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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H with the inner product
(-,-) and the norm || - ||. We denote weak convergence and strong convergence by notations
— and —, respectively. The bilevel variational inequalities, shortly (BVI), are formulated
as follows:

Find x* € Sol(G, C) such that (F(x*),x - x*) >0, VxeSolG,QC),
where G : H — H, Sol(G, C) denotes the set of all solutions of the variational inequalities:
Find y* € C such that (G(y*),y—y*) >0, VyeC,

and F : C — H. We denote the solution set of problem (BVI) by .

Bilevel variational inequalities are special classes of quasivariational inequalities (see
[1-4]) and of equilibrium with equilibrium constraints considered in [5]. However, they
cover some classes of mathematical programs with equilibrium constraints (see [6]),
bilevel minimization problems (see [7]), variational inequalities (see [8—13]), minimum-
norm problems of the solution set of variational inequalities (see [14, 15]), bilevel convex
programming models (see [16]) and bilevel linear programming in [17].

Suppose that f : H — R. It is well known in convex programming that if f is convex and
differentiable on Sol(G, C), then x* is a solution to

min{f(x) : x € Sol(G, C)}

if and only if x* is the solution to the bilevel variational inequalities VI(Vf, Sol(G, C)),
where Vf is the gradient of f. Then the bilevel variational inequalities (BVI) are written in
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a form of mathematical programs with equilibrium constraints as follows:

minf(x),
xe{y" :(GO*),z-y") > 0,Vze C}.

Iff, g are two convex and differentiable functions, then problem (BVI) (where F := Vf and
G := Vg) becomes the following bilevel minimization problem (see [7]):

minf(x),

x € argmin{g(x) : x € C}.

In a special case F(x) = x for all x € C, problem (BVI) becomes the minimum-norm prob-
lems of the solution set of variational inequalities as follows:

Find x* € C such that ™ = Prs(g,c)(0),

where Prgog,c)(0) is the projection of 0 onto Sol(G, C). A typical example is the least-
squares solution to the constrained linear inverse problem in [18]. For solving this problem
under the assumption that the subset C € H is nonempty closed convex, G: C — H is a-
inverse strongly monotone and Sol(G, C) # ¥, Yao et al. in [14] introduced the following
extended extragradient method:

x0eC,
¥* = Pre(@* — AG(xF) — axxb),

x4 = Prelak - AG() + (- 4N, Vk=o0.

They showed that under certain conditions over parameters, the sequence {x} converges
strongly to & = Prsei(g,c)(0).

Recently, Anh et al. in [19] introduced an extragradient algorithm for solving problem
(BVI) in the Euclidean space R". Roughly speaking the algorithm consists of two loops. At
each iteration k of the outer loop, they applied the extragradient method for the lower vari-
ational inequality problem. Then, starting from the obtained iterate in the outer loop, they
computed an €,-solution of problem VI(G, C). The convergence of the algorithm crucially
depends on the starting points x° and the parameters chosen in advance. More precisely,
they presented the following scheme

Compute y* := Pre(xF — ax G(xX)) and z£ := Pre(xf — ax G(YX)).
Inner iterations j = 0,1,.... Compute

ak0 = 2K — AF(Zb),

Y = Pre(6b — §,G(xX)),

akL = gk 1 Bk 4+ Pre (b — 8;G(y*)).

If [|a% 1 — Prsoyg,c)(¥*0) || < &, then set /¥ := x*/*1 and go to Step 3.

Otherwise, increase j by 1.

Set x5! := aeut + B’ + ik, Increase k by 1 and go to Step 1.
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Under assumptions that F is strongly monotone and Lipschitz continuous, G is pseu-
domonotone and Lipschitz continuous on C, the sequences of parameters were chosen
appropriately. They showed that two iterative sequences {x‘} and {zX} converged to the
same point x* which is a solution of problem (BVI). However, at each iteration of the outer
loop, the scheme requires computing an approximation solution to a variational inequality
problem.

There exist some other solution methods for bilevel variational inequalities when the
cost operator has some monotonicity (see [16, 19-21]). In all of these methods, solving
auxiliary variational inequalities is required. In order to avoid this requirement, we com-
bine the projected gradient method in [10] for solving variational inequalities and the fixed
point property that x* is a solution to problem VI(F, C) if and only if it is a fixed point of the
mapping Prc(x— AF(x)), where A > 0. Then, the strong convergence of proposed sequences
is considered in a real Hilbert space.

In this paper, we are interested in finding a solution to bilevel variational inequalities

(BVI), where the operators F and G satisfy the following usual conditions:

(A1) G is n-inverse strongly monotone on H and F is 8-strongly monotone on C.
(Ay) Fis L-Lipschitz continuous on C.
(A3) The solution set 2 of problem (BVI) is nonempty.

The purpose of this paper is to propose an algorithm for directly solving bilevel pseu-
domonotone variational inequalities by using the projected gradient method and fixed
point techniques.

The rest of this paper is divided into two sections. In Section 2, we recall some properties
for monotonicity, the metric projection onto a closed convex set and introduce in detail a
new algorithm for solving problem (BVI). The third section is devoted to the convergence

analysis for the algorithm.

2 Preliminaries
We list some well-known definitions and the projection under the Euclidean norm which

will be used in our analysis.

Definition 2.1 Let C be a nonempty closed convex subset in /. We denote the projection
on C by Pr¢(:), i.e.,

Prc(x) = argmin{||y—x|| 1y € C}, Vx e H.

The operator ¢ : C — H is said to be
(i) y-strongly monotone on C if for each x,y € C,

(o) -0, x—y) = yllx -yl
(i) n-inverse strongly monotone on C if for each x,y € C,

2
5

(0@ — 00,2 —3) = 1]k — o)
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(iii) Lipschitz continuous with constant L > 0 (shortly L-Lipschitz continuous) on C if
for each x,y € C,

le@) -0 < Lilx -yl
If p: C— Cand L =1, then ¢ is called nonexpansive on C.
We know that the projection Pr¢(-) has the following well-known basic properties.

Property 2.2
(@) [IPrc(x) —Prc)ll < llx - yll, Vo, y € H.
(b) (x—Prc(x),y —Prc(x)) <0,Vye C,x € H.
(€) lIPrc(x) =PreW)I* < llx = ylI* = | Prc(x) = x + y = Prc(®)I*, Vx,y € H.

To prove the main theorem of this paper, we need the following lemma.

Lemma 2.3 (see [21]) Let A:H — H be B-strongly monotone and L-Lipschitz continuous,
A €(0,1] and u € (0, i—f). Then the mapping T (x) := x — AuA(x) for all x € H satisfies the
inequality

|T@) -TO)| < @-20)llx -y, VayeH,

where t =1— /1 - u(2B — nlL?) € (0,1].

Lemma 2.4 (see [22]) Let H be a real Hilbert space, C be a nonempty closed and convex
subset of H and S : C — H be a nonexpansive mapping. Then IS (1 is the identity operator
on H) is demiclosed at y € H, i.e., for any sequence (x*) in C such that x* — X € D and
(I - S)(x) — y, we have (I - S)(x) = y.

Lemma 2.5 (see [19]) Let {a,} be a sequence of nonnegative real numbers such that
ani1 < (1= yn)ay +38,, Vn=0,

where {y,} C (0,1) and {3,} is a sequence in R such that
(@) Yoo ¥n =00,
(b) limsup,_, o, )8/_:', <00r Y 22018, ¥ul < +o0.

Then lim,,_, o, a, = 0.

Now we are in a position to describe an algorithm for problem (BVI). The proposed
algorithm can be considered as a combination of the projected gradient and fixed point
methods. Roughly speaking the algorithm consists of two steps. First, we use the well-
known projected gradient method for solving the variational inequalities VI(G, C) : x**! =
Prc(x* — AG(xX)) (k=0,1,...), where A > 0 and x° € C. The method generates a sequence
(#%) converging strongly to the unique solution of problem VI(G, C) under assumptions
that G is L-Lipschitz continuous and «-strongly monotone on C with the step-size A €
(0, i—‘;‘). Next, we use the Banach contraction-mapping fixed-point principle for finding
the unique fixed point of the contraction-mapping 7, = I — AuF, where F is B-strongly
monotone and L-Lipschitz continuous, I is the identity mapping, 1 € (0, i—g?) and A € (0,1].
The algorithm is presented in detail as follows.
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Algorithm 2.6 (Projection algorithm for solving (BVI))
Step 0. Choose x° € C, k = 0, a positive sequence {ay}, A, i such that

O<og <min{l, 1},  t=1-1-u@2B-pul?),

limy_ o0 @ = 0, limy— oo 'Klﬂ - aik| =0, (2.1)

Z/ﬁoakzoo, 0<)\,§27’], 0</’L<i_}23'
Step 1. Compute

y* = Pre(aF — AG(xh)),
xk+1 — yk _ lLOlkF()’k)~

Update k := k + 1, and go to Step 1.

Note that in the case F(x) = 0 forallx € C, Algorithm 2.6 becomes the projected gradient

algorithm as follows:
K= Prc(xk - kG(x")).

3 Convergence results
In this section, we state and prove our main results.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let two
mappings F: C — H and G : H — H satisfy assumptions (A1)-(As). Then the sequences
(%) and (y*) in Algorithm 2.6 converge strongly to the same point x* € Q.

Proof For conditions (2.1), we consider the mapping Sy : H — H defined by
Sk(®) := Prc(x — AG(x)) — poiF[Prc(x - AG(x))], VxeH.

Using Property 2.2(a), G is n-inverse strongly monotone and conditions (2.1), for each
x,y € H, we have
|Pre(x = 2G®)) = Prc(y - AG®)) |* < % - AG(x) -y + 2G|
= e =yl* +22 | G(x) - G(y)
-2Mx-y,Gx) - G(y)
< lle=yI> + 20 -2 |G - GO

I

< llx -yl (€AY
Combining this and Lemma 2.3, we get

| Sc) = Sk@)|| = [|Prc(x — AG()) — pewF [Pre(x — AG(x))] - Prc(y — AG(y))
+ naiF[Pre(y - 2Go)) ]|
< (@ - ou7)||Prc(x - AG(x)) - Prc(y - AG(y)) |
=@ -oxr)llx =yl (3.2)
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where 1 :=1—./1 — u(28 — L?). Thus, Sk is a contraction on H. By the Banach contraction
principle, there is the unique fixed point X such that Sx(£%) = £*. For each & € Sol(G, C),
set

C:= {xe?—l: lx—x| < M”i( )”}

Due to this and Property 2.2(a), we get that the mapping Si Pr. is contractive on . Then
there exists the unique point z¥ such that Sk[Pr@(zk )] = 2*. Set ZF = Pr@(zk ). It follows from
(3.2) that

|2 =] = |sk(2") -4
< |Sk(2) - @] + [ Se® - 2|

= [Sk(Z) = Sk@) | + || Sk(®) - Pre (3 - e GR)) |

< (1= ) [ = 3] + e | E[Prc (3 - exG®) |

< (- o IEDN

RIE®)
i

Thus, z* € C, Sk[PrC(zk)] = Si(2F) = ZF and hence €% = 2F € C. Therefore, there exists a sub-
sequence (&%) of the sequence (£%) such that £5 — &. Combining this and the assumption
limy_, oo 0tx = 0, we get

[Prc(t - 16(6")) -

|Pre (& - 2.G(£")) — Sk, (&%) |
F[Prc (g% - 2G(£9))]|

— 0 asi— oo. (3.3)

It follows from (3.1) that the mapping Prc(- — axG(+)) is nonexpansive on H. Using
Lemma 2.4, (3.3) and £% — £, we obtain Prc(& — AG(£)) = &, which implies & € Sol(G, C).
Now we will prove that lim;_, o £k = x* € Sol(BVI).
Set ZK = Prc (8% — AG(£X)), v* = (WF — I)(x*) and v = (uF — I)(ZX), where [ is the identity

mapping. Since Skj(éki) = €5 and &* = Pre(x* — AG(x*)), we have

1 —akj)(“g‘kf —Ekf) + akj(“;‘kf + ka) =0
and

a- akj)[l - Prc(' - AG(~))](x*) + ol (x* + V*) = oy (x* + v*).
Then

—a " + v, EN —x) = (1~ akj)(ékf - — (2 - x%), 65 - &%)

+ akj@kf —x* v ER —x*). (3.4)

Page 6 of 9


http://www.journalofinequalitiesandapplications.com/content/2014/1/205

Anh et al. Journal of Inequalities and Applications 2014, 2014:205
http://www.journalofinequalitiesandapplications.com/content/2014/1/205

By the Schwarz inequality, we have
(€9~ — (25 %), 69 —a") = |6~ - 25— 65
A e N A
-0 (3.5)
and

(€5~ + 41—, 68— > [~ | = 5 - v |65~
> |65 2"~ - lg 2|

= 7||gh — x|’ (3.6)
Combining (3.4), (3.5) and (3.6), we get

-7 ||$kf —x*H2 > <x* + v EN —x*)

Then we have
el - |? < ulF () & - £9).

Let j — 00, and hence the sequence {£%} converges strongly to x*. This implies that the
sequence {£X} also converges strongly to x*.
Otherwise, by using (3.2), we have

o - &%) = [l - + " - &)

=[Sk () = Sk (8 | + [ - €4
< - ayga) |6 -+ |65 - E5. 3.7)

Moreover, by Lemma 2.3, we have
€ = &5 = [Sea (6") - S(€Y)
= @ - )7 - - (1 - u)Z + |
= @ - a)(F -2 — (V=) (e — ) (Y|
< (L-a)||Z* =27 + o |V = V| + okt — ol |[EZT) |

< (e[ -2 a1 - ufop - L) |64 -6

+ |otg-1 —Olk|M||F(2k_l)”

<1 —(xk)HEk —ght ” +akm”$k _ gk ”

+ o = ol [FE) -
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a6 = & < lowr —aul e |F(Z) |

and hence

e
”gk_gk—l”§M|ak—1_ak|”F(z 1)||'
oKT

So, we have

ey — gl [FE)]
T ’

[# -84 = 0= apm) [ -6 4

Let

 plag - axalllFE|
Q1 T2

Sk : , k>0.

Then
[+ =& < @ - ) & = 6 + axatdin, VEZ L.

Since {F(ZX)} is bounded, ||F(z¥)|| < K for all k > 0, we have

1 1

(07351 (273

-k
. . o -« F(z K .
lim 8 = lim o — o ||F(ZY)] M
k— o0 k— o0 OlkOlk+1T2 72 k—oo

=0.

Applying Lemma 2.5, limy_, o, [[#¥ —£¥|| = 0. Combining this and the fact that the sequence
{€X} converges strongly to x*, the sequence {x*} also converges strongly to the unique
solution to problem (BVI). (N

Now we consider the special case F(x) = x for all x € H. It is easy to see that F is Lipschitz
continuous with constant L = 1 and strongly monotone with constant § =1 on H. Prob-
lem (BVI) becomes the minimum-norm problems of the solution set of the variational
inequalities.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G : H — H be n-inverse strongly monotone. The iteration sequence (x*) is defined by

y* = Pre(ak — AG(xX)),
&= (1 - pog )X
The parameters satisfy the following:

0 <o <min{l,1}, T=1-1-pul,

. . 1 1
limy_, o0 04 = 0, limy, oo |C‘/<T - @| =0,

Y oo Ak = 09, 0<A<2n, 0<p<2.

Then the sequences {x*} and {y*} converge strongly to the same point X = Prsoi(6,0)(0).
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