
Abstract 

Background:  Snake-like robot is an emerging form of serial-link manipulator with the 
morphologic design of biological snakes. The redundant robot can be used to assist 
medical experts in accessing internal organs with minimal or no invasion. Several 
snake-like robotic designs have been proposed for minimal invasive surgery, however, 
the few that were developed are yet to be fully explored for clinical procedures. This 
is due to lack of capability for full-fledged spatial navigation. In rare cases where such 
snake-like designs are spatially flexible, there exists no inverse kinematics (IK) solution 
with both precise control and fast response.

Methods:  In this study, we proposed a non-iterative geometric method for solving 
IK of lead-module of a snake-like robot designed for therapy or ablation of abdominal 
tumors. The proposed method is aimed at providing accurate and fast IK solution for 
given target points in the robot’s workspace. n-1 virtual points (VPs) were geometrically 
computed and set as coordinates of intermediary joints in an n-link module. Suitable 
joint angles that can place the end-effector at given target points were then computed 
by vectorizing coordinates of the VPs, in addition to coordinates of the base point, 
target point, and tip of the first link in its default pose. The proposed method is applied 
to solve IK of two-link and redundant four-link modules.

Results:  Both two-link and four-link modules were simulated with Robotics Toolbox 
in Matlab 8.3 (R2014a). Implementation result shows that the proposed method can 
solve IK of the spatially flexible robot with minimal error values. Furthermore, analyses 
of results from both modules show that the geometric method can reach 99.21 and 
88.61% of points in their workspaces, respectively, with an error threshold of 1 mm. The 
proposed method is non-iterative and has a maximum execution time of 0.009 s.

Conclusions:  This paper focuses on solving IK problem of a spatially flexible robot 
which is part of a developmental project for abdominal surgery through minimal 
invasion or natural orifices. The study showed that the proposed geometric method 
can resolve IK of the snake-like robot with negligible error offset. Evaluation against 
well-known methods shows that the proposed method can reach several points in the 
robot’s workspace with high accuracy and shorter computational time, simultaneously.

Keywords:  Medical robotics, Inverse kinematics, Geometric method, Serial link 
manipulator, Modular snake robots, Joint angles

RESEARCH Open Access

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License 
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, 
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and 
indicate if changes were made. The Creative Commons Public Domain Dedication waiver (http://creativecommons.org/publicdo-
main/zero/1.0/) applies to the data made available in this article, unless otherwise stated.

Omisore et al. BioMed Eng OnLine  (2017) 16:93 
DOI 10.1186/s12938-017-0383-2 BioMedical Engineering

OnLine

*Correspondence:   
wang.lei@siat.ac.cn 
1 Research Centre 
for Medical Robotics 
and Minimally Invasive 
Surgical Devices, Shenzhen 
Institutes of Advanced 
Technology, Chinese 
Academy of Sciences, 
Shenzhen 518055, China
Full list of author information 
is available at the end of the 
article

Non‑iterative geometric approach 
for inverse kinematics of redundant 
lead‑module in a radiosurgical snake‑like robot
Olatunji Mumini Omisore1,2, Shipeng Han1, Lingxue Ren1, Nannan Zhang1, Kamen Ivanov1,2, Ahmed Elazab3 
and Lei Wang1*

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/publicdomain/zero/1.0/
http://creativecommons.org/publicdomain/zero/1.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s12938-017-0383-2&domain=pdf


Page 2 of 25Omisore et al. BioMed Eng OnLine  (2017) 16:93 

Background
The impact of robotic technology has brought about advancements in different facets of 
life such as automobile assembly, military assignments, and agricultural sector. Along-
side, incorporating the technology into medical practice plays a significant role in diag-
nosis and therapy of many medical conditions [1]. Robotics is rapidly becoming useful 
in interventional surgery because human experts have limited views while carrying out 
operations on internal organs with minimal or no invasion. However, robotic arms can 
be designed to move towards targeted organs in a patient and precisely irradiate selected 
area of tissue that contains tumor from a given position.

Despite the vigorous attention received by surgical robots in the last three decades, 
real-time applications of highly articulated robots for surgical operations are still at 
infancy [2]. Usually, robotic manipulators are made by a sequence of serial, parallel, or 
hybrid links that extend from fixed base to the end-effector. The links are connected to 
one another by some joint mechanisms for flexible control to allow surgeons to access 
intended internal organs [3, 4]. Investigation of internal organs through natural orifices 
or single-port incision has given rise to the development of snake robots. In practice, 
such robots correspond to serial-link manipulators with a high level of redundancy for 
spatial navigations. This flexible nature has given more preferences to serial-link manip-
ulators over their parallel counterparts in medical intervention [5]. In minimally invasive 
surgery (MIS), redundant serial-link manipulators can be controlled to imitate serpen-
tine postures; thus, exhibits varying navigational patterns useful in complex environ-
ments [6].

Conventionally, a serial-link robot requires six degrees of freedom (DoF) to reach 
manipulated objects in arbitrary position and orientation of a robot’s workspace. How-
ever, having more-than-needed degrees to perform given tasks makes it dexterous; 
hence, advantageous in optimal control, path analysis, and obstacle avoidance. Despite 
these merits in interventional procedures, the performance of snake-like robot is limited 
by the complexity involved in solving its kinematics, which is distinguished into forward 
and inverse mappings [7]. Kinematics refers to the representation of the end-effector’s 
pose in Cartesian or joint space. Forward kinematics is to determine the location of 
end effector in Cartesian space by direct substitution of link parameters into Denavit–
Hartenberg (DH) transformation matrices [8, 9]. On the other hand, inverse kinematics 
(IK) solutions are essential to determining appropriate joint angles required to drive a 
robot’s end-effector to given target points during medical procedures.

In Pisla et  al. [10], geometric and kinematic models were proposed for positioning 
active tool-tip instruments fixed at distal part of a surgical hybrid robot. Tool-tip instru-
ments such as surgical blades, radioactive source, and camera; plays important roles 
in master–slave teleoperated system used in surgical robotics. The intuitive system, da 
Vinci surgical robot, is a foremost system designed for a range of surgical tasks such 
as cardiothoracic and gastrointestinal procedures. The robotic platform has motivated 
several research works in different areas of medical robotics, specifically surgical tasks. 
For instance, Ota et al. [11] developed a highly articulated surgical robot for intra-peri-
cardial therapy with minimal invasion. Also, Simaan et al. [12] developed a three-armed 
robotic system for MIS of throat. Each module consists of two DoF snake-like unit and 
a detachable parallel manipulator. However, the shape memory alloy actuation, adopted 
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for control, posed great limitations in terms of response time and accuracy which are 
the major metrics used for evaluation of surgical robots. Dupont et  al. [13] proposed 
determining the pose of highly articulated robot constituted by concentrically combined 
pre-curved elastic tubes. However, complexity of the kinematic model increased with 
the number tubal segments and thus affects positioning accuracy of the robot. Recently, 
several laboratories have proposed different designs of snake-like robots for surgical and 
radiotherapeutic procedures [14–17].

Many algorithmic solutions have been proposed for solving IK of serial-link manipu-
lators with high DoF. Generally, these algorithms can be categorized as analytical or 
numerical approaches. Analytical approach is a closed-form solution of IK obtained 
from pure algebra and algebraic geometry. Both methods have been applied to solve IK 
problems in serial-link redundant robots. In an extensive study, Chirkijian [18] presented 
a novel framework for modeling IK of hyper redundant robots which are analogous to 
snake in morphology with planar rotational axis. Also, Sheng et al. proposed a geometric 
method for solving joint angles in a hyper-redundant manipulator [19]. Theoretic analysis 
and simulation results show that the method can precisely obtain accurate joint angles 
required by the manipulator’s end effector to reach a given target in the joint space with 
fewer computations. However, this approach is limited to planar robots. The geometric 
method can be extended by spatial decomposition of the robot’s workspace into multiple 
independent planes. Thence, IK of a robot’s links can be solved by exploring the individ-
ual links in their respective planes. In an attempt for 3D path planning, Yahya et al. [20] 
presented a unique-angle geometric method for positioning the end-effector of planar 
redundant manipulators in the workspace. The method was adapted for 3D manipulator 
with a twisted joint at the first joint, while a unique value was determined for other joints. 
The solution makes the manipulator to always exhibit open polygonal shapes which can-
not be suitable for operations in confined environments.

Meanwhile, it is important to consider IK solutions for highly articulated robots that 
are capable of spatial navigation. These type of manipulators can enhance dexterity in 
MIS. Recently, geometric approaches have appeared as a better way to solving IK of 
robotic manipulators as noted in [20–22]. These studies proposed geometrical models 
for IK of hyper redundant manipulators which could be used to assist in interventional 
procedures. To find the optimum solution in 3D workspace, geometric models in these 
studies can solve n-link redundant manipulator having the first link connected to a fixed 
base with twisted joint. Conclusively, application of closed-form solutions involves the 
use of transcendental trigonometric equation for analytic reduction and geometric 
inspection of a robot’s links. However, the existence of optimal solution is not always 
guaranteed especially, when a high number of links is needed for spatial navigation.

In numerical approaches, relationships between Cartesian and joint space are itera-
tively optimized to derive a possible set of joint angles that can place an end-effector 
at desired positions in the workspace. Earlier studies were carried out based on linear 
approximations of actual motion in the form of Jacobian methods [23, 24]. For instance, 
Borboni et al. [25] evaluated pseudo-inverse matrix of a kinematic redundant serial-link 
robot developed for online pipe cutting in a continuous process of production, while 
Yazdani et  al. [26] investigated fault-tolerant control of redundant serial manipulators 
with pseudo-inverse of the Jacobian. These might be unsuitable for medical procedure 
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as several iterations are required to compute accurate joint angles for a given position. 
Wang and Chen [27] proposed cyclic coordinate descent (CCD) which became a pop-
ular method for solving IK. Recently, Aristidou and Lasenby [28] presented a forward 
and backward reaching IK (FABRIK) method for solving the kinematics of articulated 
models in computer animation. Both heuristic iterative approaches require low com-
putational cost unlike Jacobian methods. However, they perform poorly in complex 3D 
models and only converge better around the planes.

Limitations in the IK methods above greatly affect transitioning of most existing 
snake-like robotic designs for real clinical purposes. ViaCath endoluminal system by 
Hansen Medical (Norwood, MA, USA) has been one of the few single-port articulated 
robots commercially available for laparoscopic surgery [29]. Experimental trials with the 
robotic tool, which comprises of flexible shaft and articulated tip with end-effector, have 
revealed kinematic control as its major limitation. Recently, Titan Medical Inc. (Toronto, 
ON, Canada) reported to have completed alpha prototype of a single incision abdominal 
surgical robotic system with single-use replaceable tips. The complete teleoperated sys-
tem is expected to be commercialized upon FDA approval. Accurate and real-time IK 
method to snake-like robotic system has being a major factor hindering its wide accept-
ance into medical surgery; hence, this still remains a major research focus. By modeling, 
the problem can be viewed as solving nonlinear relationships between Cartesian and 
joint spaces with little dependencies. Approximations based on soft computing methods 
like fuzzy logic [30], neural networks [31, 32], and evolutionary optimization [33] have 
been proposed as alternatives to conventional IK approaches. However, the artificial 
intelligent methods require training adaptive algorithms for learning implicit relation-
ships between the Cartesian and joint spaces of a particular robot. Moreover, learning 
periods require high storage, and the prediction error is uncontrollable.

Specifically, solving IK in robotics depends on design mechanisms of individual robot. 
Most existing snake-like robotic designs are not capable of accessing hidden abdomi-
nal organs in an accurate and timely manner. A common problem with existing designs 
is spatial inflexibility, that is, inability of a robot to achieve 3D curvy movements fitted 
for cluttered and confined paths in human body. Moreover, kinematic solutions for such 
robotic designs have reduced manipulable areas. This makes it is difficult to apply effi-
cient avoidance schemes which could enhance effective interaction of the robot with 
other organs in a workspace. An IK method with admissible error offset, less compu-
tational time, and effective obstacle avoidance strategy is considered as been robust for 
spatial snake-like robots designed for MIS. Fortuitously, adapting biomorphic serpentine 
motion of natural snakes into such robots can simplify their IK model. By doing this, 
links of the robotic model are divided into several modules, and IK solution is defined 
for the lead-module only. The solution can be emulated by succeeding modules during 
translational movements.

The rest of this paper is arranged as follows. “Design of a flexible snake-like robot for 
radiosurgery” section presents the design of a flexible snake-like robot for radiotherapy 
of gastrointestinal cancer. “Proposed geometric method” section presents the non-iter-
ative geometric method, proposed in this study, for solving IK of lead-modules in the 
snake-like robot. This section considers the flexible snake-like robot designed as a 2(n)-
link manipulator and details of the proposed geometric method for cases of n = 1, and 
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n = 2 are presented. Furthermore, the geometric method is extended for collision detec-
tion and avoidance with other organs in a workspace. “Results and evaluation of the pro-
posed method” section presents implementation and evaluation details of the proposed 
method based on simulated and actual prototype of the snake-like robot. Finally, conclu-
sion of the study and future works are presented in “Conclusion and future works”.

Design of a flexible snake‑like robot for radiosurgery
Figure 1 shows the CAD model of our design for the highly articulated robotic device for 
radiotherapy [14]. The design objective of the snake-like robot is to deliver radiotherapy 
dosage on cancerous cells around the gastrointestinal area in human abdomen. Instead 
of having invasions for excision of targeted cells, the robot is designed to go through 
natural orifices such as mouth, to the gastrointestinal tracts in human abdomen.

Unlike in Wilbert et al. [34] and Zhang et al. [35], the snake-like manipulator has single 
dexterous arm to perform radiosurgical operations. The radiosurgical robotic model was 
designed to exhibit serpentine movements of natural snakes during medical procedures. 
It has a translational actuator for driving the whole mechanism forward and backward 
while navigating through natural orifices, and a series of rotational actuators for con-
trolling the end-effector. Each rotational actuator has a brushless DC motor made up of 
rotor with permanent magnets and stator with windings. Beveled gears with transmis-
sion ratio of 2:1 and reduction ratio of 625:1 are connected with the motors for speed 
and torque control, respectively.

Currently, this study focuses only on solving IK problem to control the rotational joints 
for a given target point. Rotational joints in the snake-like robot are used to connect its 
links as a modular structure. Each module has a pair of two links which are proper link 
and connecting link. Proper links are distinctively longer with a length of 53.12 mm, and 
has two caps fixed at both ends for connection. Each cap is used to house actuators for 
connection with paired connecting link. Each connecting link has a length of 11 mm, 
and basically used for interconnection between consecutive modules in the robot. Each 
link has a single DoF with its direction of rotation solely depending on the instantane-
ous angular value at the base of the link. The links within and between the modules of 
the robot are connected with a pair of orthogonally paired joints; thus, each consecutive 

Fig. 1  CAD model of the snake-like robotic model for radiotherapy
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joint has a joint twist value of ±π/2 rad. The DH parameters for robotic model with 1, 2, 
…, n modules are given in Table 1.

The lead-module of the robotic structure acts as its head. Just as natural snakes con-
tract muscles in each segment of their body by thrusting from side to side while the 
head determines the direction of movement, initialization of motion in the modular 
mechanism starts with linear actuation of the lead-module followed by computation of 
IK required to position the end-effector at via- or target points. Previously, we applied 
optimized Monte Carlo method to achieve a precise IK solution for the snake-like robot 
with 12-DOFs [14]. In the study, forward kinematics of the robot configuration was used 
to compute possible poses in the robot’s workspace. The huge pose matrix was saved in 
a spreadsheet file and a search algorithm was used to select IK solution for given target 
points. The method has high response time, and fails to compute IK of target points that 
were not pre-stored in the spreadsheet.

Motivated by the above shortcomings, we will reduce the problem to solving the IK of 
the lead-module in this present study. Since serpentine movement could be realized with 
trans-rotational follow-the-lead motion using the translational actuator and the first 
n-rotational joints. While the former glides the snake robot forward and backward along 
X-axis, it is pertinent to determine appropriate joint angles that can lead the manipula-
tor’s end-effector to a given target point. Hence, the translational actuator can advance 
all modules in the manipulator one after the other, and the IK solution of a nth module 
can be assumed by the nth + 1 module in the subsequent iteration. With this conven-
tion, it is sufficient to model IK solution just for links in the first module. This will not 
only reduce computation burden expected for the flexible articulated robots but also 
enhance its snake-like movement. Similarly, obstacle collision avoidance is an important 
area of the IK solution. This can necessitate alteration in a pre-defined trajectory of the 
snake-like robot during surgical operation. Hence, the proposed IK method is extended 
by utilizing redundancy found in the lead-module of the snake-like robot to detect and 
avoid collision with other organs in the workspace.

Table 1  DH parameters of snake-like model

n Link id Link length (a), (mm) Twist angle (∝), (rad) Link offset (d) Joint angle (θ)

1 1 53.12 π/2 0 θ1

2 11 −π/2 0 θ2

2 1 53.12 π/2 0 θ1

2 11 −π/2 0 θ2

3 53.12 π/2 0 θ3

4 11 −π/2 0 θ4

n 1 53.12 π/2 0 θ1

… … … … …

2n 11 −π/2 0 θ2n
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Proposed geometric method
The CAD model in Fig.  1 shows a modular robotic manipulator capable of snake-like 
movement with 2n links. We start the proposed geometric approach by computing IK 
solution for lead-modules with two links in Fig.  2a. This configuration may become 
trivially underactuated especially when one of the axial values in the target is close to 
zero. Hence, we extend the geometric method to solve IK of four-link module shown in 
Fig.  2b. This configuration is redundant, and existing methods cannot simultaneously 
solve its IK timely and accurately. Point virtualization is useful in solving IK of robotic 
models [36, 37], and collision avoidance with surrounding organs [38]. This serves as the 
basis of the geometric method we proposed in this study.

Two‑link module

The idea is to locate n-1 virtual points (VPs) that are necessary to determine appro-
priate joint angles for a given target point in an n-link module. The angles were com-
puted by setting of VPs in the Cartesian space of the workspace, and determination of 
angles between connected links. Details of both steps are explained in the following 
sub-sections.

Geometric setting of virtual points

A two-link module requires one VP to determine appropriate joint angles for a given 
target point. It should be pointed out that each link of any serial chain manipulator has a 
single axis of rotation, that is, it can only rotate in a unique plane. Hence, the VP should 
be located such that it coincides with tip of the first link and the base of second link at 
the same time. The distance between VP1 and the base point BP must be equal in length 
with the first link in the robotic model. Since the joints at both links are orthogonal to 
each other, rotation axis of the second link (the blue circles) will vary with respect to 
the joint value of first link as shown in Fig. 3a, b. To locate VP1, distance between VP1 
and the target point (TP) must be equal to the length of second link in the manipulator. 
Hence, these constraints can be satisfied by computing an appropriate base angle (α) as 
in Eq. 1. 

(1)α = cos−1

(

L21 + |O|2 − L22
2 ∗ LV1

∗ |O|

)

Fig. 2  Spatial postures of the proposed snake-like robot. a Two-link module; b four-link module
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where L1 and L2 are the lengths of both links respectively, and |O| is the magnitude of 
the vector between the base and target points. Consequently, the third axial values of 
points BPZ and VP1Z are similar since the first link rotates around the default z-axis. 
Hence, coordinates of VP1 can be determined using Eq. 2.

where 
(

x, y, z
)

 are axial values of BP, and (�x, �y) are differences between the coordi-
nates of BP and TP.

Computation of joint angles base on virtual points

Once an appropriate point is geometrically set as VP1, angles at both joints of the two-
link module is obtained by vectorizing the known Cartesian points. Actually, we can 
make two vectors with the three known points (BP, VP1, TP), however to determine the 
joint angles that connect the two links to their bases, an extra point (EP), which is the 
default coordinates of the tip of first link, is assumed as shown in Fig. 4.

Assuming 
[

�i1,�i2
]

 and 
[

�j1,�j2
]

 are equidistant vectors representing the initial and final 
poses of the two links respectively, the joint angles (θ1, θ2) are calculated using the geom-
etry of cross and dot products [39] represented as ⊗ and ⊙, respectively, in Eq. 3.

Four‑link module

In the last subsection, the proposed geometric method was modeled for two-link mod-
ule. Exact and numerical approaches are also effective for solving IK problems of such 
configuration. Generally, both approaches perform better in modeling IK for serial 
robots with larger number of links provided that just one of the joints has twist value 
different from zero, or if the serial robot has an appropriate number of wrist offsets as in 

(2)VP1 =
[

x+b(�x cos (α)−�y sin (α))√
�x2+�y2

,
y+b(�y cos (α)+�x sin (α))√

�x2+�y2
, z

]

(3)
θ1 = atan2

(

�i1 ⊗�i2,�i1 ⊙�i2
)

θ2 = atan2
(

�j1 ⊗�j2,�j1 ⊙�j2
)

Fig. 3  Location of virtual point between the base and target points. a Rotation axes of joints in the two-link 
module.   b Location of VP1 base on ​the rotation axes
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the case of most industrial robots. However, the approaches are not suitable for resolv-
ing IK of the snake-like model (in Fig. 2b) in a precise and timely manner. Hence, we 
will extend the geometric solution in “Two-link module” section to solve IK of four-link 
redundant module.

Determination of Cartesian coordinates of virtual points

Three VPs are necessary to determine appropriate joint angles for given target points 
in a four-link module, as explained in the case of  ​two-link module. The VPs are classi-
fied either as mid-VP or connecting VP based on certain characteristics explained in this 
sub-section. Both VPs are used to determine possible coordinates of joints in the mod-
ule such that the tip of the last link reaches a given via- or target point.

Mid‑virtual point  To start with, the four-link module is sub-divided into two equidis-
tant halves with a Mid-VP such that links in each half can be manipulated independently. 
Unlike in Sardana et al. [21], the proposed approach is applicable if all links of the manip-
ulator have equal length, every two consecutive links have similar length pattern, or all 
links are distinctive in lengths. These three cases have different peculiarities but we will 
only focus on the second case as it is the case of the radiosurgical robot which this study 
is based on.

Consider the four-link module in Fig. 2b virtualized as an isosceles triangle shown in 
Fig. 5a, if the distance between the base and target points is a chord in a circle, a mid-
virtual point (VPM) is chosen as center of the circle such that:

1.	 it extends with the lengths LV1
 and LV2

 from vertices BP and TP, respectively, in 
Fig.  5a, b and LV1

= LV2
. Hence, the two sides are said to be co-initial equidistant 

vectors from VPM;
2.	 magnitude of each equidistant vectors are greater than lengths of individual links of 

the robot, that is: 
{

LV1
, LV2

}

> Lj ∀j = 1, …, 4; and satisfies the triangular inequality 
rules: LV1

< L1 + L2 and LV2
< L3 + L4. These are explained graphically in Fig. 5a.

3.	 a line connecting VPM to chord BP–TP perpendicularly bisects the chord at mid-
point as shown in the planar view of Fig. 5b;

With a chosen VPM satisfying the above conditions, Cartesian coordinates of the mid 
VP depends on the base angle (α) in the isosceles triangle in Fig. 5b. α is calculated using 
the Cosine expression in Eq. 4.

Fig. 4  Joint angle computation in two-link module
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If correctly chosen, VPM must be perpendicular to chord (BP–TP) at the mid-plane. 
Hence, Cartesian coordinates of the mid-plane, Pb, is calculated using Eq. 5.

where −→BT  is a spatial vector with initial and terminal points at BP and TP respectively 
with a magnitude of Lc. Hence, the spatial coordinates of VPM is parameterized by 
assuming a unit vector, �e, in the direction of −→BT  from the base point, BP, such that the 
vectors: �e and −→BT  are linearly independent. If vectors �u and �v are normalized vectors 
formed by the cross products �u =

(

�e⊗−→
BT

)

 and �v =
(−→
BT ⊗

(−→
BT ⊗ �e

))

 which are per-
pendicular to each other, and both vectors are perpendicular to −→BT  in the geometric 
space, the spatial coordinates of VPM is calculated with Eq. 6 using the height of bisector 
to the chord (BP–TP) given by Eq. 7.

Alternatively, Eq. 6 can be simplified as given in Eqs. 8 and 9. That is, since coordinates 
of the base point 

(

BPx,BPy,BPz
)

 and LV1
 are known, the axial values of VPM in Eq. 6 can 

be calculated as (x′, y′, z′) in Eq. 8.

(4)α = cos−1

(

L2c
Lc ∗

(

LV1
+ LV2

)

)

(5)pb = LV1

LV1
+ LV2

∗ −→BT

(6)VPM = Pb + h

(

�v
∣

∣

∣

∣�v
∣

∣

∣

∣

cos(α)+ �u
||�u|| sin(α)

)

(7)h =

√

(

LV1
+ LV2

)2 − L2c
4

(8)
x′ = BPx + LV1

∗ vx
y′ = BPy + LV1

∗ vy
z′ = BPz + LV1

∗ vz

Fig. 5  Virtualization of the four-link. a Determination of mid-virtual point. b Bisection of chord BP–TP
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where vx, vy, and vz are the coordinates of a unit vector �v defined in the direction of VPM 
with Eq. 9.

where �x, �y, and �z are differences between the respective axial values of the base and 
target points.

Connecting virtual points  IK solution of the four-link module is complex and requires 
analysis of each link in distinct rotational axes of the geometric space. Exceptions to this 
are cases when the angles at first joint and third joint are zero, that is: θ1 = 0 and θ3 = 0; 
or when the angles at second and fourth joint are zero that is: θ2 = 0 and θ4 = 0. In both 
cases, the snake model works with only two-DoF and operates in planar configuration. 
In other cases, the complexity of the four-link module is reduced by defining a common 
point which can connect the links in each part formed by the Mid-VP. These points are 
regarded as the connecting virtual points (VPC), and are defined with respect to the Mid-
VP (VPM) and the given target (TP) as shown in Fig. 6. Since each link has distinct rota-
tional axis, as shown in Fig. 6, the two connecting virtual points are defined with respect 
to VPM. To define VPC1, VPM is considered as target point with BP (in Fig. 6) as its base. 
However, VPM is taken as the base point in the case of VPC2, and TP (in Fig. 6) being the 
target.

Rotations at first joint in each part of the module causes the connecting VPs to be in 
similar plane with their respective bases while rotation at the second joints in each part 
causes spatial deflection of the tip of the second link towards their respective targets. 
Hence, the z-axial values of bases and connecting VP in each part of the module are 
equal, and however, different from that of the target points. As a result, each link of the 
robot is capable of having different orientations. To locate VPC1 and VPC2 in Fig. 6, we 
need to compute their respective angles of elevation σ1 and σ2 in the sub-modules. For-
tunately, the lengths of all sides are known, so we can apply the Cosine rule in Eqs. 10a 

(9)

[

vx, vy, vz
]

=
[

�xcos(α)−�ysin(α)
√

�x2 +�y2 +�z2
,
�ycos(α)+�xsin(α)
√

�x2 +�y2 +�z2
,

�zcos(α)
√

�x2 +�y2 +�z2

]

Fig. 6  Connecting VPs in the rotation axes of four-link module
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and 10b to determine base angles: σ1 and σ2; with which the Cartesian coordinates of the 
connecting VPs are eventually computed in Eqs. 11 and 12.

where (�x1, �y1) and (�x2, �y2) are the differences between the x, y axial values in the 
coordinates of points BP–VPM and points VPM–TP, respectively.

Computation of robot’s joint angles base on virtual points

In the last sub-sections, we have parameterized coordinates of the VPs needed to com-
pute the joint angles with which a four-link module can use to arrive at given target 
point. The angular value at each joint is derived by vectorizing the Cartesian coordinates 
of the VPs obtained in the last sub-section. Alongside the base point, target point, and 
the three VPs, an extra point (EP), which is the initial pose of first link, is assumed as 
shown in Fig. 7a. Finally, the joint angles are computed using Eq. 13.

  where k = 1, 2, 3, 4, and 
−→
Lk and 

−→
L
′
k are equidistant vectors representing the respective 

initial and final poses of the kth link used to compute the kth joint angle.
In the first condition, change in z-axial value (�z) is zero if the rotation produced by 

second link does not cause elevation in the z-axis with respect to previous orientation. 
Before computing θ3, forward kinematics is employed to determine the actual position 
of VPM based on joint angles θ1 and θ2. This is done as link transformation i−1Ti from 
base point (EP) to VPM, with the standard DH convention in Eq. 14.

Any change in the Cartesian coordinates of VPM requires VPC2 in Fig. 7 to be recal-
culated before the remaining angles [θ3, θ4] are computed. As explained in Wang et al. 
[40], the workspace of a robotic model is, cumulatively, the accessible area that can be 
referenced by the end effector. Since both sub-modules operate together in a single 

(10a)σ1 = cos−1

(

L2V1
+ L21 − L22

2 ∗ LV1
∗ L1

)

(10b)σ2 = cos−1

(

L2V2
+ L23 − L24

2 ∗ LV2
∗ L3

)

(11)VPC1 =
[

BPx+L1(�x1cos(σ1)−�y1sin(σ1))
√

�x21+�y21

,
BPy+L1(�y1cos(σ1)+�x1sin(σ1))

√

�x21+�y21

, BPZ

]

(12)VPC2 =
[

VPMx+L3(�x2cos(σ2)−�y2sin(σ2))
√

�x22+�y22

,
VPMy+L3(�y2cos(σ2)+�x2sin(σ2))

√

�x22+�y22

, VPMZ

]

(13)θk = atan2
(−→
Lk ⊗

−→
L′k ,

−→
Lk ⊙

−→
L′k

)

(14)i−1Ti =







cosθi −sinθicosαi sinθisinαi αicosθi
sinθi cosθicosαi −cosθisinαi αisinθi
0 sinαi cosαi di

0 0 0 1






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workspace and the consecutive joints have orthogonal relationship, there is possibility of 
position offset between the computed and actual target points. Possible error value was 
minimized with Eq. 15. This updates the value of θ1 with respect to the target position, 
as shown in Fig. 7b.

where γ is the angular displacement by using the inverse of sine function. It should 
be noted that, this is only applicable when the computed target point, verified with 
fkine

(

θ ′1, θ2, θ3, θ4
)

, is closer to the actual target point than fkine(θ1, θ2, θ3, θ4). This helps 
to obtain the best angle-set for given target point.

Safety mechanism of the proposed IK method

Aside precise control and fast response, safety of an IK method is also important for 
effective interaction of surgical robots with non-targeted organs along a given trajectory. 
An avoidance strategy is added to the proposed geometric IK method for validating the 
VPs computed in “Two-link module” and “Four-link module” sections.

Collision detection

The proposed IK method is enriched with a function that avoids collision of the spatial 
snake-like robot with organs around a given trajectory in the manipulable area of the 
robot’s workspace. The first step is to check for possibility of collision between a link of 
the robot and such surrounding organs. For instance, if a via-point along a given trajec-
tory is the target point (TP) set as input into the proposed IK method, collision with 
organs is analyzed based on individual rotation axis of each link in the robot. The VPs 
that are required to position the end-effector at TP are obtained as explained in “Four-
link module” section. Thereafter, each link is circumscribed in a circle with radius equal 
to length of the link. Similarly, the organs in the manipulable area are circumscribed, 
uniquely, in different spheres. Assuming 

[

liX , l
i
Y , l

i
Z

]

 and [kX , kY , kZ] are the center points 
of circumscription for lth link and kth non-targeted organ in the manipulable area, 

(15)θ ′1 = θ1 ± γ

Fig. 7  Vectorization of known points (EP, BP, VPC1 , VPM , VPC2 and TP) for joint angles in four-link module. a 
Computation of individual joint angles. b Error minimization from the base joint
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respectively; probability of collision between the link and the organ is checked with 
Eq. 16.

where PoCi–k is the probability of collision; ri and dk are the radii of circular and spheri-
cal circumscription of the lth link and kth obstacle in the manipulable area, respectively.

Collision avoidance

This is an important step used to validate the aptness of VPs obtained in “Two-link 
module” and “Four-link module” sections for a given TP. Once the probability of col-
lision between any of the links in snake-like robot and an organ around a given trajec-
tory in the manipulable area of the workspace is set as one in Eq. 16, it is pertinent to 
find alternative joint configurations that can position the end-effector at TP. Thus, the 
initial VPs computed for the links could cause damage to the organ and should there-
fore be avoided. For the two-link module, only one VP1 exists for all target points reach-
able by the configuration. This is due to under-actuation in the Cartesian space and joint 
space of the configuration. It can be seen that any slight change in axial values of VP1 will 
deflect the end-effector from TP in Fig. 3b. This vindicates inexistence of two VP1 for a 
single target point in the under-actuated module.

Contrarily, the four-link module is redundant with an extra link and thereby gives 
room for more than one joint configuration for most target points. For an initial set of 
VPs, if the probability of collision of any of the links with an organ in the manipulable 
area is greater than zero, a collision avoidance strategy is implemented. This is done by 
modifying base angle (α) in Eq. 4 so that an alternative location of VPM in Fig. 5 can be 
computed. The base angle is redefined as Eq. 17 and new coordinates of the mid VP is 
recomputed.

Similarly, several locations of VPM can be gotten by varying length of the bisector of 
chord BP–TP. Each new VPM gives a unique IK solution which can be used to avoid col-
lision with surrounding organs in the workspace. These procedure are utilized for safe 
interaction of the robot with other organs in robot’s manipulable area.

Results and evaluation of the proposed method
The proposed method was implemented on simulated and actual prototype of the snake-
like robot. Results of the proposed method and evaluation against commonly used 
methods are presented in this section.

(16)PoCi−k =











if

��

�

�

kX − liX
�2 +

�

kY − liY
�2 +

�

kZ − liZ
�2
�

− ri

�

≤ dk 1

else 0

(17)α = −
(

cos−1

(

L2c
Lc ∗

(

LV1
+ LV2

)

))
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Implementations and results

The proposed method was tested in Matlab simulation and the current prototype of 
the snake-like. Models for two-link and four-link modules were simulated in Matlab 8.3 
(R2014a) using Robotics Toolbox [41]. This study was carried out on a Lenovo M4380 
desktop Computer with Intel® duo processor of Core i3-3420 (2.40  GHz each), and a 
2 GB RAM. The DH parameters of both modular configuration are cases of n = 1 and 
n = 2, respectively, in Table 1. It should be noted that the four-link module is capable of 
spatial rotations in four orthogonal planes without offset in any joint. To the best of our 
knowledge, there exists no single method that has solved the IK of such modular con-
figuration with both with high accuracy and short computational time, simultaneously.

Simulation results from arbitrary points

Following the procedures of the geometric method proposed in this study, the computa-
tion of virtual points necessary for both two-link and four-link modules to reach target 
points in their respective workspaces are given in Table 2. The base point is always posi-
tioned at the origin (0, 0, 0) in both configurations while coordinates of some reach-
able points are set as the target. Only one VP is needed in the two-link configuration 
as shown in the first four rows of Table 2. It can be seen that the values at z axis of base 
point and VPC1 are equal and similarly for VPM and VPC2. The value of VLi=1,2

 was ration-
ally fixed at 64 mm in this simulation based on the conditions explained in “Determina-
tion of Cartesian coordinates of virtual points” section. The joint angles were computed 
based on Cartesian coordinates obtained for the derived VPs in Table 2, in addition with 
the Cartesian coordinates of the fixed base point (0, 0, 0); the target point which is the 
input to the geometric method.

Coordinates of the extra point (EP) used for this simulation is (11, 0, 0). This is the 
default location of the tip of first link in the snake-like robot. The fifteen postures in 
Fig.  8 are the Matlab plots obtained when theta values computed by the proposed 
method are set as joint angular values in both configurations.

Simulation result from pre‑defined path with obstacles

Implementation of the proposed IK method was also verified for safe interaction with 
organs around given paths in the workspace. For this purpose, boundary of an ellipsoi-
dal shape was set as desired path, amidst several bodily organs represented as spherical 
objects with varying sizes in the workspace. Axial values of points along the ellipsoidal 
path were generated with Eq. (18), and set as targets of the robot, consecutively.

The parameterized ellipsoidal path is made up of 100 spatial points out of which 10 
via-points were evenly chosen and set as input into the proposed IK method. As shown 
in Fig. 9, the proposed method was able to resolve the kinematics based on the target 
points. The probability of collision was greater than zero for 4th link and 2nd link in 
transitions P1–P2 and P2–P3, respectively. In both cases, the proposed method used the 
alternative base angle to compute another set of VPs that could move the links through 

(18)(x − 30)2 +
(

y− 25
)2 + (z − 55)2 = 33
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the via-points successfully without collision. The target points and corresponding final 
joint angles computed for the points are shown at right hand side of Fig. 9b.

Experimental results

The proposed method was also tested on prototype of the snake-like robot. Currently, 
the robotic mechanism can only support four-link drive due to iterative prototyping 
methodology adopted for its design. The geometric IK method for four-link module was 
implemented graphically in LabVIEW® (National Instruments). This programming envi-
ronment was chosen because of its built-in support for NI CompactRIO (cRIO-9118) 

Fig. 8  Simulation results for the arbitrary target points in Table 2. a–o ​Matlab plots for the 15 target points in 
Table 3
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with FPGA reconfigurable chassis and digital I/O modules which were used for control-
ling motor drives at the robot’s joints. Suitability of the proposed method was tested 
with the actual robot using coordinates of the last three points in Table  2. The joint 
angles obtained from the geometric method were set at each joint of the robot, and posi-
tion of tip of the last link was recorded. The current prototype of the snake-like robot 
does not feature a position sensor. To obtain its position in the world coordinate system, 
an NDI passive marker was fixed at tip of the robot’s last link, and its Cartesian location 
was recorded with a Polaris NDI tracking navigation system [Polaris Spectra, Northern 
Digital Inc. (NDI), Canada]. The default posture of the actual robot and final postures 
obtained from the last three target points in Table  2 are shown in Fig.  10a–d respec-
tively. Location of the marker recorded for each target point is appended to the corre-
sponding postures in Fig. 10.

It can be seen from Fig. 10 that the snake-like robot can achieved similar results as the 
simulated model. The final tip position in each figure is closely reached when the robot’s 
joints were rotated by angles calculated from the proposed IK method. Error offsets in 
final postures of the actual robot with respect to the simulated model are annotated with 
red in the figures. The low offset values further validate the proposed geometric approach.

Model evaluation and discussions

Position accuracy and response time are two major metrics that are commonly used 
to evaluate IK methods in medical robotics. Basically, position accuracy is the euclid-
ean distance between a given target point and the actual point reached by an IK 
method, while response time is the total execution time needed to solve IK problem 
for a single target point. The proposed method is validated with both metrics in this 
section.

Fig. 9  Interaction with surrounding organs. a Ordinary IK method. b IK with collision avoidance

Fig. 10  Final postures of actual robot for last three target points in Table 2
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Arbitrary points in workspace

First, we evaluated the proposed method based on error offsets in each of the plots in 
Fig. 8. We applied forward kinematics to determine the actual coordinates of last link’s 
tip when the joint angles computed by our proposed method were set as input. The error 
values are the differences between axial values of given targets and the corresponding 
actual points in each plot. The joint angles computed for each point, alongside actual 
points and error values are summarized in Table 3.

Magnitude of the error values are given in the last column of Table  3. It can be 
observed that the error values obtained for the two-link module are always less than 
1 µm. This is because the module has just two-links and its exact solution comprises of 
three unknown in two equations, hence, some dependencies can be established. How-
ever, the error values in the case of four-link module are comparatively large. These can 
be attributed to existence of differences in direction of rotation of each link. Irrespec-
tively, tip of the last link is always very close to the target with maximum error of 1 mm 
except in rows 13 and 15 of Table 3.

Complete workspace evaluation

Robustness of the proposed geometric method is further checked by validating points 
that make up the complete workspace. By using 0.01425 and 0.3 rad as angular interval, 
workspaces for both two-link and four-link modules are generated with forward kine-
matics. As presented in Table 4, validation result shows the proposed method can deter-
mine 99.21% of points in the two-link’s workspace, 88.61% of points in the four-link’s 
workspace with error threshold value of 1 mm. The percentage accuracy of the latter also 
reached 99.50% when the error threshold was set as 3 mm. Nonetheless, there were still 
some points with position error values greater than 3 mm in both workspaces as shown 
in plots of Fig. 11. 

Analyses of both workspaces show that, the percentage accuracy of the proposed geo-
metric method is relatively high. Although, several points in both workspaces were still 
unreachable despite increasing the error threshold to 3  mm. Most of these points are 
found at the mid-horizontal boundaries of both workspaces where the DOFs in succeed-
ing links cannot be fully utilized due to certain rotations that occurred at one or more 
preceding joint(s).

Comparison with existing methods

Finally, the proposed method is compared with some existing methods used in solving 
IK problems. For this purpose, we implemented Jacobian Damped Least Squares (DLS), 
Jacobian Transpose, and Jacobian Damped Least Squares with Singular Value Decompo-
sition (SVD-DLS), which are popularly used in robotics control. Details of these numeri-
cal approaches can be found in [24]. In addition, we implemented CCD [27] and fast 
iterative solver [28] which are geometric methods with iterative error minimization. 
We considered iterative methods only because, to the best of our knowledge, there is no 
exact approach for the proposed snake-like model at the time of this study.

A careful observation on Fig.  11a shows the effects of under-actuation of two-link 
module. Hence, we used the four-link model to evaluate all the six methods. To elimi-
nate bias effects from the positive gain constants in the numerical methods, we set a 
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unique value of 1 for both alpha and lambda. Also, we set a value of 500 as the maximum 
number of iterations to avoid endlessness in cases where such points are unreachable 
for any of the method. Since response time and position accuracy are major parameters 
needed for operation of robotic manipulators in assisted-radiosurgery, performances of 
the six methods were adjudged based on percentage accuracy, mean execution time, and 
average number of iteration of each method over 194,481 points that make up the work-
space. Results of comparison are summarized in Table 5.

With an admissive error threshold of 1  mm, the percentage accuracies obtained for 
the six methods are shown in Fig. 12. It can be observed from bars of the plot that Jac-
obian SVD-DLS and Jacobian DLS can compute IK for target points in the four-link 
module workspace with percentage accuracies of 99.5 and 98.9%, respectively, while the 
proposed method has a percentage accuracy of 88.6%. Aside its accuracy, the proposed 
method has the least response time when compared with other methods.

Response time is the total execution time of an IK method for a single point-to-point 
movement. The proposed method has a maximum response time of 0.009 s, which is sig-
nificantly close to zero in reaching each point in the four-link robot’s workspace.

As clearly indicated in Fig. 13, execution times of both SVD-DLS and DLS methods are 
higher than that of the proposed geometric method. Both methods have response time 
less than 0.1 s in approximately 0.004% of points in the whole workspace. Both methods 
(that is SVD-DLS and DLS) require mean execution times of 0.36 and 0.41  s, respec-
tively, to compute the IK of a given target point. In their best cases, the two methods 
completed computation of IK for 96.5% of the points in the workspace at approximately 
0.95 s. On the other hand, the proposed geometric method requires less than 0.01 s to 
compute IK of any point in the workspace. This is more than 30 times faster than both 
DLS and SVD-DLS, hence the proposed method has the shortest computational time 
when compared with other methods.

Table 4  Error analysis of the proposed geometric method

Robot  
configuration

Angular  
interval (rad)

Total points 
in workspace

Points reached 
by link  
configuration

Percentage 
reachability 
(%)

Error 
threshold 
(mm)

Two links, 1 Twist 0.01425 194,481 192,939 99.21 1

Four links, 2 Twist 0.3 172,338 88.61 1

193,507 99.49 3

Fig. 11  Evaluation of proposed method with workspaces of two- link (a) and four-link (b) modules
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It is pertinent to emphasis that accuracy is an important factor in medical robot-
ics. However, despite the high accuracies of SVD-DLS and DLS methods (reported in 
Table 5), the methods cannot be used for solving IK of such surgical robot as it will cause 
delay in a master–slave teleoperative system. A way to ensure trade-off between these 
two sensitive metrics is to widen the admissive error threshold for the sake of efficient 
run-time control. As reported for the four-link module, a careful analysis with special 

Table 5  Comparison of the six methods based on accuracy, execution time, and mean iter‑
ation

IK methods Ranges of error magnitude 
(mm)

Execution time (s) Average iteration

e ≤ 1 1 < e ≤ 3 e > 3 t ≤ 0.1 0.1 < t ≤ 1 t > 1

Proposed method 172,338 21,169 974 194,481 0 0 1

Jacobian SVD−DLS 193,514 211 756 729 187,437 6315 12.61 ± 23.7

Jacobian DLS 192,389 1139 953 8 187,679 6794 20.58 ± 67.8

Jacobian transpose 8103 10,361 176,417 0 4751 189,730 500

CCD 12,192 14,795 167,494 23 7617 186,841 379.46 ± 185.3

FABRIK 18,788 22,528 153,165 39,613 11,649 143,219 327.12 ± 217.5

Proposed SVD-DLS DLS Transpose CCD FABRIK
|e| = 1mm 0.886 0.995 0.989 0.042 0.063 0.097
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IK Methods

Fig. 12  Percentage accuracy of the IK methods with error threshold of 1 mm

t <=0.1 0.1< t <=1 t >=1

Proposed 1.00000 0.00000 0.00000

SVD-DLS 0.00375 0.96378 0.03247

DLS 0.00004 0.96502 0.03493

Transpose 0.00000 0.02443 0.97557

CCD 0.00012 0.03917 0.96072

FABRIK 0.20369 0.05990 0.73642
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Fig. 13  Percentage convergence of IK methods with respect to time (s)
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focus on accuracy shows that the proposed geometric method can compute IK of 99.49% 
of the workspace points with a maximum error of 3 mm. Hence, aside an extra merit of 
being computationally faster, setting the error threshold value as 3 mm makes the accu-
racy of the proposed method to meet up with both SVD-DLS and DLS methods; and it 
can be very applicable in radiosurgery.

The performances of the other three methods are not encouraging based on both met-
rics. FABRIK performed better than both CCD and transpose technique in terms of both 
metrics. For instance, it attained percentage accuracies of 9.7% at an error threshold value 
of 1 mm, and also converged in 20.34% when t ≤ 0.1 s. Also, CCD attained accuracies 
of 6.3% at an error threshold value of 1  mm. It performed better than Jacobian trans-
pose which is very unstable. Usually, the three methods require more than 500 iterations 
to reach desired target points. This was confirmed by increasing the maximum iteration 
value to 1000 and, in fact, they only performed better when one of the axial values of tar-
get points is close to zero. Despite increasing the threshold value to 3 mm the three meth-
ods could only determine 9.5, 13.9, and 21.2% points accurately in the workspace with 
an average execution time of 4.78 s, 7.08 s, and 15.71 s, respectively. Although, the Jaco-
bian methods have natural tendency to cope with joint complexities, however they con-
verge very slowly. This can be attributed to the consistent orthogonal joints that connect 
consecutive links in the design of the proposed snake-like robot. Hence, the methods are 
quite unreasonable for the purpose of the snake-like robot proposed in this study.

Conclusion and future works
In this study, a non-iterative geometric method has been proposed for solving IK of lead-
module in spatially redundant snake-like robotic manipulator designed for radiosurgical 
operation. The modular robot is designed such that there are 2n links in each module 
and the direction of rotation of each link is orthogonal to the preceding one. This is 
quite complex for existing approaches; hence, the basic idea of the proposed method is 
to define n-1 VPs in the workspace of an n-link module. Positions of the VPs determine 
viable joint space (posture) needed to place tip of the last link at given targets in a work-
space. Similarly, location of the mid-VP for a given point can be varied to compute mul-
tiple IK solutions. This is useful for collision avoidance and safe interaction between the 
snake-like robot and other organs in its workspace. In this paper, the geometric method 
is applied to solve IK of two-link and four-link modules which are capable of spatial nav-
igations. Results from Matlab simulation prototype of the snake-like robot show that the 
proposed method is computationally inexpensive, fast and accurate. Collision avoidance 
strategy enriches the proposed method in switching between different joint configura-
tions rather than interrupting movements of links in cluttered areas.

In the future, we will investigate on how to transfer IK solution of the lead-module 
to succeeding ones in a trans-rotational iterative process such that the manipulator 
can replicate snake motion. This work is part of a developmental robotic system for 
abdominal radiosurgery with minimal  and no-invasion. This paper focuses on solving 
the kinematic problem of the robotic system. There is need to improve the IK method 
for automatic selection of optimal joint configuration on run-time. Furthermore, path 
planning, trajectory, and analysis of torque and force acting at each joint are vital for 
success of surgery in real clinical situations. Finally, dynamics of the actual robot shall be 
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considered along with the IK method for minimal or no invasion experimentation trials 
in animal.
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