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1 Introduction
For r € Z>y, as is well known, the Bernoulli polynomials of order r are defined by the

generating function to be

00 (r r
Z Bx x) (ef t_ 1) e (see [1-16]). (1.1)
n=0

For k € Z, the polylogarithm is defined by
Lict) =Y = (1.2)
n=1 nk
Note that Li; (x) = —log(1 — x).

The poly-Bernoulli polynomials are defined by the generating function to be

oo

Ll"(l‘e) =3 BYWL  (seels,8)). 13)

Tt
—€
n=0

When x = 0, Bﬁ,k) = Bg,k)(O) are called the poly-Bernoulli numbers (of index k).

For v (#0) € R, the Hermite polynomials of order v are given by the generating function

to be
Vl2 o tn
e T et = ZH;”)(x)— (see [6,12,13]). (1.4)
= n!

When x =0, Hﬁ,‘)) = Hf,”)(O) are called the Hermite numbers of order v.
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In this paper, we consider the Hermite and poly-Bernoulli mixed-type polynomials
HB{"P (x) which are defined by the generating function to be

w2 Lig(1- et - t"
e_% % ext = Z HBEIV’k) (x) ;, (1.5)
n=0 !

where k € Z and v (#0) € R.
When x = 0, HBY® = HBY®)(0) are called the Hermite and poly-Bernoulli mixed-type
numbers.

Let F be the set of all formal power series in the variable ¢ over C as follows:

ok
inf(t):Zak%‘ake(C}. (16)

k=0

Let P = C[x] and P* denote the vector space of all linear functionals on PP.

(L|p(x)) denotes the action of the linear functional L on the polynomial p(x), and we re-
call that the vector space operations on IP* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)),
(cL|p(x)) = ¢(L|p(x)), where c is a complex constant in C. For f(t) € F, let us define the lin-
ear functional on [P by setting

fO")=a, (n=0). (1.7)
Then, by (1.6) and (1.7), we get
(1) = mSui (m,k > 0), 1.8)

where §,,x is the Kronecker symbol.

For f1.(¢) = Y oo “L’fk) £, we have (f; (t)|x") = (L|x"). That is, L = f; (t). The map L > f; (£)

is a vector space isomorphism from P* onto F. Henceforth, 7 denotes both the algebra

of formal power series in ¢ and the vector space of all linear functionals on P, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra and the umbral calculus is the study of umbral algebra. The
order O(f) of the power series f(¢) # 0 is the smallest integer for which a; does not vanish.
If O(f) = 0, then f(¢) is called an invertible series. If O(f) =1, then f(¢) is called a delta
series. For f(¢),g(t) € F, we have

(fOg®)p&)) = (f(OIgE)pE)) = [g@)|f )p(x)). (1.9)

Let f(¢) € F and p(x) € P. Then we have

o (D)%) o (¥ |p())
f(t):k;: k! &, p(x):k%; . XX (see [8,9,11,13,14]). (1.10)
By (1.10), we get
P(0) = (¢ Ip)) = (1p© @), (L11)

d*p(x)
dfek |x:0'

where p®(0) =
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From (1.11), we have

d*p(x)

plx) =p~(x) o

(see [8,9,13]). (1.12)
By (1.12), we easily get

'p(x)=plx+y), (€ IpE)=py). (113)
For O(f(£)) = 1, O(g(t)) = 0, there exists a unique sequence s, (x) of polynomials such that

(@) @) 1x") = nS,x (m,k = 0).
The sequence s,(x) is called the Sheffer sequence for (g(¢),f(¢)) which is denoted by

Su(x) ~ (g(t)’f(t))
Let p(x) € P, f(t) € F. Then we see that

[ Olep(x)) = @ Olp) = < 70 >> (114)

For s,(x) ~ (g(¢),f(¢)), we have the following equations:

oo 00 k
h(t) = Z t)'sk Ny @, plo) = 3 wm (115)
k=0 k=0 !
where h(t) € F, p(x) € P,
1 o isn(y)f, (1.16)
g(f(®) — n!

where f(¢) is the compositional inverse for f(£) with f(f(¢)) = t,

Sux+) = ; (Z)skmpn_k(x), where p, (x) = g(0)su(x), (117)
FOsa) = 1550, Suna(a) = (x g ((t)) ) ) (1.18)
and the conjugate representation is given by
$u(x) = Z (g(f 1) F ey x" ). (1.19)
g
For s,,(x) ~ (g(2),£(2)), ru(x) ~ (h(2),1(£)), we have
$n(x) = Xn: Conl'm(%); (1.20)
e
where
Com = %Cgﬁ ;;l(f(t))m x”> (see [8, 9, 13]). (1.21)
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In this paper, we consider Hermite and poly-Bernoulli mixed-type polynomials and in-
vestigate the properties of those polynomials which are derived from umbral calculus.
Finally, we give various identities associated with Bernoulli and Frobenius-Euler polyno-
mials of higher order.

2 Hermite and poly-Bernoulli mixed-type polynomials
From (1.5) and (1.16), we note that

w2 1-—et
HBYA) (x) ~ u- —t), 2.1
" (x) ¢ Lik(l - e‘f) ( )

and, by (1.3), (1.4) and (1.16), we get

BR () ~ i £ (2.2)
g Lit(1-e?)"" )’ :
v 2
Hf,v)(x) ~ (e%, t), where n > 0. (2.3)
From (1.18), (2.1), (2.2) and (2.3), we have

BO) =B\, HO @) =nH (), tHBYO ) = nHB V). (2.4)

By (1.5), (1.8) and (2.1), we get

vz Lig(1 - eit ve?
HBS”’() (x) = T 71(1(_ pr )x” = e_%quk) (%)
4] m
1 v
= . %(_E) (M)2m M Zm(x)
m=
(5] n (21’}1)' AN (k)
-3 (2m> - <_5) BY, (). 2.5)
m=

Therefore, by (2.5), we obtain the following proposition.
Proposition 1 For n > 0, we have

(2]

N n\ 2m) [ v\"”
HB" k)(x):;(ZW) - <_5) B, ().

From (1.5), we can also derive

HBUR Gy = D) o le( LIL= ) )—Z (m l)k CHY )

-

m=0 im0 N/

D D] ) V) 26)

m=0 j=0 J
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Therefore, by (2.6), we obtain the following theorem.

Theorem 2 For n > 0, we have

HB&”‘%):Z(WHZ( )( WHY (5 - ).

m=0 j=0

By (1.5), we get
oo

HB;”'k)(x)ze’#BLk)(x) Z ( ) B (x)

1 ’” 1 2
(5 S e (et

[%] n n 1 j(m
n\ 20/ v\ ()
- {Z (21)7("5) (m+1])k (e, @7
m=j

Therefore, by (2.7), we obtain the following theorem.

Theorem 3 For n > 0, we have

[g] n n 1 j(m
21)! =1y (7
HB,(x) = Z { Z (21) : l‘) (_g) (m +(1])’)‘ }(x "

=0 j=0

By (2.6), we get

B0, -
(09 () = Z Y
n 1 n-m m!
= (<1)“Sa(a + m, m)(n) g H, (%)
y;(m+1)ka2=0:(a+m)! 2

n n-m n a-m n ;
Z (m+1)k (n a)Sz(n—a,m)Hfl)(x)

n

" 1)m+a
= (-1) {Z T T ()sz(n a,m)] Y (), (2.8)

a=

where S, (1, m) is the Stirling number of the second kind.

Therefore, by (2.8), we obtain the following theorem.

Theorem 4 For n > 0, we have

HBYH () = (1 3 { 3 % <d> Sa(n—a, m)} V().

a=0 \m=0
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From (1.19) and (2.1), we have

n . »
HBYO(x) = 3 (”) <e—% %
pe

X" >xj

(n _j)2l<]- |B§1k_)l‘_2[(x)>xj

I
g X
S~ N~ N~
~ o
0 N‘
o <
T
= o=

l
v , .
(—5) (n = )ouBY

i j=0 { =0 <1)< 21 ) l (_Q)Bn—j—2l .

Therefore, by (2.9), we obtain the following theorem.

Theorem 5 Forn > 0, we have

v (2 n\ (m-7\ 2D/ v ! " .
- SEC)CC

j=0 L i=0
Remark By (1.17) and (2.1), we easily get

n

HBUP(x + y) = Z (;’)HB](.V']() (x)y" .

j=0
We note that
HBO () ~ (g0 = e —=_ pey =+
() ~ —e? —— | =t).
" g Lig(d—e )

From (1.18) and (2.11), we have

HB, () = (x - ‘Z ((:)) ) HBUM (x).

Now, we observe that

(1) ,
gg( 5 - (log(g(»))

= (log e% +log(1-e™) —log(Lix(1- e_t)))/

et Liz_1(1—e7)
=Vt + 1- — .
1-et Lix(1-e7?)

(2.10)

(2.11)

(2.12)

(213)
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By (2.12) and (2.13), we get

k)
g£a,,
P (x M ()
gt ) By
) v,k) ve2 t le(l - e‘t) - Lik_l(l - e")
= xHB V) () — vnHBn 1 (x) —-ez 1 P x". (2.14)
It is easy to show that
Lix(1-e?) -Lip (1-e?) =/ 1 1 -
ir(1-e™) ir(l-e ):Z(__ )(l—e_t)ml
l1—et mk k-1
m=2
1 1
z(_k_F)H'”' (2.15)
Thus, by (2.15), we get
Lix(1—e™) —Lix(1 - e—t)xn ) Lig(1—e™®) — Lig1 (1 — ™) a1 . 2.16)
t(1-et) 1-¢et n+1
From (2.16), we can derive
7% t Liy(1- e‘t) —Li;_1(1- e‘t) "
e
et -1 t(l-e)
1 o0
= —1 (Z ) I—[anJrll< ) HB"‘L/; ) ( ))
1=0
1 n+l Bl
= Z ot ' (HB{Y (x) - HB{ ™V ()
1 s n+l v,k) v,k-1)
=— ;B (HBUY (%) — HBY"\ ) (). (2.17)
=0
Therefore, by (2.14) and (2.17), we obtain the following theorem.
Theorem 6 For n > 0, we have
k)
= xHBS”k (%) — viHBY® (x)
1 G+l V) =)
- m / Bl{HBrHl l( ) HBVH—l ) ( )} (218)
1=0

Let us take ¢ on the both sides of (2.18). Then we have

(n + )HB{ (x)

= (xt + DHBY (x) — va(n — 1)HBY) ()
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n+l

_Lz<””>(n+1_1)3,{1{3”k(x) HBYF D (x))

n+l4 /

= anBn 1 ) (x) + HB WK (x) — vi(n — 1)HB ”k)( )

—Z( )Bl (HB"?(x) - HBY (), (2.19)

where 7 > 3.

Thus, by (2.19), we obtain the following theorem.

Theorem 7 For n > 3, we have

n

3 (';>BIHB;“_’§”(x)

1=0

k
(v 1)(96)

n—

1
=(n+ l)HBS”k) (%) - n(x + E)HB

1
+n(n-1) <v + E)HBS”? ()

n-3
n v,
£y ( l)BanBE ).
=0

By (1.5) and (1.8), we get

HB; ()

xn—1>
( Liy(1-e” t))eyt .
_ et

< z2 le(l - e‘t)

)
-
o)

. ¢
+ 6’4 8¢L41k(1_e ) &t x" !
1-et

= —v(n - DHBYY () + yHB ) (y)

-t
+< v[2 (3tL1k1(1 - ))eyt

o (@)

x”-1>. (2.20)
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Now, we observe that

Lik(l - e’t) _ Lik_l(l - e’t) - Lik(l - e") ¢
at( o ) = = et (2.21)

From (2.21), we have

. —t
e_% 3 Liz(1-e7%) ot
1-et

xn—l>

_ e’% Liz1(1-e™) —Lig(1—e™) ot ot ltx”
(1-et)? n
_ l 6_% Li;_1(1—e®) —Lixy(1-e™) ot t o
n 1-et el-1
1/ w2 Lig1(1-e?)-Liy(1-e?
_ 6_% 1 1( e ) lk( € )eyt B,(x)
n 1-¢
_ 1 i n B 67%3 Liz_1(1—e™) — Lix(1 - e‘t)eyt -l
n l l1-et
1=0
1~ (n BB () _ ppth)
= ;Z / 1{HB,"; () - HB, ()}, (2.22)
1=0
where B,, are the ordinary Bernoulli numbers which are defined by the generating function
to be
t Sy
e -1 Z Ft
n=0

Therefore, by (2.20) and (2.22), we obtain the following theorem.

Theorem 8 For n > 2, we have

HBP(x) = —v(n - 1)HB£,”_’]§) (o) + xHB(nV_']f) (%)

n
L (o)
Now, we compute
vi?
(e Lig(1-e) ")

in two different ways.
On the one hand,

(e‘% Lic(1-e7)[a"")

ﬁLik(l_e_t) t
={e 2 ———(1-¢€"
< 1-et ( )

< _v2 Lig(1-e™)
(e L2~ 7

xn+l>

1- e‘t)x’”l>

1-et

Page 9 of 12


http://www.advancesindifferenceequations.com/content/2013/1/343

Kim and Kim Advances in Difference Equations 2013, 2013:343
http://www.advancesindifferenceequations.com/content/2013/1/343

_u? Lig(1 —e™)
={e 2 —mM8M8 ——
1-et

Ny ()] w2 Lig(l—e™)
S (e T

xm>
m=0

_ . _1\yn-m n+1 (v,k)
-3 ( : )HBm . (2.23)

m=0

xn+1 _ (x _ 1)n+1>

On the other hand,
1)[2
(77 Lic(1—e) ")
= (Lig(1 - )% 1)

([ winta-eyy e £m)

|
/\
z[e
N
=

T

3
N
S ~
~
%
<

A
=
;/
=~
+ =
®
-

n 1l
! 1
- (_1)’—*”( ) (” ’ )Bﬁ’;-l)qu”_)[. (2.24)
‘ m)\l+1

Therefore, by (2.23) and (2.24), we obtain the following theorem.

Theorem 9 For n > 0, we have

n

1
(7 e
m

m=0
n n
- Z Z(_l)l—m l n+l B(k—l)H(V) .
— m)\l+1) " "t

Let us consider the following two Sheffer sequences:

vt? 1- e_t
(v,k) ~ =
HB;""(x) <e 2 Liik(l — e—t)’t> (2.25)
and
) ¢-1\
B, (x) ~ (( ; ) ,t) (reZso). (2.26)

Let us assume that

HBYM () =) " CBY) (). (2.27)

m=0
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Then, by (1.20) and (1.21), we get

Cn,m = t"e
t
<< ) thB”k(x)>: l‘(n)m<( ) (HB” (x)>
m.

v;z le(l — e_t)xn
1-et

EM8 -

(;) i r)‘sz(l + 1) | HBYY) ()

<:ln> ;(n m); ) So(l+7, r)HB

" n-m -

( ) 2(l+rr)HB,” . (2.28)

i

I}
(=}

Therefore, by (2.27) and (2.28), we obtain the following theorem.

Theorem 10 For n,r € Zs, we have

HBUM (x) Z{() So(l+ 7, VHBUY_ T B ().

m=0 r

For A (#1) € C, r € Z>¢, the Frobenius-Euler polynomials of order r are defined by the
generating function to be

1-
et —
From (1.16) and (2.29), we note that

O~ (€=
HY(x[2) ((1%) ,t). (2.30)

Let us assume that

A r 00 "
) e’ = HPxI\)= (seel[l,4,7,9,10]). (2.29)
A — n!

O@) =Y CumHy (x[2). (2.31)

m=0

By (1.21), we get

1 r

I
N
S X
N——"
=

|
=

~

|
—
-
S
>)\—/
N
<
-
N
~ =N
N——"
—
N
~
o]
<
=
—
=

(2.32)
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Therefore, by (2.31) and (2.32), we obtain the following theorem.

Theorem 11 For n,r € Z=, we have

Y : (”) - (”) =L prp(,k) ()
HEPY6) = =55 2 > (=2 HB,\ (1) ¢ H) (x]2).

m=0
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