 1 <j < n. We put H; = mlsjfn M; and
Ky = 215/9(“; — u;)P;. It is obvious that K5 is normal.

Lemma 7 If 1 € p.(B), then N(B+ Ky — ul) C N(B— ul) N Hy.

Proof First show by induction thatifu € N(B+K, —pl) thenu € Hy. Letu € N(B+ K, — ),
then P; = 0. Indeed

(B+Ky—pul)(I - P))u+ (B+Ky — ul)Plu = (B+ Ky — ul) = 0.

Hence

0=(B+Ky—pul)(I - Py)u+B— sl + (1) — 1) IPu
= (B+Ky — pu)(I - P))u+B -yl + () — 1) - P1)Piu
+B- ,bL11 + (/“L/l - ,ul)IPlPiu.
Now we account for the last two terms of the amount in M; (because Ky(/ — P}) = (I -

P))K; is invariant under B) and the last part of N; which is invariant under B. So as H =
M, @ N; then B — I + () — w)IP1Pju = 0. The operator (B — u1l)| Ny is nilpotent; and as
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1 = i, then B — puil + (] — p)I is one-to-one. It follows that Py Pju = 0. Hence Pju = 0.
Suppose thatalways u € N(B+K;—ul); P; = 0 withj =1,2,3,...,m. According to Lemma 5,
u € M, u, we show P, 1 =0.Indeed

(B+ Ky —ul)(I =P, )u+ (B+Ky—ul)P,, qu=(B+Ky—pul)=0.
But Ky P, u = ()1 — Wme) Pyt and (I = P, 1) € M), ., € M,,.1. Hence

(B+ Ky — ud)(I =P, 1 )i+ B py + (1)yysy — 1)IP,, 1 = 0. (2.1)
But

B+ Ky —ud)(I - P, )u=(B-pnl)(I-P,

m+1

)Ll + Ky (I - P;ﬂ+1u) € Mm+1.
Because M,,,; is invariant under B — ul and M, is invariant under K,

B — pmd + (M;wrl - :U«)Iplnu”
=B - wmal + (M;n+l - //L)I(I —Pp1)Ppaiu

+B— il + (/“L:wrl - /*L)IPmHP:«nHu'

The first term is in M,,,; while the second is in N,,,; (same reasons as before). So as H =
M,41 ® Nyyii1, and as above, we deduce from (2.1) that B— 1 + (1), — W) IPy1 Pt = 0
then P,,,1P),,,u = 0. Hence Py,,1u € M,,,;. So by Lemma 6 and using the induction hy-
pothesis u € M,,,; and therefore P, ,,u = 0, which states that u € H; and Kyu = 0. If the
sequence [, is infinite, we set Hj = ﬂlsjsoo M; and K, lejsoo(ﬂj/‘ - uj)P]f, the previous
proposal remains valid because the series defining K, is normally convergent. Indeed
1im/»oo(lt,/' - i) =0 & (Ve >0) 3AN(e) > 0) (Vj = N(e) = |,lL; — ujl <€). Let u € H and
n > N(e) then

2

> (ke — ) P

- <Z(M’k — )Pt 3 (1= ’)I);M>

k>n k>n j=n
(30 X - ) o= )P
k>n j=n

2
= | ug — x| (Pias, Phs) < €

k>n

ZP]/(M

k>n

< &2||Pu|? < &*u)>.

Therefore || Y., (1) — mx)Prull < &, then Zlgiw(u} - /L,')P]/. is normally convergent.
The rest of the proof is similar to the case of finite ;. d

Lemma 8 If u € p.(B), then H{- € R(B + Ky — puI) + H;.

Proof (A) First prove that for any j € N, if u; € N/ then there exists one and only one
w;j € N; such that

P]/(B + [(2 - /,L[)Wj = Uj. (22)
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Uniqueness. Suppose that w; and w; satisfy the requirement. Then w; — w]/- eNB+K; -
wl) € H, (see Lemma 6), hence w; — wl’- c Nj/ N H; ={0}.

Existence. If u; € N} then u; = x; + y; with x; € Nj, y; € M and u; = Pjx;. We have B — ul +
(M} —p) =B — il + (/,L; — w)I and as ,u]f # 1, there is v; € Nj such that x; = [B— ul + (M} -
wuj)1v; then

w; = Bi[B = ul + (= )] [Pyy; + (1= B))v;]
= PJ[B - pl + K ]Ppv; + Pj[B — pul + (i) — )1 (I - P))v;
But (I—P]f)vj € MI’ Hence [B— ul + (/L; — )] (I—I’]f)vj € M]’ and therefore P]/. [B—ul + (/L]/- -

;L/)I](I—P}f)vj = 0. We take w; :13;1/, € Nj/.
(B)Let Q=% P, uj=Pu,andu € Hit. We show that there is w € Hj- such that

u=QB+Ky— ul)w. (2.3)

It follows from the existence of wy € N that P{(B + Ky — ul)w; = u;. Suppose we know
Wi, Wo, W3,y Wiy Upel — Zl</<n P, 1(B+ Ky — ul)w; € N, ,, then there is w,,; € N, ; such
that

Py (B+ Ky = D)Wy = tiys1 = Y Py (B+Ky = pul)w,

1<j<n

and therefore

Upil = Z P, (B+ Ky — ul)w;. (2.4)

1<j<n

Let w=}_;w;. Then

QB + Ky — ul)w ZP B+K2—,u1)2w,

ZZP’(B+I(2—,UJ)wl
ZZP [B =l + (i = i) ]w

But w; € My, [B -l + (u; — u)llw; € M;_; and if j < i we have P{(M; ;) = 0. Then

QB+ Ky —pulw=Y " P(B+Ky - ul)w;.

j 1=isj

Using this we find Q(B + K, — ul)w = Z uj=u;thenu=B+K,—ul)w-(I-Q)B+K; -
ul)w. Hence u € R(B + Ky — ) + Hy. This completes the proof of the lemma. O

Lemma9 Let B € L(H) such that p.(B) Nreg(B) € M.(B). Then there is a compact operator
K,y € K(H) such that

Pe(B) = pe(B + K3) € Me(B + K3).

Page 9 of 12



Bensalloua and Nadir Journal of Inequalities and Applications (2016) 2016:55 Page 10 of 12

Proof We show that
pe(B) Creg(B + K»). (2.5)

Let 1 € pe(B) and u € N(B+ Ky — ul). Then u € N(B— ) N Hy. But (B— pl)|H, is regular
because for any j € N, (B— uI)|M; is also regular. Hence forany j € N, u € R[(B— ulY |H;] €
R[(B + Ky — ul)]. As further B + Ky — ul is a compact perturbation of the semi-Fredholm
operator B — ul, it is itself semi-Fredholm and hence R(B + K, — ul) is a closed subspace,
which completes the demonstration We now show that reg(B + K;) € M, (B + K3). Let
pe(B) = J, Crx = reg(B + K3) where Cj is the nth k-connected component of p(B).

For any k € N*, C; Nreg(B) = ¥. Let u € Cx Nreg(B) = Cy N M, (B).

Two cases are possible.

First case. B— ul is one-to-one and therefore N(B+ K, — ul) CN(B—ul) =0 = B+ K; —
1 is one-to-one, hence Cy C M,.(B + K3).

Second case. B— ul is onto and therefore H; € R(B — ul). For any u € Hj, there is v such
that (B— ul)v = u;

(B-ul)Qv=(B-ul)v—(B-ul)I - Q)v,

B-ul)veH,(I-QveH = B-ul)I-Q)veH,Qv= Z].P//.V = v; where v; = Zjl)}fv.
We have

(B—pul)Qv=" (B-ul)yv;=Y (B=uPy;+ Y (B-ul(I-P)v,

J J J

where

Y (B-uDPy;eN; and Y (B—pl)I-Py)v;eM;
j j

because v; € N/’ - M]Ll =U-P)ve Ml’ We have

(B uD)Pvy = (B—pl)Qv— > (B~ pul)Pyv; - Y (B~ ul)I - P))v; € My.
jo1 j

Hence (B — ul)Pyv; = 0 because
(B - /LI)P1V1 (S] M1 le =0.

As pn ereg(B) = py = wand B— ul = B— py + (1 — ). We can see that Pyv; = 0, hence

vy € M1 NNy =0 = 11 = 0. Suppose we have shown that vy =v, =v3=--- =v, =0 and we

!
n+l

0, and as p € reg(B) = i = tys1 = PyaVus = 0, then v,y e My NN, =0 = v, =0.
It follows that (B — u)Qv = 0 hence u = (B — ul)w with w = (I — Q)v € Hy; therefore u =
(B+ Ky — u)w = u € R(B + Ky — ul). Hence H; C R(B + K; — ul) and (by Lemma 7) we
have Hj* € R(B + K, — pul); hence H € R(B + K — ul), which implies that B + K, — ul is
onto and Cx € M,(B + K), and therefore p.(B) = _; Ck € M.(B + K), which is equivalent

to pe(B) = M (B + K3). O

demonstrate that v,,,; = 0. As previously (B — ul)Py,1v,1 € M), hence (B — ul)Py11vy41 =



Bensalloua and Nadir Journal of Inequalities and Applications (2016) 2016:55 Page 11 of 12

Theorem 7 Let A € L(H). There is a compact operator K € K(H) such that
)Oe(A) = Me(A + 1<)'

Proof This is an immediate consequence of Lemma 5 and Lemma 9; simply take K = K +
K. O

Corollary 1 Let A be a Riesz operator. Then there exists a normal compact operator K
such that (A — K) € QN(H).

Proof A satisfies the hypothesis of Lemma 9 and also p.(A) = C\0 and reg(A) = C\c (4) =

p(A).
pe(A)Nreg(A) = p(A) = M (A). Hence there is a compact operator K such that p(A-K) =
M(A-K)=p,(A)=C\0 = 0(A-K)=0= (A-K) € QN(H). We find the result of [14].
O

Remark 6 The result of Stampfli is a special case of Theorem 7 because if & € ®¢(A), then
I € pe(A) € M,(A + K), hence A + K — ul is one-to-one or onto. If A + K — I is one-to-
one (resp. onto), then N(A + K — ul) = 0 (resp. N(A* + K* — ul) = 0) and ind(A + K — ul) =
ind(A — wl) =ON(A* + K* — ul) = 0 (resp. N(A + K — ul) = 0) and therefore A + K — ul is
one-to-one and onto. Hence i € p(A + K) = ®y(A) = p(A + K).

Remark 7 In 1966, West has shown in [14] that for any Riesz operator A € L(H) such that
Pe(A) € C\O there is a compact operator K € K(H) and Q € QN(H) such that A = K + Q.
We find this result as a special case of our result (see Corollary 1).

3 Conclusion

After the famous result of Stampfli, for all bounded operator A the Weyl spectrum is
ow(A) = (o (A + K) where the intersection is taken over all closed ideal compact op-
erators. In this work, we prove the possibility to extend this result by the use of Kato’s
decomposition to the set of semi-Fredholm operators.
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