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Abstract

In this paper, the boundary value problem for the differential-operator equation with
principal variable coefficients is studied. Several conditions for the separability and
regularity in abstract [P-spaces are given. Moreover, sharp uniform estimates for the
resolvent of the corresponding elliptic differential operator are shown. It is implies
that this operator is positive and also is a generator of an analytic semigroup. Then
the existence and uniqueness of maximal regular solution to nonlinear abstract
parabolic problem is derived. In an application, maximal regularity properties of the
abstract parabolic equation with variable coefficients and systems of parabolic
equations are derived in mixed [P-spaces.
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1 Introduction

It is well known that many classes of PDEs, pseudo DEs and integro DEs can be expressed
as a differential-operator equation (DOE). DOEs have been studied extensively in the lit-
erature (see [1-22] and the references therein). Note the regularity results for the PDE
studied e.g. in [11, 23-25]. The main goal of the present paper is to discuss the maxi-
mal regularity properties of nonlocal boundary value problems (BVPs) for the following
DOE:

n 82 n a
N G@) oy +A@u+ Y A®) e =f(x), x€GCR (L)
P E)xk P Bxk

Afterwards, the well-posedness of initial and BVP (IBVP) for the following abstract
parabolic equation:

ou Eﬂ ( )_32u Alx) En Ax( )_au fx1), te(0,T),xeG
— + a\x + X)u + X =/i), ) X )
ot =" 07 =

is derived, where a(x) are complex-valued functions, A and Ay are linear operators in a
Banach space E, u(x) and f (x), respectively, are an E-valued unknown and data function.
By using this, we obtain the existence and uniqueness result of IBVP for the following
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nonlinear parabolic equation:
Zak(x) +B(t x, u)u = F(t,x,u, Vu).

Finally, we discuss the application of the above result to systems of parabolic PDEs. Par-
ticularly, we consider the system that serves as a model of systems used to describe pho-
tochemical generation and atmospheric dispersion of ozone and other pollutants. The
model of the process is given by the atmospheric reaction-advection-diffusion system hav-

ing the form

aul 3 8 u,
Z[“’“ + bkl(x) (uiwk)]
k=1

3

+ Y diu +fi(w) +gi, x€D,te(0,T),
k=1

where

D = {x = (x1,%,%3),0 <xx < by, },

u; = Mi(t,x), l)k = ]4 2’ 3; u= M(t,x) = (ul’ Uz, M?,),

and the state variables u; represent concentration densities of the chemical species in-
volved in the photochemical reaction. The relevant chemistry of the chemical species in-
volved in the photochemical reaction appears in the nonlinear functions f;(x) with the
terms g;, representing elevated point sources, and where ay;(x), bx;(x) are real-valued func-
tions. The advection terms w = w(x) = (w;(x), wa (%), w3(x)) describe transport of the veloc-

ity vector field of atmospheric currents or wind; see [4] and references therein.

2 Definitions, notations, and background
Let E be a Banach space. L?(2; E) denotes the space of strongly measurable E-valued func-

tions that are defined on the measurable subset Q C R” with the norm

Y
Wfllze = If llzp(ip) = lf@)|%dx) , 1<p<oo.
Q
The Banach space E is called an UMD-space if the Hilbert operator

e =tm [ L g
E20 Jlx—yl>e X =Y

is bounded in L?(R,E), p € (1,00) (see, e.g., [26]). UMD-spaces include e.g. L?, I, spaces
and Lorentz spaces L, p,q € (1,00).
Let

Sy={reC,largrl <¢,0 <y <7}, Syse = {A €Sy, IAl > 5> 0}
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A linear operator A is said to be ¥ -positive in a Banach space E with bound M > 0 if
D(A) is dense on E and [[(A + AD) 7l < M1 + |A])7* forany A € Sy, 0 < ¢ < 7, where [
is the identity operator in E, and L(E) is the space of bounded linear operators in E. It is
well known [25, §1.15.1] that there exist fractional powers A? of a positive operator A. Let
E(A%) denote the space D(A?) endowed with the norm

lleell peaoy = (Ilull” + ”Aequ)é, 1<p<00,0<6 <o0.

Let E; and E, be two Banach spaces. By (E1,E»)g, 0 <6 <1,1 < p < 0o, will be denoted
the interpolation spaces obtained from {Ej, E;} by the K-method [25, §1.3.2].

Let N denote the set of natural numbers. A set ® C B(E}, E,) is called R-bounded
(see, e.g., [3]) if there is a positive constant C such that for all T}, T5,...,T,, € ® and
Uy, Uy, ..., U, € E;, meN,

/ZG@)T/%‘ dng/ D 0| dy,
Q=1 Es 21 j=1 £

where {r;} is a sequence of independent symmetric {-1,1}-valued random variables on €.
The smallest C for which the above estimate holds is called a R-bound of the collection ®
and denoted by R(®D).

Since we will consider the problem with spectral parameter, we need the concept of the
uniform R-boudedness of a parameter-dependent family of operators. A set &, C B(E;, E3)
is called the uniform R-bounded with respect to the parameter # € Q C C if there is a
constant M independent on / such that

[S o] o=
Q Ey Q

for all Ty(h), Ty (h), ..., Tyu(h) € @y and uy, uy, ..., Uy, € Er, m € N and {r;}. It is implied that
sup,cq R(Py) < M.

The ¥ -positive operator A is said to be R-positive in a Banach space E if the set L4 =
{E(A+&)1:£€8,},0 <y <m,is R-bounded.

The operator A(t) is said to be yr-positive in E uniformly with respect to ¢ with bound
M >0 if D(A(2)) is independent of ¢, D(A(t)) is dense in E and ||(A(£) + 1) < #\M for all
A €Sy, 0 =<y <m,where M does not depend on ¢ and A.

Let Ey and E be two Banach spaces. Ey is continuously and densely embedded into E.

dy
E

> KO Tty > r)w
j=1 j=1

Let 2 be a domain in R" and m be a positive integer. W"?($2; Ey, E) denotes the space of
all functions u € L?(2; Ey) that have generalized derivatives ‘x—]g € IP(Q2; E) with the norm

n

lullwmoieo ) = lulliresee) + Y
k=1

0"u

— < 00.
oy

LP(QE)

Forn=1,Q = (a,b), a,b € R, the space W"?(Q; Ey, E) will be denoted by W"?(a, b; Ey, E).
For E, = E the space W"?(Q; Ey, E) is denoted by W"?(Q2; E).

Sometimes we use one and the same symbol C without distinction in order to denote
positive constants which may differ from each other even in a single context. When we
want to specify the dependence of such a constant on a parameter, say «, we write C,.
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The embedding theorems in vector-valued spaces play a key role in the theory of DOEs.
For estimating lower order derivatives we use following embedding theorems from [17].

Theorem A; Suppose the following conditions are satisfied:
(1) Eisa UMD-space and A is an R-positive operator in E;
(2) a=(a1,09,...,0,) is an n-tuple of nonnegative integer numbers and m is a positive

integer such that

n
o
%:E :ufl, 0<pu<l-sl<p<ooc;
k=1

(3) his a positive parameter with 0 < h < hy, where hy is a fixed positive number;
(4) Q CR"is aregion such that there exists a bounded linear extension operator from
WP (Q2; E(A), E) to W™P(R"; E(A), E).
Then the embedding D* W™ (2 E(A),E) C LP(; E(AY""1)) is continuous and for u €
W"P(Q2; E(A), E) the following uniform estimate holds:

1-n

| D s pgear ey < B Ntllwmoieuzcare) + B Nl e,

Remark 2.1 If Q@ C R” is a region satisfying the strong m-horn condition (see [27, §7]),
E =R, A =1, then for p € (1,00) there exists a bounded linear extension operator from
WP (Q) = W™P(Q; R, R) to W™P(R") = WP (R"; R, R).

Theorem A, Suppose all conditions of Theorem A, are satisfied and 0 < n <1 — 3c. More-
over, let Q be a bounded region and A™' € o, (E). Then the embedding

D* W™ (QE(A),E) C L7 (QE(AT71))
is compact.

Theorem As Suppose all conditions of Theorem A; are satisfied. Let 0 < u <1 — 5. Then
the embedding

DFW™ (E(A), E) € L (2 (E(A).E),,,)

is continuous and there exists a positive constant C,, such that for all u € W[ﬁ(Q;E(A),E)

the uniform estimate holds:

|D*u oearey,ey < CulH* Nutllwmo @iearey + B | ip |-
From [14, Theorem 2.1] we obtain the following.

Theorem A, Let E be a Banach space, A be a @-positive operator in E with bound M,
1

0 < ¢ < m. Let m be a positive integer, 1 < p < 00 and o € (5’ ﬁ + m). Then, for A € S,
1

1
3 , A2 o .
an operator —~A} generates a semigroup e which is holomorphic for x > 0. Moreover,

Page 4 of 21
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there exists a positive constant C (depending only on M, ¢, m, a, and p) such that for every
u e (E,E(A™)) and A € S,,

a 1
m ™ Zmp’P

00 1
/o A ] dx < Ll pamy + 272 laellE]-

a 1
m = Zmp P

3 Boundary value problems for abstract elliptic equations with constant
coefficients
Consider first the BVP for the constant coefficients DOE

" u

Y a5 +(A+Nu=f(x), x€G, (3.1)
oxy,
k=1
Wij . .
0'u 0'u .

Z[akji_i(GkO) + ,Bkji_i(Gkb)] =0, «MeGnji=12, 3.2)
— 0y, 0y,

i=0

where

n

x = (%1,%2,...,%,) € G = H(O,bk), my; € {0,1},

k=1
k
x( ) = (xI;xZ’---;xkfl!xk+li"'1xn) € Gk = 1_[(0; b}))
ik
GkO = (.?C1,.7C2, ce o3 Xk-15 O;xk+1’ ce ;xn)’ Gkb = (xlrx% ceesXk-15 bk’xk+1’ e ;xn);

here A is alinear operator in a Banach space E, a; are complex numbers, and X is a complex
parameter.

Let aj = i, and By = Brjm, - Let wy;, i = 1,2 denote the roots of the equations
mw’=1, k=1,2,...,n
and

o)™ Buwg!

mi2 | *

Nk =
o (i)™ Browy,

Condition 3.1 Assume;
(1) EisaUMD-space and A is a uniformly R-positive operator in E for ¢ € [0, 7);
(2) ar #0, ar € S(po) NC/R,, ¢ + @o < 71;
(3) lal + 1Bl >0, #0,k=1,2,...,1,j=1,2.

The main result of this section is the following.

Theorem 3.1 Assume Condition 3.1 is satisfied. Then problem (3.1)-(3.2) has a unique
solution u € W>*™P(G;E(A),E) for f € W™P(GE), p € (1,00), A € Sy, .. with sufficiently
large |\| and the following uniform coercive estimate holds:

n m+2

2Dl

k=1 i=0

dlu

z
0y,

+ |1Aullzr ey < Cllf llwmecE). (3.3)
1P(GiE)
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For proving Theorem 3.1, we consider the BVP for the ordinary DOE
(L +M)u=au®(x) + (A + Nulx) =f(x), x€(0,1), (3.4)

i
Liu = Z[O‘kiu(i)(o) + (V)] =fi, k=12,

where f € L,(0,;E), fx € Ex = (E(A), E)g; p» 6k = (mk + ) p € (1,00), my € {0,1}, g, Bri
are complex numbers, a is a complex number, A is a complex parameter, and A is a linear

operator in E. Let us first consider the corresponding homogeneous problem:
(L +MNu=au®(x) + (A + Mu(x) =0, (3.5)

mp
L =Y [orui®(0) + puu® )] =fi,  k=1,2. (3.6)

Let w;, i = 1,2 be roots of equations aw? = 1. We put oy = Chmys Br = Brmy, and

ar(—o)™  froy”

Nk = .
oy (—w)"e Brwy”

Condition 3.2 Assume the following conditions are satisfied:
(1) a#0,aeS(py) NC/R,, for ¢ + @y <7, p € (1,00);
(2) n=(D"onpy - (-1)"a2fy #0, lo| + 1Bl > 0;
(3) A isa R-positive operator in a UMD-space E, m is a nonnegative integer.

Theorem 3.2 Let Condition 3.2 hold. Then, problem (3.5)-(3.6) has a unique solution u €
WP (0,1; E(A), E) for fi € Ex, . € Sy, with sufficiently large |A| and the following coercive
uniform estimate holds:

m+2

2
S 1 o + MABI e <MY (Wilg + 1A% lflle). (37)
k=1

i=0

Proof In asimilar way as in [10, Theorem 3.1] we obtain the representation of the solution
of (3.4):

1 . i
) = {e—fo [Cu +du(W)] + ¢4} [Cu + du()»)]}A;TIfl
l

+ { [C21 + dzl()u)] +e ~(1-x)A [C22 + dzz()&)] }A fz, (38)

where Cj; and d; are uniformly bounded operators. Then in view of the positivity of A we
obtain from (3.8)

m+2

S w2 4 g, + MAulro s
i=0

m+2

<CZ[ZMI%

RO R.
|Ak ’ [e‘ e ]fk”LP01E
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e 3
+]A44; % e Afk”w(o,l;ﬁ)

<C, (3.9)

2 m+2

22 Il

k=1 i=0

—(1= ke iy -k ;
B R el

)

a2 3
+|Aa 2 e+ e TG L

2 1 m 1 1 1
<c Z[( [N e T dx) ’
k=1

1 m 1 1 i
+ ( f ”AA;VTf2 [ 4 e 0947 lf,(”pdx)pi|. (3.10)
0

By virtue of Theorem A4 we obtain

1 m 1 1 2
(/ HA;'”_*kz[e”‘Akz e A dx)p <MY [l + I A (3.11)
0 k=1

Moreover, due to the positivity of the operator A and the estimate (3.11), in view of The-
orem A4 we get the uniform estimate

1

2 1 m 1 1 1 2
Z(/ |AA; 72 [ +e‘(1‘x)AAZ]kapdx>p <My Y [l + A% Nfl]. (3.12)
k=1 0 k=1

Hence, from (3.9)-(3.12) we obtain (3.7). O

Theorem 3.3 Assume Condition 3.2 to hold. Then the operator u — {(L + A)u, Liu, Lou}
for € Sy, and for sufficiently large » > 0 is an isomorphism from

wW™+2£(0,1; E(A),E) onto W™ (0,1;E) x E; x E,.

Moreover, the following uniform coercive estimate holds:

m+2 )
D U g + AU 018
i=0
2
< c[ufnwm.p(om + > (Wille, + |x|”kufknf)}. (313)
k=1

Proof The uniqueness of solution of problem (3.4) is obtained from Theorem 3.3. Let us
define

= Jf&x) ifxe[0,1],
f(x)_{o if x ¢ [0,1].

We now show that problem (3.4) has a solution u € W”*>#(0,1;E(A),E) for all f ¢
W"P(0,1;E), fr € Ex and u = u; + uy, where u; is the restriction on [0, 1] of the solution of

Page 7 of 21
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the equation
(L+MNu=f(x), xeR=(—00,00) (3.14)
and u; is a solution of the problem

(L+A)u=0, Liu = fi — Liu;. (3.15)

A solution of (3.14) is given by

) = P 0,608 = / ¢S5 L (0, E)E) () de,

where
L(LE)=A—at?+ A

It follows from the above expression that

m+2 ) )
Do Ul e + Al e
i=0
m+2 ) ) _ _
= Z |Alme | FELT (0, 6)FF || pan |EAL™ (0, 6)EF || &) (3.16)

i=0
It is sufficient to show that the operator functions
m+2
-1 m\~1 -l eip-1 m)~1
) =ALTWLE)(1+E") 7, o)=Y IMTERE LT (LE) (1 +E7)

i=0

are Fourier multipliers in L”(R; E) uniformly in A. Actually, due to ¢ + ¢y < 7 and the pos-
itivity of A we have

|27 )| < M(1+|alg? + 1), (317)
| Wi ()] = |A[A + 2+ 1alg?] "] < C.
It is clear that

s%%@ =248 AL (0 8) = [2a8°L (0 )AL (1, £).

In a similar way we see that the sets
[2a82[A-ag?+2] g er\(0}),  [A[A-ag?+2] g eR\(0})

are R-bounded. Then, in view of Kahane’s contraction principle and from the product
properties of the collection of R-bounded operators (see e.g. [3], Lemma 3.5, Proposi-
tion 3.4) we obtain

d
R[S%%(E):E € R\{O}} <C.

Page 8 of 21
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Namely, the R-bound of the set {& %lll;\ (&) : £ € R\{0}} is independent of A. Moreover, it
is clear that

m+2

o+ @) 5 = CIAY_[IEI2] (04 &) L7008 e

i=0

Hence, by using the well-known inequality y < C(1+'),y > 0,i <[l fory = (|)»|‘% |&]) and
I =m + 2 we get the estimate

m+2

S g

i=0

< CIM(L+ AT alg™?). (3.18)

From (3.17) and (3.18) we have the uniform estimate

”U)‘(E)“B(E) =C.

Due to R-positivity of the operator A, the set

{(IAl - a&®)L7' (A, &) : & € R\{0}}

is R-bounded. Then, by estimate (3.17) and by Kahane’s contraction principle we obtain
the R-boundedness of the set {03 (§) : £ € R\{0}}. In a similar way we obtain the uniform

estimates

<GC,.

B(E)

H — W, (&)

S H —0,.(8)

B(E

Consider the set

d
o1(%,§) = {5%01(%‘) Ee R\{O}},

W1(2,8) = {S—S‘PA(S) e R\{O}}
Due to the R-positivity of the operator 4, in view of estimate (3.17), by virtue of Kahane’s
contraction principle, from the additional and product properties of the collection of R-
bounded operators, for &, &,...,&, € R, u1,uy,...,u, € E,and the independent symmetric
{-1,1}-valued random variables r;(y), j = 1,2,..., , u € N we obtain the uniform estimate

)

m

> 100117y

j-1

c|
Q

< ngpR<{sEm(e) seR\{O}D/Q

dy
E

"
> o1(bEN)0w| dy
j=1 E

Z’"}O’)”J

j=1

dy <C.

E

Page 9 of 21
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In a similar way, the above estimate is obtained for ;. So, by [21, Theorem 3.4] it follows
that W, (¢) and o, (£) are the uniform collection of multipliers in L”(R; E). Then, by using
the equality (3.16) we see that problem (3.14) has a solution u € W"*2?(R; E(A), E) and the
following uniform estimate holds:

m+2

S 1) ey * AUl @e < ClIFl@s. (3.19)
i=0

Let u; be the restriction of u on (0,1). Then the estimate (3.17) implies that u; €
W2 (0,1; E(A), E). By virtue of the trace theorem (see e.g. [25, §1.8.2]) we get

W™ () e (E(ARE), , k=1,2.

O

Hence, Lyu; € Ex. Thus, by virtue of Theorem 3.2, problem (3.15) has a unique solution
u;(x) that belongs to the space W™*27(0,1; E(A), E). Moreover, we have

m+2

S w2 [ o, + A2l
i=0

2
_ (my) _
< C Y [Wellze + Ml + ™ | qongiey *+ 1M * Nt llcqons | (3.20)
k=1

From (3.19) we obtain

m+2 )

>l

i=0

) | oz + HAm roaE) < ClIf lwmeo- (3.21)

Therefore, by Theorem A3z and by estimate (3.21) we obtain

””‘Ynk)(')”Ek = C(””sz) ”LP(O,I;E) + ”A"‘IHU’(O,I:E))

< ClIf llwme,E)- (3.22)

Hence, in view of Theorem 3.2 and estimates (3.20)-(3.22) we get

m+2
DI ) gy + A 089
i=0
2
< C(llfllLP(o,l;E) + > (Ifillg, + |A|1-"k|tfk||f)). (3.23)
k=1
Finally, from (3.21) and (3.23) we obtain (3.13). O

Now, by using of Theorems 3.2, 3.3 we can prove the main result of this section.

Proof of Theorem 3.1 Let G, = (0,b1) x (0, by). It is clear that

Wm’p(Gz;E) = W”‘”’(O,bl;XO,X) = Wm’p(O,bl;X) OLP(O,bl;X()),
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where
Xo = W™P(0,by;E), X =LP(0,by;E).

Let us consider the BVP

%u 3%u )
a1—5 + ar—5 + (A + Mulx, %) = f (%1, %), Lyu=0, kj=12, (3.24)
0x7 0x;5
where Lj; are defined by equalities (3.6). Problem (3.24) can be expressed as the following
BVP for the ordinary DOE:

dz
Lu= ald—z + (B, + Mulx) =f(x1), x1€(0,b1), Luu=0, (3.25)
X1

where B, is the operator in X defined by

d2
Byu= azd—‘; +Au(,),  D(B,) = W (0,by E(A),E, Ly),
)

respectively. Since Xy and X are UMD-spaces (see e.g. [1, Theorem 4.5.2]), by virtue
of Theorem 3.3 we obtain the result that problem (3.25) has a unique solution u €
W2P(0,by; D(B,), Xo), u € W™*2P(0,by; D(B,),X) for f € LP(0,b1;Xo) and f € WP (0, by;
X), respectively. Moreover, for A € Sy, .. and sufficiently large s« > 0 the following coercive
uniform estimates hold:

2
DR 1] oy + IBa#llr o) < Cllf lrbrsx0)s
i=0

m+2

> e
i=0

U oo + 1Ba#llromn < Cllf llwomeop- (3.26)

From (3.26) we find that problem (3.24) has a unique solution,
ue W™ (Gy;E(A),E) for W™ (GyE,)

and the following uniform coercive estimates hold:

m+2

DI 4] o + 1By #l 0 < Cllf llwme Gy, (3.27)
i=0

By applying Theorem 3.3, for f; = 0 and E = X we get the following uniform estimate:
m+2

>

j=0

U + I Aullx < CIB,ullwmo(o,by8)- (3.28)

From estimates (3.27)-(3.28) we obtain the assertion for problem (3.24). Then by con-
tinuing this process # times we obtain the conclusion. O
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4 Boundary value problems for abstract elliptic equations with variable
coefficients

Consider the BVP for DOE with variable coefficients
i %u " du
;ak(x)a—x% + (A@) + A)u + ;Ak(x)a—xk =fx), x€G, (4.1)

Ko . .
d'u d0'u .
Zl:akji_i(GkO) + lgkji_i(Gkb):| =0, «"YeGj=12
Py 0x;, 0x;

where G, Gy, Gio, Giy, 0 are defined as in (3.1)-(3.2), ax(x) are complex-valued continu-
ous functions, A(x) and Ay (x) are linear operators in a Banach space E for x € G, and u(x)
and f(x), respectively, are E-valued unknown and data functions. We will derive in this
section the maximal regularity properties of problem (4.1).

Nonlocal BVPs for DOEs investigated, e.g., in [2, 4, 13-19, 22, 28]. Let ay; = aj, and
Bij = Bijm, - Let wy; = wi(x), i = 1,2, be roots of the equations

aX)w?=1, k=1,2,...,n
and

ap (o)™ Bawy®
Mk (x) = s | -
o (—wr)"2 Brawy,
Condition 4.1 Assume:
(1) EisaUMD-space and A(x) is a uniformly R-positive operator in E for ¢ € [0, 7);
(2) ar(x) € C")N(G), ax(Gio) = ar(Gip), ax # 0, ax € S(po) NC/R, forallx € G, ¢ + ¢y < 7;
(3) AWA™(®) € C"(G;L(E)), A(Gro) = A(G), A®)A~3~V(x) € C(G; L(E)),
O<v< %, meN;
(4) lotknm; | + | Bim;| > 0, mic(x) #0, k,i=1,2,...,m,j=1,2, p € (1,00).

Remark 4.1 Let [, = 2my, k =1,2,...,n and a; = (-1)" b (x), where by are real-valued

positive functions and m1; are natural numbers. Then Condition 4.1 is satisfied.

Remark 4.2 The periodicity conditions are given due to nonlocality of boundary condi-

tions. For local boundary conditions these assumptions are not required.

Let X = W™P(G;E) and Y = W"*2P(G; E(A), E). Consider the operator O in X generated
by problem (4.1), i.e.,

“ 0%u - ou
— Wwm+2, . ) -
D(0) = W"**P(G; E(A), E, Ly), Ou = ](2:1 ar(x) 0 +A(x) + kE:l Ax(x) o

The main result is the following.
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Theorem 4.1 Assume Condition 4.1 is satisfied. Then problem (4.1) has a unique solution
ueY forf e X,k €Sy, and the following uniform coercive estimate holds:

n m+2

>

k=1 i=0

dlu

; + | Aullr ey < Clif llx- (4.2)
e

LP(GSE)

Proof First we will show the uniqueness of solution. For this aim we use microlocal anal-
ysis. Let Dy, Dy, ..., Dy be rectangular regions with sides parallel to the coordinate planes
covering G and let ¢;,¢,,...,¢n be a corresponding partition of unity, i.e., ¢; € C3°(G),
o0j = supp¢; C D; and Z/]Zl ¢j(x) = 1, where C3°(G) denotes the space of all infinitely differ-
entiable functions on G with compact support. Now for u € W*"#(G; E(A), E, Ly;) being
a solution of (4.1) and u;(x) = u(x)¢;(x) we get

n 32y
(L+Mu; = Zak(x)ﬁb;] + (AW®) + A)u(x) = fi(), Lyuj=0, i=1,2, (4.3)
k=1 k

where

n

£ = @) + Zak(x)[clu 09, c1g, 21 ]

o a T
o1 8xk E)xk
“ ou .
Y WA@—, j=12,..,N. (4.4)
1l axk

Freezing the coefficients of (4.3), extending u;(x) outside of o; up to D;, we obtain the BVP

n
9%u;
Zak(xo,)ﬁ; + (Axey) + A)uj(x) = Fi(x), x €D, (4.5)
k=1 k
Liuj=0, i=1,2k=12,...,n,

where

n 92y
=i+ [Alo) —A®]uy + 3 [ax(xoy) - a(x)]gbg’, (4.6)
k=1 k

and C} are the usual binomial coefficients. It is clear that F; € W (D;; E) = X;. By applying
Theorem 3.1 we obtain the following a priori estimate:

n m+2

2Dl

k=1 i=0

0'u,
Py + Ao < CIE I (4.7)

& lzr(;E)

for the solution u € ¥; = W2*m'p(Dj;E(A),E) of (4.5) on the domains D; containing the
boundary points. In a similar way we obtain the same estimates for the domains D; C G.
In view of Fj, by Theorem Ay, in view of the continuity of coefficients, choosing diameters
of supp gj sufficiently small we see that for all small § there is a positive continuous function
C(8) so that

IEillx; < IIf - @illx; + Slluslly, + C(O)llugllx;.- (4.8)
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Consequently, from (4.6)-(4.8) we have

n m+2
DIl b + 1A | ()
k=1 i=0 ¥k IlLr(DjiE)
< Cllf I, + 8lleglly; + M) sl (4.9)

Choosing & < 1 from (4.9) we obtain

n m+2

DD I

k=1 i=0

+ 1Al o) < CIf L, + Nl ]- (4.10)
12(DE)

k

Since u(x) = Z]]\il uj(x) and by (4.10) we find that the solution of (4.1) satisfies the esti-
mate (4.2). It is clear that

||u||x—m|| O+ Nu- Ou”x_' |[||(O+/\)u|| + | Oullx].

Hence, by using the definition of ¥ and applying Theorem A; we obtain

llaellx < W [||(O +2uly + lully].

From the above estimate we have

n m+2

DD

k=1 i=0

+ |Aull ey < C||(O + Mu
1P(GE)

(4.11)

l ”X

Xk

The estimate (4.11) implies that uniqueness of the solution of problem (4.1). It implies
that the operator O + A has a bounded inverse in its rank space. We need to show that
this rank space coincides with the space X, i.e., we have to show that for all f € X there is a
unique solution of problem (4.1). We consider the smooth functions g; = gj(x) with respect
to ¢; on D; that equal 1 on supp ¢;, where supp g; C D; and |gj(x)| < 1. Let us construct for
all j the functions #; that are defined on the regions ; = G N D; and satisfying problem
(4.1). Problem (4.1) can be expressed as

n 92y
Zak(xoj)a—z/ + (A(xo,») + )»)u,'(x)
k=1 K

a .
= glf + [Alag) - AW)] u,+Zak(xo,) a@)] —2 Z (x)a—j:; , (4.12)

k=1 S

Liuj=0, i=1,2,k=12,...,n,xeD,

Consider operators Oj, = O; + A in X; that are generated by the problem

92y
Zak Xo5) » 2 (A(xo,) + k)u(x) =f(x), xeD, (4.13)
k=1

Liyu=0, i=1,2.
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By virtue of Theorem 3.1, the local operators Oj, have bounded inverses Oj‘; from X; to ¥;

and for all f € X; we have the following uniform estimate:

n m+2

2Dl

k=1 i=0

o' ol
i A
dxl 7

(DE) !

Extending the solutions #; of (4.13) to zero on the outside of o; and using the substitu-
tions u; = O}j\l v; we obtain the equations

szl(j)uvj"'gjf’ j=1,2,...,N, (415)

where K}, = Kj; (¢) are bounded linear operators in X; defined by

Ky =g f + [Alxo) - A®)] 05!

n 82 " 0
+ Z[ak(xoj) - zzk(x)]—ax2 O],)} _ ZAk(x) JDO’O;AI .
k=1 k k=1 k

In fact, due to the smoothness of the coefficients of the expression Kj, and in view of the
estimate (4.14) for sufficiently large |A| there is a sufficiently small § > 0 such that

[[A620) - A@10510 |y ) = B0y lurire

n

2

k=1

32
[ak(xo;)—ak(x)]@Ojklvj o =< 8llvjllzr ).
k Dj;

Moreover, by Theorem A; we find that for all § > 0 there is a constant C(§) > 0 such that

n m+2

22 Il

k=1 i=0

< 8llvlly, + CO)llvyllx,-
LP(Dj;E)

‘ 9
-1
2 Ak(x) a—xk O]r)\ Uj

Hence, for |arg A| < ¢ with sufficiently large |A| there is a y € (0,1) such that [|Kj, || < y.
Consequently, (4.15) for all j have a unique solution v; = [I - K;;]7'g;f. Moreover,

oyl = | = K51 g [, = Wf 1

Thus, [I - I(ﬂ]’lgj are bounded linear operators from X to X;. Thus, the functions u; =
O}j\l - K,-,\]’lgjf are solutions of (4.12). Consider the linear operator U in L?(G; E) defined
by

D(U) = W™ (GE(A),E,Ly), j=1,2k=12,...,n,

N
Uf =Y gO0)Upf = O3l I - Kyl 'gf, j=1,2,...,N.

Jj=1
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It is clear from the constructions Uj, and from the estimate (4.14) that the operators L},

are bounded linear from X to Y; and for | arg A| < ¢ and sufficiently large || we have

n m+2

PRI

k=1 i=0

ai
P U;)fH + AU r ;e < Cllf llx- (4.16)
Xk LP(DE)

Therefore, U is a bounded linear operator in X. By the construction of the solution oper-
ators Uj, of the local problems (4.12), we get

N
O+ Mu=Y (0+N(gUpf)

j=1
N N N N
=S[00+ DWpf) + Dpf] =Y wgf + Y Ppf =f+ Y Puf
j=1 j=1 J=1 j=1

where @, are bounded linear operators defined by

d 3¢ U
Duf = Zak(x)[Cénga—mi +Clg ’*'f}

j
P Bxk

- aQ; aUyf
+ X:Ak(x)[C(I)Llj;fa—x:< +Clg 89:/(
k=1

:|, j=12,...,N. (4.17)
Indeed, by Theorem A, estimate (4.16), and from the expression ®;; we find that the
operators ®;, are bounded linear from X to X and for | arg A| < ¢ with sufficiently large |A|
thereisan § € (0,1) such that ||®;, || < §. Therefore, there exists a bounded linear invertible
operator (I + Z}]\il dex)’l, i.e., we infer for all f € X that the BVP (3.1) has a unique solution

N N -1
@) = (0+1)7f =D GO - Kyl (1 ) q’/x) /-

j1 j=1

Let B, = L(X).

Remark 4.3 Theorem 4.1 implies that the resolvent (O + A)™! satisfies the sharp uniform

estimate
n m+2 ) ai
YN Er | — 0+ +[AO+0)7, <C
k=1 i=0 O By Y

for |argA| < ¢ and ¢ € [0, 7).
5 Abstract Cauchy problem for parabolic equation

Consider now the initial BVP for the following parabolic equation with variable coeffi-

cients, i.e.,

M — R7— du
o + ;“k(x)a_xi + ;Ak(x)a_xk +A@)u +du=f(x,t), (5.1)
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WIk}‘

du dlu
Z [Olkji—.(Gko, £) + ﬂk/iﬁ(Gkb: L‘)] =0, (5.2)
%

z
Py 0x;,

u(x,0)=0, te(0,T),x€cGa®eGj=1,2,

where A(x) and Ay (x) are linear operator functions in a Banach space E, a; are complex-
valued functions, A is a complex parameter, d > 0, m;; € {0,1} and G, G, Gio, Gip are the
domains defined in (3.1)-(3.2).

For p=(p,p1), G, = (0,T) x G, LP(G,;E) will denote the space of all E-valued p-
summable functions with mixed norm (see e.g. [27]), i.e., the space of all measurable func-
tions f defined on G,, for which

o= ([ ([ Wrenlias)” ar)” <o

Analogously, W"P(G,, E(A), E) denotes the Sobolev space with the corresponding mixed
norm (see [27] for the scalar case).

In this section, we obtain the existence and uniqueness of the maximal regular solution
of problem (5.1)-(5.2) in mixed LP norms. Let O denote the differential operator in L?(G; E)
generated by (4.1) for » = 0.

Theorem 5.1 Let all conditions of Theorem 4.1 hold for m = 0 and ¢ € (3, 7). Then:
(a) the operator O is an R-positive in LP(G; E);
(b) the operator O is a generator of an analytic semigroup.

Proof In fact, by virtue of Theorem 4.1 we see that for f € L?(G; E) the BVP (4.1) have a
unique solution expressed in the form

N N -1
u(x) = (0+1)7f = Z 9O, - Kyl <1 + Z cb,x) f

Jj=1 Jj=1

where Oj, = O; + A are local operators generated by BVPs with constant coefficients of
type (3.1)-(3.2) and Kj, and ®j; are uniformly bounded operators defined in the proof of
Theorem 4.1. By virtue of [2, Theorem 5.1] the operators O; are R-positive. Then by using
the above representation and by virtue of Kahane’s contraction principle, and the product
and additional properties of the collection of R-bounded operators (see e.g. [3, Lemma 3.5,
Proposition 3.4]) we obtain the assertions. a

Theorem 5.2 Let all conditions of Theorem 5.1 hold. Then for f € LP(G,; E) problem (5.1)-
(5.2) has a unique solution u € WY*P(G,; E(A), E) and for sufficiently large d > O the fol-
lowing coercive estimate holds:

Proof Problem (5.1)-(5.2) can be expressed as the following Cauchy problem:

n
9%u

2
oxy

u
ot

+ | Aullp(G,:5) < Clf llzp(G,:E)-

+
IPGE) o LP(G,E)

du
7 + Ou(t) =£(¢), u(0) = 0. (5.3)
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Theorem 5.1 implies that the operator O is R-positive and also is a generator of an an-
alytic semigroup in F = L,(G; E). Then by virtue of [23] or [21, Theorem 4.2] we see that
for f € IP1((0, T); F) problem (5.3) has a unique solution u € W?1((0, T); D(O), F) and the

following uniform estimate holds:

Since L1(0, T; F) = LP(G,; E), by Theorem 4.1 we have ||Oul| 21 (z,;r) = D(O). This rela-

tion and the estimate (5.4) implies the assertion. O

du
dt

+|0ullrr0,1:r) < Cllf Iz (0,7:5)- (5.4)
1PLO,TSF)

6 Nonlinear abstract parabolic problem
Consider the following nonlinear parabolic problem:

n
32
Y aw) S + Bltx,uu = F(t,x%,u, V), (6.1)
=1 k
mpq Mo 3
Lklu Zakt G/(O: =0, L/(ZM Zﬂkt 9x l Gkh: ) =0, (62)

ulx,0)=0, te(0,7),x¢cG,x® e,

where a; are complex-valued functions, ay;, B are complex numbers, m; € {0,1} and G,
G, Gio, Gip, are domains defined in (3.1)-(3.2).
Let G7 = (0, T) x G. Moreover, we let

n

n
GO ZH(O’bOk)i G=l_[(0, bk); bk € (O, bok]’Te (01 TO):
k=1 =

G/( = (O’bl) X X (Orhk—l) X (07bk+1) X X (O’bn)y
i+

1
By = (W*? (G, E(A),E), Y (GG E)), » i = 2",

k
By = HHBk“ x 8 = (e, X, ey Kk K1y e ).
k=1 i=0

Remark 6.1 By virtue of [25, §1.8] the operators u — 2 are continuous from

W2P(G;E(A),E) onto By and there are the constants C; and C; such that for w €

W?2P(G;E(A),E), W = {wi}, wi = » ,,l_o 1,k=1,2,...,n,

IWlloeo = sup I wiillz, < CollWllw2scew,e-

x€G ki

i

8k

tw
Ay

< Gilwllw2r(Ew)e)»
By

= sup
Bjj00 X€G

Condition 6.1 Suppose the following hold:
(1) Eis an UMD-space;
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(2) ay are continuous functions on G, ax(-) € S(¢1) N C/R,, Qg 70,5 By, 70,
k=1,2,...,n,where ¢ + ¢ < 7;
(3) there exist ®y; € By, such that the operator B(t, x, ®) for ® = {®y;} € By is R-positive

in E uniformly with respect to x € G and ¢ € [0, T']; moreover,
B(t,x, ®)B7(t%,2°, @) € C(G,L(E)), t°€(0,T),x° € G;

(4) A=B(t%a°, ®): Gy x By — L(E(A), E) is continuous; moreover, for each positive »

there is a positive constant L(r) such that

I[B(t,x, U) - B(t,x, IDv|| . < L) U - U5, I AV £

(5) the function F: Gt x By — E such that F(-, U) is measurable for each U € By and
F(t,x,-) is continuous for a.a. ¢t € (0, T), x € G; moreover,
| F(t,x, U) - F(t,x,U)||g < C|\U - Ul|p, foraa.te(0,T),xeG,U,Ue By and
Uy, 1U N5y <73 f(-) = F(-,0) € LP(Gr; E).

fOI‘tE (O, T),xe G, U,[[EB(), I:IZ {I:I]q‘}, L_ikj EB](/‘, ||u||30,||1:[”30 <r v ED(A),

By reasoning as in [20, Theorem 5.1] we obtain the following result.

Theorem 6.1 Let Condition 6.1 be satisfied. Then there are T € (0, Ty) and by € (0, box)
such that problem (6.1)-(6.2) has a unique solution belonging to W“*?(Gr; E(A), E).

7 The mixed value problem for system of parabolic equations

Consider the initial and BVP for the system of nonlinear parabolic equations

My — 2u, L du;

T + ; ar(x) 8x,2( + ;dmj(x)uj(x, t) + ; /; bkj(x)a_xk = F,,(x, t, u), (7.1)
Mg ' ) ‘

Zakiuxl)(Gko; t)=0, Z Bt (G, t) = 0, (7.2)
i=0 i=0

U (%,0)=¢ux), x€G,te(0,T),m=12,...,N,NeN, (7.3)

where u = (u1,us,...,un), my; € {0,1}, o, Pri are complex numbers, a; are complex-
valued functions, G, Gxg, Gy are defined as in (3.1)-(3.2), and

1
mgj + = X
Oy = ——2,  sy=s(-6y), s>0, By=L’, j=12,

By, =[[By @y 700 Bimy 70, k=12,..0,m.
kj

Let A be the operator in [,(N) defined by

DA)=L(N), A= [dw) dpj(%) = gn(%)29, m,j=1,2,...,N,
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where

N i
ly(N) = {M ={u},j=12,...N, llull,o) = (ZW;’lq) < OO},
-1

1
N 7
I4(A) = {u € I(N), llwll1,a) = 1 Aul ) = <Z|251u,|q> < oo},
j=1

x€Gl<g<oo,N=1,2,...,00.
Let byj(x) = My;(x)2%/ and
B =L(L,(G;14(N))).
From Theorem 6.1 we obtain the following result.

Theorem 7.1 Let the following condition hold:
(1) ay are continuous functions on G, ax(x) € S(¢1) NC/R,;
(2) s> ZZI(’S_I)"), O<o <50, 50 = s(’;;l);
(3) g € C(G), Ny € C(G); the eigenvalues of the matrix [d;(x)] and d;(x) are positive

forallx e G,m,i=1,2,...,N ; there is a positive constant C such that

n N N 1 1
ZZMZ;(JC)SCZg;“(xRoo, x€G,—+—=1;
k1 j-1 =1 9 4N

(4) the function F(-,v) = (Fi(-,v),..., Ex(-, v)) is measurable for each v € By, and the
Sunction F(x,-) for a.a. x € G is continuous and f(-) = F(-,0) € L,(G;1,); for each
R > 0 there is a function Vg € Loo(G) such that

| F@, 1) = Fae, L), < W)U = Uiy

a.a.x € Gand
U,UeBy, Uz, <R [[Ullz, <R,
u-= {Mkj}’ I:[ = {ﬁk]}x ukj’ ﬁk] S BOp'

Then problem (7.1)-(7.3) has a unique solution u = {u,,(x)}\ that belongs to the space
W;’Z(GT’lq(A)rlq)-

Proof By virtue of [26] the space [;(N) is a UMD-space. It is easy to see that the opera-
tor A is R-positive in [,(N). Then by using conditions (1)-(3) we see that condition (5) of

Theorem 6.1 holds. So in view of Theorem 6.1 we obtain the conclusion. O
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