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Abstract

An optimal existing method for the approximation of common fixed points of
countable families of nonlinear operators is introduced, by which a relaxed hybrid
shrinking iterative algorithm is developed for the class of totally
quasi-¢-asymptotically nonexpansive mappings, and a strong convergence theorem
for solving generalized mixed equilibrium problems is established in the framework of
Banach spaces. Since there is no need to impose the uniformity assumption on the
involved countable family of mappings and no need to compute a complex series at
each step in the iteration process, the result is more widely applicable than those of
other authors with related interests.
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1 Introduction

Throughout this paper we assume that E is a real Banach space with its dual £*, C is a
nonempty closed convex subset of E and J : E — 2F" is the normalized duality mapping
defined by

Jo={f €E": (x,f) = x> = IfI?}, VxeE.
In the sequel, we use F(T') to denote the set of fixed points of a mapping 7.

Definition 1.1 [1] (1) A mapping T : C — C is said to be totally quasi-¢-asymptotically
nonexpansive, if F(T) # { and there exist nonnegative real sequences {v,}, {i,} with
Vi, by — 0 (as m — 00) and a strictly increasing continuous function ¢ : R* U {0} —
R* U {0} with ¢(0) = 0 such that

¢(p, T"x) < d(p, %) + vul ($(p,%)) + iy, ¥n=1Lx e C,pe F(T), (L1)
where ¢ : E x E— R* U {0} denotes the Lyapunov functional defined by

¢(,y) = %1 = 2(x.Jy) + Iy1%, Va,yeE. (12)
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It is obvious from the definition of ¢ that

(Il = Iy1)* < (e, 9) < (Il + Iyl)>,  Va,y € E (1.3)

and
o(x ] (My + (1 -Wz)) <Ap(x,y) + 1= Ad(x,2), Va,yeE 1 e(0,1]. (1.4)

(2) A countable family of mappings {T;}%, : C — C said to be uniformly quasi-¢-
asymptotically nonexpansive, if F := (2 F(T;) # ¥ and there exists a nonnegative real
sequence {k,} C [1,00) with k,, — 1 (as n — 00) such that

¢(p, Tl”x) <k,9(p,x), Vn>1,i>1lxeC,peF(T). (1.5)

(3) A countable family of mappings {7;}5, : C — C said to be uniformly totally quasi-
p-asymptotically nonexpansive, if F := (\;-; F(T;) # ¥ and there exist nonnegative real se-
quences {v,}, {u,} with v,, u,, — 0 (as n — 00) and a strictly increasing continuous func-
tion ¢ : R* U {0} — R* U {0} with £(0) = 0 such that

o (p, T'x) < p(p, %) + val (PP, X)) + s Vn=1,i>1,5€ C,p € F(T). (1.6)

(4) A mapping T : C — C is said to be uniformly L-Lipschitz continuous, if there exists
a constant L > 0 such that

|T"%-T"y| <Llx-yl, Vn=1LaxyeC. (1.7)

Let 6 : C x C — R be a bifunction, ¥ : C — R a real valued function and A : C — E*
a nonlinear mapping. The so-called generalized mixed equilibrium problem (GMEP) is to
find an u« € C such that

O, y) + (Au,y —u) + ¥ (y) =¥ () >0, VyeC, (1.8)

whose set of solutions is denoted by €2. The equilibrium problem is an unifying model for
several problems arising in physics, engineering, science optimization, economics, trans-
portation, network and structural analysis, Nash equilibrium problems in noncoopera-
tive games, and others. It has been shown that variational inequalities and mathematical
programming problems can be viewed as a special realization of the abstract equilibrium
problems. Many authors have proposed some useful methods to solve the EP (equilib-
rium problem), GEP (generalized equilibrium problem), MEP (mixed equilibrium prob-
lem), and GMEP. Concerning the weak and strong convergence of iterative sequences to a
common element of the set of solutions for the GMEP, the set of solutions for variational
inequality problems, and the set of common fixed points for relatively nonexpansive map-
pings, quasi-¢-nonexpansive mappings, quasi-@-asymptotically nonexpansive mappings
and total quasi-¢-asymptotically nonexpansive mappings have been studied by many au-
thors in the setting of Hilbert or Banach spaces (see, for example, [2-17] and the references
therein).
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In 2010, Qin et al. [18] proposed the following shrinking projection method to find a
common element of the set of solutions of an equilibrium problem and the set of com-
mon fixed points of a finite family of quasi-¢-nonexpansive mappings in the framework

of Banach spaces:

x0€C; Cy=(C,

Y =T oS + Y0 I i,
u, € C suchthatVyeC,

0(ttn,y) + Y =t Jtn = Jyn) = 0,
Cu={veCy:d(v,u,) < d(v,x4)},
xp =1Ilc,, 1%, VYn=>0,

(1.9)

where Il¢,,, is the generalized projection (see (2.1)) of E onto C,,1.

In 2011, Saewan and Kumam [19] introduced a modified new hybrid projection method
to find a common element of the set of solutions of the generalized mixed equilibrium
problems and the set of common fixed points of an infinite family of closed and uniformly
quasi-¢-asymptotically nonexpansive mappings in an uniformly smooth and strictly con-
vex Banach spaces E with the Kadec-Klee property:

x€C;, Cy=C,

Y =T oSy + (1= @n)Jza),

Zu =T BuoJan + 3 iy Buid T1' %),

u, € C such that u, = K, y,,

Cun ={z € Cy: 9z, 1) < Pz, %4) + &},
Xn41 = I, %0, YVn >0,

(1.10)

where &, := (k, — 1) SUPyer (@, x4)).

However, it is obviously a quite strong condition that the involved mappings are assumed
to be a countable family of uniformly ({v.}, {1tn}, £)-quasi-¢-asymptotically nonexpansive
ones, which is a special case of totally quasi-¢-asymptotically nonexpansive mappings (see
(10]). In addition, the accurate computation of the series Y .- BnJJT!'y, at each step of the
iteration process is not easily attainable, which will lead to gradually increasing errors.

Inspired and motivated by the studies mentioned above, by using a special way of choos-
ing the indices, we propose a relaxed hybrid shrinking iteration scheme for approximating
common fixed points of a countable family of totally quasi-¢-asymptotically nonexpan-
sive mappings and obtain a strong convergence theorem for solving the generalized mixed
equilibrium problems under suitable conditions, namely, there is no need to assume uni-

formity for the totally quasi-p-asymptotic property of the involved mappings, and no need
to compute complex series in the iteration process. The results extend and improve those
of other authors with related interests.

2 Preliminaries
We say that a Banach space E is strictly convex if the following implication holds for x, y € E:

el = Iyl =1, x#y = H%Hd 1)
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It is also said to be uniformly convex if for any € > 0, there exists a § > 0 such that

<1-86. (2.2)

xX+Yy
llxll = llyll =1, le=ylze = |—=

It is well known that if E is a uniformly convex Banach space, then E is reflexive and strictly
convex. A Banach space E is said to be smooth if

t —_
lim lloe + 2yl — [l (2.3)
t—0 t
exists for each x,y € S(E) := {x € E : ||x|| = 1}. E is said to be uniformly smooth if the limit
(2.3) is attained uniformly for x, y € S(E).

Following Alber [20], the generalized projection Il : E — C is defined by
¢ =arginf ¢(y,x), VxeL. (2.4)
yeC

Lemma 2.1 [20] Let E be a smooth, strictly convex and reflexive Banach space and C be a
nonempty closed convex subset of E. Then the following conclusions hold:

1) ox,Ocy) + oMy, y) < ¢(x,y) forallx € C and y € E;

(2) IfxeEandze C,thenz=Tlcx < (z—y,Jx—Jz) > 0,Vy € C;

(3) Forx,y €E, ¢(x,y) =0 if and only if x = y.

Remark 2.2 The following basic properties for a Banach space E can be found in
Cioranescu [21].
(i) If E is uniformly smooth, then J is uniformly continuous on each bounded subset
of E;
(i) If E is reflexive and strictly convex, then /™! is norm-weak-continuous;
(iii) If E is reflexive smooth and strictly convex, then the normalized duality mapping J
is single-valued, one-to-one and onto;
(iv) A Banach space E is uniformly smooth if and only if E* is uniformly convex;
(v) Each uniformly convex Banach space E has the Kadec-Klee property, i.e., for any
sequence {x,} C E, ifx, — x € E and ||x,,|| = ||x||, then x,, > x as n — oo.

Lemma 2.3 [22] Let E be a real uniformly smooth and strictly convex Banach space with
Kadec-Klee property, and C be a nonempty closed convex subset of E. Let {x,} and {y,} be
two sequences in C such that x, — p and ¢(x,,y,) — 0, where ¢ is the function defined by
(1.2), then y, — p.

Lemma 2.4 [22] Let E and C be the same as in Lemma 2.3. Let T : C — C be a closed and
totally quasi-p-asymptotically nonexpansive mappings with nonnegative real sequences
{vi}, {n} and a strictly increasing continuous function ¢ : R* U {0} — R* U {0} such that
Vy, by = 0 and £(0) = 0. If 1y = 0, then the fixed point set F(T) of T is a closed and convex
subset of C.

Lemma 2.5 [1] Let E be a real uniformly convex Banach space and let B,(0) be the
closed ball of E with center at the origin and radius r > 0. Then for any for any sequence
{x;} C B,(0) and for any sequence {A;} of positive numbers with Y ;- A; = 1, there exists a
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continuous strictly increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such that
such that for any positive integer i # 1, the following hold:

[o¢] 2 [o¢]
> nai| =D dllwl® - arig (e —il), (2.5)
i=1 i=1

and for all x € E,

¢ (x,rl (Z A,in>> <Y hiplx) = g (I — Jill)- (2.6)
i=1

i=1

Assume that, to obtain the solution of GMEP, the function ¥ : C — R is convex and
lower semicontinuous, the nonlinear mapping A : C — E* is continuous and monotone,

and the bifunction 6 : C x C — R satisfies the following conditions:

(A1) O(x,x)=0;

(Ay) 6 is monotone, i.e., O(x,y) + 6(y,x) < 0;
(As) limsup, o 0(x + t(z — x),y) < 0(,9);
(Ag)

A,) the mapping y — 6(x,y) is convex and lower semicontinuous.

Lemma 2.6 [15] Let E be a smooth, strictly convex, and reflexive Banach space, and C
be a nonempty closed convex subset of E. Let A : C — E* be a continuous and monotone
mapping, ¥ : C — R a lower semicontinuous and convex function, and 0 : C x C — R
a bifunction satisfying the conditions (A1)-(A4). Let v > 0 and x € E. Then, the following
hold:

(1) There exists an u € C such that

1
0@, y) + (A, y—u) + ¥ ) -y W)+ —(y—u,Ju—Jx) >0, VyeC.

r

(2) A mapping k, : C — C is defined by

kr(x) = {u €C:0(u,y)+{Au,y—u)+¥(y)— ¥ (u) + 1(y—u,]u—]x) >0,Vye C}.

r

Then, the mapping k, has the following properties:
(i) «, is single-valued,;
(ii) &, afirmly nonexpansive-type mapping, i.e.,

(krz =1y, Ji6rz = Ji6y) < krz = k69, J2 = Jy);
(i) Flc,) = Q= Flk,);
(iv) Q isa closed convex set of C;
) ¢(P» krz) + @Kz, 2) < ¢(p’ z), Vp € F(k,),z € E,

where F(k,) denotes the set of asymptotic fixed points of k., i.e.,

F(k,) := {x € C:x,} C Cs.t,x0 — %, %y — kpxy]| = 0 (n — oo)}.
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Lemma 2.7 [23] The unique solutions to the positive integer equation

. (m-1)m
+—

n=i 5 , m>in=12,..., (2.7)

are

. (m-1)m 1 1
i=n— ——, m=—|-—,/2n+-1|, n=12,..., (2.8)
2 2 4

where [x] denotes the maximal integer that is not larger than x.

3 Main results
Recall that a mapping T on a Banach space is closed if x, — x and Tx, — y as n — 00,

then Tx = y.

Theorem 3.1 Let E be a real uniformly smooth and strictly convex Banach space with
Kadec-Klee property and C a nonempty closed convex subset of E. Let 6 : C x C — R be
a bifunction satisfying the conditions (A;)-(A4), A : C — E* a continuous and monotone
mapping, and  : C — R a lower semicontinuous and convex function. Let {T;},: C — C
be a countable family of closed and totally quasi-p-asymptotically nonexpansive mappings
with nonnegative real sequences {v,(f)}, {MSP} satisfying vﬁ,") — 0 and Mﬁf) — 0 (asn— o0
and for each i > 1) and a sequence of strictly increasing and continuous functions {{;} :
R*U{0} — R*U{0} satisfying condition (1.1). Assume that each T; is uniformly L;-Lipschitz
continuous with /L(li) =0 for each i > 1. Let {o,} be a sequence in [0, €] for some € € (0,1)

and {B;} be a sequence in (0,1). Let {x,,} be the sequence generated by

xneC C=¢C,

Y =T e, + (1= ay)Jza),

20 =] B Jan + (L= By, JT;"" %],

u, € C  suchthatVye C, (3.1)
0 (n9) + (At = thn) + Y () = Y () + 7 = th, Jit = Jyu) = 0,

Conn={veCy: (v, u,) < d(v,x,) + &},

%1 =g, %1, neN,

where &, := vfj,’;) SUp,cr &iy (Pp(p,xy)) + ;L%) and Tc,,, is the generalized projection of E onto
(m-1)m

Cui1; iy and my, are the solutions to the positive integer equation: n =i + 5 (m > i,

n=1,2,...), that is, for each n > 1, there exist unique i,, and m,, such that

ii=1, ip=1, i3=2, is =1,
i5=2, i6=3, i7=1, i3=2,...;
m =1, my =2, ms =2, my =3,

Wl5=3, }’}’16=3, Wl7=4, W18=4-,....

IfG:=FNQ#P and F := (2, F(T}) is bounded, then {x,} converges strongly to Tgx;.
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Proof Two functions 7: C x C — R and «, : C — C are defined by

T(x,)’) = 9(96:3’) + <Ax’y_x> + Iﬁ()’) -

Kr(x) = {ueC:r(u,y)+ %(y—u,]u—]x) >0,Vye C}.

By Lemma 2.6, we know that the function 7 satisfies the conditions (A;)-(A4) and «, has
the property (i)-(v). Therefore, (3.1) can be rewritten as

xneC C=C,

Y =T ewfxn + (1 - @n))z,],

2y =] [BiJ%n + (L= Bi, T " %),

u, € C such that t(u,,y) + i(y— Up, Juy — Jyn) > 0,Vy € C,
Cin={veCy:9(v,uy) < (v, x,) + &4},

xp =1Ilg, %1, Vn>1

(3.2)

We divide the proof into several steps.

(I) F and C,, (Vn > 1) both are closed and convex subsets in C.

In fact, it follows from Lemma 2.4 that each F(T;) is a closed and convex subset of C, so
is F. In addition, with C; (= C) being closed and convex, we may assume that C, is closed
and convex for some # > 2. In view of the definition of ¢ we have

Cpi = {VGC:(/J(V)E&I} NC,,

where ¢(v) = 2(v,Jx, — Jy,) and a = ||x,,|? = ||y.||* + &,. This shows that C,,; is closed and
convex.

(I) G is a subset of (2, C

It is obvious that G C C;. Suppose that G C C, for some n > 2. Since u, = k¥, by
Lemma 2.6, it is easily shown that «,,, is quasi-¢-nonexpansive. Hence, foranyp € G C C,,,
it follows from (1.4) that

¢’(P’ Mn) = ¢(p:’(rnyn) = ¢(p’yn)
= ¢(P I [an]xn (1- an)jzn])
< a,p(p,x,) + (1 —0,)P(p, ). (3.3)

Furthermore, it follows from Lemma 2.5 that for any p € G C C,,

P W:20) = S0, T [BiJan + (A= By, T %))
< Bi,d 0. xa) + (1= Bi, )b (0, T1" %) — Bi, (L= B, )@ (|[Jon =TT} % )
< Bid(@,xn) + (1= B;,)[ (0, %0) + v i, (¢ (0, %)) + 3]
= Bi, = Bi)g(|[Joen =TT x4 )
< PP, xa) + V1 sup Gi (G %)) + 115 = B, (1= By, )g (| Jen = JT12" %, )

= 0, %) + En — Bi, 1= Bi, )¢ (|| Jo6n =TT} "% ). (3.4)

Page 7 of 13
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Substituting (3.4) into (3.3) and simplifying it, we have

¢(P, Mn) = ¢(P»J’n) = ¢(p’xn) + (1 - an)én - (1 - Ol,,),B,‘n (1 - ,Btn)g(H]xn _]Tl'r:nxn ”)
<Y, xn) + &~ (1 - Oln)ﬂin 1- ,an)g(”]xn _]Tiy:nxn ||)
< ¢, xn) + &p- 3.5)

This implies that p € C,41, and so G C C,;.

(1) x, — x* € C as n — o0.

In fact, since x, = I1¢, %), from Lemma 2.1(2) we have (x, — y,Jx; — Jx,) > 0, Vy € C,,.
Again since F C ﬂ;l";l C,, we have (x, — p,Jx; — Jx,) > 0, Vp € F. It follows from Lem-
ma 2.1(1) that for each p € F and for each n > 1,

d)(xmxl) = ¢(HC,,x1»xl) S ¢(10:x1) - ¢(p’xn) S ¢(19;x1),

which implies that {¢(x,,x1)} is bounded, so is {x,}. Since for all n > 1, x, = I1¢,%; and
%pe1 = I, %1 € Cuin C Cy, we have ¢(x,,%1) < d(%,41,%1). This implies that {¢(x,,, 1)} is
nondecreasing, hence the limit

lim ¢(x,,x;) exists.
H—0Q

Since E is reflexive, there exists a subsequence {x,,} of {x,} such that x,, — x* € C as
i — oo. Since C, is closed and convex and C,,; C C,,, this implies that C, is weakly closed

and x* € C, for each n > 1. In view of x,,, = Mg, %1, we have
* .
¢(xni!xl) =< ¢(‘x !xl)r Vi > 1.
Since the norm || - || is weakly lower semicontinuous, we have

liminf ¢ (%, x1) = liminf([lx, 11> - 2(x,, Ja) + 2]]%)
1—> 00 11— 00
> [l |* - 2, Jr) +
= ¢(x*,11),

and so

¢(x*,x1) <liminf ¢(x,,,%1) <limsup @(x,,;,x1) < qb(x*,xl).
=00 i—00

This implies that lim,_, o ¢ (%, %1) = ¢(x*,%1), and so [|x,, || — [|x*|| as i — oo. Since x,,, —
x*, by virtue of the Kadec-Klee property of E, we obtain

lim x,, =x".
i—o00

Since {¢(x,,%1)} is convergent, this, together with lim;_, o, ¢(x,,,%1) = ¢(x*, 1), shows that
lim,,—s 00 @ (%, %1) = P(x*, x1). If there exists some subsequence {%;} of {x,} such that Xy —
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y as j — 00, then from Lemma 2.1(1) we have

¢(x*»y) = hm ¢(xnl~rxni) = 1111’1 ¢(xni» l-[C,,.xl)
L] =00 ij—>00 J

= illgnoo(¢(xni,x1) - ¢(HC”ix1’xl))
= i/l'ij)noo((ﬁ(xni’xl) - ¢(xn]~1xl))
= ¢(x",x1) — (" x1) =0,

that is, x* = y and so

lim x, = x*. (3.6)

n—00

(IV) x* is a member of F.

Set K;={keN:k=i+ n-lm ) > i,m € N} for each i € N. Note that v%) = vﬁ,?k,

ME;’;) = /Lii,)k and ¢;, = ¢; whenever k € KC; for each i > 1. For example, by Lemma 2.7 and the

definition of ICl, we have ’Cl = {1, 2,4, 7, 11, 16,} and il = i2 = i4 = i7 = iu = i16 =...=1.
Then we have

& =v) supgi(p(p,xi)) + s, Vk € K. 3.7)
PEF

Note that {my}rex; = {i,i + 1, i+2,...}, i.e, my 1 oo as K; 3 k — oo. It follows from (3.6)
and (3.7) that

lim & =0, Vi>1 (3.8)

KCipk—00
Since x,,41 € Cy41, it follows from (3.1), (3.6), and (3.8) that

P (ka1 y6) < Prar, k) + 65— 0 (K 5k — 00). (3.9)
Since xx — x* as K; 2 k — o0, it follows from (3.9) and Lemma 2.3 that

lim y=u" Vi>1 (3.10)

K;2k—00

Note that Ti’:k =T." and Bi, = Bi whenever k € K; for each i > 1. From (3.5), forany p € F,

14

we have

d0,1) < S, xx) + & — (L — o) Bi(L = Bo)g (|| Joer =TT xx

), VkeK;
that is,

(1 - ) Bi(1 = B (|| ek =TT % ||) < D0 30) + &k — DL 70) = 0 (K 5 k — 00).
This shows that limy,sx— 00 g%k —J Tim" x¢||) = 0. In view of the property of g, we have

o lim oo|| Ja —JT; x| =0, Vi=1

Page9of 13
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In addition, Jxx — Jx* (K; 3 k — 00) implies that lim;5¢—oc ]Tl.m"xk = Jx*. From Re-
mark 2.2(ii) it yields that, as KC; 3 k — oo,

Ty — &%, Vi>1. (3.11)

l

Again since for each i > 1, as K; > k — oo,
T = e[| = [T ]| = D[] = 770 = 17| = 0,
this, together with (3.11) and the Kadec-Klee property of E, shows that

lim T"%x =« Vi>1 (3.12)

K:,'Bk—MX)

We use the assumptions that for each i > 1, T; is uniformly L;-Lipschitz continuous. Not-
ing again that {my}rex, = {i, i+ 1,i +2,...}, i.e., myy — 1 = my for all k € K;, we then have
|77 i = T o | < Tt = Tt |+ | T i = |
m,
+ ks — il + oo — T7 |

< (L + Dllwar = xell + | T xpear = x|

i T Y B (3.13)
From (3.12) and x; — x* as K; 3 k — oo we have limy,sx— o0 | ] ' ax — T; xx || = 0 and
limgc,sk oo T; < g = &%, dee., limpc, sk o0 T,'(Timk*l_lxk) = x*. It then follows that, for each
i>1,
lim  Ti(T"™x:) =«*, Vi>1 3.14
i ) s > o

In view of the closedness of T}, it follows from (3.12) that Tx* = x*, i.e., for each i > 1,
x* € F(T;) and hence x* € F.

(V) x* is also a member of G.

Since x,,,1 = I, ,, %1, it follows from (3.1) and (3.6) that

G (ks1, k) < (X1, x6) + & — 0 (K 2k — 00).
Since x; — x* as IC; 2 k — 00, by virtue of Lemma 2.1 we have

lim u=x% Vi>1 (3.15)

Ki2k—o00

This, together with (3.10), shows that limysi—oo l2x — yxll = 0 and limy;sx— o0 Itk —

Jykll = 0. By the assumption that {ri}xex; C [a, 00) for some a > 0, we have

. Jui — I
lim Wotr = Jyicll _
Kisk—o00 Tk

0, Vi>1 (3.16)
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Since (u,y) + %(y — uy, Jux — Jyk) = 0, Vy € C, by condition (A;), we have

1

o o — s Jux = Jyie) = =t (g, y) = T (), Vy € C. (3.17)
By the assumption that the mapping y > 7(x,y) is convex and lower semicontinuous, let-
ting KC; 2 k — oo in (3.17), from (3.15) and (3.16), we have t(y,x*) <0, Vy € C. For any
t €(0,1] andany y € C, set y; = ty + (1 — t)x*. Then t(y;,x*) < 0 since y; € C. By conditions
(A1) and (Ay4), we have

0=1Wny) <tt(yny)+ (1 - t)t(yt,x*) <tt(yy).

Dividing both sides of the above equation by ¢, we have 7(y;,y) > 0, Vy € C. Letting ¢ | 0,
from condition (A3z), we have t(x*,5) > 0,Vy € C, i.e,, x* € Q and so x* € G.

(VI) x* = IIgxq, and so x,, — [gxy as 1 — 00.

Put u = Igx;. Since u € G C C, and x, = ¢, x1, we have ¢(x,,,x1) < ¢(u,x1), Vn > 1.
Then

¢, x1) = im (o, 31) < Pu,31), (3.18)

which implies that x* = u since u = Ilg,,, and hence x, — x* = I1rx; as n — oo. This
completes the proof. O

We now provide a nontrivial family of mappings satisfying the conditions of Theo-
rem 3.1.

Example 3.2 LetE = R! with the standard norm ||-|| = |-|and C = [-1,1]. Let {T;}: C — C
be a countable family of mappings defined by

rg | #€ 1]
! X, x € [-1,0].

We first show that {7;} is uniformly L-Lipschitzian. If x € (0,1] and y € [-1, 0], then

(="

i 12

-y = ¥l +lyl = 2[x -yl

The rest is trivial. Second, we claim that {7} is a family of closed and totally quasi-¢-
asymptotically nonexpansive mappings. In fact, for any x € (0,1] and p € (5, F(T}) =
[-1,0], we have, for all n > 2,

(-1)" ’

(2 + 1)”x -

¢(p, Tix) = | T/x—p|°

1 2
= |:|P| + WW]

1 2
<[erts o

= ¢(x,p) + V¢ (p(x, p)) + 12,
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where ¢(x,p) = |x — p|2, v = 2 19 = L and ¢(x) = \/x. Note that | Tix — p|> <

) T (24 1 (2+1)21
lx — p|? that is, 1\ = 0 for each i > 1.
Next, we define a bifunction 6 : C x C — R satisfying the conditions (A;)-(A4) by

6(x,y) = y* —x°.

Let A =0 and ¥ = 0. Then the set of solutions €2 to the generalized mixed equilibrium
problem for 0, A and  is obviously {0}. Since G := Q N F # @ and F is bounded, it follows
from Theorem 3.1 that the sequence {x,} defined by (3.1) converges strongly to ITgx;.
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