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Abstract

In this work, we prove the existence of a tripled point of coincidence theorem for a
pair {F, G} of mappings F,G: X x X x X — X with ¢-contraction mappings in partially
ordered metric spaces without G-increasing property of F and mixed monotone
property of G, using the concept of a (G, F)-closed set. We give some examples of a
nonlinear contraction mapping, which is not applied to the existence of tripled
coincidence point by G using the mixed monotone property. We also show the
uniqueness of a tripled point of coincidence of the given mapping. Further, we apply
our results to the existence and uniqueness of a tripled point of coincidence of the
given mapping with G-increasing property of F and mixed monotone property of G in
partially ordered metric spaces.

Keywords: tripled fixed point; tripled coincidence point; tripled point of
coincidence; generalized compatible; invariant set; mixed g-monotone; partially
ordered set; closed set

1 Introduction

The existence of a fixed point for the contraction type of mappings in partially ordered
metric spaces has been studied by Ran and Reurings [1] and they established some new
results for contractions in partially ordered metric spaces and presented applications to
matrix equations. Following this line of research, Nieto and Rodriguez-Lopez [2, 3] ex-
tended the results in [1]. Later, Agarwal et al. [4] presented some new results for contrac-
tions in partially ordered metric spaces.

In 1987, Guo and Lakshmikantham [5] introduced the concept of a coupled fixed point.
Later, Bhaskar and Lakshmikantham [6] introduced the concept of the mixed monotone
property for contractive operators in partially ordered metric spaces. They also give some
applications on the existence and uniqueness of the coupled fixed point theorems for map-
pings which satisfy the mixed monotone property. Lakshimikantham and Ciri¢ [7] ex-
tended the results in [6] by defining the mixed g-monotonicity and proved the existence
and uniqueness of coupled coincidence point for such a mapping which satisfy the mixed
monotone property in partially ordered metric spaces. As a continuation of this work,
many authors conducted research on the coupled fixed point theory and coupled coinci-
dence point theory in partially ordered metric spaces and different spaces. For example,
see [7-29].
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One of the interesting ways to developed coupled fixed point theory in partially ordered
metric spaces is to consider the mapping F : X x X — X without the mixed monotone
property. Recently, Sintunavarat et al. [18, 19] proved some coupled fixed point theorems
for nonlinear contractions without mixed monotone property and extended some cou-
pled fixed point theorems of Bhaskar and Lakshmikantham [6] by using the concept of an
F-invariant set due to Samet and Vetro [12]. Later, Kutbi et a/. [23] introduced the concept
of an F-closed set which is weaker than the concept of an F-invariant set and proved some
coupled fixed point theorems without the condition of mixed monotone property.

In 2014, Hussain et al. [15] presented the new concept of generalized compatibility of a
pair {F, G} of mappings F, G : X x X — X and proved some coupled coincidence point re-
sults of such a mapping without the mixed G-monotone property of F, which generalized
some recent comparable results in the literature. They also showed some examples and an
application to integral equations to support the result.

The notion of a tripled fixed point which is a fixed point of order N = 3 was introduced
by Samet and Vetro [12]. Later, in 2011, Berinde and Borcut [30] defined the concept of
a tripled fixed point in the case of ordered sets in order to keep the mixed monotone
property for nonlinear mappings in partially ordered complete metric spaces and proved
existence and uniqueness theorems for contractive type mappings. In 2012, Berinde and
Borcut [31] introduced the concept of a tripled coincidence point for a pair of nonlinear
contractive mappings F : X3 — X and g: X — X and obtained tripled coincidence point
theorems which generalized the results of [30]. Recently, Aydi et al. [32] introduced the
concept of W-compatibility for mappings F: X> — X and g : X — X in an abstract metric
space and defined the notion of a tripled point of coincidence. They also established tripled
and common point of coincidence theorems in an abstract metric space.

A wide discussion on a tripled coincidence point in partially ordered metric spaces,
using mixed the g-monotone property, has been dedicated to the improvement and gen-
eralization. Borcut [33] established tripled coincidence point theorems for a pair of map-
pings F: X> — X and g : X — X satisfying a nonlinear contractive condition and mixed
g-monotone property in partially ordered metric spaces. The presented theorems ex-
tended existing results in literature. Recently, Choudhury et al. [34] established some
tripled coincidence point results in partially ordered metric spaces depended on another
contractions. Very recently, Aydi et al. [35] established tripled coincidence point theo-
rems for a pair of mappings F: X> — X and g: X — X satisfying weak ¢-contractions in
partially ordered metric spaces. The results unified, generalized, and complemented var-
ious known comparable results by Berinde and Borcut [31]. After the publication of this
work, some authors have studied tripled fixed point and tripled coincidence point theory
in different directions in several spaces with applications (see [13, 14, 32—-438]).

In 2013, Charoensawan [44] introduced the concept of an (F, g)-invariant set and proved
the existence of a tripled coincidence point theorem and a tripled common fixed point
theorem for a ¢-contractive mapping in a complete metric space without the mixed
g-monotone property. Very recently, Karapinar et al. [49] showed that the notion of a
transitive F-closed (or F-invariant) set is equivalent to the concept of a preordered set,
and then some recent multidimensional results using F-invariant sets can be reduced to
well-known results on partially ordered metric spaces.

In this work, we generalize and extend a tripled point of coincidence theorem for a pair
{F, G} of mappings F, G : X x X x X — X with ¢-contraction mappings in partially ordered
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metric spaces without the G-increasing property of F and the mixed monotone property
of G by using the concept of a (G, F)-closed set.

2 Preliminaries

In this section, we give some definitions, propositions, examples, and remarks which are
useful for the main results in this paper. Throughout this paper, (X, <) denotes a partially
ordered set with the partial order <. By x < y, we mean y > x. Let (x, <) be a partially
ordered set, the partial order <3 for the product set X x X x X defined in the following
way: for all (x,9,2), (,v,w) € X x X x X,

(x,9,2) <3 (u,v,w) if and only if

G(x,5,2) < G(u,v,w), G(v,w,u) X G(y,z,x) and Gw,u,v) =< Glz,x,Y),

where G: X x X x X — X is one-one.

We say that (x,y,z) is comparable to (u,v,w) if either (x,y,2) <3 (u,v,w) or (4,v,w) <3
(%, 2).
Guo and Lakshmikantham [5] introduced the concept of a coupled fixed point as follows.

Definition 2.1 [5] An element (x,y) € X x X is called a coupled fixed point of a mapping
F: X x X — Xif F(x,y) =x and F(y,x) = y.

The concept of a mixed monotone property has been introduced by Bhaskar and Lak-
shmikantham in [6].

Definition 2.2 [6] Let (X, <) be a partially ordered set and F : X x X — X. We say F has
the mixed monotone property if, for any x,y € X,

x1,% €X, x <x, implies F(x1,y) < F(xy,5)
and
yy2€X, y1 =y, implies F(x,y1) > F(x,y2).

In 2009, Lakshmikantham and Ciri¢ in [7] introduced the concept of a mixed g-mono-
tone mapping and a coupled coincidence point as follows.

Definition 2.3 [7] Let (X, <) be a partially ordered setand F: X x X — X and g: X — X.
We say F has the mixed g-monotone property if, for any x,y € X,

x,% €X, gx1 <gxo implies F(x1,y) < F(x2,)
and
Yy, €X, gy =gy, implies F(x,y1) = F(x,y2).

Definition 2.4 [7] An element (x,7) € X x X is called a coupled coincidence point of
mappings F: X x X — X and g: X — X if F(x,y) = gx and F(y,x) = gy.
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Definition 2.5 [7] Let X be a non-empty setand F: X x X - X and g: X — X. We say F
and g are commutative if gF(x,y) = F(gx, gy) for all x,y € X.

Hussain et al. [15] introduced the concept of G-increasing and {F, G} generalized com-
patibility and proved the coupled coincidence point for such mappings involving the
(1, ¢)-contractive condition as follows.

Definition 2.6 [15] Suppose that F,G : X x X — X are two mappings. F is said to be
G-increasing with respect to < if, for all x,y,u,v € X, with G(x,y) < G(u,v) we have
F(x,y) < F(u,v).

Definition 2.7 [15] An element (x,y) € X x X is called a coupled coincidence point of
mappings F,G: X x X — X if F(x,y) = G(x,y) and F(y,x) = G(y,x).

Definition 2.8 [15] Let F,G: X x X — X. We say that the pair {F, G} is generalized com-
patible if

d(F(G(xn:yn)' G(ynrxn))¢ G(F(xn’yn)’F(ymxn))) — 0 asn— +o00,
d(F(G(ymxn): G(xmyn))v G(F(ymxn)’F(xn»yn))) —0 asn— +00,

whenever (x,) and (y,) are sequences in X such that

lim,_, o F(xmyn) =lim,_, o G(xnryn) =1,
lim,, o F(J/nrxn) =limy,, 0 G(men) =0b.

Definition 2.9 [15] Let F,G: X x X — X be two maps. We say that the pair {F, G} is

commuting if
F(G(x,y), G(y, x)) = G(F(x,y),F(y,x)) forall x,y € X.

Let ® denote the set of all functions ¢ : [0, 00) — [0, 00) such that:
(i) ¢ is continuous and increasing,
(i) ¢(t)=0ifand onlyif¢t=0,
(iil) @(t +s) < ¢(¢) + p(s), for all ¢, s € [0, 00).
Let W be the set of all functions ¢ : [0,00) — [0, o0) such that lim,_,, ¥ (¢) > 0 forall ¥ > 0
and lim,_, o+ ¥ (£) = 0.

Theorem 2.10 [15] Let (X, <) be a partially ordered set and M be a non-empty subset of
X* and let d be a metric on X such that (X,d) is a complete metric space. Assume that
F,G:X x X — X are two generalized compatible mappings such that F is G-increasing
with respect to <, G is continuous and has the mixed monotone property. Suppose that for
any x,y € X, there exist u,v € X such that F(x,y) = G(u,v) and F(y,x) = G(v,u). Suppose
that there exist ¢ € O and € V such that the following holds:

¢ (d(F(x,y), F(u,v))) < %q&(d(G(x,y), G(u,v)) +d(G(y,x), G(v, u)))

- (d(G(x,y), G(u,v)) +d(G(y,x), G(v, u)))
2

forall x,y,u,v e X with G(x,y) < G(u,v) and G(y,x) > G(v, u).
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Also suppose that either
(a) F is continuous or
(b) X has the following properties: for any two sequences {x,} and {y,} with
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
If there exist (x0,y0) € X x X with

G(x0,50) < F(x0,50) and G(yo,%0) > F(yo,%0),

then there exist (x,y) € X x X such that G(x,y) = F(x,y) and G(y,x) = F(y,x), that is, F and

G have a coupled coincidence point.

Kutbi et al. [23] introduced the notion of an F-closed set which extended the notion of

an F-invariant set as follows.

Definition 2.11 [23] Let F: X x X — X be a mapping, and let M be a subset of X*. We
say that M is an F-closed subset of X* if, for all x,y,u,v € X,

xyuv)eM = (F(xy),F(yx),F(u,v),F(v,u)) € M.
In 2010, Samet and Vetro [12] gave the notion of a fixed point of order N = 3 as follows.

Definition 2.12 [12] Anelement (x,y,z) € X x X x X is called a tripled point of coincidence
of mappings F and g if F(x,y,z) = x, F(y,z,x) =y and F(z,x,7) = z.

In 2012, Berinde and Borcut [31] introduced the concept of a tripled coincidence point

and mixed g-monotonicity as follows.

Definition 2.13 [31] Let (X, <) be a partially ordered set and two mappings F: X x X x
X — X, g:X — X. We say that F has the mixed g-monotone property if, for any x,7,z € X,

x,% € X, glx) <glxp) implies F(x1,9,2) < F(x2,,2), 1)

yy2 €X, gn) =gly2) implies F(x,y1,2) > F(x,y2,2) (2)
and

21,20 €X, g(z1) Xg(z) implies F(x,y,21) < F(x,9,2,). (3)

Definition 2.14 [31] An element (x,7,z) € X x X x X is called a tripled coincidence point
of mappings F and g if F(x,y,z) = g(x), F(y,x,y) = g(y) and F(z,y,x) = g(z).

Aydi et al. [35] extended the tripled coincidence point theorems for mixed g-monotone
operator obtained by Berinde and Borcut [31]. For the sake of completeness, we recollect
the main results of Aydi et al. [35] here.

Let the set of functions ® = {¢ : [0, +00) — [0, +00) : p(¢) < t and lim,_,;+ ¢(r) < t,t > 0}.
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Theorem 2.15 [35] Let (X, X) be a partially ordered set and suppose there is a metric d on
X such that (X,d) is a complete metric space. Let F: X x X x X — X and g : X — X be such
that F has the mixed g-monotone property and F(X®) C g(X). Assume there is a function
¢ € O such that

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,5,%), F(w,v,u))

<3¢ (d(g(x),g(u)) +d(g(¥),gv) + d(g(Z),g(W))>

3 (4)

for all x,y,z,u,v,w € X with g(x) = g(u), g(y) < g(v) and g(z) = g(w). Assume that F is
continuous, g is continuous and commutes with F.

If there exist xo, yo,2z0 € X such that

g(xo) < F(x0,50,20), gWo) = F(yo,%0,50) and g(zo) = F(zo,¥0,%0),

then there exist x,y,z € X such that

gx) = F(x,9,2), g0 =F(y,xy) and g(z)="F(zy,%).

Definition 2.16 [35] Let (X, <) be a partially ordered set and d be a metric on X. We say
that (X, d, <) is regular if the following conditions hold:

(i) if a non-decreasing sequence {x,} — x in X, then x,, < x for all »,

(ii) if a non-increasing sequence {y,} — y in X, then y <y, for all n.

Theorem 2.17 [35] Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d, <) is regular. Suppose that there exist ¢ € ® and mappings F :
XXX xX— Xandg:X — X are such that (4) hold for any x,y,z,u,v,w € X with g(x) =
g(u), gy) < g(v) and g(z) = g(w). Suppose also that (g(X),d) is complete, F has the mixed
g-monotone property, and F(X®) C g(X).

If there exist xo,y0,z0 € X such that

g(x0) < F(x0,¥0,20), gWo) = F(yo,%0,¥0) and g(zo) = F(zo,¥0,%0),

then there exist x,y,z € X such that

gx)=F(x,32, gy =F@xy and g =F(zy,x).
Now, we give the notion of a (G, F)-closed set which is useful for our main results.

Definition 2.18 Suppose that F,G: X x X x X — X are two mapping. F is said to be
G-increasing with respect to < if, for all x,y,z,u,v,w € X, with G(x,5,2) < G(u,v,w) we
have F(x,y,z) < F(u,v,w).

Definition 2.19 Anelement (x,7,z) € X x X x X is called a tripled point of coincidence of
mappings F,G: X x X x X — X if F(x,y,2z) = G(x,y,2), F(y,z,%) = G(y,2z,x) and F(z,x,y) =
G(z,x,9).
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Definition 2.20 Let F,G: X x X — X. We say that the pair {F, G} is generalized compat-
ible if

lim d(F(G ¥ Yn» 2n)s GO 21 %n)s G (2 % Yn)) s

Hn—0Q

G(F(xn:yn:Zn)fF(yn’znrxn)iF(men:yn))) =0,
im d(F (G Zus Xn)s G(Zs s ) G Koy Vs 2n))
n—00

G(F()/mmen);F(memj/n);F(xmymZn))) = O:

lim d(F(G(menryn); G(xn)yn;zn)r G(J’n;zn’xn))’
n—00

G(F (s % Yn)s F &> Y )y F O 2 %)) ) = 0,
whenever (x,), (y,), and (z,) are sequences in X such that

]imnaoop(xmym Zn) = llmnaoo G(xmym ZVI) =t,
Hmn—»oop(yn: Zn:xn) = hmn—>oo G(ym Zn:xn) =1,

lim,,_, o F(Zn;xmyn) =1lim,_, o G(memyn) =t3.

Definition 2.21 Let F,G: X x X — X be two maps. We say that the pair {F, G} is com-

muting if
F(G(x,y, z), G(y,z,x), G(z, x,y)) = G(F(x,y, z),F(y,z,x),F(z, x,y)) forall x,y,z € X.

Definition 2.22 Let F,G: X x X — X be two mapping, and let M be a subset of X°. We
say that M is an (G, F)-closed subset of X¢ if, for all x9zu,v,weX,

(G(x.,2), G(9,2,%), G(z,%,9), G(u, v, w), G(v, w, ), G(w, u, v)) € M
= (F(x,9,2), F(3,2,%), F(z,%,9), F(u, v, w), F(v, w, 1), F(w, 1, v)) € M.
Definition 2.23 Let (X, <) be a metric space and M be a subset of X°. We say that M
satisfies the transitive property if and only if, for all x, y,z,u, v, w,a,b,c € X,
(G.,2), G(3,2,%), G(z,%,9), G(u, v, w), G(v, w, ), G(w, u,v)) € M and
(G(u, v, w), G(v,w, u), G(w, u,v), G(a, b, c), G(b, c,a), G(c,a,b)) € M
= (Gx,2),G(,2,%),G(z%,9),Ga, b,c), G(b, ¢, a), G(c,a, b)) € M.

Remark The set M = X® is a trivially (G, F)-closed set, which satisfies the transitive prop-
erty.

Example 2.24 Let (X,d) be a metric space endowed with a partial order <. Let F,G :
X x X x X — X be two generalized compatible mappings such that F is G-increasing
with respect to <, G is continuous and has the mixed monotone property. Define a subset
M C X by

M= {(x,y,z,u,v,w)GXG:xju,yzvandzjw}.

Page 7 of 24
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Let (G(x,9,2), G(y, z, %), G(z,%, ), G(u, v, w), G(v, w, 1), G(w, u,v)) € M. It is easy to see that,
since F is G-increasing with respect to <, we have

F(x,y,2) < F(u,v,w), F(y,z,x) = F(v,w,u) and F(z,x,5) < F(w,u,v),
and this implies that

(F(x,y, 2), F(y,2,%), F(z,x,5), F(u,v,w), F(v,w, u), Fw, u, V)) eM.
Then M is (G, F)-closed subset of X°, which satisfies the transitive property.

3 Main results

Let ® denote the set of functions ¢ : [0,00) — [0, 00) satisfying
1. @) <tforallt>0,
2. lim,_ .+ @(r) < tforall £ > 0.

Theorem 3.1 Let (X, <) be a partially ordered set and M be a non-empty subset of X°
and let d be a metric on X such that (X, d) is a complete metric space. Assume that F,G :
X x X x X — X are two generalized compatible mappings such that G is continuous and for
any x,y,z € X, there exist u,v,w € X such that F(x,y,z) = G(u,v,w), F(y,z,x) = G(v,w, ),
and F(z,x,y) = G(w,u,v). Suppose that there exists ¢ € ® such that the following holds:

d(F(x,9,2), F(u,v,w)) + d(F(y,2,%), F(v,w, ) + d(F(z,%,9), F(w,u,v))
< ¢(d(G(x,5,2), G(u,v,w)) + d(G(y,2,%), Gv,w,u)) + d(G(z,%,y), Gw,u,v)))  (5)
forall x,y,z,u,v,w € X with
(G, 9,2), G, 2,%), G(z,%,9), G(u, v, w), G(v, w, ), G(w, u, V) € M.
Also suppose that either
(a) F is continuous or

(b) for any three sequences {x,}, {yn}, and {z,,} with

(G(xm Yns Zn), G(ym Z, X ), G(Zn: xnvyn)r

G(xmbyml, Zp41)s GWa1s Zusls Xna1)s G(Zn+1;xn+1ryn+l)) eM
and
{Gawywz)} =% {GOwzwx)} =y {Gwxnyn)} — 2
forall n>1 implies
(G Y 2n)s G 20 Xn)s G(Zs X Y ), %,,2) €M forall n> 1.
If there exist xo,0,20 € X X X such that

(G0, y0,20), G(¥0, 20, %0), G(20, %0, ¥0), F (%0, Y0, 20) F (Y0, Z0, %0), F (20, %0, Y0)) € M

Page 8 of 24
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and M is an (G, F)-closed, then there exist (x,y,z) € X x X x X such that G(x,y,z) =
F(x,y,2), G(y,z,%x) = F(y,z, %), and G(z,x,y) = F(z,%,y), that is, F and G have a tripled point

of coincidence.

Proof Let x9,%0,z0 € X be such that

(G(xO’yO:ZO)’ G(yO’ZO’xO): G(Zo,xo,yo),F(?Co,yoyZo),F()’o,Zo,xo),F(Zo,xo»yo)) eM.
From the assumption, there exist (x1,1,21) € X x X x X such that

F(x0,0,20) = G(%1,1,21), F(y0,20,%0) = G(y1,21,%1) and

F(z0,%0,%0) = G(z1,%1,91).

Again from assumption, we can choose x3,7s,2z2 € X such that
F(xl;yl;zl) = G(x27y2122): F(ylyzl;xl) = G(yZIZZ)x2) and
F(zlrxlyyl) = G(ZZ’x27y2)'

By repeating this argument, we can construct three sequences {x,,}52,, {¥4}51, and {z,}52;
in X such that

F(xn;yn; zy) = G(xn+1;yn+1r Zns1)s F()/n, Zpy Ky) = G(ynﬂy Zne1s%ns1)  and

F(2, % Yn) = G(Zy41, %41, Yns1)  forall m > 1.

Since

(G(xO:yO’ZO)) G()/o,Zo,xo), G(ZO’xO,yO)rF(xOryoyz())rF(yO»ZO»xO))F(ZO)xO»yO)) GM

and M is (G, F)-closed, we get

(G(x0,y0,20), G(¥0,20,%0), G(20, %0, ¥0) F (%0, ¥0, 20), F (0, 20, %0)> F (20, %0, ¥0))
= (G(x0,50,20), G(y0, 20, %0), G(20, %0, ¥0), G(%1, 31, 21), G(y1, 21, %1), G(21, %1, 31)) € M
= (F(x0,0,20), F(¥0, 20, %0), F (20, %0, ¥0), F (%1, y1,21), F (1, 21,%1), F (21, %1, 1))
= (G&1,y1,21), GO, 21, %1), Glz1, %1, 1),
G(%2,52,22), G(¥2, 22, %2), G(22, %2, )2)) € M.

Again, using the fact that M is (G, F)-closed, we have

(G(xl!_ylr Zl)! G(ylrzl’xl)’ G(erxlyyl)’ G(x21y2’ ZZ)’ G()/2, ZerZ); G(ZZ,x2iy2)) eM
= (F(xl’ylyzl)!F(yl,Zl)xl);F(zlyxl;yl)yF(xZ)y2,ZZ)’F(yZyZZxe))F(ZZ’xZ;yZ))
= (G(x21y2; ZZ), G()/z, ZZ;xZ)’ G(ZerZ:yZ):

G(x3ry3,z3)r G(Y3,Zs,x3), G(Z3rx3>y3)) EM.
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Continuing this process, for all n > 0, we get

(G(xn:ynrzn)y GWns Zns %n)s G(Zps Xy V)

G(xn+1:yn+1y Zn+1)’ G(yn+17 Zp+1s xn+1)¢ G(Zn+17xn+1¢yn+l)) eM. (7)

For all # > 0, denote

8;'1 = d(G(xn:ym Zn)) G(xn+l:yn+lr Zn+1)) + d(G(ym Zys xn); G(y;ﬂb Zn+1s xn+1))
+ d(G(zn’xmyn)’ G(zn+1¢xn+l’yn+l))' (8)

We can suppose that §,, > 0 for all # > 0. If not, (x,,, ¥4, z,) will be a tripled point of coinci-
dence and the proof is finished. From (5), (6), and (7), we have

A(G (i1 Y1 Zni1)s G(Ene2s Y2 Zns2))
+ A(GOns1s Zns1s X1 GOV Znaas Kns2))
+ d(G(Zns1s %ne1 Y1) G(Zna2s Xns2s Ys2)
= d(F(xn’ynrZn)rF(anrl:ynJrl,ZnH))
+ d(F(YVnZn,xn):F(yn+1,Zn+1’xn+1))
+ A(F(Zns % Yn)s F(Zna1s X1y Y1)
< @(d(G s Y 2n)s G (K15 Yns1s Zns1))
A(G s Zus )y GOna1s Znsts Xns1))
A(G(2n %> Y1)y G(Zs1s i1, V1)) )
= @(8n)- )

+

+

Therefore, the sequence {5,}5°, satisfies
8us1 < @(8,) forallm>0. (10)

Using property of ¢ it follows that the sequence {5,}3°, is decreasing. Therefore, there
exists some § > 0 such that

lim 8, = 3. (11)

n—00

We shall prove that § = 0. Assume, to the contrary, that § > 0. Then by letting # — 0o in
(10) and using the property of ¢, we have

8= lim 8, < lim ¢(§,) = sling+ ©(8,) <8,

n—00

a contradiction. Thus é = 0 and hence

lim 8, = 0. (12)

n—00
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We now prove that {G(xy, ¥, 2u)}oo1, {G Vs 2ns %) }ooq, and { G (2., %, ¥4) }ooq are Cauchy se-
quences in (X,d). Suppose, to the contrary, that at least one of the sequences {G(x;, y,,
zn)}o21 or {GWu, znxn) Y52, o {G(24, %4, ¥4)}o0; is not a Cauchy sequence. Then exists
an € > 0 for which we can find subsequences {G Xty Vim0 Zm(i)) ) { G Eni)s Yuh)> Znii) )}
of {Gn, Ynszn) ooty AGmi)ys Zmkys Xmx)}s AG Iy Zn(t)s Xn(t))} of {GWn» 2 Xu) ey, and

{G (i), Xm(k) Ym(i)}> {G(Zn(k)’xn(k)’yn N} of {Glzw % yu)};2y, respectively, with n(k) >
m(k) > k such that
€ < Dy
= d(Gm)» Yk Zm(x))» GXon(i» V() Zni)))
+ A(GOmik)> Zm(i) Xm(i))» GWnth)» Zn(i)» %n(i))
+ d(G(Zm(k),xm(k)yym(k)): G(Zn(k)rxn(k)’yn(k)))‘ (13)

Further, corresponding to m(k), we can choose n(k) in such a way that is the smallest
integer with n(k) > m(k) > k and satisfying (13). Then

A(GEm@)» Ym(k)» Zm))» GEn(i-1> Yn(k)-1 Zn(i)-1))
+ d(GOm)» Zm(k)s Xm(i))s GOn()-1» Zn(h)-1> Xn(i-1))
+d (G(zm(k)xxm(k):ym(k)): G(Zn(t)-1>%n(k)-1> Yn(io-1))
<e. (14)

Using (13), (14), and the triangle inequality, we have

€ < Dy
< d(Gom@ys Yimik)» Zm(0)» G X1 Yn(d)-1» Zn(i)-1))
A(GEn (-1 Yn(k)-1> Zn()-1)> GXn(i)s V(i) Zn)))
A(GOm(k) Zmr %m)) GYn)-15 Zn)-1 %n(h-1))
A(GWn)-1> Zn -1 %n(01-1)> G Wk Zn(i)» )
A(G(Zm(k) Xm(k)» Ym(): G(Zn(k)—lrxn(k)—l;yn(k)—l))
+ d(G(Zn -1 Fn)1-1 Yn()-1)> Gk Fn(i)» Yn)))
< €+ Su-1- (15)
Letting k — oo in (15) and using (12), we get
lim Dy =e. (16)
100

Again, for all k > 0, we have

Dic = d(Gmys V(i) Zm(i))» G X Yk Zn(i)))
+ d(G(ym(k): Zim(k)> Xm(k ) G(yn xn(k)))
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+ d(GZm(1r Xmk) Yim(19)> GZn(h) %t Yuk)))
< d(Gom@ys Y Zm(10)» GEm(k)+1 Yt +1 Zm() +1))
G X +1> Y 11> Zm()41)> GEny+15 V(i +15 Zni+1))
G () 11> V()41 Zn(0+1)> G Xy Vi) Zn)))

Gm(k)» Zmr %m0 GYm(i) 11> Zm (k)41 Xm(i)41) )

+d(
+d(
+d(
+ d(GOm+1> Zmw) 11> Xm() 1) G415 Zn)+15 Xn(k)41))
+ (G041, Zn(0+1 %n0+1)» G V() Zni)s X))
+ d(G(@m(k) Xm()» Ym())» G (@m(ky+1> Xm(i +1:ym(k)+l))
+ d(G(Zm(+1 %m) 11> Ym0 +1)> G @)1, () 11, Yn(h)+1) )
+ d(G(Zn ) 11 X415 Yk 1) G () Xn(i)s V(i) )
=< Sm(k) + Onk)

+ d(GEm@ 1, Y +15 Zm(0+1)» G415 Yk 11> Zn(k)41) )

+ d(GOm()+1 Zm() 41 m(+1)s Gk 11> Zn(k)+ 1, Kn(i)41) )

+ d(G (@) 115 X +1> Yim(k)11)> G @) 115 Xn(k) 41 Yn(h)41) ) -

From (7) and n(k) > m(k) we have

(Gom@iys Yk Zm(1))» GOy Xy Zm(i))»
G(Zim(k)s Xm(k)s Ym())s GXm(k)+15 Ym(k) +1> Zm(i)+1)>

GOm(k)+1%m(k)+15 Zm(0+1)» GZm(k)+1 Xk +15 Ym(iy+1)) € M

and

(GEm@t+1 Y +1 Zm(i)141)> GOk 41> X 11> Zm(k)+1)5
G(Zm()+1> Xm()+15 V() +1)s GKm(i)+25 V(i) 425 Zm(i)+2) s

GOm0 +20 Xm(k)+2> Zm(k)+2) G@m(k) 120 Xm(i 425 Ym()+2)) € M

Using the transitive property of M, we get

(G@om@eys Y Zm(1))» GOy Xy Zm(i))»
G(Zm(k)s Xm(k) Ym(k))» G Xm(k)+2> Vim(k) 42> Zm(k)+2)

GOm(k)+20 X425 Zm(i)+2)> G @) 120 Emi+20 Ym(i+2)) € M.

Continuing this process, we have

(Gom(i)s Yk Zm(x))s GOy Xy Zm(i)» G (Zomy Xy Yom(i))»

GXn(k)s Yn 1) GOt Xk Zn())» G(Zn(i)» s Yniy)) € M.

17)

(18)
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From (5), (6), and (18), we have

A(G ) 11> Ytk +1> Zm()+1)s G115 Yk +1> Zni)+1))
+ d(GOm)+1> 2k 1> Fm()11)> GV +15 Zn)+15 Xn(k)41))
+ d(G @m0 11> Xm0 +1> Yim()11)> G @) 115 Bk 41> Yn(h)41) )
= d(Fmuy» Yt 2m())» Fihys Yoy 2nr)))
+ A(FGm(iy» Zm(ky X))y E Gty Znthy» Xn(r))
+ A(F (s Xmk) Ym(19)s F @ty % :yn(/o))
< @(A(G o), Ymthy» Zm(t)) Grthys Vi) Znr)))
+ d(G()’m 1 %m(k))> GOn(hy» Zuk) %n(h)))
+ d(G(@m(s Xm(i)» Ym())> GZn(i)s Xn(i)s Yu(i))) )
= ¢(Dx), 19)

which, by (17), yields
Dy < Sty + Sniiy + ©(Dp). (20)
Letting k — oo in the above inequality and using (12) and (16) we get
= lim Dy < lim (8, O Dy)) = li D ,
€= lim k_kifgo( ® + Sutty + ©(Dy)) Dklgbw( k) < €

a contradiction. Hence {G(X,, Y11, 21) } o215 {G Vs 20, %) Y21, and { G (2, X1, Y1) Yoo q are Cauchy
sequences in (X, d). Since (X, d) is complete and (6), there exist x, y,z € X such that

lim (xn;ynrzn) = hm F(xnrynvzn) =X,

H— 00

lim G(y,, 2y, %,) = lim F(y,,z,,%,) =y and (21)
n— o0 n— 00

lim G(zy, %4, y,) = im F(zy,, %4, y0) = 2.
n—0oQ n— 00
Since the pair {F, G} satisfies the generalized compatibility, from (21), we have

Tim d(F(GGus Y 2u)s GO 2 Xn)s Gns % Yi),

G(F(xn’ymZn)rF()’nrZn,xn):F(men;yn))) =0,

lim d(F(G()/m men)r G(an xn;yn): G(xmym Zn));
n— 00 22)

G(F(ymZn:xn)rF(menryn)rF(xmynrZn))) =0,

lim d(F(G(z,,,x,,,yn), G(xmym Zn): G(ynr anxn))!

n— 00

G(F(Zn»xn:yn)rF(xn:ynrZn):F(YmZn,xn))) =
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Suppose that assumption (a) holds. For all # > 0, by the triangle inequality we have

d(G(%,,2), F(GXs Y 1) GOns Zns ), G (2 Xy V) )
< d(G(%,9,2), G(F(s Yn» Zn)s EOns Zns %)y F(Zs %0 V) ) )
A(G(F s Y 2n)s F s 2 %)y F @y %05 )
F(Gtns Yo 21) GOns Zns %)s Gns % i) ) (23)
A(G(,2,%), F(GWns s %n)s G(@ns X Yn)s G (ss Yur Zn) ) )
< d(G(y,2,%), G(Fns Zns %n) EZns Xy )y F s Y 2)) )
A(G(FWns 2 %n)s F s %m Y)s F @y Vs Zn))
F(Gns 2 %n)s G(2ns %ns Yn)s G (X Y 20))) (24)

and

d(G(2,%,9), F(G(2us %> Y1) G s Y» Zn)s Gy Zns %)) )
< d(G(z,%,), G(F(zu, % Yn)s E Xy Y 20y F s Zs %))
A(G(F (@ % Yn)s K Yous Z0)s F s Zs %))
F(G(2us Xy Y)y G Xy Vs Zn)s GWas Zas %)) ) (25)

Taking the limit as # — 0o in (23), (24), and (25). Using (21), (22), and the fact that F and
G are continuous, we have

G(x,9,2) = F(x,9,2), G,z,x) =F(y,z,x) and G(z,x,9) = F(z,x,9). (26)

Therefore (x,y,2) is a tripled point of coincidence of F and G.

Suppose now assumption (b) holds. Since {G(x,,y,,2,)}52; converges to x, {G(¥,,2u,
%,)}52, converges to y and {G(zy, x,,, ¥,)}oo; converges to z. From (7) and assumption (b),
for all # > 1, we have

(G Y 2n)s G s 2y %on)s G2y Xy Y)s %, 9, Z) € M. (27)

Since the pair {F, G} satisfies the generalized compatibility, G is continuous and by (21),
we have

G(x,9,2) = lim G(G (s Y 2n)> Gns Zns %), G(@ns %> Y))
= hm (F(xn:ymzn)yF(ymmen)yF(zmxn:yn))

= 1im F(Gu, Y 2n), GWis Zus %n)s G(Z Xs Vi) ) (28)

n—00

G(,2,%) = im G(G(yu> Zus %n)s G(Zs K> Y)» G(Xss Vs 21))

n—00

= Wm G(F(us Zn» %n)s F @y Xty Yn)s F s Vs Z0))

n—00

im (G 2us %n)s G(Zs %> Y)s G(ts Vs 1) ) (29)

n—00
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and

G(z,x,9) = lim G(G(z,,,x,,,y,,), Gy, V> 2n)s G(y,,,z,,,x,,))

n—00

= lim G(F(Zmxn:yn)rF(xn;ymzn)rF()’mZn,xn))
n—00

= lim F(G(men,yn), G(xn’ymzn): G(ymznrxn))‘ (30)
Then, by (5), (6), (27), (28), (29), (30), and the triangle inequality, we have

d(G(x,y,2), F(%,9,2)) + d(G(y, 2,%), F(3,2,%)) + d(Glz,%,9), F(z%,%))
< d(G(x,9,2), F(Gn Yus Zn)s GO Zns %)y G2y Xy Yn)))
+ d(F(G & Y 2n)s GO Zus K1)y G2y Xy Y) ) F (%, 9, 2))
+d(G(1,2,%), F(GWns 2ns %), G(2s Xy Y)s G (Xons Y 20)) )

(COn» 20 %), G(Zas Xy Y)s G Koy Yy 2) ), E (9, 2, %))

+d(G(2,%,9), F(G (2 % Y1) G (s Vs Z1)y GGy Zs %)) )
+ d(F(G (2 % Yn)s Gy Yius Z0)s GOy Zs %)), F(2,%, ) )
< @(d(G(Gtn Y 20)s GOms Zs %), G2y %y V) G (%, 9, 2))
+ d(G(Gns 2 %n)s G(Zs Xty V), Gy Vs 2)), G (9,2, %) )
+ d(G(G(2ns % Yn)s G Xy Y 20)s G s Zs %) ), G (2, %, 7))
+d(G(%,9,2), F(G&ns Yur Zn)s GO Zns )y G2y X1y Yi))

(
+d(F
d(
d(
(
(
(
(
(
(

)
G (9,2, %), F(G(us Zns %) G(@1s %> Y1) G (%15 Y 2)) )
)-

+d
+d G(Z,x; , (G(men»yn) G(xn;ymzn) G()/nyzmxn))

Letting now n — 0o in the above inequality and using the property of ¢ that lim,_, o+ ¢(r) =
0, we have

d(G(x,y, z), F(x,y, z)) + d(G(y, z,x),F(y,z, x)) + d(G(z, x,9), F(z, x,y)) =0,
which implies that
G(x,,2) = F(x,9,2), G(,z,x)=F(y,z,x) and G(z,x,9) = F(z,x,9). O
Next, we give an example to validate Theorem 3.1.

Example 3.2 Let X = [0,1], d(x,y) = |[x —y| and F,G: X x X x X — X be defined by

x4y + 22

F(x,y,2) = g

and Gx,y,2)=x+y+z

Clearly, G does not satisfy the mixed monotone property.
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Now we prove that for any x,y,z € X, there exist u,v,w € X such that F(x,y,z) =
G(u,v,w), F(y,z,x) = G(v,w,u), and F(z,x,y) = G(w,u,v). It is easy to see that there exist
u=x*v=y,w=2z> eXsuchthat

F(x,y,2) = G(xz,yz,zz) = G(u,v,w), F(y,z,x (y 2% ) G(v,w,u) and
F(z,%,) = G(%,4%,y%) = G(w, u,v).

Now, we prove that the pair {F, G} satisfies the generalized compatibility hypothesis. Let
{Xu)oois (Ynhoer and {z,};2; be three sequences in X such that

limn%oo F(xn!ym Zn) = hmn%oo G(xnrym Zn) =1,
limy,— o0 FVn» 2 %) = limy— 00 Gy, 21, %) = Lo,
]imnaooF(men:yn) = llmnaoo G(anxn:yn) =I3.

Then we must have f; = £, = £3 = 0 and it is easy to prove that

lim d(F(G(xmym Zn), G(ym men)’ G(menryn))i

n—00

G(F(xnxymzn):F()/nyznrxn):F(Zn;xn:yn))) =0,
Jim d(F (GO 2 %)y G(zns % V) Gl Vs 2))

G(FWns 2ns %)y F (s % V) E Koy Yr Zn)) ) =
Tim d(F(Gns%n Yn)s G Vs Zn)s GWns Zns %)),
G(F @y % Yn)s F s Y 20)s F Oy 2y %)) ) =
Now, for all %, y, z, u, v, w € X with
(G(x,9,2), Gy, 2,%), G(2,%,9), G(u, v, w), G(v,w, 1), G(w, u,v)) € M = X6,

we let ¢ : [0, +00) — [0, +00) be a function defined by ¢(t) = i, then we have

d(F(x,9,2), F(u,v,w)) + d(F(y,2,%), F(v,w,u)) + d(F(z,%,9), F(w,u,v))

e+ W eview?| [P+ ea? Vewted?

8 B 8 8 B 8
Z2+x2+y  wrru?+?
8 8
_3 2 —u)+ (=) + (22 - w?)
N 8
_3 (x—u)(x+u) .\ y-v)y+v) . (z—w)(z+w)
B 8 8 8

§Z|(x+y+z)—(u+v+w)|

( ’x+y+z) (u+v+w)‘)

= (|(x+y+z —(u+v+w)| |(y+z+x)—(v+w+u){
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+z+x+y)—(w+u+v)|)
= (p(d(G(x,y, 2), G(u, v, w)) + d(G(y, z,%), G(v, w, u))
+d(G(zx,y), G(w, u,v))).

Therefore condition (5) is satisfied. Thus all the requirements of Theorem 3.1 are satisfied
and (0,0, 0) is a tripled point of coincidence of F and G.

Next, we show the uniqueness of the tripled point of coincidence of F and G.

Theorem 3.3 In addition to the hypotheses of Theorem 3.1, suppose that, for every
(x,9,2), (x*,y%,2*) € X x X x X, there exist (u,v,w) € X x X x X such that

(G(x.,2), G(,2,%), G(z,%,9), G(u, v, w), G(v, W, 1), G(w, u,v)) € M and
(G(x*,",2), G(y", 2%, x%), G(2", %%, "), G(w, v, w), G(v, W, u), G(w, u,v)) € M.

Then F and G have a unique tripled point of coincidence. Moreover, if the pair {F,G} is
commuting, then F and G have a unique tripled fixed point, that is, there exist unique
(a,b,c) € X? such that

a=Gl(a,b,c)=F(a,b,c), b=G(b,c,a)=f(b,c,a) and
c=Gl(c,a,b) =f(c,a,b).

Proof From Theorem 3.1, we know that F and G have a tripled point of coincidence. Sup-
pose that (x,7,2), (x*,y*,z*) are tripled points of coincidence of F and G, that is,

F(x,y,2) = G(x,9,2), F(y,z,x) = G(y, z,%), F(z,x,9) = G(z,x,y) and
F(x*,y%,2") = G(x*, ", 2%), F(y*,z",x%) = G(y*, 2", %), (31)

F(z%,2%, ") = G(2", %%, 5%).

Now we show that G(x,y,z) = G(x*, y*,2*), G(y,2,%) = G(y*,z*,x*), and G(z,x,y) = G(z*, x¥,
¥*). By the hypothesis there exist (&, v, w) € X3 such that

(G.,2), G(,2,%), G(z,%,9), G(u, v, w), G(v, w, ), G(w, u,v)) € M and
(G(x*,y",2"), G(y*, 2%, x%), G(2", %", ¥"), G(w, v, w), G(v, w, u), G(w, u,v)) € M.

We put uy = u, vo = v and wy = w and define three sequences {G(u,, Vi, Wy) o1, {G(Vi, Wy,
u,)}o2, and {G(wy, uy,, v,)}52, as follows:

F(um Vs Wn) = G(unﬂ; Vn+ls Wn+1), F(Vm Wy, un) = G(VVI+1) Wnils un+1) and

F(Wpy th Vi) = GWyi1, i1, Via1)  forallm > 0.
Since M is (G, F)-closed and

(G(x,9,2), G, 2,%), G(2,%,%), G(u, v, W), G(v, w, ), G(w, 1, v)) eM,
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we have

(G(x,y, 2), G(y,z,x), G(z,%,9), G(u, v, w), G(v,w, u), G(w, u, v))
= (G(x,,2), G(9,2,%), G(z,,), G(uo, Vo, Wo), G(vo, Wo, o), G(wo, 1o, Vo)) € M
= (F(x,y, 2), F(y,2,%), F(z,x,), F (1o, Vo, Wo), F(vo, Wo, tg), F(wy, 1o, Vo))
= (G(x,y, z), G(y, z,%), G(z,%,y), G(uy, v1, w1),

G(vy, wr, 1), G(wy, u1,v1)) € M.
From
(G(x,9,2), G(y,2,%), G(2,%,9), G(u1, v, 1), G(v1, w1, 1), G(wy, u1, 1)) € M,
if we use again the property of (G, F)-closedness, then

(G(x,% Z): G()/, z, x)) G(Zy x:y)» G(ul» V1, Wl)) G(Vly w1, ul): G(Wl) uy, Vl)) eEM
= (F(x¢y¢ Z);F(% Z;x);F(Z,x,y)rF(ul; V1, Wl)rF(vlr w1, Ml)rF(er u, Vl))
= (G(%,9,2), G(9,2,%), G(z,%,7), G(uz, V2, W),

G(va, W, ), G(wa, Uz, v)) € M.
By repeating this process, for all n > 0, we get
(G(x,y, 2), G(y,z,%), G(2,%, ), G(t4y, Vip W), G(Vyy, Wy, tyy), G(Wy, 14, v,,)) e M. (32)
Using (5), (31), and (32), for all n, we have

d(G(x,9,2), G(ths1, Vi1, Wii1)) + (G (9,2, %), G(Vis1, Wyat, 1))
+d(G(2,%,9), GWya1s Uns1, V1))
= d(F(x,9,2), F(tbn, Va, Wn)) + A(F (9,2, %), F (Ve Wy, t4))
+ d(F(2,%,9), E(Wp, 1, v,)
< o(d(G(x,5,2), Gty Vs W) + (G (9, 2,%), G(Vy, Wiy )
+d(G(2,%,5), G(Wn, ttn, Vi) (33)

Using the property that ¢(¢) < ¢ and repeating this process, we get

d(G(x,,2), Gthns1, Vst Wnn1)) + d(G(9,2,%), G(Vis1, W1, Uns1) )
+d(G(2,%7), GWasn, tnst, V)
< 0" (d(Gx,9,2), Glur, vi, wn)) + d(G (9,2, %), G(vi, wy, 1))
+d(Glzx,9), Gwy,ug,v)))  for all . (34)
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From ¢(¢) < ¢t and lim,_. 4+ ¢(r) < ¢, it follows that lim,,_, o, ¢"(¢) = O for each ¢ > 0. There-
fore, from (34) we have

lim (d(G(x,y, Z)r G(unﬂ: Vi+ls Wn+1)) + d(G()/, z, x)’ G(VVI+1’ Wn+1,un+l))
n—00
+ d(G(Z; x,y), G(Wya1s U1 Vn+1))) =0. (35)
This implies that

nlian;o d(G(x; 9,2), G(Uns1, Vi1 Wn+1)) =0

lim d(G()/, z, x): G(Vn+lr Wn+1,un+1)) =0 and (36)
n—00

lim d(G(Z, xry)l G(Wn+1: Un+ls Vn+l)) =0

Similarly, we show that

lim d(G(x*,y*,z*), G(Up1, V,,+1,W,,+1)) =0,

nhenc}o d(G(y*, z5, x*), G(Vps1s Wn+1,un+l)) =0 and (37)
nll)l’};lo d(G(Z*, x*,y*), G(Wn+1; U+l Vn+1)) =0

From (36) and (37), we have

G(x,y,2) = G(x*,y",2"), G(,z,x) = G(y*,z",x") and 68
38
Glz,x,y) = G(z, 5%, y").

Now let the pair {F, G} be commuting, we shall prove that F and G have a unique tripled
fixed point. Since

F(x,y,2) = G(x,9,2), F(y,z,x) = G(y,z,x) and F(z,x,9) = G(z,x,%) (39)

and F and G commutes, we have

G(G(x,,2), G, 2,%), G(z,%,9)) = G(E(x,%,2), E(y, 2, %), F(z,%,))
F(Glx,y,2), G(y,2,%), G(z,%,%)),
G(G(,2%), Glz,%,9), G(x,9,2)) = G(E(,2,%), F(z,%,9), F(%,,2))
F(G(y,2,%),G(z,%,9), G(x,7,2)) and

(40)

G(G(z,%,9), G(x,,2), G(y,2,%)) = G(F(2,%,9), F(%,),2), F (5,2, %))

F(G(z%,9), G(x,9,2), G(y,2,%)).
Denote G(x,y,z) = a, G(y,z,x) = b, and G(z,%,y) = c. Then, by (39) and (40), one gets

G(a,b,c) = F(a,b,c), G(b,c,a) = F(b,c,a) and G(c,a,b)=F(ca,b). (41)
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Therefore, (a, b, c) is a tripled point of coincidence of F and G. Then, by (38) with x* = 4,
y* = b, and z* = ¢, it follows that

a=G(x,9,2) = Gla,b,c), b=G(y,z,x)=G(b,c,a) and
(42)
c=Gl(z,x,9) =G(c,a,b).

Thus (a,b,c) is a tripled fixed point of G, by (39) and (42), (a, b, ¢) is also a tripled fixed
point of F. To prove the uniqueness, assume (p, g, 7) form another tripled fixed point of F
and G. Then (p, g, ) is a tripled point of coincidence of F and G. Using (38) and (42), we
have

p=Gp,q,r)=Gla,b,c)=a, q=Gl(q,rp)=G(b,ca)=b and
r=G(r,p,q) = G(c,a,b) = c. a

Next, we give some application of our results to a tripled point of coincidence theorems
with F is G-increasing with respect to < and G has the mixed monotone property.

Corollary 3.4 Let (X, <) be a partially ordered set and let d be a metric on X such that
(X, d) is a complete metric space. Assume that F,G : X x X x X — X are two generalized
compatible mappings such that F is G-increasing with respect to <, G is continuous and
has the mixed monotone property. Suppose that for any x,y,z € X, there exist u,v,w € X
such that F(x,y,z) = G(u,v,w), F(y,z,x) = G(v, w,u), and F(z,x,y) = G(w, u,v). Suppose that
there exists ¢ € ® such that the following holds:

d(F(x,y,2), F(u,v,w)) + d(F(y,2,%), F(v,w, ) + d(F(z,%,), F(w,u,v))
< (p(d(G(x,y, 2), G(u, v, w)) + d(G(y, z,x), G(v, w, u)) + d(G(z, %), Gw, u, v)))
for all x,y,z,u,v,w € X with G(x,y,z) < G(u,v,w), G(y,z,x) = G(v,w,u), and G(z,x,y) <
Gw,u,v).
Also suppose that either
(a) F is continuous or
(b) X has the following properties: for any two sequences {x,} and {y,} we have
(i) if the non-decreasing sequence {x,} — x, then x, < x for all n,

(ii) if the non-increasing sequence {y,} — y, then y <y, for all n.
If there exist (x0,Y0,20) € X X X x X with

G(x0,Y0,20) < F(x0,%0,20), G(y0,20,%0) = F(y0,20,%0) and

G(z0,%0,50) < F(z0,%0,%0),

then there exist (x,y,z) € X x X X X such that G(x,y,z) = F(x,9,2), G(y,2z,%) = F(y,2,x), and
G(z,x,9) = F(z,x,y), that is, F and G have a tripled point of coincidence.

Proof We define the subset M C X° by

M= {(x,y,z,u,v,w)GXG:xju,yzvandzjw}.
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From Example 2.24, M is an (G, F)-closed set which satisfies the transitive property.
For all x,y,z,u,v,w € X with G(x,y,2) < G(u,v,w), G(y,2z,%x) > G(v,w,u), and G(z,x,y) <

G(w, u,v), we have
(G, ,2), G(9,2,%), G(z,%,9), G(u, v, w), G(v, w, 1), G(w, u, v)) € M.
By (5), we get

d(F(x,5,2), F(u,v,w)) + d(F(y,2,%), F(v,w, ) + d(F(z,%,5), F(w,u,v))

< 9(d(G(x,9,2), G(u,v,w)) + d(G(y,2,%), G(v, w,u)) + d(G(z,%,y), G(w, u,v))).
Since %9, ¥0,20 € X x X x X with

G(x0,Y0,20) < F(%0,%0,20), G(y0,20,%0) = F(y0,20,%9) and (43)

G(20,%0,50) < F(z0,%0,%0),

we have

(G0, y0,20), G(¥0, 20, %0), G(20, %0, ¥0), F (%0, Y0, 20) F (Y0, 20, %o), F (20, %0, ¥0)) € M.

If assumption (a) holds, F is continuous. By assumption (a) of Theorem 3.1, we have
G(x,9,2) = F(x,9,2), G(y,z,x) = F(y,2,%), and G(z,x,) = F(z,%,9).
Next, if assumption (b) holds, since F is G-increasing with respect to <, using (43) and

(6), we can show that

G(xmym Zn) = G(xn+17yn+lt Zn+l): G()/n, Zn» xn) > G()/n+1) Zn+1;xn+l) and

G (21 %y V) = G(Zp141, %415 Yne1)  for all m.
Therefore

(G(xm Yn» Zp), G()/n» Zps %n)s G(Zps Xy yn)7

G(xwrl;ynﬂ» Zn+1)» G(y;ﬂl, Zp+1s xn+1)r G(Zn+1,xn+1,yn+l)) eM.

For any three sequences {G (X, Y11, 21)} 021, {GWn> Zus 1) }ooq» and {G(z,,, %, Y1) Yooy such that
{G (%, Y, 24) )22, is a non-decreasing sequence in X with G(x,,, ¥4, 21) = %, {G(Vn, 20, X1) 100,
is a non-increasing sequence in X with G(yy, 24, %,) — ¥y and {G(z,, %4, y,)}52; is a non-

decreasing sequence in X with G(z,,x,,y,) — z. Using assumption (b), we have
G (X Y Zn) = %, G zwxn) =y and  G(zy,%n,y,) <z forall .
Therefore, we have (G(%,, V1> 21), GWi> 20> X1), G(Z01s X1, V), %, ¥, 2) € M, for all m > 1, and so

assumption (b) of Theorem 3.1 holds. Now, since all the hypotheses of Theorem 3.1 hold,
F and G have a tripled point of coincidence. The proof is completed. g
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Corollary 3.5 In addition to the hypotheses of Corollary 3.4, suppose that, for every
(x,9,2), (x*,y%,2%) € X3, there exist (u,v,w) € X3, comparable to (x,y,z) and (x*,y*,z*).
Then F and G have a unique tripled point of coincidence.

Proof We define the subset M C X° by
M= {(x,y,z,u,v,w) eX®:x<uy>vandz= w}.

From Example 2.24, M is an (G, F)-closed set which satisfies the transitive property. Thus,
the proof of the existence of a tripled point of coincidence is straightforward by following
the same lines as in the proof of Corollary 3.4.

Next, we show the uniqueness of a tripled point of coincidence of F and G.

Since for all (x, y, z), (x*,y*,z*) € X3, there exist (&, v, w) € X3 such that

G, y,2) < G(u,v,w), G, z,x) = G(v,w, u), G(z,x,9) < G(w,u,v) and
G(x*y%2") < Gu,v,w),  G(*25x") = Gv,wyu),  G(z"%",y*) < G(w,u,v).

‘We can conclude that

(G.,2), G(3,2,%), G(z,%,y), G(u, v, w), G(v, w, ), G(w, u,v)) € M and

(G(x*,y*,z*), G(y*,z*,x*), G(z*,x*,y*), G(u,v,w), G(v,w,u), G(w, u, v)) e M.

Therefore, since all the hypotheses of Theorem 3.3 hold, F and G have a unique tripled
point of coincidence. The proof is completed. d
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