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lower bounded by the so-called standard quantum limit (SQL), which is originated
from the intrinsic mechanical back-action noise. Hence, the sensor system has to be
carefully engineered so that it evades the back-action noise and eventually beats the
SQL. In this paper, based on the well-developed geometric control theory for classical
disturbance decoupling problem, we provide a general method for designing an
auxiliary (coherent feedback or direct interaction) controller for the sensor system to
achieve the above-mentioned goal. This general theory is applied to a typical
opto-mechanical sensor system. Also, we demonstrate a controller design for a
practical situation where several experimental imperfections are present.
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1 Introduction

Detecting a very weak signal which is almost inaccessible within the classical (i.e., non-
quantum) regime is one of the most important subjects in quantum information sci-
ence. A strong motivation to devise such an ultra-precise sensor stems from the field of
gravitational wave detection [1-5]. In fact, a variety of linear sensors composed of opto-
mechanical oscillators have been proposed [6—9], and several experimental implementa-
tions of those systems in various scales have been reported [10-14].

It is well known that in general a linear sensor is subjected to two types of fundamental
noises, i.e., the back-action noise and the shot noise. As a consequence, the measurement
noise is lower bounded by the standard quantum limit (SQL) [1, 2], which is mainly due
to the presence of back-action noise. Hence, high-precision detection of a weak signal
requires us to devise a sensor that evades the back-action noise and eventually beats the
SQL; i.e., we need to have a sensor achieving back-action evasion (BAE). In fact, many BAE
methods have been developed especially in the field of gravitational wave detection, e.g.,
the variational measurement technique [15-17] or the quantum locking scheme [18-20].
Moreover, towards more accurate detection, recently we find some high-level approaches
to design a BAE sensor, based on those specific BAE methods. For instance, Ref. [21] pro-
vides a systematic comparison of several BAE methods and gives an optimal solution. Also
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systems and control theoretical methods have been developed to synthesize a BAE sensor
for a specific opto-mechanical system [22, 23]; in particular, the synthesis is conducted
by connecting an auxiliary system to a given plant system by direct-interaction [22] or
coherent feedback [23].

Along this research direction, therefore, in this paper we set the goal to develop a general
systems and control theory for engineering a sensor achieving BAE, for both the coherent
feedback and the direct-interaction configurations. The key tool used here is the geomet-
ric control theory [24-28], which had been developed a long time ago. This is indeed a
beautiful theory providing a variety of controller design methods for various purposes
such as the non-interacting control and the disturbance decoupling problem, but, to our
best knowledge, it has not been applied to problems in quantum physics. Actually in this
paper we first demonstrate that the general synthesis problem of a BAE sensor can be for-
mulated and solved within the framework of geometric control theory, particularly the
above-mentioned disturbance decoupling problem.

This paper is organized as follows. Section 2 is devoted to some preliminaries including
a review of the geometric control theory, the general model of linear quantum systems,
and the idea of BAE. Then, in Section 3, we provide the general theory for designing a
coherent feedback controller achieving BAE, and demonstrate an example for an opto-
mechanical system. In Section 4, we discuss the case of direct interaction scheme, also
based on the geometric control theory. Finally, in Section 5, for a realistic opto-mechanical
system subjected to a thermal environment (the perfect BAE is impossible in this case),
we provide a convenient method to find an approximated BAE controller and show how
much the designed controller can suppress the noise.

A part of the results in Section 3.3 in this paper will appear in Proceedings of the 55th
IEEE Conference on Decision and Control.

Notation For a matrix A = (a;), AT, A", and A* represent the transpose, Hermitian conju-
gate, and element-wise complex conjugate of 4, respectively; i.e., AT = (a;), A" = (a3), and
Af = (a;;-) = (A")T. N(a) and I(a) denote the real and imaginary parts of a complex num-
ber a. O and I,, denote the zero matrix and the # x n identity matrix. Ker A and Im A denote

the kernel and the image of a matrix 4, i.e., Ker A = {x|Ax = 0} and Im A = {y|y = Ax, Vx}.

2 Preliminaries
2.1 Geometric control theory for disturbance decoupling
Let us consider the following classical linear time-invariant system:

dx(t)
dt

= Ax(t) + Bu(t), y(£) = Cx(t) + Du(t), (1)

where x(t) € X' := R" is a vector of system variables, u(t) € U := R” and y(t) € ) := R! are
vectors of input and output, respectively. A, B, C, and D are real matrices. In the Laplace
domain, the input-output relation is represented by

Y(s) = B(s)U(s), E(s)=C(sI-A)'B+D,

where U(s) and Y(s) are the Laplace transforms of u(t) and y(¢), respectively. E(s) is called
the transfer function. In this subsection, we assume D = 0.
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Now we describe the geometric control theory, for the disturbance decoupling problem
[24, 25]. The following invariant subspaces play a key role in the theory.

Definition 1 Let A : X — X be a linear map. Then, a subspace V C X is said to be
A-invariant, if AY C V.

Definition 2 Given a linear map A : X — X and a subspace ImB C X, a subspace V C X
is said to be (A, B)-invariant, if AV CV & ImB.

Definition 3 Givenalinear map A : ¥ — X and a subspace Ker C C X, asubspace V C X
is said to be (C, A)-invariant, if A(V NKerC) C V.

Definition 4 Assume that V) is (C, A)-invariant, V, is (A4, B)-invariant, and V; C V. Then,
(V1, V) is said to be a (C, A, B)-pair.

From Definitions 2 and 3, we have the following two lemmas.

Lemmal V C X is (A, B)-invariant if and only if there exists a matrix F such that F €
FV):={F:X - U|(A + BF)V C V}.

Lemma 2 V C X is (C,A)-invariant if and only if there exists a matrix G such that G €
GgV):={G:Y - X|(A+GC)Y CV}.

The disturbance decoupling problem is described as follows. The system of interest is

represented, in an extended form of Eq. (1), as

dx(t)
dt

= Ax(t) + Bu(t) + Ed(t), y(t) = Cx(¢), z(t) = Hx(t),

where d(t) is the disturbance and z(t) is the output to be regulated. E and H are real matri-
ces. The other output y(¢) may be used for constructing a feedback controller; see Figure 1.
The disturbance d(t) can degrade the control performance evaluated on z(¢). Thus it is de-
sirable if we can modify the system structure by some means so that eventually d(¢) dose
not affect at all on z(¢).? This control goal is called the disturbance decoupling. Here we
describe a specific feedback control method to achieve this goal; note that, as shown later,
the direct-interaction method for linear quantum systems can also be described within
this framework. The controller configuration is illustrated in Figure 1; that is, the system
modification is carried out by combining an auxiliary system (controller) with the original

system (plant), so that the whole closed-loop system satisfies the disturbance decoupling

Figure 1 General configuration for the disturbance decoupling via Plant
. d z
a dynamical feedback controller. = = .
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Controller
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condition. The controller with variable xx € X := R’ is assumed to take the following

form:

dxx(t)

- Agxr(t) + Bxy(2), u(t) = Cgxi (£) + Dicy(t),

where Ax : Xx — Xk, Bx 1Y — X, Cx : Xx — U, and Di : Y — U are real matrices.

Then, the closed-loop system defined in the augmented space Xr := X @ X is given by

i|:x:|:|:A+BDKC BC1<:||:x:|+|:E:|d’ Z:[H O][x] o)
dt | xx BxC Ax XK 0] XK

The control goal is to design (A, Bk, Cx, Dx) so that, in Eq. (2), the disturbance signal d(t)
dose not appear in the output z(¢): see the endnote in Page 21. Here, let us define

A+ BD B
AE{ +BDiC C’(}, 3)

B C Ag

B=ImB,C =KerC, £ =ImE, and H = Ker H. Then, the following theorem gives the solv-
ability condition for the disturbance decoupling problem.

Theorem 1 For the closed-loop system (2), the disturbance decoupling problem via the dy-
namical feedback controller has a solution if and only if there exists a (C, A, B)-pair V1, Vs)

satisfying
ESVICW CH. (4)

Note that this condition does not depend on the controller matrices to be designed. The
following corollary can be used to check if the solvability condition is satisfied.

Corollary 1 For the closed-loop system (2), the disturbance decoupling problem via the
dynamical feedback controller has a solution if and only if

where V*(B,H) is the maximum element of (A, B)-invariant subspaces contained in H,
and V,(C, &) is the minimum element of (C,A)-invariant subspaces containing £. These
subspaces can be computed by the algorithms given in Appendix A.

Once the solvability condition described above is satisfied, then we can explicitly con-
struct the controller matrices (Ax, Bk, Ck, Dk). The following intersection and projection
subspaces play a key role for this purpose; that is, for a subspace Vr € A = X @ Xk, let

|:x] EVE,HXKGXK} .
XK

us define

V]ZZ{?CEXH:g:|€VE}, VPZZ:JCGX

Then, the following theorem is obtained:
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Theorem 2 Suppose that (V1,V5) is a (C,A, B)-pair. Then, there exist F € F(V,), G €
GON), and D : Y — U such that Ker Fy 2 V) and Im Go €V, hold, where Fy = F — DxC,
Go =G -BDg.

Moreover, there exists Xx with dim Xy = dimV, — dim)y, and Ag has an invariant sub-
space Ve C X such that Vi =V and Vy = Vp. Also, (A, Bk, Cx) satisfies

CKN = F(), BK = —NG(), AKN = N(A + BF() + GC), (5)
where N :V, — X is a linear map satisfying Ker N = V.

In fact, under the condition given in Theorem 2, let us define the following augmented
subspace Vg C Af:

Then, V) =V, and V, = Vp hold, and we have

X A +BD1(C BCK X (A +BF)x
AE = = € VE1
Nx B](C A[( Nx N(A +BF).7C
implying that Vg is actually Ag-invariant. Now suppose that Theorem 1 holds, and let
us take the (C, A, B)-pair (V1,V,) satisfying Eq. (4). Then, together with the above result

(AgVe € Vi), we have Im[ET O]T € Ve € Ker[H O]. This implies that d(¢) must be con-

tained in the unobservable subspace with respect to z(¢), and thus the disturbance decou-

pling is realized.

2.2 Linear quantum systems

Here we describe a general linear quantum system composed of # bosonic subsystems.
The jth mode can be modeled as a harmonic oscillator with the canonical conjugate pairs
(or quadratures) g; and p; satisfying the canonical commutation relation (CCR) g;px —
Pigj = i8jk. Let us define the vector of quadratures as % = [§1,P1,...,4uPu] . Then, the

CCRs are summarized as

- =iz,  T,=diagly,...,T), T= [01 (1)} .
Note that ¥, is a 21 x 2n block diagonal matrix. The linear quantum system is an open sys-
tem coupled to m environment fields via the interaction Hamiltonian I:Iim =i ;Zl(ij;lf -
L;.*A/), where A)(¢) is the field annihilation operator satisfying A;(£)A;(t') — AZ(£)A;(t) =
8ixd(t —t). Also i,- is given by Zj = chfc with ¢; € C*". In addition, the system is driven by
the Hamiltonian A = T R%/2 with R = RT € R¥"*?", Then, the Heisenberg equation of & is
given by

dx(t)
dt

= Ai(t) + Y BWj(e), (6)

Jj=1
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where VAVj(t) is defined by

o [Q] [@+anv2

Wi=| =50 .
The matrices are given by A = ¥,(R + Z/’ZI C]TEC]-/2) and B; = EHC]TZ with C; =
V2[%(c), 3(c;)] T € R¥*2", Also, the instantaneous change of the field operator W;(t) via
the system-field coupling is given by

A

WP (e) = Cia(e) + Wj(e). @)

To summarize, the linear quantum system is characterized by the dynamics (6) and the
output (7), which are exactly of the same form as those in Eq. (1) (/ = m in this case). How-
ever note that the system matrices have to satisfy the above-described special structure,
which is equivalently converted to the following physical realizability condition [29]:

A%, +%,A"+) BEBl =0, B=%,C % (8)
j=1

2.3 Weak signal sensing, SQL, and BAE

The opto-mechanical oscillator illustrated in Figure 2 is a linear quantum system, which
serves as a sensor for a very weak signal. Let ¢; and p; be the oscillator’s position and
momentum operators, and @, = (§, + ip»)/+/2 represents the annihilation operator of the
cavity mode. The system Hamiltonian is given by H = ,,(§> + p?)/2 — g14»; that is, the
oscillator’s free evolution with resonant frequency w,, plus the linearized radiation pres-
sure interaction between the oscillator and the cavity field with coupling strength g. The
system couples to an external probe field (thus 7 = 1) via the coupling operator L= JKay,
with « the coupling constant between the cavity and probe fields. The corresponding ma-
trix R and vector ¢; are then given by

on 0 —g 0 0
R- 0 wy 0 O , Cl_\/g 0
- 0 0 0 211
0 0 0 0 i

The oscillator is driven by an unknown force f () with coupling constant y; f (¢) is the very

weak signal we would like to detect. Then the vector of system variables & = [§1, p1, 2, P2] "

Figure 2 Opto-mechanical system for weak signal sensing.

(QLﬁl)
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o
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satisfies
dx 5 ¥ 7 out
E=Ax+31W1+bf, W C1x+ Wl,
where
0 Wy 0 0 0 0
-w,; 0 0 0 0
A=| 7 g . Bi=-Cf =- ,
0 0 —«/2 0 Je o0
g 0 0 —K/2 (W
9)
0
1 by A DT Yrout Mout Hout]T
b=y 0 Wi =[Q,P], Wt =[P P
0

Note that we are in the rotating frame at the frequency of the probe field. These equations
indicate that the information about f can be extracted by measuring I:"f“t by a homodyne

detector. Actually the measurement output in the Laplace domain is given by
Py (s) = E7(s)f () + Eq(s)Qu(s) + Ep(s)P1(s), (10)

where Ef, Eq, and Ep are transfer functions given by

gwy /YK

G2 Wk _s—k/2
(s + @2)(s +x/2)’

Sl = (2 w2)(s +K/2)?’

Er(s) =

]
~

Ts+k/2

Thus, 13{"“ certainly contains f . Note however that it is subjected to two noises. The first
one, Qy, is the back-action noise, which is due to the interaction between the oscillator
and the cavity. The second one, Py, is the shot noise, which inevitably appears. Now, the
normalized output is given by

Pout (

2(s) = —f (s) + Qils) + Pi(s),

[1] [I]

Qls)
£ (s)

[I] [I]

p(s) -
£ (s)

and the normalized noise power spectral density of y; in the Fourier domain (s = iw) is
calculated as follows:

2
S(@) = (Iyn -f1?) = ?Q <|Ql|> =2 (1B )
Eql?IEpl? ) A ~ 2 - w?
> 2\/ %UQHZ)OPIF) > ""VT:”“' - Ssqu(@).

The lower bound is called the SQL. Note that the last inequality is due to the Heisenberg
uncertainty relation of the normalized noise power, i.e., (|©1|2)(|l31|2) > 1/4. Hence, the
essential reason why SQL appears is that f’f“t contains both the back-action noise Q; and
the shot noise 131. Therefore, toward the high-precision detection of f , we need BAE; that
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is, the system structure should be modified by some means so that the back-action noise
is completely evaded in the output signal (note that the shot noise can never be evaded).
The condition for BAE can be expressed in terms of the transfer function as follows [22,
23]; i.e., for the modified (controlled) sensor, the transfer function from the back-action
noise to the measurement output must satisfy

Eqls)=0, Vs (11)

Equivalently, P?"* contains only the shot noise P;; hence, in this case the signal to noise
ratio can be further improved by injecting a f’l—squeezed (meaning (IP1%) < 1/2) probe
field into the system.

3 Coherent feedback control for back-action evasion

3.1 Coherent and measurement-based feedback control

There are two schemes for controlling a quantum system via feedback. The first one is the
measurement-based feedback [30-33] illustrated in Figure 3(a). In this scheme, we mea-
sure the output fields and feed the measurement results back to control the plant system.
On the other hand, in the coherent feedback scheme [29, 34—37] shown in Figure 3(b),
the feedback loop dose not contain any measurement component and the plant system is
controlled by another quantum system. Recently we find several works comparing the per-
formance of these two schemes [34, 38—41]. In particular, it was shown in [23] that there
are some control tasks that cannot be achieved by any measurement-based feedback but
can be done by a coherent one. More specifically, those tasks are realizing BAE measure-
ment, generating a quantum non-demolished variable, and generating a decoherence-free
subsystem; in our case, of course, the first one is crucial. Hence, here we aim to develop a
theory for designing a coherent feedback controller such that the whole controlled system
accomplishes BAE.

3.2 Coherent feedback for BAE
Asdiscussed in Section 2.1, the geometric control theory for disturbance decoupling prob-
lem is formulated for the controlled system with special structure (2); in particular, the co-
efficient matrix of the disturbance d(¢) is of the form [ET, O] " and that of the state vector in
the output z(¢) is [H, O]. Here we consider a class of coherent feedback configuration such
that the whole closed-loop system dynamics has this structure, in order for the geometric
control theory to be directly applicable.

First, for the plant system given by Egs. (6) and (7), we assume that the system couples
to all the probe fields in the same way; i.e.,

Bj=B, V. 12)

Figure 3 General configurations of feedback () (b)
control for a given plant quantum system:
(a) measurement-based feedback and

(b) coherent feedback.

Plant Plant
—

Actuator DetectorU

Classical Quantum
Controller Controller
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Figure 4 Coherent feedback control of the 3 input-output W1 Firout
plant system via the 2 input-output controller. - - L
Wa wg
Plant
W3 Wsout
_
g g [ ]
T wewt | Controller | 4, S

This immediately leads to C; = C, Vj. Next, as the controller, we take the following special
linear quantum system with (m — 1) input-output fields:

d&K P - ~ ~ out 2. ~ :
W =AKx1<+j=ZlBKW}', W/’ =C1(JC1<+W}' (]=1,2,...,m—1), (13)

where the matrices (Ak, B, Ck) satisfy the physical realizability condition (8). Note that,
corresponding to the plant structure, we assumed that the controller couples to all the
fields in the same way, specified by Cx. Here we emphasize that the number of channels, m,
should be as small as possible from a viewpoint of implementation; hence in this paper let
us consider the case m = 3. Now, we consider the coherent feedback connection illustrated

in Figure 4, i.e,,
~ yrout ~ yrout ¥ ~ out ¥ ~ out
WI:SIWI"“, Wy :Szwz"“, W2=T1W?u, W3=T2W2 ,

where S; and T; are 2 x 2 unitary matrices representing the scattering process of the fields;
recall that the scattering process A°" = ¢ A with 6 € R the phase shift can be represented
in the quadrature form as

SR i [
pout P sinf cosf P

Combining the above equations, we find that the whole closed-loop system with the

augmented variable X¢ = [T, %] is given by

d‘%E 2 by 7 P rout 2 v

E = AExE + BEW1 + bgf, W3 = CE.?CE + DEW1, (].4)
where

|:A +BITiS) + ToSy(Ti81 + L)IC | BTy + Tolo + S, Tl)}CK}
Bi{(I> + 52 T1)S1 + $»}C ‘ Ak + Bk S T1Ck

B |:B(12 + TlSl + T252 TlSl)j|
By (I + $2T1)S:

Ce=[(1:5:Ti81 + TS, + B)C | To($:Ti + b)Cc

Dr=TySTiSy, by = [bT | O]T.
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Figure 5 Coherent feedback controlled system
composed of the opto-mechanical oscillator, for
realizing BAE. The triangle represents the

7 /2-phase shifter corresponding to Eq. (17).

Therefore, the desired system structure of the form (2) is realized if we take
STy = ~D. 5)

In addition, it is required that the back-action noise Q; dose not appear directly in P,
which can be realized by taking

Dg = -T5S; = +I,. (16)

Here we set S; and T} to be the 7/2-phase shifter (see Figure 5) to satisfy the above con-
ditions (15) and (16);

0 -1

X 0} (=1,2). (17)

Si:szsz[

As a consequence, we end up with

A
Ap- BC BSCxk , by = b ’ By = B ,
BKSC AK _BKCK O O

Cr = [c o], Dr=1I.

(18)

This is certainly of the form (2) with Dx = —I,. Hence, we can now directly apply the ge-
ometric control theory to design a coherent feedback controller achieving BAE; that is,
our aim is to find (Ag, Bk, Cx) such that, for the closed-loop system (14), the back-action
noise Q; (the first element of W;) does not appear in the measurement output ﬁg“t (the
second element of \/AVS(’”"). Note that those matrices must satisfy the physical realizability
condition (8), and thus they cannot be freely chosen. We need to take into account this
additional constraint when applying the geometric control theory to determine the con-
troller matrices.

3.3 Coherent feedback realization of BAE in the opto-mechanical system

Here we apply the coherent feedback scheme elaborated in Section 2.3 to the opto-
mechanical system studied in Section 2.3. The goal is, as mentioned before, to determine
the controller matrices (A, Bk, Cx) such that the closed-loop system achieves BAE. Here,
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Figure 6 The set of controllers satisfying the
condition in each step. For the controller to be a
quantum system, it must be included in the set (iii).
In the set (iv), all the controllers are equivalent up to (iiii) Physically realizable
the phase shift. (iv) Passive

(i) Geometric control theory applicable
(ii) Realizing BAE

we provide a step-by-step procedure to solve this problem; the relationships of the class
of controllers determined in each step is depicted in Figure 6.

(i) First, to apply the geometric control theory developed above, we need to modify the
plant system so that it is a 3 input-output linear quantum system; here we consider the
plant composed of a mechanical oscillator and a 3-ports optical cavity, shown in Figure 5.
As assumed before, those ports have the same coupling constant «. In this case the matrix

A given in Eq. (9) is replaced by

0 wp 0 0
-w, 0 g 0

0 0 -3«/2 0

g 0 0 -3k/2

Now we focus only on the back-action noise Q; and the measurement output f’g‘“; hence
the closed-loop system (14) and (18), which ignores the shot noise term in the dynamical

equation, is given by
dxg A-BC BSCk . E| . b |-
— = XE + Q+| |f>
dt BxSC Ag —BgCg (0] 0]
ot = [H o] i+ Dy,
where B = By, C = (1, and b are given in Eq. (9), and
T
E:—ﬁ[o 0 1 0] , H:ﬁ[o 00 1].
This system is certainly of the form (2), where now Dx = —I,.
(ii) In the next step we apply Theorem 1 to check if there exists a feedback controller such

that the above closed-loop system achieves BAE; recall that the necessary and sufficient
condition is Eq. (4), i.e., £ SV} €V, C H, where now

&€ =ImE = span , ‘H = Ker H = span

o~ o ©
©c o o~
o o~ ©
o = o ©
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To check if this solvability condition is satisfied, we use Corollary 1; from £ NC =ImEN
Ker C = ¢ and H @ B = Ker H @ Im B = R*, the algorithms given in Appendix A yield

Vi(C,E) =€, VX(B,H) =H, (19)

implying that the condition in Corollary 1, i.e., V. (C,&) € V*(B, H), is satisfied. Thus, we
now see that the BAE problem is solvable, as long as there is no constraint on the controller
parameters.

Next we aim to determine the controller matrices (Ax, Bk, Ck), using Theorem 2. First
we set V) = V,(C,€) = € and V, = V*(B, H) = H; note that (V, V) is a (C, A, B)-pair. Then,
from Theorem 2, there exists a feedback controller with dimension dim Xx = dim), —
dimV; = 2. Moreover, noting again that Dx = —I,, there exist matrices F € F(V3), G €
G(V1), and N such that

Ker Fy = Ker(F + C) D V), Im Gy =Im(G +B) C V), KerN =V).

These conditions lead to

L12
Feo S fiz -k fa G —% g2 No | 0 ny
% O 0 fé4 ) g32 ) )
N/

where f;;, g;;, and n;; are free parameters. Then the controller matrices (Ax, Bk, Cx) can be
identified by Eq. (5) with the above matrices (F, G, N); specifically, by substituting Cx —
SCx, Bx — BgS, and Ax — Ag — BixCk in Eq. (5), we have

SCkN=F+C, BixS=-N(G+B), (Ax — Bk Ck)N = N(A + BF, + GC),
which yield
Ag =N(A + BFy + GC + GoFy)N ™, By =-NGy %, Ck = ZF)N", (20)
where N* is the right inverse to N, i.e,, NN* = I,.
(ili) Note again that the controller (13) has to satisfy the physical realizability condi-

tion (8), which is now Ax T + ZA} + 2Bx EBj = O and Bx = £C X. These constraints are

represented in terms of the parameters as follows:

f12 =412, f11 =g22, MMy — N1k = —1, f12”1 =f11”12 —fm,
Soa+ Ak = il’lm §K + kfoa |m + omny = —ikfi1
NZ3 2 (21)

Wy — (;K + x/Efzz;)nz = \/’?ﬁb

where n; = ny1nay — nano and ny = Mpkgg — M1glay. This is one of our main results;
the linear controller (13) achieving BAE for the opto-mechanical oscillator can be fully
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parametrized by Eq. (20) satisfying the condition (21). We emphasize that this full
parametrization of the controller can be obtained thanks to the general problem formu-
lation based on the geometric control theory.

(iv) In practice, of course, we need to determine a concrete set of parameters to construct
the controller. Especially here let us consider a passive system; this is a static quantum sys-
tem such as an empty optical cavity. The main reason for choosing a passive system rather
than a non-passive (or active) one such as an optical parametric oscillator is that, due to
the external pumping energy, the latter could become fragile and also its physical imple-
mentation must be more involved compared to a passive system [42]. Now the condition
for the system (Ag, B, Ck) to be passive is given by XAx X = —Ax and XBg ¥ = —Bk; the
general result of this fact is given in Theorem 3 in Appendix B. From these conditions, the

system parameters are imposed to satisfy, in addition to Eq. (21), the following equalities:

£
==, =0, ny = —Ha, M1y = M. 22
Ji2 NG S 11 22 12 = 121 (22)
There is still some freedom in determining #;;, which however corresponds to simply the
phase shift at the input-output ports of the controller, as indicated from Eq. (20). Thus, the
passive controller achieving BAE in this example is unique up to the phase shift. Here par-
ticularly we chose n3; = 1 and n;5 = 0. Then the controller matrices (20) satisfying Egs. (21)

and (22) are determined as

2
£ _y, £ 0
AK=|: « g2:|, C1<=—B1T<=|:ﬁ gi|'
Wiy e 0 W

As illustrated in Figure 5, the controller specified by these matrices can be realized as
a single-mode, 2-inputs and 2-outputs optical cavity with decay rate g?/k and detuning
—wy,. In other words, if we take the cavity with the following Hamiltonian and the coupling

operator (@3 = (43 + ip3)/+/2 is the cavity mode)

~ pen DA A R KK o .4

Hy = Adjas = 3 (q§ +p§); Lk = Vkkas =, | TK(% +ip3), (23)
then to satisfy the BAE condition the controller parameters (A, kx) must satisfy

A= —Wyy KK :gz/K. (24)

To summarize, the above-designed sensing system composed of the opto-mechanical os-
cillator (plant) and the optical cavity (controller), which are combined via coherent feed-
back, satisfies the BAE condition. Hence, it can work as a high-precision detector of the
force f’ below the SQL, particularly when the Py -squeezed probe input field is used; this

fact will be demonstrated in Section 5.

4 Direct interaction scheme
In this section, we study another control scheme for achieving BAE. As illustrated in Fig-

ure 7(a), the controller in this case is directly connected to the plant, not through a coher-
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(a) )

Plant e (1, 51)

Tk

Controller

Controller

Figure 7 (a) General configuration of direct interaction scheme. (b) Physical implementation of the
passive direct interaction controller for the opto-mechanical oscillator.

ent feedback; hence this scheme is called the direct interaction. The controller is charac-
terized by the following two Hamiltonians:

n 1. . N 1, R n n
Hy = Eij(RKxI(v Hine = 3 (xTRlxK + x;sz), (25)

where Xk = [}, D15 - » 4y, P, k]‘r is the vector of controller variables with 7; the number
of modes of the controller. fiK is the controller’s self Hamiltonian with Rx € R>"%*%%
Also Hiy with Ry € R2*27, R, € R¥*2" represents the coupling between the plant and
the controller. Note that, for the Hamiltonians A, « and I:Imt to be Hermitian, the matrices
must satisfy Rg = R} and RlT = R,; these are the physical realizability conditions in the
scenario of direct interaction. In particular, here we consider a plant system interacting
with a single probe field W3, with coupling matrices B; = B and C; = C. Then, the whole
dynamics of the augmented system with variable &z = [#7,%¢]" is given by
dxg 2 ¥ z yrout 2 ¥
T Agkp + BEWh + bef, WP = Cexg + Wh, (26)

where

.
A YR B cT b

Ap = Y Be=| |, Ce= . be=| . @)
Ry Ty Ry 0] o) 0]

Note that Bg, Cg, and bg are the same matrices as those in Eq. (18). Also, comparing the
matrices (3) and (27), we have that Dx = O, which thus leads to F = Fy and G = Gg in
Theorem 2. Now, again for the opto-mechanical system illustrated in Figure 2, let us aim
to design the direct interaction controller, so that the whole system (26) achieves BAE;
that is, the problem is to determine the matrices (R, Ry, Ry) so that the back-action noise
Q: does not appear in the measurement output f’?“t. For this purpose, we go through the
same procedure as that taken in Section 3.3.

(i) Because of the structure of the matrices Br and Cg, the system is already of the
form (2), where the geometric control theory is directly applicable.

(ii) Because we now focus on the same plant system as that in Section 3.3, the same
conclusion is obtained; that is, the BAE problem is solvable as long as there is no constraint
on the controller matrices (Rx, Ry, R»).

The controller matrices can be determined in a similar way to Section 3.3 as follows.
First, because the (C, A, B)-pair (M}, V) is the same as before, it follows that dim Ak = 2,
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i.e., ng = 1. Then, from Theorem 2 with the fact that F = Fy and G = G, we find that the

direct interaction controller can be parameterized as follows:

Rx=-XN(A+BF+GC)N*, R =-X,BFN*,  R,=3NGC. (28)

The matrices F, G, and N satisfy Ker F 2V}, ImG C V;,, and Ker N = ), which lead to

0 g
Fe Ju fiz 0 fu G —% g2
% 0 0 fu &1 £32

0 0 (29)

mp my 0 ny
N = ,
nyu My 0 My
where fj;, g, and n;; are free parameters.

(iii) The controller matrices have to satisfy the physical realizability conditions Rx = R}

and R] = Ry; these constraints impose the parameters to satisfy

Sz = g1z Ji1 = g2, My Ny — N1pkg = =1, JSizm = funs — fua,

f24 — (g + \/Ef24>nl + Wy Ny = _\/Efll’ (30)

%Vlz,
K
Wy Ny — (E + \/Ef24>712 = \//?le;

where ny = nyng — mang and ny = Myangg — Mg Na;. Equations (28), (29), and (30) provide
the full parametrization of the direct interaction controller.

(iv) To specify a set of parameters, as in the case of Section 3.3, let us aim to design a
passive controller. From Theorem 4 in Appendix B, Rx and R, = R satisfy the condition
Y RgY = —Rg and ¥R, Xy = —R,, which lead to the same equalities given in Eq. (22). Then,
setting the parameters to be #3; = 1 and #;, = 0, we can determine the matrices Rx and R

as follows:

The controller specified by these matrices can be physically implemented as illustrated in
Figure 7(b); that is, it is a single-mode detuned cavity with Hamiltonian ﬁK = —w,,d3as,
which couples to the plant through a beam-splitter (BS) represented by Hip = glasay +

G5i).

Remark We can employ an active controller, as proposed in [22]. In this case the inter-
action Hamiltonian is given by Hypy = ge(asas + asas) + go(asas + ajas), while the system’s
self-Hamiltonian is the same as above; I:IK = —w,ajas. That is, the controller couples to

the plant through a non-degenerate optical parametric amplification process in addition
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to the BS interaction. To satisfy the BAE condition, the parameters must satisfy gg + gp = g.
Note that this direct interaction controller can be specified, in the full-parameterization
(28), (29), and (30), by

Sfi=fi2=fa=0, ny=-nyp =1, nyp =ny =0.

5 Approximate back-action evasion

We have demonstrated in Sections 3.3 and 4 that the BAE condition can be achieved by
engineering an appropriate auxiliary system and connecting it to the plant. However, in
a practical situation, it cannot be expected to realize such perfect BAE due to several ex-
perimental imperfections. Hence, in a realistic setup, we should modify our strategy for
engineering a sensor so that it would accomplish approximate BAE. Then, looking back
into Section 2.3 where the BAE condition, E¢(s) = 0, Vs, was obtained, we are naturally
led to consider the following optimization problem to design an auxiliary system achieving

the approximate BAE:

Eqls)
Er(s)

min

, (31)

where || o || denotes a valid norm of a complex function. In particular, in the field of robust

control theory, the following H; norm and the H,, norm are often used [43]:

- L% 2 - s
||a||2=\/2—/ ’c(zw)’ dw, ||a||oo=max’a(lw)’.
T J oo ©

That is, the H, or H, control theory provides a general procedure for synthesizing a feed-
back controller that minimizes the above norm. In this paper, we take the H, norm, mainly
owing to the broadband noise-reduction nature of the H, controller. Then, rather than
pursuing an optimal quantum H; controller based on the quantum H; control theory [38,
39], here we take the following geometric-control-theoretical approach to solve the prob-
lem (31). That is, first we apply the method developed in Section 3 or 4 to the idealized
system and obtain the controller achieving BAE; then, in the practical setup containing
some unwanted noise, we make a local modification of the controller parameters obtained
in the first step, to minimize the cost || Eq(s)/ Ef(s)l2.

As a demonstration, here we consider the coherent feedback control for the opto-
mechanical system studied in Section 2.3, which is now subjected to the thermal noise fth.
Following the above-described policy, we employ the coherent feedback controller con-
structed for the idealized system that ignores ﬂh, leading to the controller given by Egs. (23)
and (24), illustrated in Figure 5. The closed-loop system with variable &¢ = [#7,%;]T,
which now takes into account the realistic imperfections, then obeys the following dy-
namics:

dxg

E = ZE&E + BE\;Vl + bg(fth +f), V,\V;ut = CEJACE + VAVl, (32)



Yokotera and Yamamoto EPJ Quantum Technology (2016) 3:15 Page 17 of 22

where
[0 0 0 0 0 |
—Wm  —Y g 0 0 0
~ 0 0 —K/2 0 0 KKK
Ae=1 4 9 0 —«/2 | - J/kkx O
0 0 0 KKK 0 A
L 0 0 —kKkg 0 -A 0 A

Bg, Cr, and bg are the same matrices given in Eq. (18). fth is the thermal noise satisfy-
ing (}A’th(t)ﬁh(t/ )) >~ nd(t — t'), where 7 is the mean phonon number at thermal equilibrium
[44, 45]. Note that the damping effect appears in the (2,2) component of Ap due to the
stochastic nature of fth. Also, again, kg and A are the decay rate and the detuning of the
controller cavity, respectively. In the idealized setting where ﬁh is negligible, the perfect
BAE is achieved by choosing the parameters satisfying Eq. (24). The measurement output
of this closed-loop system is, in the Laplace domain, represented by

B89) = By () +75)) + EoQu(s) + EpPy(9)

The normalized noise power spectral density of y3(s) = ﬁg“t (s)/ g ir(s) is calculated as

=2 =2
S(@) = (|yati) =Fi)) = (1fal?) + | =2 | (1QuP) + | =] (121 (33)
=f =f
The coefficient of the back-action noise is given by
Zols)  ilkkA(S® + s+ @) + Z0u(s” + A?)) (34)

Er(s) - g V(s +k/2)(s? + A?) + kKs}

Our goal is to find the optimal parameters (kg, A) that minimize the H, norm of the trans-
fer function, EQ/Ef.

The system parameters are taken as follows [45]: w,,/27w = 0.5 MHz, /27w = 1.0 MHz,
y /27 = 5.0 kHz, g/27 = 0.3 MHz, 7 =~ 8.33 x 102, and the effective mass is 1.0 x 10712 kg.
We then have Figure 8, showing || EQ/ g ir|l2 as a function of xx and A. This figure shows
that there exists a unique pair of (/c;pt, A°PY) that minimizes the norm, and they are given
by kg’ */27r = 0.093 MHz and A°P/27 = —0.5 MHz, which are actually close to the ideal

Figure 8 H, norm ||§Q/§f||2 versus the
coupling constant kg and the detuning A. 0.50

0.40 AT 7777770

7
~0.20
=
0.10
09 0.19
-1 0.18
Alw, -1.01 017 K /W




Yokotera and Yamamoto EPJ Quantum Technology (2016) 3:15 Page 18 of 22

Figure 9 Normalized power spectral densities of 103 :
the noise. The black solid line represents the SQL — —SaL
. T No feedback
(35), and the dot-dashed blue line does the case [T Feedback
without feedback. The dotted green and dashed red *; - - - Feedback + squeezing
lines show the cases for the feedback controlled £ 102
system, with coherent and squeezed probe field, o [TTm— — e
respectively. *;
B o A0p -
z
1 ‘ ‘
10? 10° 10
Frequency [Hz]

values (24). Figure 9 shows the value of Eq. (33) with these optimal parameters (K;pt, A°PY),
where the noise floor ([fth [2) is subtracted. The solid black line represents the SQL, which
is now given by

|(@* - ;) —iyo

Y Om

ESQL(Q)) = (35)

Then the dot-dashed blue and dotted green lines indicate that, in the low frequency range,
the coherent feedback controller can suppress the noise below the SQL, while, by defini-
tion, the noise power of the autonomous (i.e., uncontrolled) plant system is above the
SQL. Moreover, this effect can be enhanced by injecting a ﬁl—squeezed probe field (mean-
ing (|Q1|?) = ¢'/2 and (|Py|?) = e7/2) into the system. In fact the dashed red line in the
figure illustrates the case r = 2 (about 9 dB squeezing), showing the significant reduction

of the noise power.

6 Conclusion

The main contribution of this paper lies in that it first provides the general theory for
constructing a back-action evading sensor for linear quantum systems, based on the well-
developed classical geometric control theory. The power of the theory has been demon-
strated by showing that, for the typical opto-mechanical oscillator, a full parametrization
of the auxiliary coherent-feedback and direct interaction controller achieving BAE was
derived, which contains the result of [22]. Note that, although we have studied a simple
example for the purpose of demonstration, the real advantage of the theory developed in
this paper will appear when dealing with more complicated multi-mode systems such as
an opto-mechanical system containing a membrane [46—49]. Another contribution of this
paper is to provide a general procedure for designing an approximate BAE sensor under
realistic imperfections; that is, an optimal approximate BAE system can be obtained by
solving the minimization problem of the transfer function from the back-action noise to
the measurement output. While in Section 5 we have provided a simple approach based
on the geometric control theory for solving this problem, the H, or Hy control theory
could be employed for systematic design of an approximate BAE controller even for the
above-mentioned complicated system. This is also an important future research direction

of this work.
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Appendix A: Algorithms for computing V* and V,,

The set of (A, B)-invariant subspaces has a unique maximum element contained in a given
subspace H € X. This space, denoted by V*(B,H), can be computed by the following
algorithm:

V*-algorithm:
(Step1) Vo :=H,
(Step2) Vi:=HNA Vo @®B) (i=12,..),
(Step 3) V*(B,H) =V; (if V; =V, in Step 2).
Similarly, the set of (C, A)-invariant subspaces has a unique minimum element contain-

ing a given subspace £ C X, and this space, denoted by V,(C, £), can be computed by the

following algorithm:

V,-algorithm:
(Step1) Vo =€,
(Step2) V;:=EDAV1NC) (i=12,...),
(Step 3) Vu(C,E)=V;  (if Vi =V;; in Step 2).

Appendix B: Passivity condition of linear quantum systems
This appendix provides the passivity condition of a general linear quantum system, which
have been given in [50]. First note that the system dynamics (6) and (7), which can be

represented as
— =A%¥+BW, W =Ci+DW, (36)

with W = [W4,..., W,,]7, has the following equivalent expression:

d|a a A Aout a A

where a = [a1,...,4,] | and A = [;11, . ,Am]T are vectors of annihilation operators. By def-

inition, a* = [a},...,a%]". The coefficient matrices are of the form
A A

A=|"0 T
Ar AP

B B,
B=|"; ,
z B, B’

C_. C, D D,
C= , D= .
P S F]

As in the case of (36), these matrices have to satisfy the physical realizability condition;

(38)

see [51, 52]. The passivity condition of this system is defined as follows:
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Definition 5 The system (37) is said to be passive if the matrices satisfy 4, = O and B, =
O, in addition to the physical realizability condition.

Note that a passive system is constituted only with annihilation operator variables; a
typical optical realization of the passive system is an empty optical cavity. Moreover,
D, = O is already satisfied and B, = O leads to C, = O. This is the reason why it is
sufficient to consider the constraints only on 4, and 8B,. Then the goal here is to rep-
resent the conditions 4, = B, = O in terms of the coefficient matrices of Eq. (36). For
this purpose, let us introduce the permutation matrix P, as follows; for a column vec-
tor z = [z1,22,...,204] ', P, is defined through P,z = (21,23, ...,221-1,22, 24, - -, Z24] | . Note
that P, satisfies P,,PI = P;P,, = I,. Then, the coefficient matrices of the above two system

representations are connected by
A=P!AP,,  B=P!8P,, C=P!CP, D=P!DP,,
where

il A+ AL+ A+ AL (A — A — AL+ A
T2 | i(A — AT+ A, — AL A+ AL = (A, AT |
B, @, and D have the same forms as above. Then, we have the following theorem, provid-

ing the passivity condition in the quadrature form:

Theorem 3 The system (36) is passive ifand only if, in addition to the physical realizability
condition (8), the following equalities hold.:

Y,AY, =-A, ,B%,, =-B.

Proof Let us first define ¥, = ¥ ® I,, = [O, I,;; —I,;, O], which leads to P; ¥, P, =%,. Then,

we can prove
AT, =-A = VU,AY,=—A.

The condition in the right hand side is equivalent to A, + AL = Oand A, — A% = O, which
thusleadsto 4, = O. Also, from a similar calculation we obtain ¥,BY,, = -B < B8, = 0.0

Let us next consider the passivity condition of the direct interaction controller discussed
in Section 4. The setup is that, for a given linear quantum system, we add an auxiliary
component with variable X, which is characterized by the Hamiltonians (25). The point
is that these Hamiltonians have the following equivalent representations in terms of the
vector of annihilation operators a and ag:

. ax
A AT
I:ﬂK ﬂK:I Rk |:,\j i| ’

Hy =

N | =

(39)
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The matrices Rk, R, and R, are of the same forms as those in Eq. (38). Note that they
have to satisfy the physical realizability conditions Rx = R}L( and R} = R,. Now we can
define the passivity property of the direct interaction controller; that is, if the Hamilto-
nians (39) does not contain any quadratic term such as @2, and ajaj ,, then the direct
interaction controller is passive. The formal definition is given as follows:

Definition 6 The direct interaction controller constructed by Hamiltonians (39) is said
to be passive if, in addition to the physical realizability conditions Ry = R; and R| = R,,
the matrices satisfy Rx, = O and Ry, = O.

Through almost the same way shown above, we obtain the following result:

Theorem 4 The direct interaction controller constructed by Hamiltonians (25) is passive
if and only if, in addition to the physical realizability conditions R = Ry and R] = Ry, the
following equalities hold:

SRS = Rk, Ty RoT, = —Ry.
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Endnote
@ This condition is satisfied if the transfer function from d(s) to z(s) is zero for all s, for the modified system. Or
equivalently, the controllable subspace with respect to d(t) is contained in the unobservable subspace with respect
to z(t).
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