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1 Introduction

Quantum filtering theory as a fundamental theory in quantum optics, which was implicit
in the work of Davies in the 1960s [1, 2] concerning open quantum systems and generalized
measurement theory, and culminating in the general theory developed and initiated by
Belavkin during the 1980s [3-5]. The quantum filter is a stochastic differential equation
for the conditional state, from which the best estimates of the system observables may be
obtained. In related work by Carmichael, the quantum filter is referred to as the stochastic
master equation [6, 7].

One application of the quantum filter, or variants of it, is in measurement feedback con-
trol [7-13]. As in classical control theory, optimal measurement feedback control strate-
gies may be expressed as functions of information states, of which the conditional state is
a particular case [10, 14]. However, feedback control of quantum systems need not involve
measurements, and indeed the topic of coherent quantum feedback is evolving [14—20],
though a general theory of optimal design of coherent quantum feedback systems is at
present unavailable. In coherent quantum feedback control, the controller is also a quan-
tum system, and information flowing in the feedback loop is also quantum (e.g. via a quan-
tum field). This type of feedback has recently led to new proposals for quantum memories,
quantum error correction, and ultra-low power classical photonic signal processing [21—
24].
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The purpose of this paper is to contribute to the knowledge of coherent quantum estima-
tion and control by developing further a non-commutative formulation of the quantum
filter given by Belavkin in 1980s [3]. While the main results obtained by Belavkin apply
only to the commutative measurement case, the problem formulation he used was more
general. Belavkin’s theory of quantum filtering concerns the estimation of the variables of
quantum systems conditioned on classical (commutative) measurement records. For lin-
ear quantum stochastic systems, Belavkin’s filter has the same form as the classical Kalman
filter. The Belavkin-Kalman filter is a classical system that processes the incoming mea-
surements to produce the desired estimates. The estimates may be used for monitoring
and/or feedback control of the quantum system.

In our study, we formulate and solve a problem of optimal estimation of a linear quan-
tum system variables given the non-commutative outputs within the framework of non-
commutative probability theory. In particular, we derive a system of non-commutative
stochastic differential equations (the non-commutative Belavkin-Kalman filter) that min-
imizes a least squares error criterion. Such non-commutative filtering equations are well
defined mathematically, even if they do not correspond to a physical system. However,
if we wish to implement the non-commutative Belavkin-Kalman filter within the class of
physically realizable linear quantum stochastic systems (such as linear quantum optical
systems), then we find that the conditions for physical realizability impose strong restric-
tions. In this paper, we find physical realizability conditions for general case and also for
some particular cases. These strong physical realizability conditions are a key contribution
of this paper.

We remark that our contribution here is different from the problem studied in [25].
Since, in [25], the authors propose another physically realizable quantum system consid-
ered as a filter, connected to the output of the plant whose dynamics can be determined
by minimizing the mean square discrepancy between the plant’s state and the output of
the filter. Also, they suppose an additional vacuum noise other than the plant’s noises in
the form of filter’s dynamics. However, in this paper, we focus firstly on finding the form of
linear least mean squares estimators for the non-commutative outputs by temporarily ex-
cluding the physical realizability constraints. To do this, we proceed as classical Kalman fil-
tering and Belavkin-Kalman filtering by supposing that the mean squares estimator should
satisfy a linear dynamics of innovation processes and we do not suppose any additional
vacuum noises other than dw which is the input process of the plant. As such, we obtain
the form of least mean squares estimators for non commutative outputs. Then, we seek
necessary and sufficient conditions which make such linear least mean squares estimators
automatically physically realizable. As we can observe in examples, for some particular
forms of plants, we are obliged to add additional vacuum noises to the least mean squares
estimators to ensure physical realizability. These estimators which track asymptotically
the plant’s state and are physically realizable are called coherent observers [26]. Roughly
speaking, coherent least mean squares estimators and observers are another physical sys-
tems connected to the main system in cascade [15, 26, 27]. We remark that coherent linear
least squares estimators and observers could in principle be used for coherent feedback
control, although this matter is outside the scope of the present paper.

This paper is organized as follows. In Section 2, we present general quantum linear
stochastic dynamics. In Section 3, we obtain non-commutative linear least mean squares
estimators for the general linear quantum stochastic dynamics, expressed in Theorem 2. In
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Section 4, we study the physical realizability of such linear least mean squares estimators.
The main results of this section are expressed in Theorem 3 and Corollaries 1-6. Moreover,

some illustrative examples are provided. Finally, the conclusion is given in Section 5.

2 Quantum linear stochastic dynamics
Consider linear quantum possibly non-commutative stochastic systems of the form [18]

dx(t) = Ax(t) dt + Bdw(t), o
1
dy(t) = Cx(t) dt + D dw(t).

Here, A, B, C and D are real matrices in R”*”, R, R">", and R"*"v, where n, n,, n,
are positive integers with n,, > n,. Also, x(t) = [x,(¢),... ,%:(t)]7 is a vector of self-adjoint
possibly non-commutative system variables defined on a Hilbert space 7. The initial state

x(0) is Gaussian with state py and satisfies the commutation relations®
[%(0),%c(0)] = 2i®p, jik=1,2,...,n,

where O is a real antisymmetric matrix with components ®j and i = /—1. We assume
that the matrix ® can take one of the two following forms:

« Canonical if ® = diagg (J), with # even or

«+ Degenerate canonical if © = diag(O,,/Xn/,diag,,,T,,/ (), with 0 < #' <m and n — #’ even.

Here ] corresponds to the real skew-symmetric 2 x 2 matrix

0 1
]:|:_1 0:|7

and the ‘diag’ notation corresponds to a block diagonal matrix. Also, diag,,(/) denotes a
m x m block diagonal matrix with m matrices J on the diagonal.
The noise dw(t) is a vector of self-adjoint quantum noises with It table

dw(t)dw(t)T = F,, dt, (2)

where F,, is a non-negative Hermitian matrix® (see e.g., [28, 29]). Indeed, the special case

F,, =1, xn, describes a classical noise vector dw. However, the more general case
Fy=1I,,xn, + idiag(O,,/x,,/, diag ! (]))

presents 7’ classical noises and 7,, — #’ conjugate quantum noises.¢ Here, the self-adjoint

entries of the vector w(t) which act on the Boson Fock space F are the quantum noises

driving the system and they correspond to boson quadratures (see e.g., [5, 28, 30]). This

determines the following commutation relations for the noise components

[dw(t),dw” ()] = 2T, dt, 3)

with T, = 1(F, - FI).
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Similarly, the process y has the following It6 table
dy(t)dy(t)" = F, dt,

where F, is a non-negative Hermitian matrix. Indeed, the special case F, = Ly xn, describes
a classical output vector dy. However, the more general case

Fy = Iyyxny + idiag (0, s, diag v ()
2

presents #’ classical outputs and #, — #’ conjugate quantum outputs. The commutation
relations for the processes dy is determined by the matrix T, given by the following

[dy(2),dy" ()] = 2T, dt,
with T, = %(Fy — FyT). Note that we have the following relations
F,=DF,D", and T,=DT,D".

As discussed in [18], we can always set up the following conventions by appropriately en-
larging dw, dy, B and C: (i) n, is even (ii) F,, has the following form

Fw =dpy,xn, T idiag”TW (]); (4)
hence n,, should be even.

2.1 Physical realizability of linear QSDEs

Not all QSDEs of the form (1) represent the dynamics of physically meaningful open quan-
tum systems. In the case that © is canonical, the system is physically realizable if it presents
an open quantum harmonic oscillator. Now we give the formal definition of physical real-
izability (see e.g., [18], Definition 3.3).

Definition1 The system (1) is said to be physically realizable if one of the following holds:

+ O is canonical and Equation (1) represents the dynamics of an open quantum
harmonic oscillator.

+ O is degenerate canonical and there exists an augmentation of Equation (1) (see more
details in [18]) such that the new QSDEs represent the dynamics of an open quantum
harmonic oscillator.

The system (1) describes an open quantum harmonic oscillator if there exists a quadratic
Hamiltonian H = %x(O)TRx(O), with a real, symmetric, #» x n matrix R, and a coupling
operator L = Ax(0), with a complex-valued %nw x n coupling matrix A such that

x () = U@ (x(0) @) U®), k=1,...,n, “
5
n(®) = U@ QL@w®O)U®, [=1,...,n,

where {U(t),t > 0} is an adapted process of unitary operators satisfying the following
QSDE [30]

au(t) = (—iH dt - %LT Ldt+[-L'L"]r dw(t)> u), Uu)=1I
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In this case, the matrices A, B, C and D are given by

A=20(R+Im(ATA)),

B=2i0[-A" AT,

z 0 A+ A*
c=pT N

0 X |[-iA+iA
D= [Inyxny Onyx(nw—ny)]'

Here, I is a n,, X n,, matrix and

I' = P diag(M),
111 i
M=— :
211 —i
X= I:I%nyX%ny O%WX%(”W"W)]'

‘P is the appropriately dimensioned square permutation matrix such that
Plas ay - ayl=lm as - adym1 az as - dyml

Also, note that Jm(-) denotes the imaginary part of a matrix, X denotes the adjoint of an

operator X, and X* denotes the complex conjugate of a matrix X.

The following theorem borrowed from [18] provides necessary and sufficient conditions

for physical realizability of Equation (1) for any © (canonical or degenerate canonical).
Theorem 1 ([18]) The system (1) is physically realizable if and only if

iA® +i®AT + BT,,BT =0,

(6)
BDT =oCT diagu (/).

Here, D = [Iy,xn, On,x(n,-n,)]. Moreover, for canonical ©, the Hamiltonian and coupling
matrices have explicit expressions as follows. The Hamiltonian matrix R is uniquely given

byR= i(—@A + AT®), and the coupling matrix A is given uniquely by
A= —li[On me Iy m](T7)BTO
DR b Sl ol ’
In the case that © is degenerate canonical, a physically realizable augmentation of the
system can be constructed to determine the associated Hamiltonian and coupling operators

using the above explicit formulas.

In the following lemma, we prove that the non-demolition property holds for non-
commutative outputs if system (1) is physically realizable.

Page 5 of 25
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Lemmal Ifthe system (1) is physically realizable, then the non-demolition property holds,

ie.,

[x(t),y(s)T] =0, foranyt=>s.

Proof In [31], Lemma 4, it was shown that the condition [x(¢), y(s)7] = 0, for any ¢ > s is

equivalent to the following
ocT + BT,DT = 0. (7)

Now we show that if the plant is supposed physically realizable, i.e., if condition (6) holds,
then, the above equality holds too. Since, by condition (6), we have

BDT = o7 diagn (J),
2

which is equivalent to ®CT = —BD” diagny (), as (diagn (J))* = ~I,xn,- Now it is easy to
2 2
verify that condition (7) is satisfied, because we have

D7 diag w ()= T,D,
therefore
BDT diag n (/) = BT,,DT,
which is exactly condition (7). O

In the following lemma, we show that the non-commutative outputs do not have self-

non-demolition property.

Lemma 2 The non-commutative output processes y have the following commutation rela-
tions

[y(t),y(s)T] =2DT,D's, forallt>s.

Proof First note that we have the following property

[y(®),5(5)"] = [y(S) + f dy(s/),y(S)T] = [¥(s), ()],

since

[ / tdy(s/),y(s)T] = [ / t Cx(s') + Daw(s), y(s)T} -0,

s

as [x(5'),y(s)T] = 0 for any s’ > s, by previous lemma and [dw(s'), y(s)?] = 0, for any s’ > s.

Now it is sufficient to prove the lemma for [y(s), y(s)T]. By taking the differentiation of this
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commutator, by It6 rule, we find

d[y(s),5()"] = [dy(s),y(s)"] + [¥(s), dy(s)" ] + [dy(s), dy(s)" ]
= [Cxls)ds + Dadw(s),y(5)" ] + [(s),x(5)7 C” ds + dw(s)" D]
+ [Cx(s)ds + Dawl(s),x(s)" C" ds + dw(s)" D"
= D[dw(s),dw(s)"|D" = 2DT,D” ds,
where we have used the following facts: [x(s), y(s)7] = 0, [y(s),x(s)7] = 0, [dw(s), y(s)"] = 0,
[y(s), dw(s)T] = 0, (ds)? = 0, dw(s) ds = 0, and dsdw(s)” = 0. Also, for the last equality, we

have used the commutation relations for the processes dw given in (3).
Finally, we get the following

[¥(s), y(s)T] =2DT,DTs,
since [y(0),(0)7] = 0y 1y - O
Remark 1 We recall that when y is commutative, we have
Ty =DT,D" = 0,xn,
which implies that the process y is self-commuting.
Before starting the next section, let us present the following definition.

Definition 2 For any vector of zero mean self-adjoint operators ¢, the symmetric covari-
ance is defined by

C; = %E[cf +(5eh)'] ®)

The matrix C, is non-negative, real and symmetric. If £ does not have zero mean, the
covariance is defined by subtracting the mean.

3 Linear least mean squares estimation

In this section, we formulate a linear least squares estimation problem for the non-
commutative linear system (1), with non-commutative output process y(¢). The problem
concerns finding an operator x(¢), called an estimator, such that the dynamical evolution
of %(t) depends causally on the output process y(¢) and the length of the error

e(t) = x(t) — 2(t) )

is minimized. The idea is that x(¢) ‘tracks’ the plant operator x(¢). The vector x(¢) has
self-adjoint operator components defined on a generally larger space than the system (1).
More precisely, the vector X consists of entries which are self-adjoint operators acting on
the tensor product Hilbert space H ® F ® H;, where H, is the initial Hilbert space of
the least squares estimator &, which is a copy of the system space and independent of the
system (1).
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Take )(¢) for the von Neumann algebra generated by the output process y(s) for
0 <s <t. When Y(¢) is commutative, i.e., y(¢) is a classical measurement process (by the
spectral theorem [32], Theorem 3.3), the optimal filter in the least squares sense is ob-
tained by computing the conditional expectation onto )(¢) [5, 32]. The non-demolition
property ([x(2), y(s)T] =
mutative conditional expectation [29].

0, for any ¢ > s) is sufficient to conclude the existence of the com-

In contrast to commutative output, it is not shown whether the least mean squares esti-
mator that we define in Definition 3, is equivalent to conditional expectation. This prob-
lem is related to the existence of a non-commutative conditional expectation which is not
always guaranteed, and we do not consider this matter in this paper (see more details in
(33]).

Firstly, we define the class & of linear estimators of the form,

dx(t) = Ax(t) dt + K(¢)(dy(t) — Cx(¢) dt), %(0) = &o, (10)

where y is the adapted process defined in Equation (5) (see [28, 30, 32] for a discussion
of adapted quantum processes). Equation (10) has the standard form of an observer or
Kalman filter. The real gain matrix K(¢) is to be determined.

The initial condition x(0) satisfies the commutation relations

2(0)2(0)7 - (2(0)%(0)7)" = 2i@.

The state of x(0) is taken to be po. Consequently, the initial state of the composite system
(1) and (10) is the Gaussian state p = pg ® po.

Definition 3 A linear least mean squares estimator x for the non-commutative linear
system (1) has the following properties,

« itis defined on the class &, i.e., it is a linear system of the form (10), and

« the real matrix K(¢) is chosen to minimize the symmetrized mean squares error

defined as follows
J(K(2)) ="Tr[P(®)], (11)

where P(t) is the symmetric error covariance matrix defined by

1 T
P(t) := Co) = §]Ep [e(®)e(®)” + (e(®)e®))" ].
Prior to state our main theorem, we need the following equations

P(t) = (A - K(I)C)P(t) + P(¢) (A - I((t)C) T + (B - K(t)D) (B - I((t)D)T, 12)
12
P(0) = Ce0)-

Here, C, ) is the initial symmetric error covariance.

Theorem 2 Suppose that the plant (1) is physically realizable. Then, the linear system (10)
is a linear least mean squares estimator for the system (1) if and only if the gain K(t) is given
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by
K(¢) =BDT + Pt)CT, (13)

where P(t) is the symmetric positive definite solution to the Riccati equation (12). Further-

more, the innovations process

dr(t) .= dy(t) — Cx(¢) dt = Ce(t)dt + Ddw(t), r(0)=0, (14)
is a quantum Wiener process with symmetrized covariance t and Ito table

dr(t)dr" (¢t) = DF,,D” dt. (15)

Proof The proof is a modification of the well known methods documented in [34]. It fol-

lows from [34], Lemma 3.1, that J(K) is minimized, if and only if
K(t) = (BD" + P()CT)(DD") ™,
where P(¢) is the solution to (12). Below, we show that the symmetrized error covariance
matrix satisfies the Riccati equation (12).
The error as defined in Equation (9) satisfies the following dynamics

de(t) = (A - K(t)C)e(t) dt + (B - K(t)D) dw(z). (16)

Fix any real matrix K(¢) and let %(¢) be the solution of Equation (10). Let e(¢) = x(¢) — x(¢)

be the associated error, and consider the real symmetric error covariance
1 T
P(t) = Cyp) = EE” [e®e®)” + (e(®)e®™)" ]. 17)
Take the derivation of the above equation, by the quantum Ito rule, we have

dpP(t) = le de(t)e(t)” +e(t) de(t)T + de(t) de(t)”
2( o

+ (de(t)e(t)T + e(t) de(t)” + de(t) de(®)”)"]).
Now, it is sufficient to replace the expression of de given in Equation (16) in above, we get

dP(t) = %((A ~KCO)E,[e(t)e(t)"] dt + E,[e(t)e(t)"|(A - KCO)T dt
+ (B~ KD)F,(B-KD)" dt +E,[(e(t)e(®)") " |(A - KC)" dt

+ (A= KOE,[(e(t)e(t)")" | dt + (B - KD)FL(B - KD)" dt), (18)

where we have used the followings: E, [dw(t)e(t)T] = 0, E,[e(t) dw(t)T] = 0, E,[(dt)*] = 0,
E,[dtdw’] =0, E,[dwdt] = 0, and Equation (2).
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From Equation (18), we can write the following

P(t) = (A= K@)C)P(t) + PO)(A - K()C)" + (B- K()D)(B-K(®)D)",

19)
P(0) = Ce0),
. . Fy+FL
since by Equation (4), we know —~5* = I, .y,
Now the mean squares error can be expressed in terms of P(t) as follows
J(K(2)) = Te[P(2)]. (20)

As Equation (19) has the same form as the standard Riccati equation considered in [34],
we can apply [34], Lemma 3.1, to find the minimum of /(K), we get

K@) = (BDT + P(t)CT)(DD™) ™", (21)
The gain given in above can be further simplified as
K(¢) =BDT + P(t)CT,

since DD = 1,,,.,, by physical realizability of the plant. This finishes the proof of the first
part of Theorem 2.
Next, following [34], Section 4.3.6, let

() )
I'(t) = 22
©) [rf;(t) F22(t):| (22)

be the (symmetrized) covariance matrix for the vector [Z((;) ] By the It6 rule and taking
expectations, we find that

I(t) = CTH@) + T CT +1, ['1(0) = 0y x>

Fia(t) = CToa(t) + T®(A - K(@®)C) " +D(B-K®D)',  T12(0) = Oy

Poa(®) = (A - K()C)Taa(8) + Tas(8) (A - K()C) "

+(B-K(®)D)(B-K@®)D)",  Tp(0) = Cyo)

Comparing with Equation (12), we find that 'y, (¢) = P(t), and from (13), we have

Fa(8) =T@@A- KO, T1(0) = Opyxns (23)
which implies I'13(¢) = 0,,, x for all £ > 0. From this, we see that

T11(8) = Lnynys I'11(0) = 0,y (24)

and hence I'y1(¢) = ¢l xn,- Also, it is obvious that we have the following relations for the

innovation processes dr,
dr(t)dr’ (t) = DF, D" dt,

since (dt)? = 0, dw(t) dt = 0, and dt dw(t)T = 0. O
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4 Results on physical realizability
In this section, we will study the physical realizability of the least mean squares estimators
announced in Theorem 2. In Theorem 2, we do not assume the linear least mean squares
estimator (10) to be physically realizable.

Let us write B as

B=|B, B, ]. (25)

nXny nXny—Hy

In the following, we will announce a general theorem which gives necessary and sufficient
conditions ensuring physical realizability of the least mean squares estimators given in

Theorem 2.

Theorem 3 Assume that the plant (1) satisfies the physical realizability conditions an-
nounced in Theorem 1. Then, the linear least mean squares estimator announced in Theo-
rem 2 is a physical realizable estimator if and only if

-B diagnTW ()BT + 3B diagnTy (BT +2rCT diagnTy (BT
+ 2B diag n ()CP + PCT diag n (J)CP =0, (26)
with P satisfying the following Riccati equation
P(#) = (A-BC)P(t) + P)(A-B'C)" - P()(CTC)P(t) + B'B'T,
P(0) = Cy)-
Proof The estimator of the form (10) can be rewritten as the following form
dx(t) = (A — KC)x(t) dt + K(¢) dy(t), x(0) = xo.

If we impose the physical realizability constraints on the estimator of the form given in
above, we get the following condition

i(A-KC)® +i®(A - KC)T + KDT,,DTKT = 0.

Now it is sufficient to replace K by its value determined by Theorem 2 (Equation (13)). We
find

A® + AT -BDTCO® - 0CTDBT - PCTCO -OCTCP
+ BDT diagny (J)DBT + PCT diagn (J)CP
2 2

+BDT diag n (J)CP + PCT diag n ()DBT =0, (28)

where we have used DdiagnTw (DT = diag m (/). Now use the following facts CO =
—diagnTy (/)DBT and A® + ®AT = —Bdiag ny ()BT, which are derived from the physical
realizability of the plant, i.e., Equation (6). Also, note that BDT = B'. From these equali-
ties, Equation (26) can be derived from Equation (28).

Moreover, Equation (27) is derived from the Riccati equation (19) by replacing K by its
value given in Equation (13) and using the physical realizability of the plant. O
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4.1 Some special cases

In the following, first, we study the physical realizability of the least mean squares esti-

mator announced in Theorem 2 for the case where B diagny (J)B'T = 0, with B’ defined in
2

Equation (25). Second, we study the case where B’ = 0.

4.1.1 Case1: B diagn, (/)BT =0
2
As it is demonstrated in the following corollary, the physical realizability constraint an-

nounced in (26) can be simplified.

Corollary 1 If B diag n ()BT = 0. Then, the estimator of the form (10) is a physical real-
izable least mean squares estimator if and only if the following constraints are satisfied.
(i) K=B +PCT.
(ii) For © canonical,

B” dia nw—ny (])BN + 2P®B/B, + ZB/B/ OP = O, (2 9)
g
2

with P the unique symmetric positive definite solution of the following Riccati

equation,

P(t) = AP(¢) + P()AT + POB'BTOP(t) + B'B'T,

P(0) = Cg()-

(ili) For ® degenerate canonical,
(i) if diag(0,x,,diag, , (I))CT = C7, then
2

B diagmv—ny (J)B'T + 2POB'BT + 2B BTGP =0,
2

with P satisfying dynamics (30),
(ii) but if diag(0, ., diag, ., (1))CT #CT holds, then,
2

—B" diagmv-ny (J)B"T + 2PCT diag%z ()BT
+ 2B diagny (J)CP + PCT diagn (J)CP = 0, (31)
2 2
with P satisfying Equation (27).

Proof By Theorem 3, we know that the least mean squares estimator (10) is physically re-
alizable if and only if the condition (26) is satisfied. By the assumption B’ diagnTy (BT =0,
we get

Bdiagny ()BT = B" diagmw-ny (J)B"T.
2
Then, the condition (26) becomes

—B" diagm-ny (J)B'T + 2PCT diagny (J)B'"
2 2

+ 2B diag n ()CP + PCT diag nTy ()CP =0. (32)
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We know by the physical realizability of the plant C® = —diag m (NDBT (and similarly,
OCT = —BDT diagn (J)). Now suppose that © is canonical, then by multiplying the above
conditions by ©, wé find C = diagnTy (J)DBT ® (and similarly, C = ®BDT diagnTy (/)). Finally,
by replacing the values of C and C” found as such, we get the constraint (29) given in the
second part of the corollary.

Now we consider the case ® degenerate canonical, in this case if we multiply the expres-
sion of CO® (and similarly, ®CT) given in above by ®, we get Cdiag(0,/,,diag,_, (I)) =
diag n ()DBT® (and similarly, diag(0,,,,diag wat ())CT = ®BDT diag n ). Néw it is
clear that if the condition diag(0,,,,diag,_ (I))CT = CT holds, then we get exactly the
constraint given in the first part. However, izf this condition does not hold, from (26), we
get the constraint (32) which is exactly the condition (31). O

Remark 2 We remark that the condition B’ diag n ()B'T = 0 was considered in order to
simplify the physical realizability constraints in Equation (26). As the corollary in above
shows, in most of the times, this case is equivalent to eliminating the quadratic terms in
Equation (26). Also, note that if #, = n = 2, the condition B’ diag m (NB'T = 0 is equivalent
to the condition det(B') = 0, i.e., the quadratures are linearly dependent.

Particular case: n, = n,, Consider the case n, = n,. Then, a physical realizable plant
should satisfy D = I,

,xny- As a result, the plant given in (1) takes the following form

dx(t) = Ax(t) dt + Bdw(t),
dy(t) = Cx(t) dt + dw(t).

Now let us state the following corollary as analogue of Corollary 1.

Corollary 2 The estimator of the form (10) associated to the plant’s dynamics (33) is a
physical realizable least mean squares estimator if and only if the following constraints are
satisfied

(i) K=B+PCT.

(ii) For ® canonical,

2P®BB” +2BB"OP =0, (34)
with P satisfying the following Riccati equation

P(¢) = AP(¢) + P()AT + P(t)©BBTOP(¢), 5)
35
P(0) = Cy).

(ili) For ® degenerate canonical,
(i) zfdiag(On/x,,/,diag%i(I))CT =CT, then

2POBBT + 2BBTOP =0,

with P satisfying dynamics (35),
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(ii) but if diag(0, v, diag,_, (1))CT # CT holds, then,
2

2PCT diagn (J)BT + 2Bdiagny (J)CP
2 2

+ PCT diag w (J)CP=0, (36)
with P satisfying the following dynamics

P(t) = (A - BC)P(t) + P(t)(A - BC)" - P(£)(CT C)P(2), -
37
P(0) = Ce)-

Proof The proof of this corollary can be done by the same arguments provided for Corol-
lary 1. Since, if n, = n,,, the condition B’ diag» (J)B'" = 0 is equivalent to B diag (NBT = 0.
2

|

Particular case: n =2, n, =2, n,, =4, and ® =] Consider the simple case n = 2, n, =
2, m,=4,and © =J. Take A = (g 22), P = (}, 1), B = (;} ;?), and B" = ({1 %). In the
following, we find the constraints which guarantee the physical realizability of the least

mean squares estimator announced in Theorem 2.

Corollary 3 Take ©® = ]. If BJB'T = 0, then, the least mean squares estimator given in
Theorem 2 is physically realizable if and only if

2p1 (=03 — b3) +2p2(2b1bs + 2bybs) + 2p4(~b} — b3) — det(B") =0, (38)
with P satisfying the Riccati equation (30).
Proof The proof can be directly derived from Equation (29). O
Now, we can conclude the following corollary.

Corollary 4 Suppose by = bz, by = by, and det(B”) = 0. Then, the linear least mean squares

estimator announced in Theorem 2, is physically realizable if and only if p1 + ps = 2p,.

The following corollary shows the difficulty of finding a physical realizable least mean

squares estimator for some particular forms of P, B’ and B”.

Corollary 5 Suppose by = bs, by = bs, dy = ds, and d, = dy. Then, it is impossible to realize
Pphysically a linear least mean squares estimator of the form given in (10) such that p; =
P2 =Pa.

Proof By Corollary 4, we know that if b, = b3, by = bs, and det(B”) = 0, then the physi-
cal realizability condition (38) implies that p; + ps = 2p,. Thus, when p; = p; = p4, this
condition is satisfied.

However, note that a least mean squares estimator should satisfy Equation (30). Also, we
should take into account the facts that by = bs, by = by, dy = d3, and d = d4. Therefore, the
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steady state solution P = lim,_, o, C,() of the Riccati equation (30), if there exists, should
satisfy the following

2(ayp1 + azpy) — (b% + b%)(pl —pa)* + df + d% =0,
arps + azpr + (pr—p2)(pa —po) +d +d2 =0, (39)
2aspy — arps) — (b} + b3) (p2 — p1)* + dif +d; =0,

where we have used a4 = —ay, since by physical realizability of the plant, A should satisfy
the following

AJ+JAT = 0.

We can observe that if p; = p; = pa4, the matrix A should have the following form

A= (ﬂl = ) ,  with as —ay = 2a;. (40)
as  —dy
Note that in this case K = B/, since PCT = 0. Also, we know that A - KC = A — B'C
should be a Hurwitz matrix (see e.g., [34, 35]). However, we have A - B'C = A, since B'C =
B'JB'T] = 0. Now, it remains to show that A with its particular form given in (40) could
not be a Hurwitz matrix. It is sufficient to find the eigenvalues of A. We have

det(A — Al yo) = —a% +A2 —asza, =0,

with a3 — a; = 2a;. This implies that A2 = (a; + a5)?. Now, it is clear that A could not be a
Hurwitz matrix, i.e., all of its eigenvalues have negative real parts. O

This result shows that in order to obtain conditions on B, which make the linear least
mean squares estimator given in Theorem 2 physically realizable (for e.g., see Equation
(38)), we need to suppose some constraints on P. This demonstrates the difficulty to find
an appropriate plant whose least mean squares estimator is physically realizable.

4.1.2 Case2:B' =0
Let us announce the following corollary for this special case.

Corollary 6 If B = 0. Then, the estimator of the form (10) is a physical realizable least
mean squares estimator if and only if
(I) For canonical ®, we have K =0, and B diagw (NB'T = 0;
(II) For degenerate canonical ® = diag(0,y v, diag,...» (), we have
(i) [fdiag(O,,/X,,/,diag,,_T,,/ (N)CT =CT7, then K - 0, and B” diagw (NB'T =0.
(ii) If diag(0,x, diag s (I))CT # CT, then K = PCT, and
-B’ diagw (])B”Z +PCT diagnTy (J)CP = 0, with P satisfying

P(t) =AP(t) + P(t)AT — P(t) (CTC)P(t) + B”B”T, ( )
41
P(0) = Ce0)-
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(iii) Let us write C = [C C”y 1. Then, if

’
nyxn' ~nyx(n-n')

diag (0w, diag v (1)) CT #CT
2

and C'T diagny (J)C' = 0, then K = PC”, and B" diag mw-ny (J)B'T = 0, with P
2 2
satisfying the Riccati equation (41).

Proof If © is canonical, then we find K = 0, since B’ = 0 implies C = 0 by physical real-
izability conditions given in Theorem 1 (Equation (6)). Then, we can use the results of
Corollary 1, where by replacing B’ = 0 in Equations (29) and (30), we find the conditions
given in part (I).

However, if ® is degenerate canonical, C is not necessarily zero if C® = 0. In this case,
we find K = PCT. If diag(0,/ v, diag,..» (I))CT = CT, then C = 0. This proves the results
given in (i) of part (II). ’

But if diag(0,/ ., diag . (I))CT # CT, then we have to replace B’ = 0 in Equations (31)
and (27), but C is not ne2cessarily zero. This proves the conditions (ii) of part (II). The
condition (iii) in part (II) can be derived from condition (ii). Also, by noting that C® =0,
implies C” = 0. O

Note that B’ = 0 implies C® = 0. Roughly speaking, when C® = 0, the non-commutative
filter obtained in the above theorem, could also be realized with Homodyne or Hetrodyne
detection. Since, no quantum information is transferred from the plant to the filter in this
case. This is like the classical filtering cases of Homodyne or Heterodyne detection, where
one always ends up taking a single quadrature of the field.

4.2 Consistency with standard results

In this subsection, we recall the standard results, i.e., Belavkin-Kalman and classical
Kalman filtering. They can be respectively considered as special cases when the output
is commutative but the plant’s dynamics is non-commutative and when the output and
the plant’s dynamics are both commutative.

Non-commutative dynamics, commutative (classical) outputs It can easily be shown that
the least mean squares estimators found in Theorem 2 are reduced to Belavkin-Kalman
filters [9] under the assumptions that Belavkin used, i.e., the commutativity of the outputs
and the non-demolition property.

Take ), to be commutative, that is y(¢) is self-adjoint for each ¢ and [y(t), y(s)”] = 0 for all
s, t. By the spectral theorem, [32], Theorem 3.3, y(¢) corresponds to a classical stochastic
process, the measurement process. Such continuous measurement signal arise in Homo-
dyne detection [7].

For the commutative outputs, we have the following correlation for the observation pro-
cess dy

dy(t)dy” (¢) = F, dt,
with Fy = I, ., Note that we have the following relation between F,, and F),
DF,D" =F,,

with D = [Inyxny Onyx(nw—ny)]-
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Therefore, F,, takes the following form

Fyy =Ly, xn, + idiag(0,,xn,, diag -y ). (42)
It is well established that the optimal filter satisfies the following dynamics

dx(t) = Ax(t) dt + (BDT + P(t)CT) (dy(t) — Ca(t) dt), (43)

with £(0) = E[(0)] = £(0), and
T = %E[(x(o) —%(0)) (x(0) = #(0)) " + ((x(0) - 2(0)) (x(0) - %(0)) ") "]
Remark that the variable & has zero commutation relation for any ¢ > 0, i.e.,
2030)" - G@x6") =0, (44)

which means that x is a classical variable.
The real symmetric matrix P(¢) := %]E[e(t)e(t)T + (e(t)e(t)T)T] satisfies the following Ric-
cati equation

P(t) = (A - K(t)C)P(2) + PO)(A - K()C)" + (B— K(£)D)(B - K(®)D)",
P(0) = %p.

Classical Kalman filtering The classical linear stochastic dynamics is described by clas-
sical variables as follows

dx(t) = Ax(t) dt + Bdw,
(45)
dy(t) = Cx(t) dt + Ddw,

where A, B, C and D are real matrices in R"*", R”* and R"”*" and R, and w is
a vector of classical Wiener processes, with dw(t)dw(t)T = I,,,x,, dt. Take Y(t) as the
algebra generated by the observation processes previous to time ¢, defined by V() :=

span{(y(s))o<s<¢}-

It is well known that the classical Kalman filter [34, 35] satisfies the following dynamics
dx(t) = A3(t) dt + (BDT + P()CT)(DD") ™ (dy(z) — C&(t) dt),

with £(0) = E[x(0)] = %(0) and E[(x(0) — (0))(x(0) — %(0))7] = X,.
The covariance of the error P(t) = E(e(t)e’ (¢)) satisfies the following Riccati equation

P(t) = (A= KC)P(t) + P(t)(A - KC)T + (B(£) - K(8)D) (B(t) - K(£)D) ", w6
46
P(0) = .

Note that for the classical Kalman filter, we have

szlnwxnwv Fyzlnyxny and ®:On><n'
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4.3 Construction of coherent observers with least mean squares estimators
Suppose that the linear least mean squares estimator (10) does not satisfy the constraints
of physical realizability given in Theorem 3. Then, we can allow additional vacuum noise
inputs to the least mean squares estimator (10) such that the resulting system is physically
realizable. Suppose that the following estimator is physically realizable

dx=(A-KC)x+Kdy+bdv,

with dvdv™ = F, dt, where F, = Lyyxn, +1 diagnTv (/), and with #n, positive even integer. Also,
we suppose that dv is independent of dw. This estimator is called a coherent observer [26],
since it tracks in average the plant dynamics (1) when A — KC is Hurwitz, and is physically
realizable. The error covariance matrix is defined by the following

D) := Cs(2),

where C; is defined in Equation (8) and € = x — x. It is not difficult to show that the error
covariance matrix satisfies the following Riccati equation

P(t) = (A - B'C)P(t) + P(e) (A - B'C)" — B()(CTC)B(¢) + B'B'T + b7, )
]3(0) = Cy0)-

The steady state solution of the above Riccati equation, if there exists, is given by P =
lim,_, o, Cs(). Then, the performance can be defined by the following

In the following, we give some examples. However, in this paper, we do not discuss differ-
ent algorithms that can be considered to make least mean squares estimators physically
realizable. We choose a matrix b that can make the least mean squares estimator physi-
cally realizable and we compare the performance of the estimator x with the least mean
squares estimator X (see e.g., [26, 27] for more details on different algorithms to design

coherent observers).

4.4 Examples
In the following, we give some examples from the literature to illustrate the results of this
section. Also, these examples show the difficulty to find an example where construction

of a physically realizable least mean squares estimator is feasible.

Example 1 Consider an optical cavity of the form

dx(t) = —k 12x(t) dt — /« dw(t),

dy(t) = icx(t) dt + dw(t),

where dw(t) dw(t)T = (I +iJ) dt and ® = J. Therefore, we have [dy(t),dy” (t)] = 2] dt, i.e.,
the output processes are non-commutative.
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Take P = ( i; IIZZ). Note that for « > 0 arbitrary, we get the following Riccati equation

Kkp1—Kkp} —kp; =0,
Kpy — Kkp1p2 — kpaps =0,

—Kp% +Kpg — Kpi =0.
This implies that P = 5 and K = 0y45. Therefore, we get the following estimator
dx(t) = —k /2x(t) dt. (48)

This estimator seems trivial as there is no dy term in the dynamics of the estimator. So no
information from the system is used to compute the estimate. As a consequence, it does
not matter if y be a commutative or non-commutative process, since K = 0,45, and dy, it
does not appeared in the dynamics of the estimator. However, note that the estimator is
physically realizable if and only if ¥ = 0, since & is a process with the commutation ® = J.
Also, remark that « = 0 means that the system would be decoupled from the field. Partic-
ularly, the estimator (48) is not useful in practice, as there is no dy term. Hence, there is
no interest to make it physically realizable (when x # 0) by adding some vacuum noises.

Example 2 Now consider a dynamic squeezer. This is an optical cavity with a non-linear
element inside. After appropriate linearizations, an optical squeezer can be described by
the following QSDE (see e.g., [36, 37]) if we assume that x = x, + ix;, and x, =0,

_1 —y;
dx:< 3 (k1 +e2) Xi )xdt—\/lc_ldwl—\//c_gdwz,

—Xi —5 (k1 +K2)
dy = Jrixdt + dw,,
where dw (£) dwi ()T = (I + if) dt, dwy(t) dwo(£)T = (Iy2 + iJ) dt, and © = J. We have the
following commutation relations for the output processes, [dy(t), dy” (t)] = 2] dt.

For any arbitrary parameters «; > 0, k, > 0, and ;, reals, the physical realizability con-
straint (26) is satisfied if and only if

2K — ky — 2K1p1 — /qp% = 2K1p4 + K1p1pa = 0, (49)

with P = ( ;’; IIZ). The matrix P should satisfy the Riccati equation (27), which becomes

K2 + (k1 — K2)p1 — K1p} — K13 — 22 Xi = O,
(k1 = k2)p2 — K1p1p2 — K1papa — P1Xi — PaXi = 0, (50)

Ky — K15 + (k1 = K2)pa — K1p; — 2p2 i = 0.
If we take B’ = 0 (with previous notation), i.e., k1 = 0, the physically realizable constraint
(49) is satisfied if and only if k5 = 0. This means that both field channels are decoupled

from the system. Moreover, if we take k; = k = 0, the Riccati equation (50) has not a
unique solution. Also, for k; > 0 and «; > 0, the physical realizability condition given in
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(49) imposes a constraint on the form of P. This shows the restrictiveness of physical
realizability constraints.
Now take 1 = 0.1, k = 0.2, and x; = 0.01. In this case, we find P = ( 10030 _0‘0667), and

~0.0667 1.0030
_ (0.0009 -0.0211 : ;
K= (70'0211 0.0009 ) Therefore, we get the following least mean squares estimator,

-0.1 -0. . -0.0211
di 0.1503 -0.0033 St 0.0009 0.0 dy (51)
-0.0033 -0.1503 -0.0211 0.0009

which is not physically realizable. We have J(K) = Tr(P) = 2.0060.
Obviously, we can make the least mean squares estimator (51) physically realizable by
adding a vacuum noise as follows

. [-01503 -0.0033)\ _ 0.0009 -0.0211 0.5486 0
dx = xdt+ dy+ dv,
-0.0033 -0.1503 -0.0211 0.0009 0 0.5486

with dv(t) dv(t)T = (Iua + if)dt. We find P = ( 179 “0078%) Therefore, /(K) = Tr(P) =
3.5910. Remark that the form of the estimator in above is not unique. We recall that the
study of different algorithms to design coherent observers is beyond the scope of this pa-

per.

Example 3 Consider a degenerate parametric amplifier (DPA) described as follows (in
the quadrature representation)

_1 .
dx:< 2t 16l )xdt—ﬁdw,

€ —5k — &

dy = Jkxdt + dw.

Here, © = J, dw(t) dw” (t) = (I +i]) dt, then, [dy(t), dy” (t)] = 2] dt. Suppose k > 0, €,, and
P

72 pa ). Then, P satisfies the following Riccati equation obtained

¢; arereals. Also, take P = (
from Equation (27),

(2¢, + k)p1 — Kpf +2€,py — /cp% =0,
€P1 +Kpy —Kp\P2 + €;pa —Kpaps =0, (52)
2€;py — Kp% + (k — 2¢€,)ps — Kp?L =0.

The physical realizability of the least mean squares estimator is satisfied if « = 0, since the
constraint (26) becomes

2k — 2kpy — kp3 — 2Kps + kp1ps = 0.

Once again, if ¥ = 0, the system would be decoupled from the field. Moreover, in this case,
the Riccati equation (52) has not a unique solution. Moreover, if ¥ > 0, the physical re-
alizability condition in above imposes a constraint on the form of P. This example also,
illustrates the difficulty to find the least mean squares estimator which is physically real-
izable.
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Now take the following parameters: ¥ = 0.1, €, = 0.01, and ¢; = 0.01. In this case, we
get P = ( ééggg 8:;888) and K = (g:ggg; _%%66122). The performance of the least mean squares
estimator is given by J(K) = Tr(P) = 2.

The linear least mean squares estimator has the following form

. [-0.0600 -0.0100\) . 0.0632  0.0632
dax = xdt + dy,
—-0.0100 -0.0400 0.0632 -0.0632

which is not physically realizable. We can make this estimator physically realizable as fol-

lows
- -0.0600 -0.0100\ . 0.0632 0.0632 0.3286 0
dx = xdt+ dy+ dv,
-0.0100 -0.0400 0.0632 -0.0632 0 0.3286

with dv(t) dv(t)T = (Iyxz +iJ) dt. We find P = (tiﬁg;} fslf;;) Therefore J(K) = Tr(P) = 3.3206.

Example 4 Consider the following plant

0o A 0 0 0 0 dw;y
dx = xdt + ,
-A 0 0 —24/K2 0 —24/K3 sz
2./
dy = ( OKZ g) xdt + dwy,

with ® =], F,, = I4x4 + idiag,(J), and F, = I»» + iJ. Then, ldy(t), dyT ()] = 2] dt, which
means that the output processes are non-commutative. This plant may be thought of as
representing the scenario of an atom trapped between two mirrors of a three mirror cavity
in the strong coupling limit in which the cavity dynamics are adiabatically eliminated (see
more details in [38, 39]).

Here, B' = ( o0 ). It is trivial that the condition B'/B'” = 0 is satisfied. We can easily

0 -2 /i3
show that the physical realizability constraint (condition (26)) is reduced to

8/(2]91 = 0, (53)

with P = ( Z ;’:) satisfying the Riccati equation (27), which takes the following form

Ky — dicyp? + 2Apy = 0,

—Ap1 —dicoprps + Aps =0, (54)

Ko —2Apy — 4/(21)% + 43 = 0.

So if k; = 0, the physical realizability condition (53) is satisfied. This means that the
system should be decoupled from the field channel dw;. However, if k5 = 0, for A # 0, the
Riccati equation (54) has no solution if k3 # 0. Moreover, the Riccati equation (54) has not
a unique solution if k; = k3 = 0. Also, if p; = 0, the condition (53) is satisfied. However, it is
not difficult to show that there is no positive definite solution to the Riccati equation above
in this case. This illustrates once again the restrictive nature of the physical realizability
conditions.
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Now take k3 = k3 = 0.1 and A = 0.01. The linear least mean squares estimator takes the
following form

A -0.0883 0.0100\ . 0.1397 0
dx = xdt + dy.
-0.4001 0 0.6168 -0.6325
This estimator is not physically realizable which is also conform with Corollary 1, since
the condition (29) is not satisfied in this example.
We can certainly add vacuum noise term bdv (with dv(t) dv(t)T = (I,x2 + iJ) dt) which

is independent of dw; to the estimator above to make it physically realizable. Therefore,
take the following estimator

- -0.0883 0.0100) . 0.1397 0 0.4204 0
dx = xdt + dy + dv
-0.4001 0 0.6168 -0.6325 0 0.4204
Let us write the performance for estimators ¥ and & respectively as follows, P =
(0‘2208 0‘9753), therefore, J(K) = 9.0567.

0.9753 8.8359

For %, we find P = (7770 7°0 ), then J(K) = Tr(P) = 34.6953.

Example 5 Consider the following example which is borrowed from [17, 40]

B -1 —cos(0) sin(9) —1—cos(9) —sin(0)
de=y ( —sin(0) -1- cos(9)> xdt+Jy < sin(f) -1- cos(@)) aw,

1+cos(@) —sin(@)

. xdt + dw,
sin(6) 1+ cos(9)

dy:ﬁ(

where dw(t) dw” (t) = (Iyxo + i]) dt, ® = ], and [dy(t),dy” (t)] = 2] dt. This is a simple exam-
ple of all-optical feedback scheme where the light from one end of a cavity is taken and
reflect it back into the other. For simplicity, it is assumed a bath in the vacuum state and a
cavity with equal transmitivities at both end-mirrors.

Our aim is to see whether appropriate parameters 6 and y exist such that the linear

least mean squares estimator becomes automatically physically realizable. The matrix P =
(171 p2

mp 4) should satisfy Riccati equation (27). After some calculations, we get

2(1 +cos(8))p1 +2sin(@)ps — (2 + 2 cos(9)) (p; +p3) =0,
2(1 + cos(@))p2 + sin(0)p4 — p1 sin(6) — (2 +2 cos(@))(plpz + pops) =0,

2(1 +cos())pa — 2sin(0)ps — (2 +2cos(9)) (p3 + p3) = 0.

Thus, we find P = I4» and K = 0y45. Therefore, the linear least mean squares estimator
has the following form

Ji —1-cos(9) sin(6) v dt
EVL L sin(0) -1 —cos(0) xab

which is not an interesting estimator in practice as there is no dy term, similar to Exam-
ple 1.
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Now we find 6 and y such that the least mean squares estimator proposed by Theorem 2
be physically realizable. To do so, we should solve the following equation which comes
from the physical realizability condition given in Equation (26)

0 -2 —2cos(0)
Y = 02x2.
2+ 2cos(9) 0

This equation is satisfied if y = 0 or (and) 6 = k7 (with k an odd number). When y =0,
this means that the coupling to the field is zero. Also, 6 corresponds to the phase of the
vacuum light which is picked up when reflected by the cavity mirror. So, when 6 = k7, with
k an odd number, this means that the damping through the mirrors can be completely
eliminated (see more details in [17]). Obviously, for these cases, we have A =B = C =0,
(with previous notations) which is meaningless.

We have observed in the examples above, constructing physically realizable least mean
squares estimators was impossible when B’ # 0 or we should consider some constraints
on the matrix P which makes the problem hard and sometimes impossible to solve. This
shows the restrictiveness of the physical realizability constraints. Also, when B’ = 0, the
physically realizable least mean squares estimators are not well defined. Supported by
these examples and some others which are not given in this paper, we conclude that maybe
it is impossible to find examples which could result in physically realizable least mean
squares estimators without any additional quantum noises when B’ # 0. (Note that the
case B’ = 0 is not an interesting case, since it could also be realized with Homodyne or Het-
rodyne detection, as mentioned before, below Corollary 6.) However, we could not show
this in general case, maybe it is wrong. Also, note that finding examples is a hard problem
since we should solve the quadratic equations in P (Equation (27)) where we obtain P as a
function of free parameters of the matrix A, and B. Then, these free parameters could be
determined by replacing P in the physical realizability constraints (Equation (26)).

5 Conclusion

We have obtained non-commutative linear least mean squares estimators for linear QS-
DEs by extending Belavkin-Kalman filters to the case where the output processes are non-
commutative. We have assumed that these least mean squares estimators are given as a
linear combination of innovation processes. Furthermore, we studied the physical realiz-
ability of such estimators for the general case and some special cases.

We have observed that when B’ = 0, it is more simple to construct a physically re-
alizable least mean squares estimator, specially for ® degenerate canonical and when
CT diag n (/)C = 0. Since, in this case, the physical realizability condition does not depend
on the form of P (see more details in Corollary 6). However, roughly speaking, for this case,
the non-commutative filter could also be realized by Homodyne or Hetrodyne detection
as CO = 0. In general, finding examples which satisfy physical realizability conditions, it
is difficult without any assumptions on P. These assumptions create constraints on their
associated Riccati equations (see e.g., Theorem 3 and Corollaries 1-6). Moreover, based
on our observations, we can conclude that maybe, the construction of a physically real-
izable least mean squares estimator without any additional quantum noises is impossible
when B’ # 0. Generally speaking, the results presented here show the restrictive nature of
physical realizability conditions.
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Indeed, this work does not show that the best estimate based on the knowledge of the
non-commutative output processes, and under the constraints of the physical realizabil-
ity, has the form of the proposed linear estimator (10). Further research is required to
solve the optimal filtering problem under the non-convex constraints imposed by physi-
cal realizability conditions. Furthermore, the optimal filtering problem when the coherent
controllers are added into the plant’s dynamics (see e.g., [15, 41]) can be considered as a

future research plan.
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Endnotes
@ The notation [A, B] corresponds to AB — BA.

b Here Omxn COrresponds to m x n zero matrix.

The notation X’ corresponds to the transpose of the matrix X.

Q n

Here lhxn is the n x n identity matrix.
If X and Y are column vectors of operators, the commutator is defined by [X, Y"1 = XY™ - (YX7)".
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