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Abstract Assessment of mucus velocity variations under different conditions including viscosity variation and boundary conditions
is useful to develop mucosal-based medical treatments. This paper deals with the analytical investigation of mucus–periciliary
velocities under mucus–periciliary interface movements and mucus viscosity variations. The results for mucus velocity show that
there is no difference between the two cases under the free-slip condition. Therefore, power-law mucus can be substituted with a
high viscosity Newtonian fluid since the upper boundary of the mucus layer is exposed to the free-slip condition. However, when the
upper boundary of the mucus layer is under nonzero shear stress levels, including cough or sneeze, the assumption of a high viscosity
Newtonian mucus layer is invalid. Moreover, mucus viscosity variations are investigated for both Newtonian and power-law mucus
layers under sneeze and cough to propose a mucosal-based medical treatment. The results indicate by varying mucus viscosity up to
a critical value, the direction of mucus movement changes. The critical values of viscosity in sneezing and coughing for Newtonian
and power-law mucus layers are 10–4 and 5×10–5 and 0.0263 and 006.024 m2 s−1, respectively. Therefore, the pathogen entry into
the respiratory system can be prevented by varying mucus viscosity during sneeze and cough.

1 Introduction

The whole respiratory system has been covered by the protecting airway surface liquid (ASL) layer. The ASL layer prevents the
contact of inhaled pathogens with the airway epithelium and moves them outward the airway system or toward the stomach [1–6].
The movement of the ASL layer is known as mucociliary clearance (MCC). The main mechanism of MCC is to clean the airway by
beating the cilia array located over the epithelial cells. To quantify the rate of the MCC process, Saccharin test is used [7]. Modeling
the MCC functionality is a computational challenge due to the complicated rheological properties of mucus and becomes more
difficult if the effects of pathogens or drugs are considered on the MCC structure.

The study of mucus properties had attracted a lot of attention through experimental and numerical investigations [8–19]. Some
studies evaluated mucus flow characteristics using various types of fluids, including viscoelastic [16, 17, 19], power-law [8], and
Newtonian [7, 19] ones. Some other researchers [9–15, 18] modeled mucus flow using cylindrical cultures to obtain a detailed
description of the MCC process. One of the comprehensive experimental investigations of ASL layer characteristics was performed
by Vasquez et al. [19] inside a cylinder geometry. They used different types of fluids, including viscoelastic and Newtonian ones, to
evaluate the shape of the air–mucus interface. They considered the ASL layer as a single layer and substituted the cilia movement with
a cyclic rotational disk at the bottom plate. On the other hand, several investigations were performed to model the transfer of viscous
and viscoelastic fluids concerned with mucus flow in cell culture [17, 20–23]. One of the important experimental investigations
of MCC was the optimal mucus viscosity to replace viscoelastic mucus with a high viscosity Newtonian one. The optimal mucus
viscosity was reported 12 Pa s based on experimental tests [24].

There were two traditional and new assumptions to treat the ASL layer as a single- or two-layer model. The ciliary stroke analysis
and hypotonic-defensin model stated the periciliary layer was stationary compared to the mucus layer (ML) [7]. These researchers
ignored the effects of the periciliary layer and considered the ASL layer as a single mucus layer. The mucus layer was considered
Newtonian, power-law, or viscoelastic [7, 19, 25–27]. However, the new investigations stated that the transport rate of mucus and
periciliary layers were the same and considered the ASL layer as two mucus–periciliary layers [3, 16, 17, 28, 29]. The actual scale of
the ASL layer was in the range of micrometer such that the height of the periciliary and mucus layers was 10 and 5 µm, respectively
[2, 7].
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The complicated relationship between MCC and cilia beating frequency, variations of MCC structure against pathogens and
drugs, and limitation of measurement devices drew attention to the mathematical modeling of MCC [30–44]. However, a detailed
study of MCC structure using mathematical modeling was not possible due to the complicated rheological properties of the ASL
layer. Therefore, simplification of the ASL layer rheology was an innate part of mathematical modeling. Neglecting the flow field
effect on cilia beating [37–40, 42, 45], omitting the impact of inertia terms in the mucus flow [30, 34, 38, 45], or using simple fluids
[16, 17] were some mathematical simplifications. Furthermore, the natural boundary conditions at the mucus–periciliary interface
were encountered the analytical solutions to challenge. To this end, researchers considered the ASL layer as a single mucus layer
or used simple boundary conditions. The common boundary condition was used as the cilia beating frequency was a continuous
oscillating movement (sine or cosine functions) imposed at the lower boundary of the periciliary layer. However, to evaluate the
MCC process, the natural boundary condition (a discrete function that is composed of two different functions) should be set at the
mucus–periciliary interface [2, 3, 46].

Several numerical simulations were performed [17, 21–23, 47–49] to avoid the simplifications of analytical solutions. The majority
of numerical studies evaluated different fluids as mucus similar to experimental ones [7, 8, 16, 17, 50, 51]. Numerical investigations
of the MCC process showed the dependency of mucus flow on mucus viscosity variations and cilia beating frequency [16, 46].
These studies only considered the free-slip condition at the interface of mucus–air due to the low dynamic viscosity of air. The
effect of different defensive mechanisms on the MCC process against the trapped pathogens in the mucus layer, including sneezing
and coughing, had received minimal attention based on our knowledge. Therefore, quantification of sneeze and cough effects on the
MCC process is a new challenge and can be used for future medical treatments against pathogens.

Nowadays, researchers investigate virus effects on the respiratory system [52–55]. A detailed description of viruses impacts the
human body has been discussed in Ref. [55]. The ASL layer is the first defensive layer to prevent the entry of pathogens [54], where
the body reacts as the first factor of mucosal immunity by the production of immunoglobulin A antibodies [56]. Stimulation of
respiratory mucosa sensitivity by the immune system to increase the rate of mucus secretion is the first response of the body, while
pathogens enter the respiratory system [53]. Although good mathematical models and numerical simulations had been performed for
different aspects of MCC, its effects inside the airway system were ignored due to various micro- and macro-length scales vicinity
(mucus and airflow) [57–59].

According to the literature review, the investigation of mucus flow was complex because mucus flow depended on different
subjects, including mucus rheology, cilia movement, stability of metachronal wave, mucus viscosity, and the periciliary layer effect.
Therefore, some researchers only focused on mucus rheology [2, 3, 8, 17, 19] and developed mathematical models for cilia movement
[30, 35–38]. The results of mucus rheology were applied to numerical simulations and the effect of cilia beating frequency was
investigated on the MCC process [3, 16, 30, 35–38, 46]. However, several issues need to investigate more precisely, including
the effect of different shear stress levels on the upper boundary of the mucus layer, the impact of mucus–periciliary interface
discrete movement on the velocity of both mucus and periciliary layers, the necessary condition for replacement of non-Newtonian
mucus with a high viscosity Newtonian one, the impact of viscosity variation on the mucus velocity and investigation of defensive
mechanisms (sneeze and cough) to get out the pathogens from airway system.

In the present study, an analytical solution of the mucus–periciliary velocities is performed using Newtonian/Newtonian and
power-law/Newtonian cases for mucus and periciliary layers. The main goal of this research is to evaluate the mucus layer velocity
under different boundary conditions. To this end, the periciliary layer is considered a simple layer though it surrounds the moving
cilia and resembles a porous medium. The reason that strengthens this assumption is the thickness of the periciliary layer, which is
approximately equal to the size of a cilium length. Due to the high cilia density in the periciliary layer, the effect of the cilia tips can
be considered as a flat plate whose movement is similar to the cilia metachronal wave. Therefore, the mucus–periciliary layers are
modeled with three infinite parallel plates (as two Couette flows) and cilia motion is applied by the middle plate (Fig. 1). Four types
of cyclic boundary conditions are imposed on the mucus–periciliary interface (middle plate) as cilia motion. The continuous constant
effective stroke, discrete constant effective and recovery strokes, continuous cyclic effective stroke, and discrete cyclic effective
stroke along with constant recovery stroke are the cyclic boundary conditions. The analytical solution challenge is considering the
flow history when a discrete function (cilia motion) is applied as a boundary condition. The complicated mathematical procedures of
a discrete function lead to the employ of two simple Newtonian and power-law fluids for mucus as an approximation. By evaluating
the analytical solution constants, the flow history challenge can be solved when the cilia motion tends to zero graduate or suddenly.
Furthermore, the upper boundary of the mucus layer is exposed to different shear stress levels, including the free-slip condition
(quiet breathing), cough shear stress, sneeze shear stress, and the shear stress of laminar airflow. Therefore, three major problems are
discussed in the present research; first, the effects of interface velocity profiles (discrete and continuous functions) on the velocity
distribution inside the periciliary and mucus layers. Second, different shear stress levels to assess the assumption of replacing the
non-Newtonian mucus with a high viscosity Newtonian one. Third, the effects of mucus viscosity reduction in the mucus flow
affected by cough and sneeze to propose medical treatment for preventing the pathogen entry into the respiratory system.
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Fig. 1 Modeling of the MCC
structure with two infinite parallel
plates
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2 Physiology of the ASL layer

The ASL layer consists of two different layers [3] (Fig. 1). The bottom layer is an aqueous ‘sol’ layer, also called the periciliary
layer, and is a low viscosity Newtonian fluid similar to water [7]. The upper layer is a non-Newtonian gel called the mucus layer.
The total thickness of the ASL layer is 15 µm [60], and the depth of the periciliary and the mucus layers are 10 µm [2] and 5 µm
[7], respectively. The mucus layer comprises 95% water and 5% proteins, glycoproteins, lipids, and minerals [2]. There are a lot
of thin and small organs called cilia, which are surrounded by the periciliary layer [61]. The cilia perform rhythmic back and forth
movement (metachronal wave) as the main transferring mechanism of the ASL layer [33, 62, 63]. The cilia transfer the ASL layer
with an average velocity of 5 mm min−1 [7] toward the posterior of the nasopharynx [2]. Each cycle of cilia beating consists of
effective and recovery strokes. The effective stroke activity is greater than the recovery stroke [22]. Several investigations considered
the effects of cilia frequency on mucus flow [7, 16, 46, 60], and the frequencies 15 Hz (T � 1/15 s) and 30 Hz (T � 1/30 s) [64–66]
are investigated in this study. The Newtonian layer allows the cilia to move in a two-way direction that leads to a one-way movement
of the mucus layer [2].

When the mucus overloads under the influence of some diseases, including cold or allergenic factors, it is get out of the airway
system (Rhinorrhoea) [67]. The process of mucus discharging happens to ward off pathogens and harmful bacteria. Two other
mechanisms that intensify the process of mucus discharging are cough and sneeze [68]. Cough and sneeze phenomena exert more
significant levels of shear stress than that quiet breathing on the upper boundary of the mucus layer. According to the American Lung
Association, the maximum air velocity in sneezing and coughing is 44.7 and 22.35 m s−1, respectively [69]. There are no scientific
reports about the shear stress levels exerted on the upper boundary of the mucus layer due to coughing and sneezing, based on our
knowledge. Therefore, in the present research, the levels of shear stress affected by sneezing and coughing are estimated. Equations
for four velocity profiles as the cilia movement are given in Table 1. These velocity profiles are imposed at the mucus–periciliary
interface (Fig. 1).

All velocity profiles are repeated over time, and T is the cilia motion period which is equal to 1/15 s. The velocity profile (a) is
considered the simplest movement of cilia. It means there is permanent contact between the cilia and the mucus layer. The velocity
profile (b) combines attaching and detaching duration of cilia and the mucus layer. One-half of a cycle relates to the effective stroke
and the rest belongs to the recovery stroke. The frequency of the cycle is 15 Hz. The velocity profile (c) is based on the gradual
contact of the cilia and mucus layer at 30 Hz. This profile shows the cilia tips attach and detach the mucus layer gradually. The
velocity profile (d) consists of effective and recovery strokes with a frequency of 15 Hz. Three points P1 (t/T � 1/8), P2 (t/T � 2/8)
and P3 (t/T � 3/8) show maximum acceleration, maximum flow and maximum deceleration, respectively.

3 Mathematical formulations

The governing equations of mass and momentum conservation for an incompressible flow are as follows [70]:

∂ui

∂xi
� 0 (1)

∂ui

∂t
+

∂ui u j

∂x j
� − 1

ρ

∂p

∂xi
+

1

ρ

∂τi j

∂x j
(2)

where ρ is the fluid density, t is time, ui (i � 1, 2, 3) denotes the velocity components and xi shows components of the Cartesian
coordinate system. The coordinate system is fixed at the interface of the mucus–periciliary layer (Fig. 1). Moreover, p denotes the
pressure field and τ ij (i, j � 1, 2, 3) is the Cauchy shear stress tensor.
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Table 1 Equations for each
velocity profile (mm min−1)

Velocity profile (a): u � 5

Velocity profile (b): u �

⎧
⎪⎪⎨

⎪⎪⎩

5 t ≤ T

2

0 t >
T

2

Velocity profile (c): u �
∣
∣
∣5 sin

(
2π t
T

)∣
∣
∣

Velocity profile (d): u �

⎧
⎪⎪⎨

⎪⎪⎩

5 sin

(
2π t

T

)

t ≤ T

2

0 t >
T

2

Table 2 Properties of working
fluids [7]

ASL layer components Density (ρ) (kg m−3) Kinematic viscosity (ν) (m2

s−1)
Height of ASL layer
components (h) (µm)

Periciliary layer 1000 10–6 10

Mucus layer 1000 0.012 5

A two-dimensional unsteady and incompressible form of Eqs. (1) and (2) are considered for the analytical solution, and the
variations of all variables are neglected in the third direction (i � 3 � z). Considering a parallel flow results in v � 0, and leads
to the functionality of u to y using Eq. (1). Since the ASL layer (15 µm) is very thin, the pressure gradient in the y-direction is
zero. Furthermore, the slow movement of the ASL layer (5 mm min−1) between two infinite parallel plates (Re � 1) [71] results in
negligible nonlinear advection terms in Eq. (2). By using the above assumptions, the simplified form of the governing equation is
achieved (Eq. 3). Note that ui � u(y,t) and τ ij � τ 12 � τ xy.

∂u

∂t
� − 1

ρ

dp

dx
+

1

ρ

∂τxy

∂y
(3)

The pressure gradient term is omitted from Eq. (3) by defining a new variable as follows:

u∗ � u +
∫

1

ρ

dp

dx
dt (4)

Substituting Eq. (4) to Eq. (3) results in Eq. (5).

∂u∗

∂t
� 1

ρ

∂τ ∗
xy

∂y
(5)

where τ ∗
xy is expressed in the following sections based on the fluid type. The boundary conditions are no-slip, different velocity

profiles (Table 1), and different shear stress levels at the bottom, middle and upper plates of the ASL layer (Fig. 1), respectively.

3.1 Newtonian/Newtonian solution

The Newtonian/Newtonian case is examined as the first approximation. The mucus and periciliary layers are considered as high and
low viscosity Newtonian fluids, respectively. The characteristics of the two Newtonian layers are given in Table 2. In this case, the
relationship between shear stress and shear strain rate tensors is linear (Eq. 6).

τ ∗
xy � μ

∂u∗

∂y
(6)

Substituting Eq. (6) to Eq. (5) yields Eq. (7).

∂u∗

∂t
� ν

∂2u∗

∂y2 (7)

The mathematical procedures for the analytical solution are given in Appendix A.

3.1.1 The mucus–periciliary interface (a) and (b)

The separation of variables method along with Fourier expansion is used to solve Eq. (7) for both mucus and periciliary layers
affected by velocity profiles (a) and (b) at the mucus–periciliary interface. By using a constant pressure gradient along with no-
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slip and velocity profiles (a) and (b) boundary conditions at the lower and upper (mucus–periciliary interface) boundaries of the
periciliary layer, the velocity distribution is obtained as follows (Eq. 8):

u∗ �
(

U y

h1
+ U +

DpDx × DT

ρ1

)

− 2U

h1

∞∑

n�1

[−h1

nπ
+

(
DpDx × DT

Uρ1

)(−h1

nπ
+

h1

nπ
cos(nπ)

)]

exp

(

−n2π2ν1

h2
1

t

)

sin

(
nπy

h1

)

(8)

where DpDx, DT , U, and t are maximum pressure gradient, constant time step, maximum velocity, and time, respectively. The
pressure gradient is set to 5 Pa m−1 [72–74].

By using a similar solution as discussed above besides a specific shear stress level at the upper boundary of the mucus layer, the
final solution can be expressed as follows (Eq. 9):

u∗ �
(

τ0 y

μ2
+ U +

DpDx × DT

ρ2

)

− 2

h2

∞∑

n�1

⎡

⎢
⎢
⎢
⎣

h2

nπ

(

U +
DpDx × DT

ρ2

)

−

cos(nπ)

(
h2

nπ

(

U +
DpDx × DT

ρ2

)

+
τ0h2

2

μ2nπ

)

⎤

⎥
⎥
⎥
⎦

exp

(

−n2π2ν2

h2
2

t

)

sin

(
nπy

h2

)

(9)

where μ is dynamic viscosity and τ 0 shows the different shear stress levels at the upper boundary of the mucus layer, which can be
zero or a value proportional to cough (1 Pa) or sneeze (2 Pa) conditions. Indices 1 and 2 refer to the periciliary and mucus layers,
respectively. Note that the lower boundary of the mucus is also exposed to velocity profiles (a) and (b) boundary conditions. Both
Eqs. (8) and (9) satisfy Eq. (7).

3.1.2 The mucus–periciliary interface (c) and (d)

The analytical solution of Eq. (7) leads to Eq. (10) for both mucus and periciliary layers under the influence of velocity profiles (c)
and (d) at the mucus–periciliary interface. All other boundary conditions are the same as the ones in the previous section.

u∗(y, t) �
∣
∣
∣Img

(
eIωt f (y)

)∣
∣
∣ (10)

where ω is the oscillation frequency of the ASL layer velocity, which is determined based on cilia beating frequency. Img and ||
denote the imaginary part and magnitude, respectively, and f (y) can be expressed as follows:

f (y) � C1e
y
√

ω
2ν1

(1+I )
+ C2e

−y
√

ω
2ν1

(1+I )
(11)

Constants of Eq. (11) for periciliary and mucus layers are determined using the boundary conditions mentioned above as follows
(Eqs. 12–14):

C1 � U +
px

ρ1ω
− C2 (12)

C2 �
[

px
ρ1ω

]
−

[
U + px

ρ1ω

]
e
−h1

√
ω

2ν1
(1+I )

(

e
h1

√
ω

2ν1
(1+I ) − e

−h1

√
ω

2ν1
(1+I )

) (13)

Equation (11) governs the mucus layer with different constants (Eq. 14).

f (y) � D1e
y
√

ω
2ν2

(1+I )
+ D2e

−y
√

ω
2ν2

(1+I )
(14)

Due to the same velocity profiles at the mucus–periciliary interface,D1 is the same asC1.

D1 �
[

U +
px

ρ2ω

]

− D2 (15)

D2 obtains by solving Eq. (16) using the Newton–Raphson method.

μ2
∂u∗

∂y
� τ0 (16)

All equations satisfy Eq. (7).
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3.2 Power-law/Newtonian solution

Although real mucus is a viscoelastic fluid with a shear-thinning property, a shear-thinning power-law mucus is used instead. The
shear-thinning property causes a better movement of the mucus layer under the influence of forces entering it from cilia motion in
the effective stroke. The reason for using a shear-thinning power-law mucus is its simplicity than viscoelastic fluids. Moreover, the
use of shear-thinning power-law mucus is acceptable for analytical solution [4] and good insights can be obtained.

The mucus and periciliary layers are modeled as power-law and Newtonian fluids, respectively. Therefore, the mucus layer
solution is only discussed in this section. By substituting the power-law relation between the stress and the shear rate (Eq. 17) into
Eq. (5), the final solution is obtained for the power-law fluid (Eq. 18).

τxy(y, t) � k

(
∂

∂y
u(y, t)

)n

(17)

where k and n are the flow consistency and flow characteristic indexes, respectively.

∂

∂t
u∗(y, t) � kn

ρ

∂2

∂y2 u∗(y, t)

(
∂

∂y
u∗(y, t)

)n−1

(18)

By using the similarity solution and some manipulation (Appendix A), the velocity field inside the mucus layer is obtained
(Eq. 19). η is a dimensionless variable and defined in Appendix A.

u∗(y, t) − u∗
Interface �

(

U + max

∣
∣
∣
∣

∫
1

ρ2

dp

dx
dt

∣
∣
∣
∣

)
⎛

⎝

∫ η

ηInterface

n−1

√
1 − n

1 + n

(
η2

2
+ D1

)

dη

⎞

⎠, ηInterface � η|y�0 (19)

Equation (19) satisfies Eq. (18). The adaptive Simpson Quadrature method is also used to solve the integral of Eq. (19). The
constant D1 is determined using Eq. (20).

D1 � −
⎛

⎜
⎝

⎛

⎝

(
τ0
k

) 1
n

(
U + max

∣
∣
∣
∫ 1

ρ2

dp
dx dt

∣
∣
∣

)
ηc
h2

⎞

⎠

n−1(
n + 1

n − 1

)

+
(ηc)

2

2

⎞

⎟
⎠, ηc � η|y�h2

(20)

4 Results and discussion

The shear stress levels during sneezing, coughing, and quiet breathing are estimated using the fully developed turbulent and laminar
flows inside a pipe, respectively. The pipe diameter is considered equal to the average diameter of a nasal cavity (1.6 cm) [57] to
get the shear stress levels proportional to a nasal cavity. The one-seventh velocity profile is used for sneezing and coughing, where
the maximum air velocity is 44.7 and 22.35 m s−1 [69], respectively. Furthermore, the fully developed laminar flow profile is used
for a volume flow rate of 20 L min−1 [75]. Then, the calculated shear stress levels are imposed on the upper boundary of the mucus
layer. The shear stress levels are 2, 1, and 0.01 Pa for sneezing, coughing, and quiet breathing, respectively. All shear stress levels
are set in a reverse direction than the ASL layer velocity. The analytical solutions are performed in more than 150 and 75 cycles for
middle plate frequencies 30 HZ and 15 HZ, respectively. The following results are related to the last cycle.

4.1 Comparison of the analytical results with the numerical results

Reference [76] is used for the validation of the analytical solution. A two-layer model of the ASL layer was used and the mucus
layer velocity was investigated numerically. The mucus velocity was evaluated by altering its thickness, while the thickness of the
periciliary layer was constant. Figure 2 shows a comparison between the analytical solution results and available data [76] for the
mucus velocity. As the thickness of the mucus layer grows and decays too much, the mucociliary transport is reduced. Although
growing mucus layer thickness leads to deceleration of MCC, it handles mucus overloads. On the other hand, the shallow mucus
thickness reduces the mucus throughput and can cause dangerous contaminations of the unprotected bronchus. The maximum error
between the results of the present analytical solution and Chatelin and Poncet [76] is below 0.01%. hML and hASL are the heights of
ML and ASL layers, respectively.

4.2 Newtonian/Newtonian results

Newtonian mucus is used to determine the differences between non-Newtonian and Newtonian mucus under the influence of different
cilia movement patterns. Figure 3 shows velocity variations inside the mucus and periciliary layers under the influence of velocity
profile (a). Exerting velocity profile (a) on the interface of the two layers along with different shear stress levels at the mucus
upper boundary results in different velocity profiles inside the layers. Two factors play an important role in these velocity variations
including different viscosity of the layers and low-velocity magnitude of the interface (5 mm min). As can be seen, linear velocity
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Fig. 2 Validation of analytical
solution by investigating the MCC
under the influence of mucus layer
thickness

u mm min-1

5

t s

Fig. 3 Velocity variations of the ASL layer using velocity profile (a) at the interface along with different shear stress levels on the upper boundary of the
mucus layer

variation and plug flow (uniform velocity variation) are observed inside the periciliary and mucus layers due to their low and high
viscosities, respectively. Although the velocity gradient is zero inside the mucus layer under the free-slip condition, nonzero shear
stress levels cause a slight relative movement inside the mucus layer. Maximum mucus velocity variations in sneezing and coughing
are 1 and 0.5%, respectively, in comparison with the free-slip condition (see the zoomed section in Fig. 3). Therefore, the effects of
sneeze and cough shear stress levels are negligible on the Newtonian mucus layer velocity.

To consider the effect of recovery stroke, velocity profile (b) is imposed on the interface of the two layers. Figure 4a shows the
velocity variation affected by different shear stress levels at t/T � 4/8. The shear stress in sneezing and coughing causes a lower
velocity inside the mucus layer than the interface velocity. Therefore, the mucus velocity becomes negative when the interface
velocity tends to zero and the upper mucus layer is exposed to nonzero shear stress. The negative velocity indicates the mucus flows
in the opposite direction in the recovery stroke than the effective one.

The sneeze and cough mechanisms transfer the pathogens outward to the respiratory system. Figure 4b shows the velocity
variations of both layers over time affected by the free-slip condition. The velocity variation inside both layers illustrates the
interface effect propagates across the mucus layer faster than the lower layer due to both the high viscosity and low velocity of the
mucus layer. Therefore, the mucus layer stops suddenly while the periciliary layer velocity tends to zero gradually.

Figure 5a–c illustrates the velocity variations of mucus and periciliary layers under the influence of velocity profile (c) over time.
Different levels of shear stress are exerted on the upper boundary of the mucus layer and the results are extracted on three different
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Fig. 4 Velocity variations of the
ASL layer using velocity profile
(b) at the interface and in the
recovery stroke a At t/T � 4/8
along with different shear stress
levels on the upper boundary of
the mucus layer b At different
times along with zero shear stress
on the upper boundary of the
mucus layer

points including, P1, P2, and P3 [77]. According to Fig. 5a–c, the velocity variation of the mucus layer at P1 and P3 is higher than
the P2 in sneezing and coughing. For sneezing, the velocity variation at P1, P2, and P3 is 1.4%, 1, and 1.4%, respectively. These
differences are due to different mucus velocities at P1, P2, and P3. However, velocity variation at P1, P2, and P3 are 0.65, 0.5, and
0.65% for coughing, respectively. Although flow characteristics for acceleration and deceleration cycles are different [78], results
show velocity variations at P1 and P3 are the same for different shear stress levels (Fig. 5a and c). This is due to the low velocity of
the ASL layer (5 mm min−1).

The effect of the recovery stroke is investigated on the ASL layer velocity using velocity profile (d) over time (Fig. 6). Similar to
the velocity profile (b), the mucus layer stops suddenly when the interface velocity tends to zero while the periciliary layer velocity
gradually tends to zero. The difference between velocity profiles (b) and (d) is the reduction rate of the periciliary layer velocity
toward zero. The periciliary layer velocity reaches zero using velocity profile (d) faster than velocity profile (b). Because the ASL
layer flow enters the recovery stroke with a velocity close to zero using velocity profile (d).

The mucus layer traps pathogens, irritants allergies, and respiratory viruses and transports them to the posterior of the throat
[1–6]. The percentage of virus deposition like COVID-19 depends on the size of the viruses and the different forces exerted on them.
One of the important forces imposed on COVID-19 viruses is the Brownian force due to the Nanosize of viruses. The Brownian
force increases the diffusion mechanism and causes more deposition rate of Nanoparticles [79]. Therefore, by irritating the mucus
layer such that it gets out of the respiratory system (sneeze and cough mechanisms) or moves faster toward the stomach (viscosity
reduction), a load of viruses can be reduced inside the airways system [80–83]. Figure 7a and b shows viscosity variations of the

123



Eur. Phys. J. Plus         (2023) 138:201 Page 9 of 18   201 

Fig. 5 Velocity variations of the ASL layer using velocity profile (c) affected by different shear stress levels on the upper boundary of mucus layer a At t/T
� 1/8, b At t/T � 2/8, c At t/T � 3/8

Fig. 6 Velocity variations of the
ASL layer using velocity profile
(d) in the recovery stroke over
time along with zero shear stress
on the upper boundary of the
mucus layer

Newtonian mucus layer in sneezing and coughing to find the critical viscosity. The critical viscosity is a value in which mucus layer
velocity changes under the influence of different shear stress levels. Equation (21) is used to calculate the viscosity reduction rates.

	ν �
∣
∣νoriginal − νcritical

∣
∣

νoriginal
(21)
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Fig. 7 Critical values of the mucus layer kinematic viscosity a Sneeze, b Cough

Fig. 8 Critical value of mucus
layer kinematic viscosity for quiet
breathing

Fig. 9 Velocity variation of the
mucus layer using Newtonian and
non-Newtonian shear-thinning
fluids along with cough shear
stress on the upper boundary of
the mucus layer

where νoriginal is the optimal viscosity for replacement of the non-Newtonian mucus layer with the Newtonian one. The value of
optimal viscosity is equal to 0.012 m2 s−1 [24].
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Fig. 10 Velocity variations of the ASL layer using velocity profile (c) affected by different shear stress levels on the upper boundary of mucus layer a At t/T
� 1/8, b At t/T � 2/8, c At t/T � 3/8

The critical viscosities of Newtonian mucus are 10–4 and 5×10–5 m2 s−1 for sneezing and coughing, respectively. Therefore,
the sneeze mechanism is more effective than the cough to get out the viruses deposited on the mucus layer. The reduction rate of
viscosity is 99.17 and 99.6% for sneeze and cough mechanisms, respectively.

If the process of viscosity reduction is imposed on quiet breathing, the mucus layer viscosity must be reduced up to 6×10–7

m2 s−1 (Fig. 8). The presented results in Figs. 7 and 8 are obtained using the Newtonian mucus layer, while the mucus has a
shear-thinning property [8], and there is no need to reduce the mucus viscosity too much (see next section). Reduction in mucus
viscosity too much can also lead to viruses and other pathogens reaching cells much faster.

4.3 Power-law/Newtonian results

The results of power-law mucus are discussed in this section. The flow consistency (k) and flow characteristic (n) indexes are 0.355
and 0.482 [8], respectively. These values are related to healthy mucus. Therefore, the velocity variation of the power-law mucus
layer is more than a high viscosity Newtonian one at the same shear stress (Fig. 9). Velocity variations of the mucus layer under the
influence of cough for power-law and Newtonian mucus layers are 50 and 0.5%, respectively. Since there is a direct relationship
between velocity variation and viscosity reduction rate of the mucus layer, the viscosity reduction rate and the critical viscosity can
be calculated using Eqs. (22–24), respectively. The viscosity reduction rate and the critical viscosity are 49.8% and 0.006024 m2

s−1 in coughing, respectively.

	
( u

U

)
�

∣
∣
( u

U

)

free shear stress − ( u
U

)

non - zero shear stress

∣
∣

( u
U

)

free shear stress

(22)

	
( u

U

)

Power-Law

	
( u

U

)
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� 	νPower-Law
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(23)
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Fig. 11 Velocity variations of the
ASL layer velocity in the recovery
stroke over time along with zero
shear stress on the upper boundary
of the mucus layer a Velocity
profile (b), b Velocity profile (d)

νcritical � νoriginal − (	νPower-Law) × νoriginal (24)

Velocity variations in sneezing and coughing are shown in Fig. 10a–c at P1, P2, and P3. Due to the low velocity of the ASL layer,
there is no difference between P1 and P3 under different shear stress levels. Velocity variations are 314.3 and 220% at P1 and P2 for
sneezing, respectively. These values for coughing are 71.4 and 50% at P1 and P2, respectively. For sneezing, the viscosity reduction
rate and critical viscosity are − 119.004% and 0.0263 m2 s−1, respectively. The negative viscosity reduction rate in sneezing means
the critical viscosity is 0.0143 m2 s−1 higher than the optimal value (0.012 m2 s−1). According to Fig. 10a–c, the shear-thinning
property of the mucus layer is clear. A slight enhancement in the shear stress leads to a high-velocity variation of the mucus layer.

A comparison of velocity variation at the free-slip condition in the recovery stroke shows the velocity reduction rate using velocity
profile (b) is lower than (d). The interface of both layers flows with a constant velocity using velocity profile (b) up to t/T ≤4/8;
however, at t/T > 4/8, the interface stops suddenly (Fig. 11). Therefore, the high-viscosity mucus layer stops suddenly, while the
low-viscous periciliary layer velocity reduces at a lower rate than the mucus layer. On the other hand, the interface velocity increases
up to t/T ≤2/8 and reduces at t/T > 2/8 using velocity profile (d) (Fig. 11b). The velocity reduction using velocity profile (d) starts
faster (t/T > 2/8) than velocity profile (b) (t/T > 4/8). Therefore, the order of velocity using velocity profile (d) is lower than velocity
profile (b) in the recovery stroke. As can be seen, there is no difference between Figs. 6 and 11b under the free-slip condition.

Figure 12 shows velocity variations of the ASL layer over time using two different mucus layers including, Newtonian and
non-Newtonian mucus layers. In both cases, the upper boundary of mucus is exposed to the free-slip condition. In the acceleration
phase (P1 to P2), the mucus velocity increases, while velocity decreases in the deceleration phase (P2 to P3). Due to the shallow
velocity of the mucus layer, there is no difference between acceleration and deceleration phases. The low viscosity of the periciliary
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Fig. 12 Velocity variations of the
ASL layer over time with no shear
stress on the upper boundary of
mucus layer a Power-law,
b Newtonian

layer leads to linear velocity distribution in both cases. However, there is uniform velocity distribution inside the mucus layer due to
high viscosity. By comparing non-Newtonian and Newtonian mucus layers velocity (Fig. 12a and b), there is no difference between
power-law and high viscosity Newtonian mucus layers at the free-slip condition. Therefore, replacing the power-law mucus with a
high viscosity Newtonian one is acceptable at zero shear stress [7]. This is a suitable result for future numerical simulations inside
the respiratory system.

The effect of nonzero shear stress levels on the variation of the ASL layer velocity is another vital issue. Figure 13 shows the
velocity variation of the ASL layer affected by different shear stress levels at the maximum mucus flow. The significant velocity
gradient is observed inside the non-Newtonian mucus layer due to the influence of nonzero shear stress levels and the shear-thinning
property (n < 1) of fluid (Fig. 13a), while the velocity gradient is negligible inside the Newtonian mucus layer and affected by nonzero
shear stress levels (Fig. 13b). By imposing nonzero shear stress levels on the mucus layer, the difference between non-Newtonian
and Newtonian mucus is revealed. In sneezing and coughing, the non-Newtonian mucus velocity changes significantly (Fig. 13a),
while the effect of these mechanisms on Newtonian mucus is negligible (Fig. 13b). Therefore, replacing power-law mucus with
Newtonian one would be invalid when the upper mucus layer is exposed to nonzero shear stress levels.
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Fig. 13 Velocity variations of the
ASL layer over time with different
shear stress levels on the upper
boundary of mucus layer
a Power-law, b Newtonian

5 Conclusions

In this study, an analytical solution was presented for the mucus–periciliary velocities under mucus viscosity variation and different
mucus–periciliary interface velocities during cough and sneeze for two Newtonian and power-law mucus layers. Four continuous
and discrete velocity profiles were applied to the mucus–periciliary interface along with sneeze and cough shear stresses at the upper
boundary of the mucus layer. The results of mucus velocity showed that the power-law mucus could be substituted with a high
viscosity Newtonian mucus if the upper boundary of the mucus layer was exposed to the free shear stress. Imposing different shear
stress levels on the upper boundary of the mucus layer, including sneezing and coughing, made the aforementioned assumption
invalid. The effects of sneeze and cough were negligible (1 and 0.5%, respectively) on the Newtonian mucus velocity variation.
However, by replacing the high viscosity Newtonian mucus with a power-law one, the effects of sneeze and cough were 220 and
50% on the mucus velocity, respectively. Different mucus viscosities were also examined to find the critical values in sneezing
and coughing to prevent the pathogen entry into the respiratory system. The critical viscosities in sneezing for Newtonian and
power-law mucus layers were 10–4 and 0.0263 m2 s−1, respectively. These values in coughing were 5×10–5 and 0.006024 m2

s−1 for Newtonian and power-law mucus layers, respectively. Moreover, by reacting as cough or sneeze, it was possible to move
out the viruses from the respiratory system. The main result of this study can be used to solve the challenge of mucus–airflow
(micro–macro-length scales) vicinity inside the airway system for further numerical simulations.
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Appendix A: Mathematical details for the analytical solution

NewtonianNewtonian solution

The mathematical procedures for Newtonian mucus can be expressed as follows.

The mucus-periciliary interface (a) and (b)

The analytical solution of Eq. (25) using the separation of variables method can be expressed by a Fourier series (26). Equation (26)
shows that the time-dependent solution is a deviation from the steady solution.

∂u∗

∂t
� ν

∂2u∗

∂y2 (25)

u∗ � uC (y) +
∞∑

n�1

Bn(t) sin
(nπy

l

)
(26)

where uC and l are the steady-state solution and distance between plates. Substituting Eq. (26) into Eq. (25) and assuming a constant
pressure gradient (Eq. 27), Bn(t) is determined as Eq. (28).

dp

dx
� DpDx � Const (27)

Bn(t) � an exp

(

−n2π2ν

l2 t

)

(28)

By substituting Eq. (28) into Eq. (26), the velocity field can be expressed as Eq. (29).

u∗ � uC (y) +
∞∑

n�1

an exp

(

−n2π2ν

l2 t

)

sin
(nπy

l

)
(29)

To obtain an, the initial condition u*(y, t � 0) � 0 is used.

The mucus-periciliary interface (c) and (d)

The analytical solution of Eq. (25) is Eq. (30) under the influence of velocity profiles (c) and (d).

u∗(y, t) �
∣
∣
∣Img

(
eIωt f (y)

)∣
∣
∣ (30)

where ω is the oscillation frequency of the ASL layer velocity, which is determined based on cilia beating frequency. By substituting
Eq. (30) into Eq. (25), f (y) can be expressed as follows (Eq. 31).

f (y) � C1(D1)e
y
√

ω
2ν (1+I ) + C2(D2)e

−y
√

ω
2ν (1+I ) (31)

dp

dx
� ∣

∣px cos
(
ωpt

)∣
∣ (32)

where px and ωp are the amplitude and oscillation frequency for the pressure field, respectively. ωp is assumed to equal to ω, and px

is set to 5 Pa in the present study. Constants are as follows.

C1 � U +
px

ρ1ωp
− C2 (33)

C2 �
[

px
ρ1ω

]
−

[
U + px

ρ1ω

]
e
−h1

√
ω

2ν1
(1+I )

(

e
h1

√
ω

2ν1
(1+I ) − e

−h1

√
ω

2ν1
(1+I )

) (34)

D1 �
[

U +
px

ρ2ω

]

− D2 (35)

D2 is obtained by solving Eq. (36) using the Newton–Raphson method.

123



  201 Page 16 of 18 Eur. Phys. J. Plus         (2023) 138:201 

μ2
∂u∗

∂y
� τ0 (36)

Power-law/Newtonian solution

The mathematical procedures for Power-law mucus can be expressed as follows.

τxy(y, t) � k

(
∂

∂y
u(y, t)

)n

(37)

where k and n are the flow consistency and flow characteristic indexes, respectively.

∂

∂t
u∗(y, t) � kn

ρ

∂2

∂y2 u∗(y, t)

(
∂

∂y
u∗(y, t)

)n−1

(38)

By applying a similarity solution to Eq. (38) and some manipulation, the velocity field inside the mucus layer is obtained (Eq. 43).
Equations (39–42) describe the similarity solution procedures.

(
U + max

∣
∣
∣
∫ 1

ρ
dp
dx dt

∣
∣
∣

)

t
� kn

ρ

(
U + max

∣
∣
∣
∫ 1

ρ
dp
dx dt

∣
∣
∣

)

δ2

⎛

⎝

(
U + max

∣
∣
∣
∫ 1

ρ
dp
dx dt

∣
∣
∣

)

δ

⎞

⎠

n−1

(39)

δ �
n+1

√
√
√
√ t × k × n

(
U + max

∣
∣
∣
∫ 1

ρ
dp
dx dt

∣
∣
∣

)n−1

ρ
,

η � y

δ
� y n+1

√
√
√
√

ρ

t × k × n
(

U + max
∣
∣
∣
∫ 1

ρ
dp
dx dt

∣
∣
∣

)n−1 (40)

f (η) � u∗
(

U + max
∣
∣
∣
∫ 1

ρ
dp
dx dt

∣
∣
∣

) (41)

f ′′(η)
(

f ′(η)
)n−2 � − η

n + 1
(42)

u∗(y, t) − u∗
Interface �

(

U + max

∣
∣
∣
∣

∫
1

ρ2

dp

dx
dt

∣
∣
∣
∣

)
⎛

⎝

∫ η

ηInterface

n−1

√
1 − n

1 + n

(
η2

2
+ D1

)

dη

⎞

⎠ (43)

where δ is a characteristic length scale for the ASL layer thickness. To solve the integral of Eq. (43), an adaptive Simpson Quadrature
method is used with the maximum possible error below 10–6. D1 is determined using Eq. (44).

D1 � −
⎛

⎜
⎝

⎛

⎝

(
τ0
k

) 1
n

(
U + max

∣
∣
∣
∫ 1

ρ2

dp
dx dt

∣
∣
∣

)
ηc
h2

⎞

⎠

n−1(
n + 1

n − 1

)

+
(ηc)

2

2

⎞

⎟
⎠, ηc � η|y�h2

(44)
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