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Abstract

Studying fixed points of nonlinear mappings in Hilbert spaces is of paramount
importance (see, e.g., (Browder and Petryshyn in J. Math. Anal. Appl. 20:197-228,
1967)). We extend the notions of weakly contractive and asymptotically weakly
contractive nonself-mappings defined on a closed convex proper subset of (into) a
real Hilbert space to a real countably Hilbert space. Using the notion of metric
projection on countably Hilbert spaces, we study iterative methods for approximating
fixed points of nonself-maps. Moreover, we prove convergence theorems with
estimates of convergence rates. Furthermore, we also establish the stability of the
methods with respect to perturbations of the operators and with respect to the
perturbations of the constraint sets.

1 Introduction

Definition 1.1 (Uniformly convex space [2—-6]) A normed linear space E is called uni-
formly convex if for any € € (0, 2], there exists § = §(¢) > 0 such that if x,y € E with ||x|| =1,
Iyl =1, and & = yll > €, then [[1(x + )|l <1-35.

Definition 1.2 (Modulus of convexity [2-6]) Let E be a normed linear space with
dimE > 2. The modulus of convexity of E is the function &g : (0,2] — [0,1] defined by

. X+
5ﬂe%=m41—H—§ZHJMHSIMynflmx—yHEE}

Definition 1.3 (Uniformly smooth space [2-6]) A normed linear space E is said to be
uniformly smooth if whenever given € > 0, there exists § > 0 such thatif |x|| = 1and |ly| <4,
then

lloe + 71l + 1l =yl <2 + €lyll.

Definition 1.4 (Modulus of smoothness [2—-6]) Let E be a normed linear space with
dim E > 2. The modulus of smoothness of E is the function pr : [0,00) — [0, 00) defined by

%+ 1l + llx -y
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Let K be a nonempty convex subset of a real normed linear space E. For strict contrac-
tion self-mappings of K into itself, with a fixed point in K, a well-known iterative method
‘the celebrated Picard method’ has successfully been employed to approximate such fixed
points. If, however, the domain of a mapping is a proper subset of E (and this is the case
in several applications) and if it maps K into E, this iteration method may not be well de-
fined. In this situation, for Hilbert spaces and uniformly convex uniformly smooth Banach
spaces, this problem has been overcome by the introduction of the metric projection in the
recursion formulas (see, e.g., [7-9]). The advantage of this is that if K is a nonempty closed
convex subset of a Hilbert space H and Px : H — K is the metric projection of H onto K,
then Py is nonexpansive. This fact characterizes Hilbert spaces and unfortunately is not
available in general Banach spaces.

Definition 1.5 (Metric projection [2, 7, 8, 10]) Let E be a real uniformly convex and
uniformly smooth Banach space, K be a nonempty proper subset of E. The operator
Pr : E — K is called a metric projection operator if it assigns to each x € E its nearest
point x € K, which is the solution of the minimization problem

Pyx=x; x:|x—x| =inf ||x-£&].
k=% &=l = jnf x|

Our purpose in this paper is to study, in countably Hilbert spaces, the classes of weakly
contractive and asymptotically weakly contractive nonself-maps, which are important
extensions of the classes of maps studied by Alber and Guerre-Delabriere [7] and by
Chidume et al. [10]. Then, assuming the existence of fixed points for maps in our classes
of operators and using several results of Alber and Guerre-Delabriere [7], we prove con-
vergence theorems with estimates of the convergence rates. Our theorems give analogue
versions of some results of [7, 10] in countably Hilbert spaces.

2 Preliminaries

Let K be a nonempty proper subset of a real Banach space E. A map A : K — K is called a
strict contraction if there exists k € [0,1) such that ||[Ax - Ay|| < k||x—y| forallx,y € K, and
A is called nonexpansive if, for arbitrary x,y € K, |[Ax — Ay|| < ||lx—7y||. The map A is called
asymptotically nonexpansive if, for all x,y € K, we have ||A"x — A"y|| < k,||x — y|| for all
n > 1, where {k,} is a sequence of real numbers such that lim,,_, », k, = 1. It is obvious that
for asymptotically nonexpansive mappings, we may assume that k, > 1 and that k;;; <k;,
i=12,...(see, e.g, [3]).

A mapping A is called weakly contractive of the class Cy ) on a nonempty set K in a
Banach space E if there exists a continuous and nondecreasing function (¢) defined on
R* with ¢ (¢) > 0 forall £ € R*\ {0}, ¥(0) = 0, and lim;_, o, ¥ (£) = +00 such that |[Ax—Ay|| <
lx =yl =¥ (llx - yll) forall x,y € K.

Definition 2.1 (Asymptotically weakly contractive [10]) Let K be a nonempty subset of
a real Banach space E. A mapping A : K — E is called asymptotically weakly contractive
of class Cyy if there exists a continuous and nondecreasing function ¥ (¢£) defined on R*
such that ¢ is positive on R* \ {0}, ¥(0) = 0, and lim;_, », ¥ (¢) = +00, and there exists a
real sequence {k,} C [1, 00) with lim,_, o, k;, = 1 such that

|A(TIA) % - AMTIKA) Yy || < Kallx =yl =¥ (I =yll)  Va,y €K,
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where I is the generalized projection operator in a Banach space E, recently introduced
by Alber [8], which is an analogue of the metric projection P in Hilbert spaces.

Definition 2.2 (Countably normed space [11-14]) Two norms ||-||; and |||, in a linear
space E are said to be compatible if, whenever a sequence {x,} in E is Cauchy with re-
spect to both norms and converges to a limit x € E with respect to one of them, it also
converges to the same limit x with respect to the other norm. A linear space E equipped
with a countable system of compatible norms ||-||,, is said to be countably normed. Every
countably normed linear space becomes a topological linear space when equipped with
the topology generated by the neighborhood base consisting of all sets of the form

Ue =(fx:x € Ellxlli < e,i € )
for some number € > 0 and finite set § of indices.

Remark 2.3 ([14]) By considering the new norms [|x|||,, = max_, ||x||; we may assume that

the sequence of norms {||-||,,;# = 1,2,...} is increasing, that is,
xlh < llxllo <-- <l <--- Vx€L

If E is a countably normed space, the completion of E in the norm ||-||, is denoted by E,,.
Then, by definition, E, is a Banach space. Also in the light of Remark 2.3, we can assume
that EC---CE,;yCE,C---CE.

Remark 2.4 In the light of Remark 2.3, we can easily see that the topology of a countably
normed space is generated by the neighborhood base consisting of all sets of the form
U, ={x:x € E;||x||, < €} for a positive integer . Moreover, it is obvious that a nonempty
subset K of a countably normed space E is bounded in E if and only if K is bounded in
each [|-[|;.

Proposition 2.5 ([11]) Let E be a countably normed space. Then E is complete if and only
ifE= ﬂZile

Each Banach space E, has a dual, which is a Banach space and denoted by E;.

Proposition 2.6 ([11]) The dual of a countably normed space E is given by E* = J;-, E},
and we have the following inclusions: Ef C --- CE; CE;;,, C --- C E*. Moreover, for f € E},
we have |[f|ln = IIf ln-

Example 2.7 ([13]) For 1< p < oo, the space £7+0 := ﬂq>p £1 is a countably normed space.
In fact, we can easily see that ¢7*0 = (1) ¢ for any choice of a monotonic decreasing
sequence {p,} converging to p. Using Proposition 2.5 and the fact that ¢”7 is a Banach
space for every #, it is clear now that the countably normed space £7*° is complete.

Definition 2.8 (Countably Hilbert space [11,12]) A linear space H equipped with a count-
able system of compatible norms ||-||,, is said to be countably Hilbert space if each |||, is
an inner product norm and E is complete with respect to its topology.
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Remark 2.9 In the light of Remark 2.3, Proposition 2.5, and Proposition 2.6, we can see
that if H is a countably Hilbert space and if the completion of H in the inner product (-, ),
is denoted by H,, then by definition, each H,, is a Hilbert space, hence H = () -, H, and
H* =2, H. Where,

HC---CH,nCH,C---CH,.

Remark If B8 = (B,) is a sequence of positive numbers, the dual of the Hilbert space
CB)i={x=3 2, Xngh: > o2, |xi* < oo} is the Hilbert space €%(B).

Example 2.10 The space E := (-, £2(B’) is a countably Hilbert space, where B’ = (B.),.en
satisfies B < Bit!, so that the Hilbert spaces H; = £2(B’) follow the inclusion H;,; C H; for

all ;.

Example The Kothe space £*[|le, | ] := {x = (%) : [lxlli = (3_py |xn|2”en”l‘2)% < 00,i € N}
with unit basis identified by (e,) is an example of a countably Hilbert space (E, ||-||;){5, that
has an unconditional basis (e,) (see [15]).

Let E be a countably normed space. In [13], E is called uniformly convex if (E;, |-|;) is
uniformly convex for all i, that is, if for each i, Ve > 0 35;(¢) > 0 such that if x,y € E;
with [|x]|; =1 = ||y|l; and ||x — y||; > €, then 1 - ||%||i > §;. The space E is called uni-
formly smooth if (E; |-||;) is uniformly smooth for all i, that is, if for each i whenever
given € > 0 there exists §; > 0 such that if ||x||; =1 and ||y||; < &; then |lx + y||; + [lx — y||; <
2+ €|yl

Following these two notions, we see that any countably Hilbert space E is uniformly
convex and uniformly smooth because each of its H; is a Hilbert space.

In [13], we proved that if E is a countably normed linear space, then:

(i) E is uniformly convex if and only if for each i, 8g,(¢) > 0 for all € € (0,2].
260 _ 0 for all i,
(iif) For each n, let E,, be the completion of E in the norm ||-||,;, and E}} its dual. Then for

i)
(i) E is uniformly smooth if and only if lim,_, ¢+
i)

each i, we have: for every v > 0,
T€
o, (1) = sup{; —5E;s(e) :0<e< 2}.

(iv) E is uniformly smooth if and only if E}' is uniformly convex for all i.

(v) E is uniformly convex if and only if EY is uniformly smooth for all i.

Lemma 2.11 (see [9, 16-18]) Let {1} be a sequence of nonnegative numbers, and {oy} be

a sequence of positive numbers such that y .- a, = 0o. If the recursive inequality
)‘-n+1 S)\n_anw()"n)’ 1’121,2,,.., (1)
holds, where v (A) is a continuous strictly increasing function for all . > 0 with ¥/(0) = 0,

then:

1. A, —> 0asn— o0;
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2. the estimate of convergence rate

n-1
Ay < @7 (CD(AI) - Za,) )

j=1

is satisfied, where @ is defined by ®(¢t) = [ and ®7! is the inverse function to ®.

dr
v(t)’
Lemma 2.12 (see [9, 16-18]) Let {«,}, {Bu}, {An}, and {y,} be sequences of nonnegative
numbers such that {o,} < (0,11, 372w = 00, 372 By < 00, and I — 0 as n — oo. If the

recursive inequality
Anit <L+ By — ¥ (M) +Yu, n=12,..., 3)

is given, where (1) is a continuous and nondecreasing function  (t) defined on R* such
that  is positive on R* \ {0}, ¥(0) = 0, and lim;_, o ¥ (¢) = +00. Then

1. A, —> 0asn— o0;

2. there exists a subsequence {Ay} C{\,}, [ =1,2,..., such that

_ 1 Y :
Aoy <V 1(,117 + ﬂ), Y = Vuy + BuyM, M > 0, (4)
Zm:l Um Upy
_ 1 Y i
)\n1+1 = Iﬁ 1(7117 + ﬂ) + Yy (5)
m=1%m O
n-1 o m-1
)\n 5)";1”1_ Z _Wl, nl+1§n§nl+lx~’4m =Zai: (6)
e~ Ay ,
m=nj+1 i=1
" o
A Sh=) S <k, lsnsm-l, (7)
m=1 """
u (04
1< <Smax =Max{s: Y — <ipt. 8
=71 =°ma { ; .Am = 1} ( )

Lemma 2.13 (see [9, 16-18]) IfE is a uniformly convex space, Ky, K, are nonempty closed
convex subsets of E, and H(K3,K;) < o, then

1Pk, — Pyl < C185 (4L(d + 1)o),

where r = ||x||, d = max{d, d,}, d; = dist(0, K;), i = 1,2, 6 is the origin of E, C; = 2max{l,r +
d}, and H is the Hausdor(f distance.

A version of the following theorem in countably Hilbert spaces is very important and
will be used in the proofs of our main results.

Theorem 2.14 ([13]) Let E be a real uniformly convex complete countably normed space,
and K be a nonempty convex proper subset of E such that K is closed in each E;. Then the
metric projection is well defined on K, that is,

VxeE\K3IxeK: |x-%|;=inf|x—&|; Vi
EekK

Page 5 of 13
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3 Main results ‘successive approximations in a countably Hilbert space’
In this section we give new versions for some definitions of [7, 10] in countably Hilbert

spaces and prove our main theorems.

Definition 3.1 (Weakly contractive) Let K be a nonempty subset of a real countably
Hilbert space E. A mapping A : K — K is called weakly contractive of the class Cy) if
there exists a continuous and nondecreasing function ¥ (¢) defined on R* with ¥ (¢) > 0
vVt € R*\ {0}, ¥(0) = 0, and lim;_, o ¥ (£) = +00 such that for each i, we have ||[Ax — Ay||; <
e =yl = ¥ (llx = y) Y,y € K.

Definition 3.2 (Asymptotically weakly contractive) Let K be a nonempty subset of a real
countably Hilbert space E. A mapping A : K — E is called asymptotically weakly contrac-
tive of class Cy if there exists a continuous and nondecreasing function v () defined on
R* such that ¢ is positive on R* \ {0}, ¥(0) = 0, and lim,_, o, ¥ (£) = +00 and if there exists

areal sequence {k,} : k, > 1 with lim,_, . k, = 1 such that for each i, we have
| @AY x - APAY |, < kullx = ylli =¥ (Ix = yll;) ¥y K.

Theorem 3.3 Let K be a nonempty convex subset of a real countably Hilbert space E =
(\Hy such that K is closed in each H,, and A : K — E be a weakly contractive map of the
class Cy . Suppose that F(A) # 9 and for x, € K consider the iteration x,.1 = PxAx,, n > 1.
Then {x,} and {Ax,} are bounded in E, {x,} strongly converges to some point x* € F(A), and

the estimate
o0 =", < @7 (@ ([Jaer 7|, - (2 - 1))

is satisfied for each i, where ® is defined by ®(t) = [ %,

Proof Since Py is nonexpansive in each H; and A is weakly contractive, for each i, we have

||x,,+1 - ”z = ||P1<Ax,, - PrAx" Hz
= ||Ax,, - Ax" ||z
= ||x,, _x*“i - w(“xn _x*Hi)

< [on =" - 9)

Hence, for each i, we get by induction ||x, —x*||; < ||x1 —x*||;. Since x; and x* are fixed, this
implies that ||x,||; < |l%1]l; + 2]lx*||; = R;; therefore, the sequence {x,} is bounded in each
H,, so it is bounded in E.

From (9) it follows that [|Ax,[l; — [Ax*[|; < llxull; + ™[l < llxall: + 2012 [l; + |lx*|;. Since
Ax* = x*, we have ||Ax,|l; < |l#1ll; + 4]lx*||; = R, and therefore {Ax,} is bounded.

By (9), for each i, the sequence of positive numbers {1} defined by A/, = ||x,, —x*||; satis-
fies A),; < A! —(A}). This implies that for each i, the sequence {A.,} is nonincreasing and

bounded below by 0, and thus it converges to some A’ such that 0 < - (%) < 0. By the

hypothesis on i we have that Al = 0 for all ; hence, for each i, AL — 0 as n — oo. Further,
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by Lemma 2.11 we have the estimate
A <@ D(A) - (n-1)) Vn=L (10)
O

Now, we present stability theorems for the perturbed approximations. First, we study
the iterative method with perturbed operators A, : K — E.

Theorem 3.4 Let K be a nonempty convex subset of a real countably Hilbert space E such
that K is closed in each H,, A : K — E be a weakly contractive map of the class Cy,), and
x* € K be its fixed point. Suppose that there exist sequences of positive numbers {8,} and
{h,} converging to 0 as n — oo and a finite positive function g(t) defined on R* such that
for each i and for all n > 1, ||A,v — Av||; < h,g(|v;) + 8, If the iteration y,.1 = PxAuYu,
n > 1, starting at arbitrary yo € K is bounded, say by C, then it converges in norm to the
point x*. There exists a subsequence {y,,} of {yn}, | > 1, such that for each i,

1
lym =", < w-l(n—l + Dhy, + y) D=g(0), (11)
1
||yn1+1 _x* Hl E 1/[_1(1’1_1 +Dhn[ + y}’l[) + Dhn[ + ynp (12)
n-1 1
lym =2 = Dymr =2*[, = 20— mrl<m=ma, (13)
ny+l
"1
ku—ﬁmswvf%—gszbrw*f1snsm—L (14)
1
15”1§Smax=max[5321:zfHyl—x*nl.}. (15)

Proof Since the metric projection Px is nonexpansive in each Hj, it follows that

||y"+1 -« ||l = ”PKA"y" - PeAx” Hz
= ”A"yn - Ax" ”1
< [ Ay, — Ax* ||, + 1 Anyn — Aynll;

< |ow =2, = ¥ (|l —*],) + v (16)

where 0 <y, = |Ayyu — Aynll; < Dhy + 8, — 0.
Thus, the sequence of positive numbers defined by 1!, = ||y, — x*||;, n > 1, satisfies the
recursive inequality A’ ,; < A% — (A1) + .. Then the assertion A! = ||y, —*||; > O as n —

oo and estimates (11)-(15) follow from Lemma 2.12 with @; =1 and 8; =0 foralli > 1. O

Let us suppose that, instead of an exact set K, we have a sequence of perturbed sets
K,, C E, n > 1, such that the Hausdorff distance H (K, K) < o, that is, “H(K,,, K) tends to
0 as n tends to 0o’ Let D(A) be any domain for the operator A that contains both K and
the perturbed sets Kj,and such that the Hausdorff distance “H (K, K) tends to 0 as n tends
to oo’

Page 7 of 13
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Theorem 3.5 Let K C D(A), K, C D(A), n > 1, be nonempty convex sets in a real countably
Hilbert space E such that K and K,, are closed in each component H,, and H(K,,,K) < oy, let
A : D(A) — E be a weakly contractive map of the class Cy ) with strictly increasing function
Y (t), and x* € K be its fixed point. If 6, — 0 as n — oo, then the iteration z,,1 = Px, Az,
n > 1, starting at arbitrary z; € Ky converges in norm to x*. There exist a constant C > 0
and a subsequence {z,,} of {z,}, [ =1,2,..., such that for each i,

1
“an —x* ||l < 1701<n—l +C /0n1+1); 17)

1
||z,,,+1 —x* ||L <y —+Cyan ) +ou (18)
nj
n-1
lzn a7, < |zma -2, D> =, m+1<n<ma, (19)
ny+1 m

n
1
o1,z - #1,- 3 < -

s 1sn<m-1, (20)

S
15n15smax=max[s:2%5Hzl_x*“i}, (21)

1

Proof For each i and all n > 1, we have

Jzpos =1, = [Pz - A |

=Pgx*

< ||P1<n+1Azn - Pk, Ax”" ”; + ||P1<n+1Ax* — Pgx* ”;

Since the metric projection operator is nonexpansive on each closed convex set K, we
have

“ZVHl - ||z = ”AZ" - Ax" ||l + ”PKmle* - Pgx” “; (22)
By Lemma 2.13, if H(K},41, K) < 0,41, then there exist positive constants C; > 0 and C, > 0:

| P, x* — Pxx*|| < C185(Cr0,41). Since % < 8¢(€), thatis, 85'(€) < c3+/¢, and thus, for the

fixed point x* € E, there exists a constant C > 0 such that

| P, %" = Picx™ |, < C /o (23)
Since A is weakly contractive, using (23) in (22), we get

Jzwa =], = [z =], = ¥ (lew—#'],) + C.
Thus, the sequence of positive numbers A/, := ||z, — x*||;, n > 1, satisfies

Mg A=Y (M) + Cfom. (24)

Since by assumption ¢,,; — 0 as n — oo, all the conditions of Lemma 2.12 are satisfied
with ¢; =1 and B; = 0 for all i > 1. Thus, ki, — 0 as n — 00, that is, the sequence {z,}
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converges in norm to x*, and estimates (17)-(21) are all satisfied, which completes the proof
of the theorem. O

Now we work in a system of perturbed operators A,, and perturbed sets K, to approxi-
mate a fixed point x* of the operator A on K.

Theorem 3.6 LetK C D(A), K, C D(A), n > 1, be nonempty convex sets in a real countably
Hilbert space E such that K and K, are closed in each component H,, A : D(A) — E be a
weakly contractive map of the class Cyy) with strictly increasing function (t), and x* € K
be its fixed point. Assume that, instead of A, the sequences {A,} of operators A, : K, — E,
n > 1, are given. Assume also that there exist sequences of positive numbers {h,} and {0, }
converging to 0 as n — 00 and a finite positive function g(t) defined on R* such that for all
n>1andt >0, the Hausdorff distance H(K,, K) < o, and

4w = Avll; < hg(llvll;) Vv €K, (25)

If the iteration u,, = Px,, Ay, n > 1, starting at arbitrary u, € K, is bounded, then it
converges in norm to the point x*. Moreover, there exist constants C >0 and C, > 0 and a
subsequence {u,,} C {u,}, | > 1, such that for each i,

1 1
|, =", < Wl(n_, +C /—an,H) + w-l(n—l + clhn,>. (26)

Proof Considering the iteration z, of Theorem 3.5 with z; € Kj, we get

st = & ||, < Nttwsr = Zusa i + |21 — 57|
I ; ;

where ||z,.1 — x*||; > 0 as n — oo and 0, — 0 (by Theorem 3.5).
By assumptions {u,} is bounded; then Vi > 1 3IM > 0: ||u,|; < M. Since A is weakly

contractive, then using (25), we get

i1 = znlli = 1Py Antin — Pri, AZalli
< lAnuy — Az, |l;
< lAu, — Az l; + |Apthy — Ay ||;
< Nt = 2ulli = ¥ (118 — 20 1l3) + g (1)

<y —zulli = w(”un _Zn”l') +h, g(M).
——
-q

Thus, the sequence of positive numbers defined by A}, = |lu, — z,l;, n > 1, satisfies the
inequality A/, < A! —y (X)) + Cyh,. Since b, — 0 as n — 0o, we have by Lemma 2.12 that

n+l —
i a1
Ay = lln —z4lli — 0 and ”Mnl_znl”ifw n_l +C1hnl .
Therefore,

ltn = &*||, < Nt = zulli + |20 — %[, > 0, i€, — x* as n— 00
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and

””"z - ”l < lNttn, = 2 lli + ”Zm - “z
1 1
< 1/f'1<n—l - Clhrq) + I/f'1<n—l - C«/an,+1>. 0

Theorem 3.7 Let K C D(A), K,, C D(A), n > 1, be nonempty convex sets in a real count-
ably Hilbert space E such that K and K,, are closed in each H,, A : D(A) — E be a weakly
contractive map of the class Cy ), and x* € K be its fixed point. Assume that, instead of
A, the sequences {A,} of the operators A, : K, — E, n > 1, are given. Assume also that
there exist sequences of positive numbers hy, By, 8y, Iy, and o, and a finite positive func-
tion g(t) defined on R* such that for each i, for all n > 1 and t > 0, the Hausdor(f distance
H(K,,K) < 0, and

A —Apvll; < A+ B)llu—vlli = Yu(lu—vlli) + un  Yu,v €Ky, (27)
A0 - Avll; < hug(vlli) +8, Vv €K, (28)
V() =¥ ()] v, VE=0. (29)

IF Y% By < 00 and y, — 0, where v, = hy + 8, + [y + Uy + /Oy, then the iteration u,,; =
Py, Antin, n > 1, starting at arbitrary u, € Ky converges in norm to the fixed point x*.

Remark 3.8 Observe that (27) for A, is similar to the condition of weak contraction of A.
At the same time, (28) is a standard condition of proximity between A, and A in each point
of K.

Proof of Theorem 3.7 Consider the iteration of Theorem 3.5 with z; € Kj,

||un+1 - x* ||l = ||u}’l+1 - Zn+1||i + ||Zn+1 _x* i (30)

where, for each i,

}zml -x* ||l — 0 as n — oo and 6, — 0 (Theorem 3.5). (31)

The claim now is to prove that || u, — z,||; — 0. Noting that the sequence {z,} is bounded,
say by M, and following (24), (27), (28), and (29), for all n > 1, we have

etns1 = Zusalli = 1Py Anthn — Pi,p 1 Azl
< Aty — Azyll;
< |Anzn — Az ll; + [|Anthn — Anzall:
< (L+ Bllttn = Zulli = Yu (1t — Znlli) + tn
+ hug(1zalli) + 85
< @+ Bt = zulli + U = ¥ (Il = 2u i) + pin

+ hug (12 lli) +84
———
Shng(M)

< (L+ Bu)llstn = Zulli = ¥ (It = 24ll:) + Vs
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where y,, = i, + v, + 8, + Ch, and C = g(M). Thus, the positive numbers {1}~ defined
by AL = ||lu, — z,|; satisfy the inequality

A<+ BIA =Y (AL) + y,. (32)

Since the sequence {,} is summable, that is, > .-, B, < 00, and hence B, — 0, we can
see that the convergence conditions of A}, given by Lemma 2.12 and (32) are the same.
Therefore, A}, = |u, — z,]l; = 0 as n — oo and y,, — 0, which proves the claim. Now,
using (30) and (31), we conclude that lim,,_, ||z, — x*||; = 0. O

Theorem 3.9 Let K be a nonempty convex subset of a real countably Hilbert space E such
that K is closed in each H,, A : K — E be an asymptotically weakly contractive map of class
Cy ) with {k,} € [1,00) such that Y-, (k, —1) < 00, and let x* € F(A). For x; € K, consider
the sequence {x,} defined by

KXn+l = (PKA)nxnx n= 1. (33)
Then {x,} converges strongly to x* € F(A).

Proof Considering (33) and that Px is nonexpansive and A is asymptotically weakly con-
tractive, set 8, = k, — 1. Then, for each i, we have

|1 = x|, = | (PA) "% — (PA)"* |,
< | APA)" %, — A(PRA)" %",
< konlloen = [, = ¥ ([lon = 27]])
=1+ IBVl)Hxﬂ -x" “l - 1/’(”xﬂ -x" ||L)

n
< exp (Z ,8,) o1 = x*
j=1

) (34)

1

so that [|x, — x*||; is bounded. If we now set A’ := ||x,, — x*||;, then Lemma 2.12 and (34)
imply lim,,, o ||x, —x*||; = O for all i. This completes the proof. O

Theorem 3.10 Let K be a nonempty convex subset of a real countably Hilbert space E such
that K is closed in each H,, let A : K — E be a map such that A(PxA)"! is bounded and
PxA: K — K is asymptotically weakly contractive of the class Cy ) with {k,} C [1,00) such
that y 2 (k, — 1) < 00, and let x* € F(A). Consider the perturbed operators A, : K — E.
Suppose that there exist sequences of positive numbers {5,} and {h,} converging to 0 as
n — 0o and a finite positive function g(t) defined on R* such that for all n > 1,

|An(PxAL)" v = A(PKA)" 0|, < ug(v]li) + 8, Vv eK. (35)
If the iteration y,.1 = (PxAn)"ya, n > 1, starting at arbitrary y, € K is bounded or

limy, o0 [|(PxAR)"yn — (PxA)'y4lli = O, then it converges to the point x*. Moreover, there
exists a subsequence {y,,} C {yn}, | > 1, such that

1
b=l =97 (5 + ) 36)
I
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1
yn1+l —-X i <y | —+ )7}’1[ + )7}’111
|| li=v7(;; (37)
n-1
lyn =2, < Jmr —5*[, = > —, mtlsn<ma, (38)
n+l
"1
s =1, < == = <=l 1=nm-1, @)
m
1
|
1 <1 < Smax = Max 5:2%5}})11—9&”[, . (40)
1

Proof Set B, := k, — 1. From the iteration and property of PxA we get

”yn+1 -x" ||z = ”(PKA”)ny" - (PKA)nx* Hl
< | @AY yn = PrcAY"s |+ | (PreAn)"yn = (PrcAY 'y,
< Kllyn = x|, = ¥ ([ =27 ) + | A"y = PrcAY 'y, (41)

(i) Assume that the given iteration starting at arbitrary y; € K is bounded, say by
M > 0; then {A(PxA)"'y,} is bounded, and hence, using (35), we get that
{A,(PkA,)"'y,} is bounded. Thus, by the nonexpansive property of Pk in each H;
and (35) we get ||(PxAn)"yn — (PxA)"y,lli = 0 as hy, 8, — 0. Therefore, by (41) all
the conditions of Lemma 2.12 are satisfied with o; =1 Vi > 1.

(i) Assume that the assumption lim,,_,  ||(PxA,)"y, — (PxA)"y.|; = 0 is satisfied. Then
setting A, := ||y, — x*||;, from (41) we get by Lemma 2.12 that the conclusions hold.
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