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Abstract

We obtain an expression for computation of the Riesz angle in weighted Orlicz sequence spaces. We use this
expression to find some estimates of the Riesz angle for large classes of weighted Orlicz sequence spaces.

Introduction

In order to generalize the technique in [1] for ¢y to a larger
class of Banach lattices, Borwein and Sims introduced in
[2] the notion of a weakly orthogonal Banach lattice and
Riesz angle a(X). A Banach lattice is weakly orthogonal if
limy, 00 || |4 A %] || = O for all x € X, whenever {x,}5° ;
is a weakly null sequence, where |x| A |y| = min(|x|, |y]).
The Riesz angle a(X) of a Banach lattice (X, || - ||) is

a(X) = sup{[[(lx| v [yDIl = x| < 1, [yl <1},

where |x| V |y| = max(]x]|,|y|). Clearly 1 < a(X) < 2.
If there exists a weakly orthogonal Banach lattice Y such
that d(X,Y).a(Y) < 2, where d(X,Y) is the Banach-
Mazur distance between the Banach spaces X and Y and
a(Y) is the Riesz angle of Y, then X has the weak fixed
point property [2]. The coefficient R(X) for a Banach space
X is defined, and a connection between a(X) and R(X)
is found in [3]. If there exists a Banach space Y with
weak Opial condition, such that d(X,Y).R(Y) < 2, then
X has the fixed point property [3]. An N-dimensional
Riesz angle for a Banach lattice is introduced and stud-
ied in [4]. A fixed point theorem is proved involving the
N-dimensional Riesz angle of the space [4].

The Riesz angle is an important geometric coefficient
in Banach lattices [5-7]; therefore, the finding of formulas
for its calculation or estimation is an interesting problem.
Estimations of the Riesz angles in Orlicz function spaces
are found in [8]. Some estimations of the Riesz angles in
Orlicz sequence spaces equipped with Luxemburg norm
and Orlicz norm were found in [9]. Later, a formula for
computing the Riesz angle in Orlicz spaces is obtained
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in [10]. We refine the technique in [10] to obtain a for-
mula for the Riesz angle in a wide class of weighted Orlicz
sequence spaces. We apply this formula to find the Riesz
angle in some classes of weighted Orlicz sequence spaces.
An open problem is to find formula for the computation
of the N-dimensional Riesz angle, defined recently in [4],
in Orlicz spaces.

Methods

We use the standard Banach space terminology from [11].
Let X be a real Banach space, Sy be the unit sphere of X.
Let 0 stand for the space of all real sequences, i.e. x =
()2, € 29, N is the set of natural numbers and R is the
set of real numbers.

Definition 1. A Banach space (X, || - ||) is said to be a
Kothe sequence space if X is a subspace of £° such that
() If x € £y € X and |x;| < |yi| forall i € N then
x € Xand |lx|| < [yl
(ii) There exists an element x € X such that x; > 0 for all
ieN.

We recall that M is an Orlicz function if M is even, con-
vex, M(0) = 0, M(¢) > O for ¢ > 0. The Orlicz function
M(t) is said to have the property Aj if there exists a con-
stant ¢ such that M(2t) < cM(¢) for every ¢t € R. A weight
sequence w = {w;}°; is a sequence of positive reals. Fol-
lowing [12], we say that w = {w;}°, is from the class
A if there exists a subsequence w = {w; }22, such that
limj_, oo wi, = 0 and Y 22, w;, = oo. A weighted Orlicz
sequence space £;7(w) generated by an Orlicz function M
and a weight sequence w is the set of all sequences x € £°,
such that the inequality M (x/A) = D2 wiM(xi/A) < 00
holds for some A < oo.
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It is well known that the space €;;(w) is a Banach
space if endowed with Luxemburg’s norm |x|y =
inf{r >0: ) 2 wiM(xi/r) < 1} or with Amemiya’s
norm |||x|||p = inf{% (14 2072, wiM(kxy)) : k > 0}.

We will write £3;(w, || - ||a) and Lar(w, ||| - |||m) for the
weighted Orlicz sequence spaces equipped with Luxem-
burg’s and Amemiya’s norms, respectively. Luxemburg’s
and Amemiya’s norms are connected by the inequalities:

Il < 11 THae < 200 Nl

We will write £3;(w), when the statement holds for
the weighted Orlicz sequence space equipped with both
norms - Luxemburg and Amemiya. The space £p;(w),
endowed with Luxemburg’s or Amemiya’s norm is a Kéthe
sequence space. In [13], Ruiz proved that the weighted
Orlicz sequence spaces £37(w) are all mutually isomorphic
for the weight sequences w = {w,};2; € A. Sharp esti-
mates are found in [14] for the cotype of £3(w), which
depends only on the generating Orlicz function, when the
weight sequence verifies the condition w = {w,}°; € A.
It is proved in [15] that £,;(w), endowed with Luxemburg’s
or Amemiya’s norm, has weak uniform normal structure
iff M € A, at zero, when weight sequence verifies the
condition w = {w,}°°, € A. Weighted Orlicz sequence
spaces were investigated for example in [16-18]. Let us
mention that if the weight sequence is from the class A,
then a lot of the properties of the space £,;(w) depend
only on the generating Orlicz function M [14,15], which
is in contrast with the results when w ¢ A [12,13,15]. All
these inspired us to find the Riesz angle in a wide class of
weighted Orlicz sequence spaces.

Results and discussion

Theorem 1. Let M be an Orlicz function with the Ag-

condltlon and w = {w;}7°, € A. Then, the Riesz angle of
= (Lyr(w), || - ||) can be expressed as follows:

X 1
a(X) = sup {kx MW (k ) = E’x € SZM(W)} .
X

Theorem 2. Let M be an Orlicz function with the Aq-
condition and w = {w;}72, € A. Then, the Riesz angle of
= (Layr(w), ||| - |l|) can be expressed as follows:

dX) < a(X) < 3 (X,

~ kx k—1
inf {dyx: M ():}
llll= 1k>1{ PR dy 2

where

d(X) = sup

Lemma 1. Letw = {(w;}°; € Aandv = {(vi}i°, € A be
an arbitrary subsequence of w. Then, there exist sequences

of naturals {m(s)}ool, {k(s)}ool, s € N, such that
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(€8] (e8]
1 =k

(n)

KD < m®, (s=1)

m(s) < k(s) k(s) <m,

for mi,seNn>2,i+s=n+1,

and for every i € N, there holds the equality

(s)
k;

S y=wm

s= l] m(s)

Proof. By v € A, it follows that there is a subsequence
{v;}}22;, such that limj_,oc v;; = 0 and 337%; v;; = oo. For
the simplicity of the notations, let the subsequence {v;, }]OO1
denoted by {v;}2,. We will prove the Lemma by 1nduct10n
on n:

(i) Let n = 1. We can choose mgl), k;l) so that

D -
— M
and
(1)
kl
w1
W1_7§ Z Vj<W1.
(1)
j= my

Let us use the notation

p K
ZZV]'.

s=1 1:mf

f(i»P) =

(ii) Let n = 2. We will show that we can choose m(s) k(s)
i+ s =3, so that

KD < m® < k® <D < kD

< my < m,
and
3—i k(s)
Wi
w; — _ZZV<W,, for i=1,2.
23—i J
s—l, m(S)

Indeed, let us choose first miz),k?) e N: kil) <

mgz) < kiZ), such that
x®
w1——<f(1 1) + Z Vi < wi.
jon?

Then, we choose m(zl),kél) e N: kiz) < m(zl) < kél),
such that

(1)
2_7< Z Vi < wa.

1
j=my”
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(iii) Suppose that for » = p, we have chosen {m( )yoo

{ki(s)};?il, i +s = p + 1 with the properties:

i=1’

k(l)1 < mip)’ is < ki(S)’ki(S) < ml(i—ll)
fori+s=p+1and
W pil—i kP
Wi_sz;—iEZ ZV,’<W,‘, for i < p.
s=1 j= m(s)

(iv) Let » = p + 1. We will show that we can choose

N, {k“>}°°1, i+5=p+2,s0that

k}(}n < m(p+1) k(s) k(s) 51711)
fori4+s=p+2and

p+1-i k()
Wi s < Z Y vy <w, W
1 jem®

fori<p+1.

(p+1) k(PJrl) e N: k(l)

Indeed, let us choose first ml <

§p+1) < kipﬂ), such that
kip‘*’l)
w1
WL ST <f(L,p) + Z Vi < wi.
(D)
j=my
Then, we choose mgp),kép) e N: k{pﬂ) < m(p) < kép),
such that
w2 k;P)
wz—g <f2p-1+ Z Vi < wa.
®
j= my

If for iy < p — 1 we have chosen m(p io+2) k(p 0+2)

N to satisfy the inequalities k(p i1 l(g’ ot
kl.(f ©+2) such that
kl‘(él—io+2)
Wiy — - L0+2 —f(lOr iO + ].) + Z Vi < Wiy,
(p—ip+2)

j=m?

then for iy + 1 < p, we choose w0t p—iotD) .

io+1 io+1
(p—io) (p—io+1) _ 1 (p—io+D)
ki0+1 mlo+l = klO+1 ’ such that
. Wig+1 < . 1 .
Wig+l = Spipt1 _f(lo + 1,p —io)
(p—ip+1)
kl'o+1
+ Z Vi < Wip+1.
. (p—ig+D)
J=Miy 11
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On the last step for i = p + 1, we choose m;le, k;izl eN:

k;,z) 1(721 < k(l)1 such that
)
Wi Ky
+
Wyl — 1’2 < > vy=fe+11) <wp.
/:m;(alll

o
n i
By (1), it follows that lim »° > v; = w; holds for
n

—00
S_lj:ml(s)

everyi € N. O

Theorem 3. [19] Let the iterated series Y | > oo, as, be
given. If the series Y o1 Y o2, |as,| is convergent, then for

: N > N the series 3., . a’") is

any permutations i, o n,s % ()

convergentand ), ca ;Ei,)) =il D e Ay

Lemma 2. Let M be an Orlicz function with the Aj-

condition and w = {w;}7°, € A. Let Ly(w) be equipped

with Luxemburg’s or Amemiya’s norm. Then,

(1) For every x € Lpr(w), such that A7[w(kx) < 0o, for every

A >0, there are y,z € Ly(w), such that |y| A |z| = 0,
W(Ay) M, (\z) = M,,(x), forany » > 0

(2) For every x € S(yw)|-|) there are y,z, such that

I A lzl =0, 9,2 € Sepwyl-

(3) For every x € Syl there are y,z, such that

Iyl ALzl = 0, 9,2 € S i1y

Proof. (1) Letx = {x,}52, € tm(w) Ee arbitrarily cho-
sen. By M € Ay, it follows that M,,(Ax) < oo for
every A > 0. By w € A, it follows that we can choose
two subsequences v = {v;}7°,, u = {u;}°; of w, such
thatvyue A,vNu=0,vUu=w.

By Lemma 1, there are sequences of naturals
m7132), V120 (12 18712y s € N, such
that

1<m® <k, 1<aV <p?

KD, <, m < KO, KO < D

for myi,se N,n>2,i+s=n+1

(6] (n)

,Bn1<(¥ (s 1)

is </3(S)ﬁ(5)
for n,i,seN,n>2i+s=n+1

and there hold the equalities

oo Kk’ o B
2. u=wi=2 2
s= 1] m(S) s= 1} a(S)

for everyi e N.
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Put
ok o B
=Y mga =3 Y e
s_ll qus) s:lj a®

andy = Y% yn, 2 = 3,2 2y We will show that
My, (Ay) = My, (Az) = My, (Ax), for any A > O

Let 2 > 0 and put a5, (1) = M(\xy) Z

n,s € N. Let us consider the infinite matrlx

) v; for

al) ai) a3 ...oai(h) ...
al(n) a2 a3 ...oas(h) ...
al) a2 a3 ... a0 ...

For every n e N, the equality > o0, a5(A) =
MOxy) Y o2y Z ) v; = w,M(Ax,) holds and thus
pBAED S an(k) = Y ol waM(kx,) < oo for
every A > 0. By a5, (A) > O for every n,s € N and
Theorem 3, it follows that for any two permutations
7,0 : N — N, the series Y > a o(s) () is convergent

n,s n(n)

and there hold the equalities

S0 = 30 Y a0 = A tia)
.8 n=1 s=1

Consequently, there exist two permutations 7,0 :
N — N, such that we can write the chain of equalities

oo p—1

MyGy) = Y Y dy "

p=2n=1
00 p— 1 k(s)

= > > viM(xy,)

p=2n_1j ) 2)
=379 (5
= Lazio)

o0

- Z Za;(x) = M, ().

Similarly, if we put b5,(\) = M(ixy,) Z

n,s € N, we get the chain of equalities

o v;j for

oo p—1

MyGz) = Y. Y B

p=2n=1
0 p-1 B

> Z > uiM(Axy,)

p=2n= ] a(é) (3)

=2 b7 ()

Z st =

n=1s=

W()\'x)'
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(2) If & = 1, then by My, (y) = M, (2) = M, (x) = 1 we
get thatif x € Sey, (), 1-1) then y,z € Spyw) |-
(3) Ifx € S([M(w) IIRIDIS then by (1 ) it follows that 7(1 +
w(?»y)) =7 L(14+M,(\z2)) = 5 L (14 M,,(Ax)) for any
A > 0. Therefore, if |||x||| = 1, then |||y||| = |||z]|| =
x| = 1.
O

Lemma 3. Let M be an Orlicz function with the As-
condition and w = {w;}°, € A. Then, for every x €
Scepw) ) and k > 1, there exists a unique dy > 1, such

k _ k-1
thﬂtM ( <xk> =5

Proof. Let x € Sy w),-n and k > 1 be arbitrar-
ily chosen and fixed, then we define the function S(d) :

[1,400) — Rby @) = My (%) = L2 win (%),
By the inequality M <ka) < M(kx;) and the convergence

of the series Y .~7" M(kx;), it follows that Y%, w;M (kf;i)

is uniformly convergent on [ 1, 400). Thus, S is a continu-
ous function. It is easy to see that S is a strictly decreasing
function on [ 1, +00). Therefore, by the inequalities

k—1

S = Myke) = [llkalllar = 1=k =1 > ——
and
kx k—1
li d l M, =0< —,
Jm @ = i i () =0< "5
we get that there is a unique d,x > 0, such that f(d,x) =
Y k. k—1

Lemma 4. ([10]) For a Kéthe sequences space (X, || - ||), the
Riesz angle a(X) can be expressed as

a(X) = sup{l[(|x[ v [yDIl : %,y € Sx, [x[ A [y| = 0},

where |x| A |y| = min{|x|, |y|}.

Proof of Theorem 1 (1). Letx = {x,,}7>; € St w), |- be
arbitrarily chosen. By w = {w;}?°; € A, it follows that we
can choose two subsequences v = {v;}7°,, u = {u;}°; of
w,suchthatv,u e A,vNu=0,vUu =w.

It follows from Lemma 1 that there exist sequences of
naturals {m(s)}l iy {k(s)}ool, {a(s)}wl, {/S(S)} 1»8 € N, such
that

1 Sm(ll) Skil), 1 Ea(l) 5/3(1)

(s—=1)

k(l) () (s) < k(S) k(S) <m

1 <y, my
for n,l,seNn>2 i+s=n+1,
'Br(ll) () ,B(S) ﬁ(s) <a(s 1)

<oy, Ol
for mi,se N,n>2,i+s=n+1
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and there holds the equalities

00 ki(s) 00 5(S)
D v=Ewi=) )
s= 11 ml(S) s= 1} a(S)

for everyi € N.

We can put
o kY o By
ZEDIDIE DI
s= 1] m(S) s= 1] a(S)

andy = Y58y 2 = Yo, 2.

Using Lemma 2, we get that ¥,z € Sg,w),.) and
Z\N/IW()»x) = MW(Ay) = ]\N/Iw(kz) for any A € R.

By the choice of the subsequences v, u C w, we have that
[yl Alz| = 0and |||yl V |zl = lly + z||. Therefore, we can
write the chain of equalities:

= i (55)
e (HnyZIJ + M, <I|y+ZH>
)

o x
= 2My (u<|y\v|z\>u

Consequently, it follows that for every x € S m),|-I)»
there exists ky = |(1y| V |2, such that #, (£ ) = 1. By

Lemma 4, we get the inequality

~ 1
a(X) > sup {kx:MW (:) = Z,XGSX},
x

where X = (Lyr(w), || - |-
On the other hand, let us put

1
D=sup{k M( )=2’x€S(ZM(W),||'||)}'

It follows from Lemma 4 that for every ¢ > 0, there are
%9 € Syl %I A [yl = 0, such that [|(|x| v [yDIl >

x
Ky

a(ly(w)) —e.
Since
By (HF20) = A (5) + 1 (3)

A

1 1 _
§+j—1’

we get the inequality ||(|x| V [y])|| < d, which implies
a(lp(w)) < d+ ¢. By the arbitrariness of ¢ > 0, we obtain
that d > a(Ly(w)).

Proof of Theorem 2. Let us denote

~ kx k—1
d= sup infidex My|—|=—1:. (4)
|x|||plk>1{ wk W(dx,k> 2 }

For any & > 0, there exist x = {x,,}7°
k > 1,suchthatd,; > d —¢.

21 € Sear(wy, /1111y and
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Byw = {w,}"o1 € A, it follows that we can choose two
subsequences v = {v;}%°;, u = {1}, of w, such that
vvue A,vNu=0,vUu=w.

It follows from Lemma 1 that there exist sequences of
naturals {m(s)}l 1,{k(s)}l 1,{ot(s)}l 1,{,3(5)} ©1»s € N,such
that

1< m® < kO,

k;l)l < m(ln), m

1<al < g®

(s— 1)

© < kl«(s) , ki(s) < myy

i
for n,i,se N,n>2,i+s=n+1,

/3},1)1<05in)’ aS ,B(S) ,B(S)<ot(s 1)
for n,i,se N,n>2,i+s=n+1,

and there hold the equalities

o K’ o B
)SPINELED 3H 3%
s= 1] m(S) s= 1] a(S)

for every i € N.

We can put
ok o B
=D D wnepan =) ) e
s= 1} m(S) s= 1/ (X(S)

andy =) 0%, yn 2 =3 .2 Zn.
_Using Lemma 2, we see that y,z € S w),), and

M,,(Ax) = w(ky) W(Az) for any A € R. Let us put

) 1 ~ k(y + z)
f —(1+M,|———
051}<1k( + < d—c¢ >)
and

o1 ~ (k(y+2)
Dy = inf > (1+ A,
2 k‘§1k< + ( d—e ))

Therefore, by the chain of inequalities

Dy =

Da = otk (18 (2))
{ (120 ()
(1420 (1))
(

k=1
1+2T>:

= infl
k>1

> inf
k>1

=

= inf
k>1

=

and

y+z
d—e

‘ = min{Dy, Dy}

> min{1,D;} =1,

we get that |||y + z||| > d — . By the arbitrariness of ¢ >
0 and Lemma 4, we obtain the inequality a(({apr(w), ||| -
D) = d.

On the other hand, for any ¢ > 0, there are x,y €
Sy ll-nys 1%l A 1yl = 0, such that there holds the
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inequality |[|(|x] Vv [yDIIl > a((€xw), [I] - 11D) — &. It fol-
lows from (4) and Lemma 3 that for every ¢ > 0, there are
k,h > 1,such thatdyx < d +¢,dy, < d+ ¢, where dy

and dy, are the solutions of the equations M, (;—’;) =
X,

k=1 and M,, ( h) = h%l, respectively. WLOG, we may
assume that 1 < /1 < k. By the chain of inequalities

1 o BUxIviyD
I i (1 B (M222))

IA

d+e

(xlviyD H‘

we obtain the inequality |||(|x] V [yD]|| < % d+ %8 and
hence a(fp(w)) < % d+ 575 Since ¢ > 0 is arbitrarily
chosen, it follows that a(£,1(w)) < % d.

For the estimation of the Riesz angle in weighted Orlicz
sequence spaces, we will need some well-known indices.
For an Orlicz function M, we consider the index function

—1 .
Gym(u) = 1\1/\1/[71((274))’ u € (0,4o00) [20]. Following [10,21], we
define the indices:

ag/[ = lium_j(r)lfGM(u),

ai’® = liminf Gy (u),
u— 0o
0,400 . 0 +o00 (5)
oy = min{ay, oy )

~ . M1
ay = mf{M_l((z”u))

:ue(0,+oo)}.

Let us mention that for an Orlicz sequence space £,1, only
the behavior of the Orlicz function M at zero is important,
and therefore, the above indices are defined only at zero in
[10,21].

Theorem 4. Let M be an Orlicz function with the Aq-
condition and w = {w;}°, € A. Then,

) =

5

1
00 < a(lpw), |l -
Ay

Proof. We will prove first that a((Ly(w), || - ||)) = ﬁ
We chose arbitrary x = {x;}7°; € Sqym),p and
put u; = %M(xi). It is easy to check the equality
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M (xi'GM (@)) = IM(x;). For any u; € (0,+00), the
inequality &3 < Gar(u;) holds. Then,

~ o0
M, (@px) = ) wiM(aipx;)
i=1

> wiM(x%;Gar(uy))
i-1

o0
- S e ()
1

i=

IA

(6)

00
_ Z wiMx) __ 1
- 2 -2

For every x = {x;}72; € S(ezm),|-I)» there exists k, such
that AN/IW (%) = %, and thus by (6), it follows the inequality
1

1
ky < PR Therefore,
M, (%) = %,x e le
<
= G

where X = (Lyr(w), || - D).

Now, we will prove that a((€pr(w), || - |1)) > 5M'

For any u € (0,+00), there are sequences of naturals
{pulo 1 {q,,}°° 1»such that p,, < g, < pus1, forn € Nand

1
Zn 1 _p,, Wi =

Putx = ) 02 12

W(x) = 1 and thus x E S([M(W),HAH). By the equality

a(X) = sup {kx :

)

M Ywe;. It is easy to see that

~ x _ 1
w M‘l(u) - 5;
M=1(u/2)

we get that for any u# € (0, +00), there holds the inequality

MY (w)
W < a(lryw), |l -1D),
and therefore,
e = s e e 0.420)
< a(bpy(w)).

Thus, we have proven that

1
a(tyw), Il - 1)) = o (7)

The proof of the inequality ao%c < a((lyw), | - 1) fol-
M

lows directly by equality (7) and the inequality a/?/’fo >
am. O

Theorem 5. Let M be an Orlicz function with the Ay-
condition and w = {w;}2, € A. Then,

0,00
Y

3
< a((lyuw), Il -11D) =< Ta
am
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Proof. (i) We will prove first that

3
a(pyw), Il -11D) =< Ta
am

Let us choose arbitrary x = {%;}7°; € Scepm), 1111 -
By M € Ay and the equality

1 ~
1= |l =inf{k (14 My (ko) : &k > o},

it follows that there exists kg > 0, such that the
equality M,, (kox) = ko — 1 holds [20].

We put u; = %M (kox;). Then, similarly to (6), we
can write the inequality:

~ ~ OO ~
My (kooiprx) = Y wiM (kotarx;)
i=1

> wiM (kox;Gar(u;))
i=1

_ g:l wiM (koxiGM (W»

_ %o: wiM(koxi) _ ko—1
L2 =73
=

IA

and consequently we get that d, ;, < %' where d, i

is the solution of the equation M, (d k) = %, k >
1. Thus, for any k > 1, there holds the inequality

1
infldyr: k> 1} <dyp, < =. (8)
a

By the arbitrary choice of x = {%;}72, € S w).i11-1D
and (8), we obtain that

% sup inf{d,x : k > 0}
IEIESS

3
< -3
— 20Mp°

a(uw), 11 11)

IA

From the inequalities ||-|| < |||]|| < 2||-]|, it follows
that for any x,y € S(g,;aw), -1 With [x]Aly] = 0, there
holds the inequality

a(X)

sup{[[[(lxl v [yDII = [l [yl = 1}

v

sup{[l (e[ v [yDII = lIxll, Iyl < 1}

a(yw), - 1),

)
where X = (Lpr(w), [I] - I1]).
Therefore, we get that
1
a((lprw), I -11D) = a(@puw), || - 1D) = T
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(ii) By (9), we obtain the inequality

a((bprw), 111 - 11D) = a(mw), I - 1D) = -

Qar
O

Definition 2. We say that the Orlicz function M satisfies
the V5, condition if there exists / > 1, such that M(x) <
%M(lx), for every x €[ 0, +00), and we denote thisby M €
V.

The function M~! is a concave function and thus

Ml((ztt)) > 1 . According to [20] (p. 22), M € V, iff
M- M-
ltli)n +1&f T ((2?) > 7 and 11m mf — ((2?) > 3, ie.

MeVy & ad>1/2 and off® > 1/2. (10)

Corollary 1. Let M be an Orlicz function with M € Ay
and w € A is a weight sequence. Then,

(@M ¢ Vaiff a((tuw), || - 1) =2

(D) M € Vaiffa((Cuw), | - 1)) < 2.

Proof (a) LetM ¢ V5. Then from (10), it follows that
aM =1/2 orot = 1/2, and thus by Theorem 4, it
follows that a((KM(w) Il - 1)) > 2. Therefore by the
inequalities 1 < a((Lpr(w), || - [)) < 2, it follows that

albyyw), || - 1) =2.
Let a((EM(w), II - 1)) = 2. There are three cases:
24 =1/2, a = 1/2 or there exists ty € (0, +00),

such that — ((2?)) 1/2

Let aM =1/2o0r a
it follows that M ¢ V2

= 1/2 holds; then by (10),

There exists ¢y € (0,4+00), such that
-1
M — ((;?)) = 1/2. Then, we can write the equality
~1@t0)-M~1 (¢ U
¢ 2(;3 2 o) — t (o) "and consequently by the

concavity of the function M~1, it follows that the
points (0,0), (to, M~ 1(ty)) and (2ty, M~ 1(2ty)) lie
on a line. Thus, the function M~1! is linear on the
segment [ 0, 2¢y] and therefore O‘R/I = 1/2. Therefore
by (10), it follows that M ¢ V.

(b) The proof follows directly from (a). Indeed, let M €
V5 holds, but a((€pyr(w), || - |I)) < 2 does not hold.

Then a((Lp(w), || - |)) = 2 and by (a), it follows that
M & V, which is a contradiction.
Let a((€pr(w), |l - 1)) < 2 holds, but M € V; does

not hold. Then M ¢ V, and by (a), it follows that
a((lpyr(w), || - D) = 2 which is a contradiction. .

For the next Corollary, we will need the indices form
[22].
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We put F(t) = %, t € (0,400), where p is the right

derivative of M. Let us define

AM = hm 1anM(t), BM = lim sup F;(¢)
t—0t

AF® = llm mfFM(t) Bi° = limsup Fp(¢)
t——400
The above indices are connected by the formulas ([11],
p-149; [20], p.27).

1 1 1 1

Ay By AV By
and
1 1 1 1
A;\i—/[oo +B+oo :A+oo +B;\i-/loo =1,

where N is the complementary function to M.
The inequalities

27 VAY < o8 < 27 VBY (11)
271/A;"'4°° < a[—\i;[oo < 271/3};100 (12)

hold [23]. Let us mention that inequalities (11) are proven
in [23]. The proof of inequalities (12) is similar. We are
sure that inequalities (12) are proven somewhere. Just for
completeness, we will prove (12) using the technique from
[23].

If By ° = 00, then clearly o M @)

M-TQu) =

1 = 2-VBi", Assume that B+O<J < oo. For any ¢ > 0,
there exists fp > 0 such that 5\5[&2 =Fy() < B}&OO + ¢ for
every t €[ty,+00). Then for any ty < t; < tp < 400, we

have

= liminf,_

M@) _ 2 p@) +5
log 31ty = Jiy Findt = Jy! dt
B+oo+€
t M
= log (ﬁ) .

We put t; = M~Y(u) and t = M~1(2u). Thus for any
u €[ M(p), +00), there holds the inequality

1(u)
M)~
By the arbitrary choice of ¢ > 0, it follows the proof of the
right side of the inequality (12). The proof of the left side
is similar.
If lim, o+ Fp(t) exists, we denote it by C9, and if
lims—, 4 o0 FAr(f) exists we denote it by C;IOO. We put
CY° = min{(CY, Ci°).

o~ 1/Bi " +e

Corollary 2. Let M be an Orlicz function with the Aq-
condition and w € A is a weight sequence. Then,
(a) If Fyr is an increasing function on (0,400), then
a(Cy(w), | - 1) = 24/Cn
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(b) If Fuy is a decreasing function on (0,400), then
a(tuw), | - |I) = 2V
(c) Ifthereis ty € (0,400), such that Fyy is increasing on
(0, M~L(ty)) and decreasing on (M~ (ty), +00), then
0,400
a(lyw), || - I = 2Y/Ci

Proof. (a) If Fy is an increasing function in (0, +00),
M () is
M-1(2u)
increasing in (0, 400) [21]. Then from (11), we get

CX,I = limy_, o4 Fa(t) exists and Gp(u) =

1
0 e : ~
oy =2 M =limG(u) = oy
t—0

and therefore a(¢x(w), | - ||) = 21/
(b) If Fp is a decreasing function in (0,400), then

Ci® = limyioo Fm(t) exists, and Gy(u) =
5;1((2»;)) is decreasing in (0, 4+00) [21]. Then by (11),
we obtain
=
M ©_9 G = lim G(u) = ay
t—>+00
and therefore a(Lp(w), || - ||) = 2/Cf*
(c) If Fy is an increasing function in (0, M~!(t)), then
CR,[ = limy_ o4 Fp(¢) exists, and Gar(u) = ijll((z';))

is increasing in (0, £o/2). If Fjs is a decreasing func-
tion in (M~ (%y), +00), then C;(,I"o = lim;—s 4 oo Fp(2)
M ()
M—12u)

exists, and Gy (u) =
(t0/2,+00) [21].

From (11), it follows that o, = 2 C?/I caiS =
1 1

2 G andhence@y =2 S . By Theorem 4, we
get that a(pr(w), || - 1) = 21/

is decreasing in

O

Conclusions
Example 1. Let My (t) = 2|t|” + |t|%, p €[ 1, +00). Then,
Fa,(®) = 2p (1 tp+2) for t €[0,400). The function

Fyr, is an increasing function and lim;_,o Fy, () = p. By
Corollary 2, we get that a(£ar, (w), || - [|) = /2.

Example 2. Let My (t) = log(liﬁ’ p €[1,400). Then,
Fa,(t) = p — th(lﬂ) for t €[0,400). The function

Fy, is an increasing function and lim;—.o Far, (£) = p — 1.

1
By Corollary 2, we get that a({ar, (w), || - ||) = 27-T.
Example 3. Let M3(¢) = |¢t|Plog" (1 + |¢]), p €[ 1, +00),
r € (0,400). Then,

rt

PO G log 4 0

fort €[0, +00).
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The function Fjp;, is a decreasing function and
lim; oo Far;(¢) = p. By Corollary 2, we get that
alyr;w), || - ) = 212

Example 4. Letg > 2 and p €[q — 1,2q — 1]. We define
the function
|t1P (1 + log |t]), [¢] = 1

Ma(t) =
PP 4 B2 2, ] < 1.

The function My is an Orlicz function. Then,

1
p+ 1+logt’ t=>1

2q<l—m>, t€[0,1],

20p=1 and b = 22! The index func-

tion Fyy, is increasing on [0,1] and is decreasing on

[0, 400), lim;—,¢ Far, (£) = q and lim;_, 4 o Far, (£) = p. By
1

where a =

Corollary 2, we get that a(€ag, (W), || - ||) = 20,

Example 5. Let M5(¢) = (1 + [t])log(1 + [t]) — |-

Then Fg, (t) = % is a decreasing function on

(0, 400) and lims— 10 Far5(t) = 1. Thus, a(la;(w), | -
) = 2. By Corollary 1 it follows that Mg & Vs.
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