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Abstract
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1 Introduction

During the past two decades, fractional differential equations have been proved to be valu-
able tools in the modeling of many phenomena in various fields of engineering, physics,
and economics, and hence they have gained considerable attention. Some basic theory for
the initial value problem of fractional differential (or evolution) equations was discussed in
[1-10]. But all these papers did not consider the effect of impulsive conditions in the equa-
tions. Recently, Wang et al. [11] studied the existence of mild solutions for the fractional

impulsive evolution equations

Du(t) + Au(t) =f(t,u(t)), te]=[0,al,t+t,
u(ty) =ulty) +ye k=1,2,...,m, 1)
u(0) = ug

in a Banach space X, where a > 0 is a constant, D7 denotes the Caputo fractional deriva-
tive of order g € (0,1), A : D(A) C X — X is a closed linear operator and —A generates a
Co-semigroup T'(¢) (¢t > 0) in X, f :J] x X — X is continuous, yx, uo are the elements of
X, 0=ty <ty <ty <---<by<tma=a, ult]) and u(t;) represent the right and left limits of
u(t) at t = ty, respectively. By using some fixed point theorems of compact operator, they
derive many existence and uniqueness results concerning the mild solutions for problem
(1) under the different assumptions on the nonlinear term f. For more articles about the
fractional impulsive evolution equations, we refer to [12-14] and the references therein.
On the other hand, the fractional neutral differential equations have also been studied by
many authors. Many methods of nonlinear analysis have been employed to research this
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problem; see [6,15-18]. But, as far as we know, papers considering the fractional impulsive
neutral evolution equations are seldom.

In this paper, we consider the following nonlocal problem of fractional impulsive neutral
evolution equations:

D[u(t) - h(t, u(t)] + Au(t) = f(t, u(t)), te],t#tx
Aulpmy = u(tf) —ulty) = L(u(t), k=1,2,...,m, (2)
u(0) + g(u) = up

in a Banach space X, where J = [0, a], D? denotes the Caputo fractional derivative of order
q € (0,1), —A is the infinitesimal generator of an analytic semigroup T(¢) (¢ > 0) in X, Ix
(k=1,2,...,m) are the impulsive functions, f, 4, g are given functions and will be specified
later. By utilizing the fixed point theorems, we derive many existence results concerning
the mild solutions for problem (2) under different assumptions on the nonlinear term and
nonlocal term.

The rest of this paper is organized as follows. In Section 2, some preliminaries are
given on the fractional power of the generator of an analytic semigroup and the frac-
tional calculus. In Section 3, we study the existence of mild solutions of the problem
(2). An example is given in Section 4 to illustrate the applications of the abstract re-
sults.

2 Preliminaries
In this section, we introduce some basic facts as regards the fractional power of the gen-
erator of an analytic semigroup and the fractional calculus.

Let X be a Banach space with norm || - ||. Throughout this paper, we assume that —A is
the infinitesimal generator of an analytic semigroup T'(¢) (¢ > 0) of a uniformly bounded
linear operator in X, that is, there exists M > 1 such that || T'(¢)|| < M for all £ > 0. Without
loss of generality, let 0 € p(A), where p(A) is the resolvent set of A. Then for any « > 0, we
can define A~ by

1

- ,_ = * a1
A% = F(a)/o LT(t) dt.

It follows that each A™ is an injective continuous endomorphism of X. Hence we can
define A% by A% := (A~%)"!, which is a closed bijective linear operator in X. It can be shown
that each A% has dense domain and that D(4#) C D(A%) for 0 < « < B. Moreover, A**Px =
A*APx = AP A%x for every o, B € R and x € D(A*), where p := max{a, B,a + B}. A° =1, I is
the identity in X. (For proofs of these facts we refer to [19, 20].)

We denote by X, the Banach space of D(A%) equipped with norm |x||, = ||A%x| for
x € D(A%), which is equivalent to the graph norm of A*. Then we have X3 — X, for 0 <
a < B <1(with Xy = X), and the embedding is continuous. Moreover, A* has the following

basic properties.

Lemma 1 [19] A* has the following properties.
(i) Tt):X — Xy foreacht>0and o> 0.
(i) A*T(t)x = T(t)A%x for each x € D(AY) and t > 0.
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(ili) Foreveryt >0, A*T(t) is bounded in X and there exists My, > 0 such that
|AT(0)] < Mat™.
(iv) A™ is a bounded linear operator for 0 <o <1in X.

From Lemma 1(iv), there exists a constant C,, such that |[A™|| < C, for0 <a <1.

For any ¢ > 0, denote by T,(t) the restriction of T(¢) to X,. From Lemma 1(i) and (ii),
T,(t) (t > 0) is a strongly continuous semigroup in X, and || T, (£) || < ||T(¢)| forall £ > 0.
To prove our main results, the following lemma is needed.

Lemma 2 [21] T,(¢) (t = 0) is an immediately compact semigroup in X,, and hence it is

immediately norm-continuous.

Let us recall the following known definitions in fractional calculus. For more details, see
[1-10, 22, 23] and the references therein.

Definition1 The fractional integral of order o > 0 with the lower limits zero for a function
f is defined by

I°f(t) = /t(t —8)°f(s)ds, t>0,
0

1
(o)
where I' is the gamma function.

The Riemann-Liouville fractional derivative of order #n — 1 < o < n with the lower limits

zero for a function f can be written as

LDaf(t): - 1 d"

' n-o-1
m@/o(t—s) f(s)ds, t>0,nmeN.

Also the Caputo fractional derivative of order n — 1 < o < n with the lower limits zero for

a function f € C"[0, 00) can be written as

o _ 1 ! _ y—o-1g(n)
Df(t)—ir(n_a)/o(t s) " (s)ds, t>0,meN.

Remark 1 If f is an abstract function with values in X, then integrals which appear in
Definition 1 are taken in Bochner’s sense.

Lemma 3 [4, 5] A measurable function h : [0,a] — X is Bochner integrable if ||h| is
Lebesgue integrable.

For x € X, we define two families {U(£)};>0 and {V(£)}:>0 of operators by

U@t)x = /‘00 nq(Q)T(th)de,
0

(0]
V(t)x = q/ Onq(0)T (t70)xdh, 0<q<1,
0

Page3of 16
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C(ng +1)
!

pq(0) = % Z(—l)’H@"”"1 sin(nrq), 6 €(0,00).

14 is a probability density function defined on (0, 00), which has properties 1,(9) > 0 for
all 6 € (0,00) and fooo nqg(0)do =1, fooo 014(0)d6 = m. It is not difficult to verify (see [5,
Remark 2.8]) that for any u € [0,1], we have

" g _ P+

The following lemma follows from the results in [4-7, 11].

Lemma 4 The operators U(t) and V(t) have the following properties.
(i) For fixed t > 0 and any x € Xy, we have
qM

M
|u@)x|, < Mlixlla Ve, < ) lxlle = Q) %]l

For fixed t > 0 and any x € X, we have

gM,T (2 - )

[Vx], = T +q0-a)

£ .

(i) The operators U(t) and V (t) are strongly continuous for all t > 0.

(iii) IfT(¢) (t > 0) is a compact semigroup, then U(t) and V(t) are compact operators in
X fort>0.

(iv) If T(¢) (¢t = 0) is a compact semigroup, then the restriction of U(t) to X, and the
restriction of V(t) to X, are compact operators in X, for every t > 0.

Lemma 5 (Krasnoselskii’s fixed point theorem) Let E be a Banach space, B be a bounded
closed and convex subset of E and Fy, F, be maps of B into E such that Fix + Fpy € B for
every pair x,y € B. If F| is a contraction and F, is completely continuous, then the equation

Fix + Fox = x has a solution on B.

We denote by C(J, X,,) the Banach space of all continuous X, -value functions on interval
J with the norm ||u||c = sup,; [|u(?)|lo, and by PC(J, X) := {u:] — X4 |u is continuous on
t # t, u(ty) = u(t;) and right limits exist on ¢ = &, k = 1,2,...,m} the norm space endowed
with the norm ||u|pc = sup,; lu(t)||o- Let {u,};2, C PC(J, X,) be a Cauchy sequence. Then
for any ¢ > 0, there exists a constant N > 0 such that for any m,n > N, we have |u,, —

uyllpc < e. Then for any ¢ € ], we have
”Mm(t) - Mn(t)”a < thm — thnllpc <e.

That is, {u,,(t)} C X, is a Cauchy sequence. Noticing that X,, is a Banach space, then
{1, ()} is convergence in X,,. That is, lim,_, 0 U, (£) = uo(t) € X, forall £ € J. Let m — oc.
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Then for n > N, we have
o0 (2) uo(t)Ha <e, tej.

This means that {u,(¢)} is uniformly convergent to uy(¢) in X, for all ¢ € J. Hence we get
uog € PC(J,X,) and u,, — ug in PC(J,X,) as n — oo. That is PC(J, X,,) is a Banach space
endowed with norm | u||pc for u € PC(J, X,).

If the problem (2) is without impulse, we have

{ DA[u(t) — h(t, u(®)] + Au(t) = f(t, u(t)), te], &)

u(0) + g(u) = uo

A function u € C(/,X,) is said to be a mild solution of the problem (3), if u satisfies the

integral equation
u(t) = U®)[uo — g() — h(0,u(0))] + h(t,ult)) + / t(t ~ ) VAV (£~ s)h(s, u(s)) ds
0

+ /t(t —s) V(- s)f(s, u(s)) ds, te].
0

Hence, by using a completely similar technique as in [11, Section 3], we obtain the fol-

lowing definition.

Definition 2 By a mild solution of the problem (2), we mean a function u € PC(J,X,)

satisfying
U(t)[uo — g(u) — h(0, u(0))] + h(t, u(®)) + fot(t—s)(q’l)AV(t — 8)h(s, u(s)) ds
+f(f(t—s)q’1V(t—s)f(s, u(s))ds, tel0,t],
Ut)luo - ( ) = h(0,u(0))] + U(t - t1) Ly (u(tr)) + h(t, u(t))
+f Ya-DAV (¢t - s)h(s, uls)) ds
uey=1  +ht —sq WVt -s)f(suls)ds, te(tbl,

U(t)[uo — g(u) = h(0, u(0)] + Y77, Ut — t)Li(u(t:) + h(t, u(t))
+ [3(t =) TDAV (¢ - s)h(s, u(s)) ds
+ [t =TV (E - 9)f (s,uls))ds, t € (tmal.

3 Existence of mild solutions
In this section, we introduce the existence theorems of mild solutions of the problem (2).
The discussions are based on fixed point theorems. Our main results are as follows.

Theorem 1 Assume that the following conditions are satisfied.

(H1) T(¢) (t = 0) is a compact analytic semigroup;
(Hp) The function h : ] x X, — X is continuous and there exists a constant Ly > 0 such that

AR, %1) = Ah(t2, 5%5) | < Li(1t = ta] + |1 + %2l

forall t1,t, €] and x1,%; € Xq;
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(Hs) The function f :] x X, — X satisfies the following conditions.
(i) Fora.e.te], the functionf(t,-): Xy — X is continuous, and for every x € X,,
the function f(-,x) : ] — X is strongly measurable.
(i) Foreachr>0 andt €], there exists a constant q; € (0,q) and a function
Fe L% (J, R*) such that

sup |Lf(t,x) || < F(t).

¥l <r
(Ha) For the functions Iy : Xo — Xy, there exists a constant Ly > 0 such that
(1) = Ie(x) |, < Lol = %2lles k=1,2,...,m

for all x1,%5 € Xq.
(Hs) The function g : PC(J, Xy) — Xy and there exists a constant Ls > 0 such that

lg1) —gm)|, < Lsllvi = vallpc

for all vi,vy € PC(J, Xy).

Ifug € X, then the problem (2) has a mild solution u € PC(J, X,) provided that

MyLiT(2 - a)a?0-)
l—a)F(1+ql-a) "

M* 2 M(Loym + Ls) + (M +1)L1C_q + (4)

1-q1
5)2-@)-1 ¢ [0 [0,¢] for t € J. In view of Lemma 4, a similar argument as in the proof
of [6, Theorem 3.1] shows that (£ —s)7" V(£ —s)f (s, u(s)) is Bochner integrable with respect
tose[0,¢t] forallte].
For any r > 0, let B, = {u € PC(J, X,) : ||#|lpc < r}. Since the function i2:] x X, — Xj is
continuous, for any u € B, and ¢ € J, by Lemma 4, we get

Proof Let b = ql-o)-1 (-1,0), M = ||F| {%[ - Direct calculation shows that (¢t —
L1 [0,a

/ - AV - )b, uts) |, d
0

_ /t“ (t B S)q_lAa V(t _ S) .Ah(S, M(S)) || ds
0
gMoT'(2 — )
=T+ q-a)

M,T(2 - a)a?-
T (1-o)F1+g(1-w)

/ t(t—s)q(l"")’l[||Ah(s,u(s)) — Ah(0,0)| + | A(0,0)| ] ds
0

[Li(a +7) + |AR(0,0)|].

Thus, ||(¢£ - s)T LAV (£ — s)h(s, u(s)) |, is Lebesgue integrable with respect to s € [0, ¢] for all
t € ]. From Lemma 3, it follows that (¢ — )7 AV (¢ — s)h(s, u(s)) is Bochner integrable with
respect tos € [0,¢] forall £ €.

Define two operators Q; and Q, on PC(J,X,) by

(Quu)(t) = / -9 V(- s)f (s;uls))ds, te];
0

Page 6 of 16
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U(8)[uo — g(u) — h(0,u(0))] + h(t, u(t))
+f t—s)T AV (t - s)h(s,u(s)) ds, tel0,4],
U(t)[uo — g(u) — h(0,u(0))] + h(t, u(t))
(s,

+ [yt =) TTAV(E = (s, u(s)) ds + U(t — )L (u(t)),  t€ [t t),
Qx(u)(2) =

U(t)[uo — g(u) — h(0,u(0))] + h(t, u(z))
+f t—8)T LAV (t — s)h(s, u(s)) ds
+ > Ut —t)L[(u()), t € [tmal.

Obviously, « is a mild solution of the problem (2) if and only if  is a solution of the operator
equation u = Quu + Qau. We will use Krasnoselskii’s fixed point theorem to prove that the
operator equation u = Qiu + Q,u has a solution on B,. For this purpose, we first prove that
there is a positive number ry such that Q,u + Quu € B, for any u € B,,. If this were not the
case, then for each r > 0, there exist u, € B, and ¢, € J such that ||(Qqu, + Qau,) (&)l > 7. It
is clear that thereisa 0 < k < m such that ¢, € [#, tx41]. Thus, from assumptions (H;)-(Hs),

we see that

r < ” (Qlu, + Qzur)(tr) ”a
< / (= 9TVt - 5)f (5,,05)) | ds
0

+ ” U(tr)[uo _g(ur) - h(ox ur(o))] ” + ”h(tr: ur(tr)) ”

/ (t: = )T AVt — $)h(s, u,(s)) | ds+Z||L[(t, )1 (e (81)) H

i=1

gMT' (2 —a) /t’ (1-a)-1
< - t, — )1 L F(s) ds + M||uo |«
= Tirq0-a) )o (tr—5) (s) lluoll

+ M[[g(ur) -], + @], ]
+ MCy_o [ |AR(0, 4,(0)) — AR(0,0) | + [|AA(0,0)|] + Cro | AR (8 ur(5) |

M, T (2 - )

(1-a)-
T(1+q(-a)) / (t — )10 | Ah(s, uy(s)) — AR(0,0) || + [|AR(0,0)| ] ds

v MZ[||Ii(u,(ti)) =5, + [1)],]

GM MT (2 — a)a1+D)1-a)
ra+qgQ1-a)d+bl-a

+ (M + 1)L Crr + (M +1)Ci_o | AR(0,0) |, + L1aCyq

< + Mluola + MLsr + M||g(0)],

M,T(2 - o)a?0-)

T s ga_ay @+ )+ [4h0,0)]]

m
+ MLymr + My |1,(0)
i=1

Dividing on both sides by r and taking the limits as r — +00, we have

M, LT(2 — @)a?1-2)

M(Lym + L3) + (M +1)L1C_y + I a0 rql-a) >1,
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which contradicts (4). Hence there exists a positive constant r such that Qu + Q.u € By,
for any u € By,.

Next, we will show that Q; is a completely continuous operator and Q, is a contraction
on B,,. Our proof will be divided into three steps.

Step 1. Q; is continuous on B,.

For any u,,u € By, n =1,2,... with lim,_, o ||2£,, — u||pc = 0, we get lim,,_, o0 1, () = u(t)

for all ¢ € J. Hence, by the assumption (H3), we have

Tim f(t,un() =f(tu(t), te].

Noting that ||f(s, u#,(s)) — f(s, u(s))|| < 2F(¢), by the dominated convergence theorem, we

have

[(Qu)(® - Q0]
< / (&= )T AV (E = $)[f (5, un(s)) = f (5, u(5))] | ds

M, T’
7q1+q(i Z) f(t 5) =) (s unls)) = f (s, u(s)) || ds

— 0,

as n — 0o, which implies that Q; is continuous.

Step IL. {Qiu : u € B,,} is relatively compact. It suffices to show that the family of
functions {Qu : u € B} is uniformly bounded and equicontinuous, and for any ¢ € J,
{(Quu)(¢) : u € By, } is relatively compact in X,.

For any u € B,,, we see from above that ||Q,u||pc < ro, which means that {Qu: u € B,}
is uniformly bounded. In the following, we will show that {Qiu : u € B,,} is a family of
equicontinuous functions.

Forany u € B,, and 0 < ¢ <t” < a, we get

[(Qu) (") - (@ ()],

- /t [(t// _S)q—l _ (t/ _ S)q—l]v(t// —S)f(s, M(S)) ds
0 o
+ /t (t/ _ S)q—l[v(t// —S) _ V(t/ _ S)]f(s, u(s)) ds
0 o
.\ /t (t_// _ s)q—l V(t// _ S)f(s, M(S)) ds
gMT (2 -« Y y (1o o
<111+¢1 m)/ (¢ (=) (¢ =) - F(s)ds

[ e g - arvie -9 -Fora

gM,T(2 - )
ra+qQ1-a))

éAl +A2 +A3.

t//
(t” - s)q(lfa) 1F (s)ds

Page 8 of 16
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From the expressions of A; and As, it is easy to see that A; - O and A3 - Oast’"—¢ — 0
independently of € B,,. For t' =0, 0 < t” < g, it is easy to see that A, = 0. For ¢’ > 0, let

¢ € (0,¢') be small enough. Then, from the expression of A,, we have
t'—e L
A, < / (=) |A*V (" —5) = AV (¢ —5)|| - F(s) ds
0

t/
+/ (L"—s)q_1 |[A“V (" - s) - A"V (£ -s)| - F(s)ds
t'—¢

M[(t/)hrbl _ 81+b1 ]l—ql

sup [ T((¢"=5)"0) = T((¢' -3)"0) ],

FA+q@)A+b) 1 o

IMuqT(2—a) ¥, \40e)1
ekt il niiihats t—s - F(s)ds
rd+qQ1-a) t’—s( )

for 6 € (0,00), where b; = = Since Lemma 2 implies the continuity of T,(¢) in ¢ > 0 in
the uniformly operator topology, it is easy to see that A, — 0 ast” — ¢’ — 0 independently
of u € By,. Thus, [|(Quu)(t") — (Qiu)(#)|l¢ — 0 as ¢” — ¢ — 0 independently of u € By,
which means that the set {Q,u : u € B,,} is equicontinuous.

It remains to prove that for any ¢ € J, the set W(¢£) := {(Qiu)(¢) : u € B,,} is relatively
compact in X.

Obviously, W(0) is relatively compact in X,. Let 0 < ¢ < a be fixed. For Ve € (0,¢) and
V8 > 0, define an operator Qf”s on B, by

¢ au)(t) =q /H /w 0t —$)" " 0y (O)T (£ - 5)10)f (s, u(s)) do ds

=T sq(S / / —s)T 1y Q)T((t —s)16 — sq(S)f(s, u(s)) de ds.

Then from the compactness of T(¢75), we find that the set W, 5(¢) := {( f"s u)(t) :u € By}
is relatively compact in X,, for Ve € (0,t) and Vé > 0. Moreover, for every u € B,,, we have

|(Qu)® - (& u) @),

5
<q | 0t — )T 0, (O) T ((£ - $)70)f (s, u(s)) d6 ds

+q /f /OOQ(t_S)q‘lnq(e)T((t—S)q9)f(s,u(s))dedg
t-g J$§

t 1-q1 8
<qM, ( / (t- s)bds) ] o f 0'~n,(0)do
0 qu [0,¢] 0

qMar(z - O[) t b -
"Tl+q1-a) (/ (-9 ds) IEL

- qM M
T (1+btn
aMMT (2 - o) (1+b)(1-q1)
I'(1+q(1-a)d+b)i-a ’

o

a(1+b)(1 q1) / 91 anq(e) de

Page9of 16
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ql-o)-1
I-q1
the set W(¢), £ > 0. Hence the set W (¢), t > 0 is also relatively compact in X, .

Therefore, the set {Qiu : u € B,,} is relatively compact by the Ascoli-Arzela theorem.

where b = € (-1,0). Therefore, there are relatively compact sets arbitrarily close to

Thus, the continuity of Q; and relative compactness of the set {Q,u : u € B} imply that
Q1 is a completely continuous operator.
Step III. Q, is a contraction on B,,.
Foranyu,v e B,, and t €, if ¢t € [0, 1], by the assumptions (Hy), (H4), and (Hs), we have
|(Quu)(®) - (Qv)(®)],
< [u®[(g(v) - g@w)) + (1(0,1(0)) - h(0,u(0)))]|,,

+ ||h(t, u(t)) - h(t,v(t)) ||a +

/t(t —8)I LAV (¢ - s)[h (s, u(s)) - h(s, v(s))] ds
0

< M[”g(u) -g) Ha +Ciq ||Ah(0, u(O)) —Ah(O, v(O)) H]
+ Cio | AR(t, u(t)) — An(t,v(0)) |
+ ft(t — 57t ||A“ V(t-s) || . ||Ah(s, u(s)) —Ah(s, v(s)) || ds
0

MyLiT (2 - @)a?d-®)
(1-a)l(1+4q(1-a)

< [MLg, +(M+1)LCig + ]IIM—VIIPC.

Ift € (tg, txs1l, k=1,2,...,m, we have

[(Qu)®) - @w©)],
= [u@[(et) - g@) + (1(0,v(0)) - h(0,u(®))]],

+ ||h(t, u(t)) - h(t, V(t)) ||a +

/t(t — )T AV (¢ - s)[h(s, u(s)) - h(s, v(s))] ds
0

o

MyLiT(2 - a)a?0-)
1-a)T1+q1-a))

< [M(Lzm +L3) + M+ 1)LCrg + ] Nu—vlpc.

Thus, for any u, v € B,, it follows from the above that

|Qazt — Qavllpc = StU?” (Quu)(t) — (Qv)(D)]|,, < M*|u — vl|pc.

Since M* < 1, we know that Q, is a contraction on B,,,. Hence, Krasnoselskii’s fixed point
theorem guarantees that the operator equation Q;# + Q. = u has a solution on B,,, which
is the mild solution of the problem (2) on B,,. O

Theorem 2 Assume that (H;)-(Hs) hold. Further, the following conditions are also satis-

fied.

(He) The functions Iy : Xy — Xy (k=1,2,...,m) are completely continuous and there exist
constants Lg, L5 > 0 such that

[x®)], <Lallxlle +Ls, x € X,
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(H7) The function g : PC(J,Xy) — X, is completely continuous and there exist constants
Le, L7 >0 such that

lg@)|, <Lellullpc + Lz, uePCU,Xa).

If ug € Xy, then the problem (2) has at least one mild solution provided that

M,T (@2 — &)L a10~

I-wlQ+qi-a) " )

M(Lagm + Lg) + (M +1)L1C_y +
Proof Define two operators F; and F, on PC(J, X,,) by
(Fru)(®) = U(6)[uo — h(0,u(0))] + A (2, u(t))

+ /t(t —)TTAV (¢ - s)h (s, u(s)) ds, te];
0

~U(t)gw) + [yt =)V (E-s)f (s, u(s))ds, te(0,4],
~U(t)g(w) + [t )TV (E—s)f (s, uls)) ds

+UE-t)h(u(h)), telh,b]
F(u)(t) =

—U()g(w) + [, (= )TV (¢t = s)f (s, u(s)) ds
+ Y Ul - ) Lu(t), tE ltyal

From (5), a similar proof as in Theorem 1 shows that there is a positive number ry such
that Fiu + Fou € B,, for any u € B,,, and F; is a contraction. From (H;), (Hs), (H¢), and
(Hy), it is easy to see that F, is continuous. Next, we will prove that the set {Fou : u € B}
is relatively compact. From the proof of Theorem 1, we only need to prove that the set
{—U(t)g(u) + Fsu : u € B} is relatively compact, where F; is defined by

0» te [O) tl];

U(t-t)h(ult), telt, bl
F3(u)(t) =

YU - t)L(u(t)),  tE [tmal.

A similar proof as in [24, Theorem 3.1] shows that the set {—U/(£)g(u) + Fsu : u € By} is
relatively compact. Hence F, is a completely continuous operator. By Krasnoselskii’s fixed
point theorem, the equation Fju + Fou = u has a solution on B,,,, which is the mild solution
of the problem (2) on B,,. O

Theorem 3 Assume that (Hy), (Ha), (Hs) hold. Further, the following condition is also
satisfied.

(Hg) The function f :] x Xy — X is Lipschitz continuous, i.e., there exists a constant L > 0
such that

Hf(t’xl) _f(t’xZ) || =< L"xl - x2”a

forany t €] and x1,%; € Xq.
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If ug € X, then the problem (2) has a unique mild solution provided that

oA My (L + L)T(2 — a)a?1=®)
M = M(Lom + L3) + (M +1)L1Ci_ + - a)F 1+ q0—-a) <1 (6)

Proof Define an operator Q on PC(J, X,) by

Ut)[uo — g(u) — h(0,u(0))] + h(t, u(t)) + fot(t — )4 VAV (¢ - s)h(s, u(s)) ds
+ [yt =) V(- s)f (s, uls) ds, te(0,4],

U(t)[uo — g(u) — h(0,u(0))] + Ut — )Ny (u(tr)) + Az, u(t))
+ [3 (=) TDAV (¢ — s)h(s, u(s)) ds

Q@ =1 +LE-9TV(E-s)f(suls)ds, tet,tl,

U(8)[uo — g(u) = h(0, u(0)] + 377, Ut — t)li(u(t:)) + h(t, u(t))
+ [3 (=) TDAV (¢ — s)h(s, u(s)) ds
+ [t =TIV~ 5)f (s, uls))ds, t € (b al.

Foranyt € Jand u,v € PC(J,X,),ift € [0, 4], by assumptions (H;), (Hs), and (Hg), we have
[(Qu)(®) - (@v)®)|,
=< [u®[(g») - @) + (1(0,v(0) - 1(0,u(0)))],

+ ||h(t, u(t)) - h(t, V(t)) ||a + ‘/ot(t —8)ItAV (¢ - s)[h(s, u(s)) - h(s, v(s))] ds

o

/0 (t—9)T V(¢ —5) [f(s, u(s)) —f(s, v(s))] ds

+

My (L + L)T(2 — a)ad0-o)
(1-a)I(1+q(1l-a))

< [ML?, +(M+1)LCrg + :| -l = vllpc.

If £ € (¢, tx41], from the above and the assumption (Hy), we have

|(Qu®) - @®)],
< |u@®[(g) - g@w) + (1(0,1(0)) - h(0,u(0)))]],

+ |t u(®)) - h(t,v(2)) ||a + /:(t —)TTAV (¢ - 5)[h(s, u(s)) - h(s,v(s)) ] ds

o

+

‘/0 (t=9)1V(t-s) [f(s, u(s)) —f(s, v(s))] ds

o

+

k
> U - )L () - L(v(t)]
i=1

o

<M |lu-vlpc.
Thus, for any u,v € PC(J, X,,), we have

|Qu — Qvlipc = SU?H(QM)(t) - Q@) , =M™ u-vlpc.
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Since M*™* <1, it follows that Q is a contraction on PC(J, X,). By the Banach contraction
principle, Q has a unique fixed point in PC(J, X,,), which is the unique mild solution of the
problem (2). a

4 An example
Let X = (L*([0,1],R), || - [l2). We consider the following fractional partial differential equa-

tions in X:

0/ [u(t,x) — [ dlxy)ult,y) dy] - L u(t,x) = G(t,x, ult, %)),
t€[0,al,t #t,x € [0,1],
u(t,0)=u(t,1)=0, 0<t<a, (7)
A]yey, = 1(x, fol ulte,y)dy), k=12,...,m,
u(0,x) + Y o fol L(x, y)u(z;, y) dy = uo(x), x€[0,1],

where 3/ is a Caputo fractional partial derivative of order g € (0,1),0 < 7 < Ty < -+~ < T, < @
and 0=ty <t <y <- - <ty < byl =a.
We define an operator A by Av = —v" with the domain

D(A) = {v(~) eX:v,v' eX,v(0)=v(1) = 0}.

Then —A generates a compact and analytic semigroup T(¢) (¢ > 0),and | T ()| <e* < 1.1t
is well known that 0 € p(A), and so the fractional powers of A are well defined. Moreover,
the eigenvalues of A are n*7? and the corresponding normalized eigenvectors are e, (x) =
V2sin(nrx), n=1,2,.... We define A3 by Aiz = Y o n{z,ey)e, for each z € D(A%) =
{z() e X: Y 2 n(z,e,)e, € X}. From [25] we know that if z € D(A%), then z is absolutely
continuous with z' € X and ||Z/||; = ||A%z||2.

We define the Banach space X% by X% = (D(A%), Il - II%), where ||Z||% = ||A%Z||2 =72
forany z € D(A% ). It is well known that ||A’% | =1.

For solving the problem (7), we need the following assumptions.

(P1) The function d: [0,1] x [0,1] — R satisfies the following conditions.
(i) (x) %d(x, y) is well defined and measurable with

1l g2 2
/ / —d(x,y) | dydx<+oo.
o Jo 0x2

(i) d(0,y)=d(1,y)=0,Vye[0,1].
(P2) The function I: [0,1] x R — R satisfies the following conditions.
(i) For each & € R, the function I(-, &) is differentiable and aa—xl (x, &) e X.

(if) There exists a constant Nj > 0 such that

d 0
—1I(x, &) - af(x: &) < Nil& - &

ox
for any x € [0,1] and &;,& € R.
(P3) The function ¢ € L2([0,1] x [0,1], R) satisfies the following conditions.
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(i) (x9) %Z(x,y) belongs to L2([0,1] x [0,1],R) and

1 1 P 2
/O/O[aé(x,y)] dydx < +00.

(i) €(0,y)=£(1,9) =0,Vye[0,1].

Let PC([O,a],X%) be the Banach space equipped with supnorm

lullec = sup [0 = sup 1(®) )],

and let f : [0,a] x Xy —> X be defined by f(¢,¢)(-) = G(¢,-, ¢(-)), h: [0,a] x Xy —>X be
defined by

1
He,$)() = /0 d(-)p0) dy,

I :X% — X be defined by

1
L)) =1(~, fo $0) dy),

and g : PC([0,a],X1) — X be defined by

1
2

gw)() = (Z Egu(fi)>(~),
i=0

where £, :X% — X is defined by

1
Eg(lﬁ)(x)=/0 )y dy, V¥ eXy.

Moreover, if u : [0,a] x [0,1] — R, we defined u : [0,a] — R by u(¢)(-) = u(t, -). Thus, the
system (7) can be reformed as the nonlocal problem (2).

By the definition of % and assumption (P;), a similar computation as in [26, Theo-
rem 4.2(a)] shows that /z € D(A) and

1 ply g2 2
|Ak(t, 1) A(tr, )| < fo fo (@bw)) dyds- g1 -1}

for each (t1, ¢1), (£2, ¢2) € [0,a] x X%. Hence / satisfies the hypothesis (Hp).
For each ¢ € X% , by the assumption (P,), we see that

1 1
(Ik(¢):en> =/(; (I<x,/0 o(y) dy)) - /2 sin(nmx) dx
1 1
-1 (il(x,/ o) dy)) -2 cos(nmx) dx.
0x 0

niw Jo
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Hence, I} is a function from X 1 into X 1 By (P,)(ii) and the Holder inequality, we have

3 1 3 !
1 1 2
/ 1) dy - / $r(y) dy
0 0

stnqsl—qsznz%

2
dx

1
0

@y -n@l; - [

<N}

for each ¢, ¢ € X 1. This implies that the assumptions (H4) and (Hg) hold.
By the assumption (P3), a similar computation as above shows that g is a function from
PC([O,a],X%) into X% . And

2
) 1 P n P n
et - gt - | g ) = ) o
2

1| " 1 P
:/0 ;/; 5Z(x,y)[u1(ri,y)—uz(r,»,y)]dy dx

<[ 121

i=0

1 1 3 2
§(n+1)/ / (a—ﬁ(x,y)) dydsx - |lu1 — uz 3¢
o Jo X

for each uy,u, € PC([O,a],X%). By [26, Theorem 4.3(b)], g is a compact operator. Thus,
the assumptions (Hs) and (Hy) hold.
We can take g = % and f(t, u(t)) = L sinu(¢). Since for any ¢ € J, we have |f(t,u(t))| =
t3

2

9 2 N2
—(x,y) dy) -Hul(ri,y)—uz(ri,y)llz} dx

0x

IILl sinu(t)|| < L; So, we choose F(t) = Ll, then the assumptions (Hs3) and (Hg) hold.
Hte3nce, ifup Xt ; , according to Theorem isor Theorem 2, the system (7) has at least one
mild solution provided that (4) or (5) holds. From Theorem 3, the system (7) has a unique
mild solution provided that (6) holds.
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