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Abstract. The continuation of the previous series of papers related to the construction of the energy matrix
for complex atoms is presented. The contributions from the second-order perturbation theory concerning
electrostatically correlated spin-orbit interactions (CSO), as well as electrostatically correlated hyperfine
interactions (CHFS) to the atomic structure of nlN , nlNn1l

N1
1 and nlNn1l

N1
1 n2l

N2
2 configurations, are con-

sidered. This theory assumes that the electron excitation n0l0 → nl affects spin-orbit splitting and magnetic
dipole and electric quadrupole hyperfine structure in the same way which will be discussed below. Part I
of the series presented, in general terms, a method allowing the analysis of complex electronic systems.
Parts II, III and IV provided a description of an electrostatic interaction up to second-order perturbation
theory; they constitute the basis for the design of an efficient computer program package for large-scale
calculations of accurate wave functions. Analyses presented in the entire series of our papers clearly demon-
strate that obtaining the precise wave functions is impossible without considering the contribution from
the second-order effects into fine and hyperfine atomic structure.

1 Introduction

This paper is the fifth in the series on Construction of the energy matrix for complex atoms. In the first work [1] we
introduced in general terms a method allowing the analysis of a complex electronic system composed of a configuration
of up to four open shells, taking into account all electromagnetic interactions expected in an atom. The wave functions
corresponding to the atomic energy states are expanded in the system of interacting configurations. On this basis,
the energy matrix of the Hamiltonian [2–5] describing the fine structure of an atom is constructed, accounting for
the interactions up to the first order of the perturbation theory. The calculation details of the matrix elements of
the particular Hamiltonian constituents were discussed, and the formulae were presented in our earlier works [6,
7]. These works focused on (nd + n′s)N+2 + ndNn1l1n2l2 configurations. In the analysis of the spectra of complex
atoms, electrostatic interactions appear between many types of configurations involving up to four open electronic
shells. Therefore, in our second paper in the series [8], we presented 36 new formulae for the first-order electrostatic
interactions between configurations up to four open shells.

However, even though many interacting configurations were included, the perturbations produced by all weakly
interacting configurations remained. In spite of the fact that a correction from a single distant perturbing configuration
is rather small, its cumulative influence may be considerable, due to the increasing density of states as the continuum
is approached. The second-order effects, the so-called configuration interaction (CI) effects, are observed both in the
fine and hyperfine structure study. Therefore, our energy matrix is extended by the elements comprising electrostatic
coupling and electrostatically correlated spin-orbit coupling between the configurations of the system analysed and
the distant configurations. Generally, for the configurations containing up to three open electronic shells, these matrix
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elements originate from the second-order perturbation theory and can be schematically expressed as follows:

C = −
∑

ψ′′ �=ψ,ψ′

[〈ψ|G|ψ′′〉 × 〈ψ′′|G|ψ′〉] /ΔE = −(angular part) × (radial part), (1)

where ψ, ψ′ represent particular states of the considered system of configurations:

ψ = (n0l0)4l0+2 1S, (n1l1)N1S1L1, (n2l2)N2S2L2, (n3l3)N3S3L3;SL,

ψ′ = (n0l0)4l0+2 1S, (n1l1)N ′
1S′

1L
′
1, (n2l2)N ′

2S′
2L

′
2, (n3l3)N ′

3S′
3L

′
3;SL, (2)

and ψ′′ denotes all perturbing virtual states included in our system, defined directly in sections containing formulae
(see sect. 3 in [9] and sect. 5 in [10]), G denotes the two-body operator of an electrostatic interaction, and ΔE denotes
the energy difference between the centre of gravity of the considered configuration and the particular perturbing
configuration. The angular coefficients are the result of the coupling of angular momenta of the operator G. They
are determined by means of our computer codes. The radial integrals are treated adjustable parameters, which can
be determined by fitting the calculated levels to the experimental ones with the least squares method. The radial
parameters have denotations which code the interacting configurations and specify the interactions. Denotations of
particular radial parameters take the form

Rt (nalanblb, nclcndld) Rt′ (n′
al′an′

bl
′
b, n

′
cl

′
cn

′
dl

′
d) , (3)

where Rt and Rt′ represent the Slater radial integrals which arise from the radial parts of one-electron eigenfunctions.
The Slater radial integrals Rt are defined by [11]

Rt (nalanblb, nclcndld) = e2

∫ ∞

0

∫ ∞

0

rt
<

rt+1
>

Rnala(r1)Rnblb(r2)Rnclc(r1)Rndld(r2) dr1dr2, (4)

where e is the electron charge, r1 and r2 are the coordinates of electrons, r< and r> indicate the distances from the
nucleus to the closer and more distant electrons, respectively. In order to specify particular interactions more precisely,
the symbol Rt (where t stands for the order) is replaced, respectively, by Dt in the case of direct interactions, Et for
exchange interactions, or Rt for interactions involving two equivalent electrons. In our procedure, excitations of one
or two electrons from a closed shell to all open shells are studied under the following conditions:

|li − l0| = 0, 2 and N1 + N2 + N3 = N ′
1 + N ′

2 + N ′
3. (5)

The matrix elements determined from relation (1) under condition (5) were included in the fine-structure energy
matrix and were clearly defined in the papers [9,10].

In the third part [9] of our series, we started discussing the second-order electrostatic effects, concentrating on
the excitation of two equivalent electrons from a closed shell into an open shell or into an empty shell. As a result,
we presented 22 new formulae for the second-order electrostatic intra- and interconfigurations matrix elements up to
third open shells. In the fourth part [10] we introduced 138 new formulae for the second-order electrostatic intra- and
interconfiguration matrix elements up to third open shells, describing the effects of one electron excitation from a
closed shell into an open shell or into an empty shell.

The next section of the current paper contains the detailed description of electrostatically correlated spin-orbit
interactions and electrostatically correlated hyperfine interactions. The current state of the art is also presented. The
method of the reduced matrix elements calculation is described in sect. 3. Section 4 contains the explanation of the
symbols used in this work. In sect. 5, explicit formulae for electrostatically correlated spin-orbit interactions as well
as for electrostatically correlated hyperfine interactions are presented. This section is the most extensive part of the
paper. The results of semi-empirical calculations for the (5d + 6s)3 configurations system of lanthanum atom, as an
example of the method described above, are presented in sect. 6.

2 Electrostatically correlated spin-orbit interactions and electrostatically correlated hyperfine
interactions: the current state of the art

Contributions from the second-order perturbation theory for electrostatically correlated spin-orbit interactions (CSO)
as well as for electrostatically correlated hyperfine interactions (CHFS), are defined as follows:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′|T(κk)K |ψ′〉 + 〈ψ|T(κk)K |ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE = − (angular part) × (radial part) , (6)
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where ψ, ψ′ represent particular states of the considered system configurations:

ψ = (n0l0)4l0+2 1S, (n1l1)N1S1L1, (n2l2)N2S2L2, (n3l3)N3S3L3;SLJ,

ψ′ = (n0l0)4l0+2 1S, (n1l1)N ′
1S′

1L
′
1, (n2l2)N ′

2S′
2L

′
2, (n3l3)N ′

3S′
3L

′
3;S

′L′J (7)

and ψ′′ denotes all perturbing virtual states included in our system, defined below in sect. 5. The symbol G denotes
the two-body operator of an electrostatic interaction, a double tensor T(κk)K of rank κ in the spin space and of rank
k in the orbit space denotes the one-body operator of either spin-orbit (Hso for K = 0) interaction or a hyperfine
(Hhfs for K > 0) interaction, and ΔE denotes the energy difference between the centre of gravity of the considered
configuration and the particular perturbing configuration.

The radial parameters P t(nilin0l0, nilin
′
il
′
i)P

κk(n0l0, nili) specify the coupling between configurations. The radial
integral P t(nilin0l0, nilin

′
il
′
i) describes electrostatic coupling of the configurations, i.e. it specifies the electrons involved

and the type of their interaction. In the actual description the symbol P t is replaced, as above, with Dt or Et,
respectively. Pκk is the radial part of a one-body operator Tκk which couples the electrons n0l0 and nili. In our
procedure, the excitations of one electron from the closed shell (n0l0)4l0+2 to each of three open shells (n1l1)N1 ,
(n2l2)N2 and (n3l3)N3 are considered. In the case of the spin-orbit interaction, the symbol Pκk is replaced by the
spin-orbit parameter ζ(n0l, nl).

The off-diagonal radial integrals ζ(n0l, nl) of the spin-orbit interaction are defined by [12]

ζ(n0l, nl) = 〈nl|ξ(r)|n0l〉, (8)

where ξ(r) is the radial part of the spin-orbit operator defined by [11]

ξ(r) =
α2

2
1
r

(
dV (r)

dr

)
, (9)

where V (r) is the central-field potential-energy function, α is the fine-structure constant, and ζ(n0l, nl) has the same
units as V (r) if r is in Bohr units.

The above description of the parameters is a simplified notation. The parameters are precisely defined as sums
over all closed (or open) shells. For example, in the case of the lanthanum atom:

E2(n0d6s, 6s5d) ζn0d,5d =
4∑

n0=3

E2(n0d6s, 6s5d) ζ(n0d, 5d)/ΔE, (10)

where ΔE is the energy difference between the relevant closed- and open-shell orbitals.
In the case of CSO, the following condition has to be fulfilled:

|l0 − l1| = 0 and κk = 11, K = 0. (11)

The matrix elements determined from relation (6) under condition (11) were included in the fine-structure energy
matrix.

In the case of CHFS, the following relations hold: for magnetic dipole interactions K = 1:

|l0 − l1| = 0 if κk = 01, 10 and |l0 − l1| = 0, 2 if κk = 12 (12)

and for electric quadrupole interactions K = 2:

|l0 − l1| = 0, 2 if κk = 02 and |l0 − l1| = 0 if κk = 11, 13. (13)

The radial part Pκk of a one-body operator Tκk in the two-body hyperfine-structure (hfs) radial parameter
P t(nilin0l0, nilin

′
il
′
i)P

κk(n0l0, nili) is an integral 〈n0l0|r−3|nili〉κk.
The parameters are precisely defined as sums over all closed (or open) shells. For example, in the case of the

lanthanum atom:

E2(n0d6s, 6s5d)P 02n0d, 5d =
4∑

n0=3

E2(n0d6s, 6s5d)
〈
n0l0

∣∣r−3
∣∣ 5d

〉02
/ΔE (14)

or for “core polarization”

E2(n0s5d, 5d6s)P 10(n0s, 6s) = 4π
5∑

n0=1

Ψ6s(0)Ψn0s(0)E2(n0s5d, 5d6s)/ΔE, (15)

where ΔE is the energy difference between the relevant closed- and open-shell orbitals.
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The matrix elements resulting from relation (6) and conditions (12) and (13) were calculated by our computer
code and included in the hyperfine structure energy matrix.

The spin-orbit interaction (where κk = 11) and hfs interactions, for κk = 01, are diagonal in the one-electron
orbital quantum number l > 0, but not in the principal quantum number n. The spin-orbit interaction vanish for s
electrons, therefore the hyperfine interaction related to the excitations from n0s closed shell to ns open shell or from
n0s closed shell to n′′′s empty shell will be discussed separately.

2.1 Electrostatically correlated spin-orbit interactions (CSO)

The first detailed investigation of the electrostatically correlated spin-orbit interaction (CSO) was carried out by
Rajnak and Wybourne [13]. It was done for the lN configuration. This study resulted in the formulae on the matrix
elements of the relevant effective operator; the radial parameters of CSO were defined as well. The CSO for the
lN configuration was examined also by Pasternak and Goldshmidt [14]. They gave the effective operator for the
electrostatically correlated spin-orbit interaction explicitly. The expressions for matrix elements of this operator are
the same as those calculated by Rajnak and Wybourne [13] if the terms proportional to the spin-orbit interaction are
subtracted. This suggests that a mistake from [13] is repeated in [14]. Probably it arose from the wrong definition of
the CSO (eq. (6)) correction in [13], where the identity 〈ψ|G|ψ′′〉 × 〈ψ′′|Hso|ψ′〉 = 〈ψ|Hso|ψ′′〉 × 〈ψ′′|G|ψ′〉 seems to
be assumed, which is generally not true.

Further progress in the theoretical CSO formalism was achieved for the lN l′ configuration. For this configuration,
a number of formulae to calculate the matrix elements of CSO was given by Goldschmidt and Mallow [15].

The method of parametrization of the electrostatically correlated spin-orbit interaction for complex atoms in
extended model space of (nd + n′s)N+2 +

∑
i,j ndN+2−wi−wj nil

wi
i nj l

wj

j configurations was presented in our paper
from 1996 [6],which also included corrections of errors from earlier papers of other authors [13,14]. Although the
interconfiguration CSO interactions were included for the first time in the work [6], the contributions with the integrals
involving the l′ orbital (or l′′), as well as excitations from these orbitals were neglected.

2.2 Electrostatically correlated hyperfine interactions (CHFS)

The development of the hyperfine structure theory was initiated in the classic paper of Sandars and Beck [16]. They
developed a theory which simplifies the calculation and interpretation of relativistic hfs effects in many-electron atoms.
This theory leads to three effective radial integrals for each open shell and for each multipole interaction. As shown
by Judd [17,18] and Sandars [19], the configuration interaction (CI) effects caused by excitations from closed shells
to empty shells can be included in an effective Hamiltonian of the same form. This theory was applied by Lindgren
and Rosen [20] to analyse a large number of experimental hfs data mainly in atomic ground configurations, and
by Büttgenbach [21] to analyse hfs in 4d- and 5d-shell atoms. In these analyses of hfs data, the effective radial
integrals were treated as free parameters which were fitted to the experimental results in order to examine some
relativistic CI effects. The experimental hfs radial parameters obtained in this way show a rather poor agreement with
theoretical results of relativistic Hartree-Fock calculations [20–22] It demonstrates that more contributions exist to
the hfs splittings which should be taken into account. Bauche-Arnoult [23,24], Armstrong [2] as well as Lindgren and
Morrison [3] showed that configuration effects for the second order perturbation theory can be split into two parts: the
first (one-body) part, which is common to all terms of a given configuration, and the other (two-body) part depending
on the SL-terms studied. Bauche-Arnould [23,24] defined the effective operators, which described the crossed second-
order effects of electrostatic and hyperfine interactions for all types of excitations appearing in the configurations
lN or lN l′. Assuming pure SL-coupling, Bauche-Arnoult found regularities in the contributions from electrostatically
correlated second-order hfs to the different effective radial parameters. Later, in 1985, Dembczyński [25] elaborated
a new parametrization method which took into account simultaneously one- and two-body interactions in atomic hfs
structure of the configurations (3d+4s)N+2. This method was applied to the interpretation of iron, vanadium, titanium
and cobalt atoms [26–29]. In the following years, the above mentioned method of parametrization of interactions in
the hfs was extended up to three open electronic shells [6,30]. Remarks on the interpretation of very high-precision
measurements of hyperfine structure splittings in neutral and singly ionised complex atoms were presented in our
papers [31,32].

2.3 Parametrization of the configuration interaction effects

Computer procedures of experimental data analysis concerning the fine and hyperfine structure (fs and hfs) of complex
atoms have been developed in our group for many years. For the configurations containing up to three open electronic
shells we considered all contributions to fs and hfs, within the framework of the second order perturbation theory,
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which originate from the excitations “open shell-empty shell” or “closed shell-open shell” and “closed shell-empty
shell”. In the work of 2010 [33] we presented our new method. We analysed the configuration system (5d + 6s)N of
the lanthanum atom, which is well isolated from any disturbing configurations, and the conditions for the application
of the perturbation theory are fulfilled. It yields an excellent possibility of an alternative analysis of the contributions
mentioned within the second-order perturbation theory according to the excitation model, either “open shell-empty
shell” or “closed shell-open shell”. A simultaneous application of both models is not possible due to the fact that in
both models an implicit linear dependence between angular coefficients corresponding to certain radial parameters has
to occur, which makes the solution of a redundant set of linear equations impossible, thus hindering the determination
of the respective radial parameters. It provides an excellent test to confirm the correctness of the complex formulae
derived, e.g. for the configurations with three open shells, which require recoupling of five or more angular momenta
and strict observance of the electron permutation rules, in particular for interconfiguration matrix elements. When
both the fine and the hyperfine structure are considered independently within the framework of both excitation
models, two independent sets of radial parameters describing the atomic structure are obtained. On the basis of the
theoretically predicted relations between the radial parameters originating from both models, we proved the correctness
of the obtained description of the atomic structure, as well as precisely defined the information provided by the radial
parameters determined from the experimental data. In sect. 5 of paper [33] we provided the relations which allow to
recalculate the parameters obtained for the model space (5d + 6s)3 within both excitation models: “closed shell-open
shell” (c-o) and “open shell-empty shell” (o-e) into the radial parameters characteristic of the individual configurations
5d3, 5d26s and 5d6s2.

In summary, on the basis of our considerations included in [33], we suggest considering the broadest possible basis
of configurations in the first-order of the perturbation theory, while the second-order effects of the perturbation theory
should be described by both the excitation of two electrons from a closed shell to an open shell or an empty shell
and the excitation of one electron from a closed shell to an open shell or an empty shell. In our method, each orbital
appearing in closed n0l0 shells or open nl, n1l1, n2l2 shells, and also n′l′ empty shells, is common for all configurations
in the system under study. The existence of the factor containing the number of electrons in the core (N) removes the
linear dependence between parameters for the configurations with different N number. Therefore, we obtain different
values of the angular coefficients of the parameters for the configurations with the same parameter describing the
excitations either to empty, or to open shells. For example, in the case of even configurations of lanthanum atom, the
excitation to the 6s shell represents, for 5d3 configuration, the excitation to an empty shell, while the same parameter
describes the excitation to an open shell in 5d26s configuration.

Recently, we have presented the appropriate formulae describing the excitation of one or two electrons from a
closed shell to an open shell for the following configurations: nlN , nlNn1l

N1
1 , nlNn1l

N1
1 n2l2 and nlNn1l1n2l

N2
2 , as well

as between the configurations [9,10].

3 Removal of the J-dependence and the method of the reduced matrix elements calculation

In this paper we concentrate on the excitation of one electron from a closed shell into an open shell or into an
empty shell for the extended model configuration space. The formulae describing the intra- and interconfiguration
electrostatically correlated spin-orbit interaction and electrostatically correlated hyperfine interaction are presented
in the form of the reduced matrix elements. Each two-body contribution to the spin-orbit parameter and to the hfs
magnetic-dipole and electric-quadrupole constants can be written as reduced matrix elements using the Wigner-Eckart
theorem.

3.1 Electrostatically correlated spin-orbit interaction

By substituting κk = 11 and K = 0 into the eq. (6), the general formula for the matrix elements of CSO reads

〈Ψ(ΓαSLJM)|CSO|Ψ ′(Γ ′α′S′L′J ′M ′)〉 = −
∑

Ψ ′′ �=Ψ,Ψ ′

[〈Ψ |G|Ψ ′′〉 × 〈Ψ ′′|Hso|Ψ ′〉 + 〈Ψ |Hso|Ψ ′′〉 × 〈Ψ ′′|G|Ψ ′〉] /ΔE =

δ(M,M ′)δ(J, J ′)(−1)J+S′+L

{
S S′ 1
L L′ J

}
〈Ψ(ΓαSL)‖CSO‖Ψ ′(Γ ′α′S′L′)〉 =

δ(M,M ′)δ(J, J ′)(−1)J+S′+L

{
S S′ 1
L L′ J

}

×
[
−
∑

ψ′′

〈
n0l

4l0+2
0

1S , ΓαSL;SL |G|n0l
4l0+1
0

2l0, Γ
′′α′′S′′L′′;SL

〉
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×
〈
n0l

4l0+1
0

2l0, Γ
′′α′′S′′L′′;SL ‖Hso‖n0l

4l0+2
0

1S , Γ ′α′S′L′;S′L′
〉

−
∑

ψ′′

〈
n0l

4l0+1
0

2l0, Γ
′′α′′S′′L′′;SL ‖Hso‖n0l

4l0+2
0

1S , Γ ′α′S′L′;S′L′
〉

×
〈
n0l

4l0+2
0

1S , Γ ′α′S′L′;S′L′ |G|n0l
4l0+2
0

1S, Γ ′α′S′L′
〉]

=

δ(M,M ′) δ(J, J ′)(−1)J+S′+L

{
S S′ 1
L L′ J

}
δ(li, l0) t11coeff (n0l0, nili)

× (angular part)
∑

n0l0

Rt (nilin0l0, nilin
′
il
′
i) ζn0li,nili/ΔE, (16)

where Γ , Γ ′ designate the configurations being considered, ΔE is the (positive) energy difference between the relevant
closed- and open or empty-shell orbitals, κk = 11 and t11coeff (n0l0, nili) is the angular part of the spin-orbit operator
ŝi l̂i: 〈

n0l0

∥∥∥ŝi l̂i

∥∥∥nili

〉
= tκk

coeff (n0l0, nili) ζn0li,nili =
3
2

√
l(l + 1)(2l + 1) ζn0li,nili . (17)

3.2 Electrostatically correlated hyperfine interaction

In the case of CHFS, the following relations hold:

a) for magnetic dipole interactions K = 1:

〈Ψ(ΓαSLJM)|CHFS|Ψ ′(Γ ′α′S′L′J ′M ′)〉=−
∑

Ψ ′′ �=Ψ,Ψ ′

[
〈Ψ |G|Ψ ′′〉 × 〈Ψ ′′|tκk|Ψ ′〉 + 〈Ψ |tκk|Ψ ′′〉×〈Ψ ′′|G|Ψ ′〉

]
/ΔE =

δ(M,M ′)δ(J, J ′)

√
3(2J + 1)
J(J + 1)

⎧
⎨

⎩

S S′ κ

L L′ k

J J 1

⎫
⎬

⎭ 〈Ψ(ΓαSL)‖CHFS‖Ψ ′(Γ ′α′S′L′)〉 =

δ(M,M ′)δ(J, J ′)

√
3(2J + 1)
J(J + 1)

⎧
⎨

⎩

S S′ κ

L L′ k

J J 1

⎫
⎬

⎭

×
[
−
∑

ψ′′

〈
n0l

4l0+2
0

1S , ΓαSL;SL |G|n0l
4l0+1
0

2l0, Γ
′′α′′S′′L′′;SL

〉

〈
n0l

4l0+1
0

2l0, Γ
′′α′′S′′L′′;SL

∥∥tκk
∥∥n0l

4l0+2
0

1S , Γ ′α′S′L′;S′L′
〉

−
∑

ψ′′

〈
n0l

4l0+1
0

2l0, Γ
′′α′′S′′L′′;SL

∥∥tκk
∥∥n0l

4l0+2
0

1S , Γ ′α′S′L′;S′L′
〉

×
〈
n0l

4l0+2
0

1S , Γ ′α′S′L′;S′L′ |G|n0l
4l0+2
0

1S, Γ ′α′S′L′
〉]

=

δ(M,M ′) δ(J, J ′)

√
3(2J + 1)
J(J + 1)

⎧
⎨

⎩

S S′ κ

L L′ k

J J 1

⎫
⎬

⎭ tκk
coeff (n0l0, nili)

× (angular part)
∑

n0l0

Rt (nilin0l0, nilin
′
il
′
i) 〈n0l0|r−3|nili〉/ΔE, (18)

b) for electric quadrupole interactions K = 2:

〈Ψ(ΓαSLJM)|CHFS|Ψ ′(Γ ′α′S′L′J ′M ′)〉=−
∑

Ψ ′′ �=Ψ,Ψ ′

[
〈Ψ |G|Ψ ′′〉 × 〈Ψ ′′|tκk|Ψ ′〉+〈Ψ |tκk|Ψ ′′〉×〈Ψ ′′|G|Ψ ′〉

]
/ΔE =

δ(M,M ′)δ(J, J ′)

√
20J(2J + 1)(2J − 1)

(J + 1)(2J + 3)

⎧
⎨

⎩

S S′ κ

L L′ k

J J 2

⎫
⎬

⎭ 〈Ψ(ΓαSL)‖CHFS‖Ψ ′(Γ ′α′S′L′)〉 =
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δ(M,M ′) δ(J, J ′)

√
20J(2J + 1)(2J − 1)

(J + 1)(2J + 3)

⎧
⎨

⎩

S S′ κ

L L′ k

J J 2

⎫
⎬

⎭ tκk
coeff (n0l0, nili)

× (angular part)
∑

n0l0

Rt (nilin0l0, nilin
′
il
′
i) 〈n0l0|r−3|nili〉κk/ΔE, (19)

where Γ , Γ ′ designate configurations being studied, ΔE is the (positive) energy difference between the relevant closed-
and open- or empty-shell orbitals, κk = 01, 12, 10 or 02 and tκk

coeff (n0l0, nili) is the angular part of the hfs operator
tκk: 〈

n0l0
∥∥tκk

∥∥nili
〉

= tκk
coeff (n0l0, nili) 〈n0l0|r−3|nili〉κk. (20)

The radial integrals of the hfs operator tκk corresponding there to κk = 01, 12, 10 or 02 are defined as

〈
n0l0

∥∥t01
∥∥nili

〉
=
〈
n0l0

∥∥∥l̂ir−3
∥∥∥nili

〉
= δ(l0, li)

√
2l0(l0 + 1)(2l0 + 1)〈n0l0|r−3|nil0〉01,

〈
n0l0

∥∥t12
∥∥nili

〉
=
〈
n0l0

∥∥∥−
√

10(ŝiĈ
2
i )(1)r−3

∥∥∥nili

〉
= −

√
15(l0‖C2‖li)〈n0l0|r−3|nili〉12,

〈
n0l0

∥∥t10
∥∥nili

〉
=
〈
n0l0

∥∥ŝir
−3
∥∥nili

〉
= δ(l0, li)

√
3/2

√
2l0 + 1〈n0l0|r−3|nil0〉10,

〈
n0l0

∥∥t02
∥∥nili

〉
=
〈
n0l0

∥∥∥−Ĉ2
i r−3

∥∥∥nili

〉
=

√
2(l0‖C2‖li)〈n0l0|r−3|nili〉02. (21)

Reduced matrix elements for particular configurations are presented in sect. 5.

4 Explanation of used symbols

In all the formulae given below, symbol Gt denotes a particular term of Coulomb repulsion represented by irreducible
tensors of rank t:

∑
i>j rt

</rt+1
> (Ct

i · Ct
j), where r< and r> indicate the distances from the nucleus to the closer and

more distant electron, respectively. The summation over t is omitted. The expressions describing Gt element contain
coupling schemes used for the derivation of the formula.

For nj-coefficients the generally accepted notations were used.
The antisymmetric states for N equivalent electrons, allowed by the Pauli principle, were constructed from a linear

combination of products of parent states with (N−1) electrons using Racah’s coefficients of fractional parentage [34,35].
In the one-electron fractional parentage coefficient (nlNα0S0L0{|nlN−1ᾱS̄L̄), α0S0L0 denote the states of a group nlN

of equivalent electrons and α0 is an additional quantum number introduced to distinguish terms with identical values
of S0L0. In an analogous manner, ᾱS̄L̄ denote the states of nlN−1 equivalent electrons. For two-electron coefficients,
introduced for the first time by Donlan [36], (nlNα0S0L0{|nlN−2ᾱS̄L̄, nl2α̂ŜL̂), α0S0L0, ᾱS̄L̄ and α̂ŜL̂ denote the
states of a group nlN , nlN−2 and nl2 of equivalent electrons, respectively.

The expression [x, y] represents (2x + 1)(2y + 1). The reduced matrix elements Ct and Ut represent

(l1‖Ct‖l2) = (−1)l1 [(2l1 + 1)(2l2 + 1)]1/2

(
l1 t l2

0 0 0

)
, (22)

〈
nlNα0S0L0

∥∥Ut
∥∥nlNα′

0S
′
0L

′
0

〉
= δ(S0, S

′
0) N (−1)L0+l+t [L0, L

′
0]

1/2

×
∑

ᾱS̄L̄

(−1)L̄
(
nlNα0S0L0{|nlN−1ᾱS̄L̄

) (
nlNα′

0S
′
0L

′
0{|nlN−1ᾱS̄L̄

){ l l t

L0 L′
0 L̄

}
. (23)

The consideration of the configuration with three open shells, where the second and third shell contain up to three
electrons, requires the coupling of four angular momenta. Therefore, it is necessary to use 12j-coefficients, introduced
by Jahn and Hope [37] and studied by Ord-Smith [38], who found 16 symmetry relations including a convenient new
notation. In the comprehensive work of Yutsis et al. [39], the 12j-coefficients of this form were referred to as symbols
of the first kind. Additionally, Yutsis introduced more convenient symbols of the second kind with 24 symmetry
properties and presented a number of useful sum rules on nj-coefficients, which we primarily use in this paper. The
most important sum rules, which we used, are described by the formulae (A 6.13), (A 6.14), (A 6.25), (A 6.26),
(A 6.35–6.40) and (A 6.45–6.49) presented in the paper of Yutsis et al. [39]. Without these sum rules, it would be
impossible to write the formulae, presented below in sect. 5 in such a compressed form. Therefore, the formulae in
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Yutsis’s work contain the nj-coefficients of the first kind and of the second kind, so it is convenient to use the following
relation between the different types of 12j-coefficients:

⎧
⎨

⎩

j1 j2 j3 j4

l1 l2 l3 l4

k1 k2 k3 k4

⎫
⎬

⎭ =

⎧
⎨

⎩

l1 k1 k2 k3

j1 l4 k4 j3

j2 j4 l2 l3

⎫
⎬

⎭ , (24)

⎡

⎣
j1 j2 j3 j4

l1 l2 l3 l4

k1 k2 k3 k4

⎤

⎦ (−1)−j1+j2+j3−j4+k1−k2−k3+k4 =

⎡

⎣
k3 j1 k1 j2

l2 l1 l3 l4

k4 j3 k2 j4

⎤

⎦ . (25)

In this work we use 15j-coefficients defined by Yutsis et al. [39] as 3 nj-coefficients. The sum of a product of
6j-coefficients which represents 15j-coefficients of the first kind is of the form
⎧
⎨

⎩

j1 j2 j3 j4 j5

l1 l2 l3 l4 l5

k1 k2 k3 k4 k5

⎫
⎬

⎭ =
∑

x

[x] (−1)R5+4x

{
j1 k1 x

k2 j2 l1

}{
j2 k2 x

k3 j3 l2

}{
j3 k3 x

k4 j4 l3

}{
j4 k4 x

k5 j5 l4

}{
j5 k5 x

j1 k1 l5

}
(26)

and the sum which gives 15j-coefficients of the second kind is
⎡

⎣
j1 j2 j3 j4 j5

l1 l2 l3 l4 l5

k1 k2 k3 k4 k5

⎤

⎦ =
∑

x

[x] (−1)R5+5x

{
j1 k1 x

k2 j2 l1

}{
j2 k2 x

k3 j3 l2

}{
j3 k3 x

k4 j4 l3

}{
j4 k4 x

k5 j5 l4

}{
j5 k5 x

k1 j1 l5

}
, (27)

where Rn = j1 + j2 + j3 + j4 + j5 + l1 + l2 + l3 + l4 + l5 + k1 + k2 + k3 + k4 + k5.

5 Explicit formulae for electrostatically correlated spin-orbit interactions as well as for
electrostatically correlated hyperfine interactions. Excitation of one electron from a closed
shell into an open shell

The formulae for electrostatically correlated spin-orbit interactions (or electrostatically correlated hyperfine interac-
tions) are presented below.

5.1 nlN configuration

The states ψ and ψ′ for nlN configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, nlNαSL;αSL,
ψ′ = n0l

4l0+2
0

1S, nlNα′S′L′;α′S′L′.

5.1.1 Excitation of one electron from a closed n0l
4l0+2
0 shell to an open nlN shell

In this case the perturbing virtual states are defined as ψ′′ = n0l
4l0+1
0

2l0, nlN+1α′′S′′L′′;S′′′L′′′, where S′′′L′′′ has a
value SL or S′L′, depending on the operators occurring in eq. (6),

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

−
∑

Ψ ′′

〈
n0l

4l0+2
0

1S , nlNαSL;SL |G|n0l
4l0+1
0

2l0, nlN+1α′′S′′L′′;SL
〉

×
〈
n0l

4l0+1
0

2l0, nlN+1α′′S′′L′′;SL‖T(κk)K‖n0l
4l0+2
0

1S , nlNα′S′L′;S′L′
〉

−
∑

Ψ ′′

〈
n0l

4l0+1
0

2l0, nlN+1α′′S′′L′′;SL‖T(κk)K‖n0l
4l0+2
0

1S , nlNα′S′L′;S′L′
〉

×
〈
n0l

4l0+2
0

1S , nlNα′S′L′;S′L′ |G|n0l
4l0+2
0

1S, nlNα′S′L′
〉

=
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(N + 1)
∑

α′′S′′L′′

(−1)S′′+S′+L′+3/2 [S′′L′′]
{

S S′ κ

1/2 1/2 S′′

}{
L L′ k

l l0 L′′

}

×
[
∑

ᾱS̄L̄

δ(S̄, S) (−1)L (nlN+1α′′S′′L′′{|nlN ᾱS̄L̄)(nlN+1α′′S′′L′′{|nlNα′S′L′)
〈
nlN ᾱS̄L̄

∥∥Ut
∥∥nlNαSL

〉{L̄ t L

l0 L′′ l

}

+
∑

ᾱ′S̄′L̄′

δ(S̄′, S′) (−1)L′
(nlN+1α′′S′′L′′{|nlN ᾱ′S̄′L̄′)(nlN+1α′′S′′L′′{|nlNαSL)

〈
nlN ᾱ′S̄′L̄′

∥∥Ut
∥∥nlNα′S′L′〉

×
{

L̄′ t L′

l0 L′′ l

}]
(l0‖Ct‖l)(l‖Ct‖l)

∑

n0l0

Rt (n0l0nl, nlnl) 〈n0l0|r−3|nl〉κk/ΔE. (28)

This parameter occurs for all types of configurations with nlN core.

5.1.2 Excitation of one electron from a closed n0l
4l0+2
0 shell into an empty n1l1 shell

In this case the perturbing virtual states are defined as ψ′′ = n0l
4l0+1
0

2l0, (nlNα′′
1S′′

1 L′′
1 , n1l1)S′′L′′;S′′′L′′′,

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

∑

α′′S′′L′′

(−1)2S+S′+3S′′+1/2 [S′′, L′′]
{

S S′ κ

1/2 1/2 S′′

}{
L L′ k

l1 l0 L′′

}

×
[
δ(S, S′′

1 ) δ(α′′
1S′′

1 L′′
1 , α′S′L′) (−1)l0+l1

〈
nlNαSL

∥∥Ut
∥∥nlNα′′

1S′′
1 L′′

1

〉{l1 t l0

L L′′ L′′
1

}

+ δ(S′, S′′
1 ) δ(α′′

1S′′
1 L′′

1 , αSL) (−1)L′+L
〈
nlNα′S′L′ ∥∥Ut

∥∥nlNα′′
1S′′

1 L′′
1

〉{ l1 t l0

L′ L′′ L′′
1

}]

× (l‖Ct‖l)(l0‖Ct‖l1)
∑

n0l0

Rt (n0l0nl, n1l1nl) 〈n0l0|r−3|n1l1〉κk/ΔE

+ N
∑

α′′S′′L′′

(−1)2S+S′+L′+3S′′+L′′+l+1/2 [S′′, L′′]
{

S S′ κ

1/2 1/2 S′′

}{
L L′ k

l1 l0 L′′

}

×

⎡

⎢⎣δ(α′′
1S′′

1 L′′
1 , α′S′L′) (−1)S+S′′

1 +l0+l1 [S′′
1 , L′′

1 , S, L]1/2

×
∑

ᾱS̄L̄

(
nlNαSL{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){1/2 S̄ S′′

1

1/2 S′′ S

}
⎧
⎪⎨

⎪⎩

L̄ l L′′
1

l t l1

L l0 L′′

⎫
⎪⎬

⎪⎭

+ δ(α′′
1S′′

1 L′′
1 , αSL) (−1)S′+S′′

1 [S′′
1 , L′′

1 , S′, L′]1/2

×
∑

ᾱ′S̄′L̄′

(
nlNα′S′L′{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){1/2 S̄′ S′′

1

1/2 S′′ S′

}
⎧
⎪⎨

⎪⎩

L̄′ l L′′
1

l t l1

L′ l0 L′′

⎫
⎪⎬

⎪⎭

⎤

⎥⎦

× (l‖Ct‖l1)(l0‖Ct‖l)
∑

n0l0

Rt (n0l0nl, nln1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (29)

5.2 nlNn1l
N1

1 configuration

The states ψ and ψ′ for nlNn1l
N1
1 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, (nlNα1S1L1, n1l
N1
1 α2S2L2)SL;SL,

ψ′ = n0l
4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l

N1
1 α′

2S
′
2L

′
2)S

′L′;S′L′.
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5.2.1 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open nlN shell

In this case the perturbing virtual states are defined as ψ′′ = n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l

N1
1 α′′

2S′′
2 L′′

2)S′′L′′;S′′′L′′′,

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N + 1) N1 (−1)2S2+L+L2+L′
2+l1 [S,L, S′, L′, L2, L

′
2]

1/2

×
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′, L′′, S′′

1 , L′′
1 ]
{

S′ S κ

1/2 1/2 S′′

}

×

⎡

⎣δ(α′
2S

′
2L

′
2, α

′′
2S′′

2 L′′
2) δ(S2, S

′′
2 ) (−1)2S′

1+L1

{
L′ L k

l0 l L′′

}{
1/2 S′

1 S′′
1

S′
2 S′′ S′

}{
l L′

1 L′′
1

L′
2 L′′ L′

}{
S2 S′′ S′′

1

1/2 S1 S

}⎧⎨

⎩

L2 t L′
2

L1 l L′′
1

L l0 L′′

⎫
⎬

⎭

×
∑

ᾱ2S̄2L̄2

(−1)S+3S′′+L̄2+1/2 (n1l
N1
1 α2S2L2{|n1l

N1−1
1 ᾱ2S̄2L̄2)(n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ2S̄2L̄2)

{
L′

2 L2 t

l1 l1 L̄2

}

+ δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(S′

2, S
′′
2 ) (−1)2S1+L′

1

{
L′ L k

l l0 L′′

}{
1/2 S1 S′′

1

S2 S′′ S

}{
l L1 L′′

1

L2 L′′ L

}{
S′

2 S′′ S′′
1

1/2 S′
1 S′

}⎧⎨

⎩

L′
2 t L2

L′
1 l L′′

1

L′ l0 L′′

⎫
⎬

⎭

×
∑

ᾱ′
2S̄′

2L̄′
2

(−1)S+3S′′+L̄′
2+1/2 (n1l

N1
1 α2S2L2{|n1l

N1−1
1 ᾱ′

2S̄
′
2L̄

′
2)(n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′

2S̄
′
2L̄

′
2)
{

L2 L′
2 t

l1 l1 L̄′
2

}⎤

⎦

× (l0‖Ct‖l)(l1‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, nln1l1) 〈n0l0|r−3|nl〉κk/ΔE

+ (N + 1) N1 [S,L, S′, L′, S2, L2, S
′
2, L

′
2]

1/2

×
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′, L′′, S′′

1 , L′′
1 ]

×

⎡

⎣δ(α′
2S

′
2L

′
2, α

′′
2S′′

2 L′′
2)

∑

ᾱ2S̄2L̄2

(−1)3S+3S1+2S′
1+3S′

2+S2+S̄2+L2+L′
2+L′′

1 +L′′+L̄2+l+t+3/2

× (n1l
N1
1 α2S2L2{|n1l

N1−1
1 ᾱ2S̄2L̄2)(n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ2S̄2L̄2)

×
{

1/2 S′
1 S′′

1

S′
2 S′′ S′

}{
1/2 S′′

1 S1

S S2 S̄2

}{
S̄2 S′

2 1/2
S′′ S S′′

1

}{
S′ S κ

1/2 1/2 S′′

}{
L′ L k

l0 l L′′

}{
l L′

1 L′′
1

L′
2 L′′ L′

}
⎧
⎪⎨

⎪⎩

L′′ L l0 t

L′′
1 L1 l L̄2

L′
2 L2 l1 l1

⎫
⎪⎬

⎪⎭

+ δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(S′

2, S
′′
2 )

∑

ᾱ′
2S̄′

2L̄′
2

(−1)2S′+S+2S1+3S′
1+3S2+S′

2+S̄′
2+L+L′+L2+L′

2+L′′
1 +L′′+L̄′

2+l+t+3/2

× (n1l
N1
1 α2S2L2{|n1l

N1−1
1 ᾱ′

2S̄
′
2L̄

′
2)(n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′

2S̄
′
2L̄

′
2)

×
{

1/2 S1 S′′
1

S2 S′′ S

}{
1/2 S′′

1 S′
1

S′ S′
2 S̄′

2

}{
S̄′

2 S2 1/2
S′′ S′ S′′

1

}{
S′ S κ

1/2 1/2 S′′

}{
L′ L k

l l0 L′′

}{
l L1 L′′

1

L2 L′′ L

}
⎧
⎪⎨

⎪⎩

L′′ L′ l0 t

L′′
1 L′

1 l L̄′
2

L2 L′
2 l1 l1

⎫
⎪⎬

⎪⎭

⎤

⎥⎦

× (l0‖Ct‖l1)(l1‖Ct‖l)
∑

n0l0

Rt (n0l0n1l1, n1l1nl) 〈n0l0|r−3|nl〉κk/ΔE. (30)

5.2.2 Excitation of one electron from a closed n0l
4l0+2
0 shell to an open n1l

N1
1 shell

In this case the perturbing virtual states are defined as ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, n1l

N1+1
1 α′′

2S′′
2 L′′

2 ;S′′′L′′′.
The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =
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(N1 + 1) N1 [S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1)[S′′, L′′, S′′

2 , L′′
2 ]

×

⎡

⎣
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)
[S2, L2]1/2

{
S′′ 1/2 S1

S2 S S′′
2

}{
L′′ l0 L1

L2 L L′′
2

}⎧⎨

⎩

S S′′ S′′
2

S′ S′
1 S′

2

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
2

L′ L′
1 L′

2

k l0 l1

⎫
⎬

⎭

×
∑

ᾱS̄L̄,α̂ŜL̂

(−1)3S+L+2S′′+2S2+2S′
2+S′

1+L′
1+S̄+L̄+L̂+l0+κ+k+1/2 [Ŝ, L̂]1/2

{
S̄ 1/2 S2

1/2 S′′
2 Ŝ

}{
L̄ l1 L2

l0 L′′
2 L̂

}

×
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱS̄L̄, n1l

2
1α̂ŜL̂

)(
n1l

N1
1 α2S2L2{|n1l

N1−1
1 ᾱS̄L̄

){l1 l0 t

l1 l1 L̂

}

+
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)
[S′

2, L
′
2]

1/2

{
S′′ 1/2 S′

1

S′
2 S′ S′′

2

}{
L′′ l0 L′

1

L′
2 L′ L′′

2

}⎧⎨

⎩

S S2 S1

S′ S′′
2 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L2 L1

L′ L′′
2 L′′

k l1 l0

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′,α̂′Ŝ′L̂′

(−1)S+L+2S′+2S′′+2S2+S1+L1+2S′
2+S̄′+L̄′+L̂′+l1+κ+k+1/2 [Ŝ′, L̂′]1/2

{
S̄′ 1/2 S′

2

1/2 S′′
2 Ŝ′

}{
L̄′ l1 L′

2

l0 L′′
2 L̂′

}

×
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱ′S̄′L̄′, n1l

2
1α̂

′Ŝ′L̂′
)(

n1l
N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′S̄′L̄′

){l1 l0 t

l1 l1 L̂′

}⎤

⎦

× (l0‖Ct‖l1)(l1‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, n1l1n1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (31)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N1 + 1) [S,L, S′, L′]1/2
∑

ψ′′

[S′′, L′′, S′′
2 , L′′

2 ]
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S1, S

′′
1 ) (−1)3S+L+S′′

2 +L′′
2 +2S′′+L′′+2S′

2+S′
1+L′

1+L1+t+κ+k+1/2

×
〈
nlNα1S1L1

∥∥Ut
∥∥nlNα′′

1S′′
1 L′′

1

〉{S2 S S1

S′′ 1/2 S′′
2

}{
L2 L L1

L′′ l1 L′′
2

}{
L′′ L1 l1

t l0 L′′
1

}⎧⎨

⎩

S S′′ S′′
2

S′ S′
1 S′

2

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
2

L′ L′
1 L′

2

k l0 l1

⎫
⎬

⎭

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(S′

1, S
′′
1 ) (−1)S+L+2S′+S′′

2 +L′′
2 +2S′′+L′′+2S2+S1+L1+L′

1+κ+k+1/2

×
〈
nlNα′

1S
′
1L

′
1

∥∥Ut
∥∥nlNα′′

1S′′
1 L′′

1

〉{S′
2 S′ S′

1

S′′ 1/2 S′′
2

}{
L′

2 L′ L′
1

L′′ l1 L′′
2

}{
L′′ L′

1 l1

t l0 L′′
1

}⎧⎨

⎩

S S2 S1

S′ S′′
2 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L2 L1

L′ L′′
2 L′′

k l1 l0

⎫
⎬

⎭

⎤

⎦

× (l0‖Ct‖l1)(l‖Ct‖l)
∑

n0l0

Rt (n0l0nl, n1l1nl) 〈n0l0|r−3|n1l1〉κk/ΔE

+ (N1 + 1) N [S,L, S′, L′]1/2
∑

ψ′′

[S′′
2 , L′′

2 , L′′]
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S′′, S̄)(−1)3S+L+2S1+L1+S′

1+L′
1+2S′

2+L′′
1 +S′′

2 +L′′
2 +l1+l+l0+κ+k+1/2

× [S′′
1 , L′′

1 , S1, L1]1/2

{
S2 S S1

S′′ 1/2 S′′
2

}{
L2 L L1

L′′ l1 L′′
2

}⎧⎨

⎩

S S′′ S′′
2

S′ S′
1 S′

2

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
2

L′ L′
1 L′

2

k l0 l1

⎫
⎬

⎭
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×
∑

ᾱS̄L̄

(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){L̄ L′′

1 l

l0 t L′′

}{
L1 L′′ l1

t l L̄

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1)δ(S′′, S̄) (−1)S+L+2S′+S1+L1+2S′

1+L′
1+2S2+L′′

1 +S′′
2 +L′′

2 +l+κ+k+1/2

× [S′′
1 , L′′

1 , S′
1, L

′
1]

1/2

{
S′

2 S′ S′
1

S′′ 1/2 S′′
2

}{
L′

2 L′ L′
1

L′′ l1 L′′
2

}⎧⎨

⎩

S S2 S1

S′ S′′
2 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L2 L1

L′ L′′
2 L′′

k l1 l0

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′

(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){L̄′ L′′

1 l

l0 t L′′

}{
L′

1 L′′ l1

t l L̄′

}⎤

⎦

× (l0‖Ct‖l)(l‖Ct‖l1)
∑

n0l0

Rt (n0l0nl, nln1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (32)

5.2.3 Excitation of one electron from a closed n0l
4l0+2
0 shell into an empty n2l2 shell calculated only for N1 = 1

The states ψ and ψ′ for nlNn1l1 configuration are defined as follows:

ψ = (n0l
4l0+2
0

1S, nlNα1S1L1)α1S1L1, n1l1;SL,
ψ′ = (n0l

4l0+2
0

1S, nlNα′
1S

′
1L

′
1)α

′
1S

′
1L

′
1, n1l1;S′L′.

In this case the perturbing virtual states are defined as ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, (n1l1, n2l2)S′′

2 L′′
2 ;S′′′L′′′.

The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

= N [S,L, S′, L′]1/2
∑

ψ′′

[L′′, S′′
2 , L′′

2 ]

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) (−1)2S+S′+L′+2S′

1+S′′+L′′+2S′′
2 +L1+L′′

1 +l0+l+l1+l2

× [S1, L1, S
′′
1 , L′′

1 ]1/2

{
1/2 S S1

S′′ 1/2 S′′
2

}{
l1 L L1

L′′ l2 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S′ S′

1

S′′
2 S S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L′ L′
1

L′′
2 L L′′

⎫
⎬

⎭

×
∑

ᾱS̄L̄

δ(S′′, S̄)
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){L̄ l L1

l2 L′′ t

}{
l t l0

L′′ L′′
1 L̄

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) (−1)2S1+3S′+L′+S′′+L′′+2S′′

2 +L′
1+L′′

1 +l+l1 [S′
1, L

′
1, S

′′
1 , L′′

1 ]1/2

×
{

1/2 S′ S′
1

S′′ 1/2 S′′
2

}{
l1 L′ L′

1

L′′ l2 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S S1

S′′
2 S′ S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L L1

L′′
2 L′ L′′

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′

δ(S′′, S̄′)
(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){L̄′ l L′

1

l2 L′′ t

}{
l t l0

L′′ L′′
1 L̄′

}⎤

⎦

× (l0‖Ct‖l)(l‖Ct‖l2)
∑

n0l0

Rt (n0l0nl, nln2l2) 〈n0l0|r−3|n2l2〉κk/ΔE

+ N [S,L, S′, L′]1/2
∑

ψ′′

[S′′, L′′, S′′
2 , L′′

2 ]

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S′′

1 , S1) (−1)2S+S′+L′+2S1+2S′
1+2S′′

2 +3S′′+l0+l [L1, L
′′
1 ]1/2
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×
{

l0 L′′
1 L′′

L1 l2 t

}{
1/2 S S1

S′′ 1/2 S′′
2

}{
l1 L L1

L′′ l2 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S′ S′

1

S′′
2 S S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L′ L′
1

L′′
2 L L′′

⎫
⎬

⎭

×
∑

ᾱS̄L̄

(−1)L̄
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){ t l l

L̄ L1 L′′
1

}

+ δ(S′′
1 , S′

1) (−1)2S1+3S′+L′+2S′
1+2S′′

2 +3S′′+l0+l+l1+l2 [L′
1, L

′′
1 ]1/2

{
l0 L′′

1 L′′

L′
1 l2 t

}{
1/2 S′ S′

1

S′′ 1/2 S′′
2

}{
l1 L′ L′

1

L′′ l2 L′′
2

}

×

⎧
⎨

⎩

1/2 κ 1/2
1/2 S S1

S′′
2 S′ S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L L1

L′′
2 L′ L′′

⎫
⎬

⎭
∑

ᾱ′S̄′L̄′

(−1)L̄′ (
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){ t l l

L̄′ L′
1 L′′

1

}⎤

⎦

× (l0‖Ct‖l2)(l‖Ct‖l)
∑

n0l0

Rt (n0l0nl, n2l2nl) 〈n0l0|r−3|n2l2〉κk/ΔE. (33)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

[S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) [S′′, L′′, S′′

2 , L′′
2 ]

×

⎡

⎣(−1)2S+S′+L′+2S′
1+S′′+L′′+S′′

2 +1

{
S′′ 1/2 S1

1/2 S S′′
2

}{
L′′ l0 L1

l1 L L′′
2

}{
l0 l1 t

l2 l1 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S′ S′

1

S′′
2 S S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L′ L′
1

L′′
2 L L′′

⎫
⎬

⎭

+ (−1)2S1+3S′+L′+S′′+L′′+S′′
2 +l0+l2+1

{
S′′ 1/2 S′

1

1/2 S′ S′′
2

}{
L′′ l0 L′

1

l1 L′ L′′
2

}{
l0 l1 t

l2 l1 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S S1

S′′
2 S′ S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L L1

L′′
2 L′ L′′

⎫
⎬

⎭

⎤

⎦

× (l0‖Ct‖l1)(l1‖Ct‖l2)
∑

n0l0

Rt (n0l0n1l1, n1l1n2l2) 〈n0l0|r−3|n2l2〉κk/ΔE

+ [S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) [S′′, L′′, S′′

2 , L′′
2 ]

×

⎡

⎣(−1)2S+S′+L′+2S′
1+S′′+L′′+S′′

2 +1

{
S′′ 1/2 S1

1/2 S S′′
2

}{
L′′ l0 L1

l1 L L′′
2

}{
l0 l2 t

l1 l1 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S′ S′

1

S′′
2 S S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L′ L′
1

L′′
2 L L′′

⎫
⎬

⎭

+ (−1)2S1+3S′+L′+S′′+L′′+2S′′
2 +L′′

2 +l0+l2+1

{
S′′ 1/2 S′

1

1/2 S′ S′′
2

}{
L′′ l0 L′

1

l1 L′ L′′
2

}{
l0 l2 t

l1 l1 L′′
2

}⎧⎨

⎩

1/2 κ 1/2
1/2 S S1

S′′
2 S′ S′′

⎫
⎬

⎭

⎧
⎨

⎩

l2 k l0

l1 L L1

L′′
2 L′ L′′

⎫
⎬

⎭

⎤

⎦

× (l0‖Ct‖l2)(l1‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, n2l2n1l1) 〈n0l0|r−3|n2l2〉/κk/ΔE. (34)

5.3 nlNn1l
N1

1 n2l2 configuration

The states ψ and ψ′ for nlNn1l
N1
1 n2l2 configuration are defined as follows:

ψ = (n0l
4l0+2
0

1S, nlNα1S1L1)S1L1, (n1l
N1
1 α2S2L2, n2l2)S3L3;SL,

ψ′ = (n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1)S

′
1L

′
1, (n1l

N1
1 α′

2S
′
2L

′
2, n2l2)S′

3L
′
3;S

′L′.

5.3.1 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open nlN shell

In this case the perturbing virtual states are defined as
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ψ′′ = (n0l
4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, (n1l

N1
1 α′′

2S′′
2 L′′

2 , n2l2)S′′
3 L′′

3 ;S′′′L′′′.

The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[L′′, S′′

1 , L′′
1 ]

×
[
δ(S1, S

′′) δ(S2, S
′′
2 ) δ(S3, S

′′
3 ) δ(α′

2S
′
2L

′
2, α

′′
2S′′

2 L′′
2) δ(S′

3L
′
3, S

′′
3 L′′

3)
〈
n1l

N1
1 α2S2L2

∥∥Ut
∥∥n1l

N1
1 α′′

2S′′
2 L′′

2

〉

× (−1)2S+L+S′+L′+L2+3S′
1+L′

1+S′′
1 +2S3+L3+S′

3+L′
3+S′′+L′′+L′′

3 +l2+κ+k+3/2 [L3, L
′′
3 ]1/2

×
{

L1 t L′′

L′′
3 L L3

}{
t L2 L′′

2

l2 L′′
3 L3

}{
l L1 L′′

1

L′′ l0 t

}{
S′

1 S′′ κ

1/2 1/2 S′′
1

}{
L′

1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′
1 S′′ S′

3

}{
L L′ k

L′
1 L′′ L′

3

}

+ δ(S′
1, S

′′) δ(S′
2, S

′′
2 ) δ(S′

3, S
′′
3 ) δ(α2S2L2, α

′′
2S′′

2 L′′
2) δ(S3L3, S

′′
3 L′′

3)
〈
n1l

N1
1 α′

2S
′
2L

′
2

∥∥Ut
∥∥n1l

N1
1 α′′

2S′′
2 L′′

2

〉

× (−1)3S′+L′
2+3S1+L1+3S′′

1 +S3+L3+2S′
3+L′

3+3S′′+L′′+L′′
3 +l2+κ+k+1/2 [L′

3, L
′′
3 ]1/2

×
{

L′
1 t L′′

L′′
3 L′ L′

3

}{
t L′

2 L′′
2

l2 L′′
3 L′

3

}{
l L′

1 L′′
1

L′′ l0 t

}{
S1 S′′ κ

1/2 1/2 S′′
1

}{
L1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′′ S1 S3

}{
L L′ k

L′′ L1 L3

}]

× (l1‖Ct‖l1)(l0‖Ct‖l)
∑

n0l0

Rt (n0l0n1l1, nln1l1) 〈n0l0|r−3|nl〉κk/ΔE

+ (N + 1) N1 [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′

1 , L′′
1 , S′′, L′′]

×

⎡

⎢⎣δ(α′
2S

′
2L

′
2, α

′′
2S′′

2 L′′
2) δ(S′

3L
′
3, S

′′
3 L′′

3) (−1)3S′′+S′+L′+S′
3+L′

3+3S′′
1 +L′′

1 +2S1+3S3+S′′
3 +L1+L2+L′′

2 +3S′
1+L′

1+l1+κ+k+3/2

× [S2, L2, S
′′
2 , L′′

2 , S3, L3, S
′′
3 , L′′

3 ]1/2

{
S′

1 S′′ κ

1/2 1/2 S′′
1

}{
L′

1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′
1 S′′ S′

3

}{
L L′ k

L′
1 L′′ L′

3

}

×
∑

ᾱS̄L̄

(
n1l

N1
1 α2S2L2{|n1l

N1−1
1 ᾱS̄L̄

)(
n1l

N1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱS̄L̄

)
⎡

⎢⎣
S3 1/2 S′′

3 1/2
1/2 S S̄ S′′

1

S2 S′′
2 S1 S′′

⎤

⎥⎦

⎡

⎢⎣
L1 L3 L2 l1 l

L l2 L̄ t L′′
1

L′′ L′′
3 L′′

2 l1 l0

⎤

⎥⎦

+ δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(S3L3, S

′′
3 L′′

3) (−1)S′′+2S′
1+L′

1+3S′
3+S′′

3 +L′
2+L′′

2 +S′′
1 +L′′

1 +3S1+L1+S3+L3+S′+L′+l+l1+l0+κ+k+1/2

× [S′
2, L

′
2, S

′′
2 , L′′

2 , S′
3, L

′
3, S

′′
3 , L′′

3 ]1/2

{
S1 S′′ κ

1/2 1/2 S′′
1

}{
L1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′′ S1 S3

}{
L L′ k

L′′ L1 L3

}

×
∑

ᾱ′S̄′L̄′

(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′S̄′L̄′

)(
n1l

N1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱ′S̄′L̄′

)
⎡

⎢⎣
S′

3 1/2 S′′
3 1/2

1/2 S′ S̄′ S′′
1

S′
2 S′′

2 S′
1 S′′

⎤

⎥⎦

×

⎡

⎢⎣
L′

1 L′
3 L′

2 l1 l

L′ l2 L̄′ t L′′
1

L′′ L′′
3 L′′

2 l1 l0

⎤

⎥⎦

⎤

⎥⎦ (l1‖Ct‖l)(l0‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, n1l1nl) 〈n0l0|r−3|nl〉κk/ΔE. (35)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[L′′, S′′

1 , L′′
1 ]

× δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(α′

2S
′
2L

′
2, α

′′
2S′′

2 L′′
2)
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×
[
δ(S1, S

′′) δ(S3, S
′′
3 ) δ(S′

3L
′
3, S

′′
3 L′′

3) (−1)S′′+L′′+S′
3+L′

3+S′+L′+3S′
1+L′

1+3S′′
1 +L+L2+l2+κ+k+1/2 [L3, L

′′
3 ]1/2

×
{

L1 t L′′

L′′
3 L L3

}{
L3 L′′

3 t

l2 l2 L2

}{
l0 l t

L1 L′′ L′′
1

}{
S′

1 S′′ κ

1/2 1/2 S′′
1

}{
L′

1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′
1 S′′ S′

3

}{
L L′ k

L′
1 L′′ L′

3

}

+ δ(S′
1, S

′′) δ(S′
3, S

′′
3 ) δ(S3L3, S

′′
3 L′′

3) (−1)3S1+L1+3S′′+L′′+S3+L3+S′+S′′
1 +L′

2+l0+l+l2+κ+k+3/2 [L′
3, L

′′
3 ]1/2

×
{

L′
1 t L′′

L′′
3 L′ L′

3

}{
L′

3 L′′
3 t

l2 l2 L′
2

}{
l0 l t

L′
1 L′′ L′′

1

}{
S1 S′′ κ

1/2 1/2 S′′
1

}{
L1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′′ S1 S3

}{
L L′ k

L′′ L1 L3

}]

× (l0‖Ct‖l)(l2‖Ct‖l2)
∑

n0l0

Rt (n0l0n2l2, nln2l2) 〈n0l0|r−3|nl〉κk/ΔE

+ (N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′

1 , L′′
1 , S′′, L′′]

× δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(α′

2S
′
2L

′
2, α

′′
2S′′

2 L′′
2)

×

⎡

⎣δ(S′
3L

′
3, S

′′
3 L′′

3) [S3, L3, S
′′
3 , L′′

3 ]1/2(−1)3S1+2S2+3S3+3S′′
3 +2S′′+L′′+S′+L′+S′

3+L′
3+3S′′

1 +L′′
1 +3S′

1+L′
1+l0+l2+l+κ+k+1/2

×
{

S′
1 S′′ κ

1/2 1/2 S′′
1

}{
L′

1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′
1 S′′ S′

3

}{
L L′ k

L′
1 L′′ L′

3

}{
S′′

1 S′′ 1/2
S′′

3 S2 S

}{
S1 S S3

S2 1/2 S′′
1

}⎡

⎣
L′′

3 l0 L3 l

L2 L t L′′
1

l2 l2 L′′ L1

⎤

⎦

+ δ(S3L3, S
′′
3 L′′

3) [S′
3, L

′
3, S

′′
3 , L′′

3 ]1/2(−1)3S′
1+2S′

2+3S′
3+3S′′

3 +L′′+S′′
1 +L′′

1 +3S1+L1+S3+L3+S′+L′+l2+κ+k+3/2

×
{

S1 S′′ κ

1/2 1/2 S′′
1

}{
L1 L′′ k

l0 l L′′
1

}{
S S′ κ

S′′ S1 S3

}{
L L′ k

L′′ L1 L3

}{
S′′

1 S′′ 1/2
S′′

3 S′
2 S

}{
S′

1 S′ S′
3

S′
2 1/2 S′′

1

}⎡

⎣
L′′

3 l0 L′
3 l

L′
2 L′ t L′′

1

l2 l2 L′′ L′
1

⎤

⎦

⎤

⎦

× (l0‖Ct‖l2)(l2‖Ct‖l)
∑

n0l0

Rt (n0l0n2l2, n2l2nl) 〈n0l0|r−3|nl〉κk/ΔE. (36)

5.3.2 Excitation of one electron from a closed n0l
4l0+2
0 shell to an open n1l

N1
1 shell

In this case the perturbing virtual states are defined as

ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, (n1l

N1+1
1 α′′

2S′′
2 L′′

2 , n2l2)S′′
3 L′′

3 ;S′′′L′′′.

The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N1 + 1) N1 [S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) [S′′, L′′, S′′

2 , L′′
2 , S′′

3 , L′′
3 ]

⎡

⎣
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)
[S2, L2, S3, L3, S

′
3, L

′
3]

1/2

{
S′′ 1/2 S′′

1

S3 S S′′
3

}{
L′′ l0 L′′

1

L3 L L′′
3

}

×
{

S3 1/2 S′′
3

S′′
2 1/2 S2

}{
L3 l0 L′′

3

L′′
2 l2 L2

}{
1/2 S′

2 S′′
2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}⎧⎨

⎩

S S′′
3 S′′

S′ S′
3 S′

1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′
3 L′′

L′ L′
3 L′

1

k l1 l0

⎫
⎬

⎭

×
∑

ᾱS̄L̄,α̂ŜL̂

(−1)2S+S′+L′+3S′′+L′′+3S′′
2 +L′′

2 +2S2+2S′
2+3S3+L3+2S′

3+S̄+L̄+L̂+l0+3/2 [Ŝ, L̂]1/2

{
l1 l1 t

l0 l1 L̂

}

×
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱS̄L̄, n1l

2
1α̂ŜL̂

)(
n1l

N1
1 α2S2L2{|n1l

N1−1
1 ᾱS̄L̄

){ S̄ 1/2 S2

1/2 S′′
2 Ŝ

}{
L̄ l1 L2

l0 L′′
2 L̂

}
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+
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)
[S′

2, L
′
2, S3, L3, S

′
3, L

′
3]

1/2

{
S′′ 1/2 S′′

1

S′
3 S′ S′′

3

}{
L′′ l0 L′′

1

L′
3 L′ L′′

3

}

×
{

S′
3 1/2 S′′

3

S′′
2 1/2 S′

2

}{
L′

3 l0 L′′
3

L′′
2 l2 L′

2

}{
1/2 S2 S′′

2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}⎧⎨

⎩

S′ S′′
3 S′′

S S3 S1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L′ L′′
3 L′′

L L3 L1

k l1 l0

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′,α̂′Ŝ′L̂′

(−1)2S1+2S3+3S′+L′+S′′+L′′+3S′′
2 +L′′

2 +2S2+2S′
2+3S′

3+L′
3+S̄′+L̄′+L̂′+l1+1/2 [Ŝ′, L̂′]1/2

{
l1 l1 t

l0 l1 L̂′

}

×
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱ′S̄′L̄′, n1l

2
1α̂

′Ŝ′L̂′
)(

n1l
N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′S̄′L̄′

){ S̄′ 1/2 S′
2

1/2 S′′
2 Ŝ′

}{
L̄′ l1 L′

2

l0 L′′
2 L̂′

}⎤

⎦

× (l0‖Ct‖l1)(l1‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, n1l1n1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (37)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N1 + 1) N [S,L, S′, L′]1/2
∑

ψ′′

(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)

× [S′′, L′′, S′′
2 , L′′

2 , S′′
3 , L′′

3 ] [S3, L3, S
′
3, L

′
3]

1/2

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S1, S

′′
1 ) (−1)2S1+2S2+2S+2S′

2+2S′
3+2S′′

2 +2S′′
3 +S′′+S3+L3+S′+L′+l0+l+l1+1/2 [L1, L

′′
1 ]1/2

×
{

1/2 S2 S′′
2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}{
S3 S S1

S′′ 1/2 S′′
3

}{
L3 L L1

L′′ l1 L′′
3

}{
1/2 S′

2 S′′
2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}{
l0 L′′

1 L′′

L1 l1 t

}⎧⎨

⎩

S S′′
3 S′′

S′ S′
3 S′

1

κ 1/2 1/2

⎫
⎬

⎭

×

⎧
⎨

⎩

L L′′
3 L′′

L′ L′
3 L′

1

k l1 l0

⎫
⎬

⎭
∑

ᾱS̄L̄

(−1)L̄
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){ t l l

L̄ L′′
1 L1

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1)δ(S′

1, S
′′
1 ) (−1)2S2+2S1+2S3+2S′

1+2S′
2+2S′′

2 +2S′′
3 +3S′′+3S′+L′+S′

3+L′
3+l+3/2 [L′

1, L
′′
1 ]1/2

×
{

1/2 S′
2 S′′

2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}{
S′

3 S′ S′
1

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
1

L′′ l1 L′′
3

}{
1/2 S2 S′′

2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}{
l0 L′′

1 L′′

L′
1 l1 t

}⎧⎨

⎩

S′ S′′
3 S′′

S S3 S1

κ 1/2 1/2

⎫
⎬

⎭

×

⎧
⎨

⎩

L′ L′′
3 L′′

L L3 L1

k l1 l0

⎫
⎬

⎭
∑

ᾱ′S̄′L̄′

(−1)L̄′ (
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){ t l l

L̄′ L′′
1 L′

1

}⎤

⎦

× (l0‖Ct‖l1)(l‖Ct‖l)
∑

n0l0

Rt (n0l0nl, n1l1nl) 〈n0l0|r−3|n1l1〉κk/ΔE

+ (N1 + 1) N [S,L, S′, L′]1/2
∑

ψ′′

(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)

× [S′′
2 , L′′

2 , S′′
3 , L′′

3 , L′′] [S3, L3, S
′
3, L

′
3]

1/2

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) (−1)2S+2S′

3+2S′′
3 +2S2+2S′

2+2S′′
2 +L1+L′′

1 +3S′′+L′′+S3+L3+S′+L′+l+1/2 [S′′
1 , L′′

1 , S1, L1]1/2

×
{

1/2 S2 S′′
2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}{
S3 S S1

S′′ 1/2 S′′
3

}{
L3 L L1

L′′ l1 L′′
3

}{
1/2 S′

2 S′′
2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}⎧⎨

⎩

S S′′
3 S′′

S′ S′
3 S′

1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′
3 L′′

L′ L′
3 L′

1

k l1 l0

⎫
⎬

⎭
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×
∑

ᾱS̄L̄

δ(S̄, S′′)
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){L̄ l L′′

1

l0 L′′ t

}{
l t l1

L′′ L1 L̄

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) (−1)2S1+2S2+2S3+3S′+S′′+S′

3+2S′′
3 +2S′

2+2S′′
2 +L′+L′

1+L′′
1 +L′′+L′

3+l0+l+l1+3/2 [S′′
1 , L′′

1 , S′
1, L

′
1]

1/2

×
{

1/2 S′
2 S′′

2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}{
S′

3 S′ S′
1

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
1

L′′ l1 L′′
3

}{
1/2 S2 S′′

2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}⎧⎨

⎩

S′ S′′
3 S′′

S S3 S1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L′ L′′
3 L′′

L L3 L1

k l1 l0

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′

δ(S̄′, S′′)
(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){L̄′ l L′′

1

l0 L′′ t

}{
l t l1

L′′ L′
1 L̄′

}⎤

⎦

× (l0‖Ct‖l)(l‖Ct‖l1)
∑

n0l0

Rt (n0l0nl, nln1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (38)

The third type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N1 + 1) [S,L, S′, L′, S3, L3, S
′
3, L

′
3]

1/2
∑

ψ′′

δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α1S1L1, α

′′
1S′′

1 L′′
1)

×
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)
[S′′, L′′, S′′

2 , L′′
2 , S′′

3 , L′′
3 ]

×

⎡

⎣(−1)2S+2S2+3S3+2S′
2+2S′

3+2S′′
3 +S′+L′+3S′′+L′′+L′′

2 +l0+l1+l2+3/2

{
1/2 S′′ S1

S S3 S′′
3

}{
S′′

2 S′′
3 1/2

S3 S2 1/2

}

×
{

l0 L′′ L1

L L3 L′′
3

}{
1/2 S′

2 S′′
2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}⎧⎨

⎩

L3 l0 L′′
3

L2 l1 L′′
2

l2 t l2

⎫
⎬

⎭

⎧
⎨

⎩

S S′′
3 S′′

S′ S′
3 S′

1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′
3 L′′

L′ L′
3 L′

1

k l1 l0

⎫
⎬

⎭

+ (−1)2S1+2S2+2S3+2S′
2+3S′

3+2S′′
3 +S′′+L′′+3S′+L′+L′′

2 +l2+1/2

{
1/2 S′′ S′

1

S′ S′
3 S′′

3

}{
S′′

2 S′′
3 1/2

S′
3 S′

2 1/2

}

×
{

l0 L′′ L′
1

L′ L′
3 L′′

3

}{
1/2 S2 S′′

2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}⎧⎨

⎩

L′
3 l0 L′′

3

L′
2 l1 L′′

2

l2 t l2

⎫
⎬

⎭

⎧
⎨

⎩

S′ S′′
3 S′′

S S3 S1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L′ L′′
3 L′′

L L3 L1

k l1 l0

⎫
⎬

⎭

⎤

⎦

× (l0‖Ct‖l1)(l2‖Ct‖l2)
∑

n0l0

Rt (n0l0n2l2, n1l1n2l2) 〈n0l0|r−3|n1l1〉κk/ΔE

+ (N1 + 1) [S,L, S′, L′, S3, L3, S
′
3, L

′
3]

1/2
∑

ψ′′

δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α1S1L1, α

′′
1S′′

1 L′′
1)

×
(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α2S2L2

)(
n1l

N1+1
1 α′′

2S′′
2 L′′

2{|n1l
N1
1 α′

2S
′
2L

′
2

)
[S′′, L′′, S′′

3 , L′′
3 , L′′

2 ]

×

⎡

⎣δ(S3, S
′′
2 ) (−1)3S′′+2S1+2S′

2+2S′
3+3S′′

2 +L′′
3 +S′+L′+L2+L3+L′′+l0+3/2

{
1/2 S′′ S1

S S′′
2 S′′

3

}{
l0 L′′ L1

L L3 L′′
3

}

×
{

L2 l2 L3

t L′′
2 l1

}{
L3 l0 L′′

3

l2 L′′
2 t

}{
1/2 S′

2 S′′
2

1/2 S′′
3 S′

3

}{
l1 L′

2 L′′
2

l2 L′′
3 L′

3

}⎧⎨

⎩

S S′′
3 S′′

S′ S′
3 S′

1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′
3 L′′

L′ L′
3 L′

1

k l1 l0

⎫
⎬

⎭

+ δ(S′
3, S

′′
2 ) (−1)2S1+2S2+2S3+S′+S′′+3S′′

2 +2S′
1+L′′

3 +L′+L′
2+L′

3+L′′+l1+1/2

{
1/2 S′′ S′

1

S′ S′′
2 S′′

3

}{
l0 L′′ L′

1

L′ L′
3 L′′

3

}

×
{

L′
2 l2 L′

3

t L′′
2 l1

}{
L′

3 l0 L′′
3

l2 L′′
2 t

}{
1/2 S2 S′′

2

1/2 S′′
3 S3

}{
l1 L2 L′′

2

l2 L′′
3 L3

}⎧⎨

⎩

S′ S′′
3 S′′

S S3 S1

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L′ L′′
3 L′′

L L3 L1

k l1 l0

⎫
⎬

⎭

⎤

⎦
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× (l0‖Ct‖l2)(l2‖Ct‖l1)
∑

n0l0

Rt (n0l0n2l2, n2l2n1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (39)

5.3.3 Excitation of one electron from a closed n0l
4l0+2
0 shell to an open n2l2 shell

In this case the perturbing virtual states are defined as

ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, (n1l

N1
1 α′′

2S′′
2 L′′

2 , n2l
2
2 α′′

4S′′
4 L′′

4)S′′
3 L′′

3 ;S′′′L′′′.

The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

2 [S,L, S′, L′, S3, L3, S
′
3, L

′
3]

1/2

×
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α2S2L2, α

′′
2S′′

2 L′′
2)δ(α′

2S
′
2L

′
2, α

′′
2S′′

2 L′′
2) [S′′, L′′, S′′

3 , L′′
3 , S′′

4 , L′′
4 ]

×

⎡

⎣(−1)3S+L+2S′′+S1+L1+2S2+2S3+2S′
3+S′′

3 +L′′
3 +L′′

4 +l2+κ+k+3/2

{
1/2 S′′

3 S3

S S1 S′′

}{
l0 L′′

3 L3

L L1 L′′

}

×
{

S2 1/2 S3

1/2 S′′
3 S′′

4

}{
L2 l2 L3

l0 L′′
3 L′′

4

}{
l2 l0 t

l2 l2 L′′
4

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}⎧⎨

⎩

S′′ 1/2 S′
1

S κ S′

S′′
3 1/2 S′

3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L′
1

L k L′

L′′
3 l2 L′

3

⎫
⎬

⎭

+ (−1)S+L+2S′+2S′′+S1+L1+2S2+2S3+2S′
3+S′′

3 +L′′
3 +L′′

4 +l0+κ+k+3/2

{
1/2 S′′

3 S′
3

S′ S′
1 S′′

}{
l0 L′′

3 L′
3

L′ L′
1 L′′

}

×
{

S′
2 1/2 S′

3

1/2 S′′
3 S′′

4

}{
L′

2 l2 L′
3

l0 L′′
3 L′′

4

}{
l2 l0 t

l2 l2 L′′
4

}{
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}⎧⎨

⎩

S′′ 1/2 S1

S′ κ S

S′′
3 1/2 S3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L1

L′ k L

L′′
3 l2 L3

⎫
⎬

⎭

⎤

⎦

× (l2‖Ct‖l2)(l2‖Ct‖l0)
∑

n0l0

Rt (n0l0n2l2, n2l2n2l2) 〈n0l0|r−3|n2l2〉κk/ΔE. (40)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

2 N [S,L, S′, L′]1/2
∑

ψ′′

δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(α′

2S
′
2L

′
2, α

′′
2S′′

2 L′′
2) [S′′, L′′, S′′

3 , L′′
3 , S′′

4 , L′′
4 ] [S3, L3, S

′
3, L

′
3]

1/2

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S1, S

′′
1 ) (−1)3S+L+2S2+3S′

1+L′
1+2S3+2S′

3+S′′
3 +L′′

3 +L′′+κ+k+l+1/2 [L1, L
′′
1 ]1/2

×
{

S3 S S1

S′′ 1/2 S′′
3

}{
L3 L L1

L′′ l2 L′′
3

}{
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}{
L1 L′′ l2

l0 t L′′
1

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}

×

⎧
⎨

⎩

S′′ 1/2 S′
1

S κ S′

S′′
3 1/2 S′

3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L′
1

L k L′

L′′
3 l2 L′

3

⎫
⎬

⎭
∑

ᾱS̄L̄

(−1)L̄
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){L̄ L′′

1 l

t l L1

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(S′

1, S
′′
1 ) (−1)S+L+3S1+L1+2S′+2S2+2S3+2S′

3+S′′
3 +L′′

3 +L′′+l0+l+l2+κ+k+1/2 [L′
1, L

′′
1 ]1/2

×
{

S′
3 S′ S′

1

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
1

L′′ l2 L′′
3

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}{
L′

1 L′′ l2

l0 t L′′
1

}{
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}

×

⎧
⎨

⎩

S′′ 1/2 S1

S′ κ S

S′′
3 1/2 S3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L1

L′ k L

L′′
3 l2 L3

⎫
⎬

⎭
∑

ᾱ′S̄′L̄′

(−1)L̄′ (
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){L̄′ L′′

1 l

t l L′
1

}⎤

⎦
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× (l‖Ct‖l)(l0‖Ct‖l2)
∑

n0l0

Rt (n0l0nl, n2l2nl) 〈n0l0|r−3|n2l2〉κk/ΔE

+ 2 N [S,L, S′, L′]1/2
∑

ψ′′

δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(α′

2S
′
2L

′
2, α

′′
2S′′

2 L′′
2) [S′′

3 , L′′
3 , S′′

4 , L′′
4 , L′′] [S3, L3, S

′
3, L

′
3]

1/2

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) (−1)3S+L+2S1+L1+2S2+2S3+2S′

3+S′
1+S′′

3 +L′′
3 +l+l0+l2+κ+k+3/2 [S′′

1 , L′′
1 , S1, L1]1/2

×
{

S3 S S1

S′′ 1/2 S′′
3

}{
L3 L L1

L′′ l2 L′′
3

}{
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}⎧⎨

⎩

S′′ 1/2 S′
1

S κ S′

S′′
3 1/2 S′

3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L′
1

L k L′

L′′
3 l2 L′

3

⎫
⎬

⎭

×
∑

ᾱS̄L̄

δ(S̄, S′′)
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){L̄ L′′

1 l

l0 t L′′

}{
L1 L′′ l2

t l L̄

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) (−1)S+L+S1+2S2+2S3+2S′+2S′

1+L′
1+2S′

3+S′′
3 +L′′

3 +l+κ+k+3/2 [S′′
1 , L′′

1 , S′
1, L

′
1]

1/2

×
{

S′
3 S′ S′

1

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
1

L′′ l2 L′′
3

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}{
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}⎧⎨

⎩

S′′ 1/2 S1

S′ κ S

S′′
3 1/2 S3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L1

L′ k L

L′′
3 l2 L3

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′

δ(S̄′, S′′)
(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){L̄′ L′′

1 l

l0 t L′′

}{
L′

1 L′′ l2

t l L̄′

}⎤

⎦

× (l0‖Ct‖l)(l‖Ct‖l2)
∑

n0l0

Rt (n0l0nl, nln2l2) 〈n0l0|r−3|n2l2〉κk/ΔE. (41)

The third type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

2N1 [S,L, S′, L′, S3, L3, S
′
3, L

′
3]

1/2
∑

ψ′′

δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α1S1L1, α

′′
1S′′

1 L′′
1) [S′′, L′′, S′′

3 , L′′
3 , S′′

4 , L′′
4 ]

×

⎡

⎣δ(α′
2S

′
2L

′
2, α

′′
2S′′

2 L′′
2) δ(S2, S

′′
2 ) (−1)3S+L+2S2+L2+2S3+L3+3S′

1+L′
1+L′

2+2S′
3+3S′′

3 +L′′
3 +L′′

4 +κ+k+l0+l1+l2+3/2

×
{

S′′ 1/2 S1

S3 S S′′
3

}{
L′′ l0 L1

L3 L L′′
3

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}{
S2 1/2 S3

1/2 S′′
3 S′′

4

}⎧⎨

⎩

L′′
2 L2 t

L′′
3 L3 l0

L′′
4 l2 l2

⎫
⎬

⎭

⎧
⎨

⎩

S′′ 1/2 S′
1

S κ S′

S′′
3 1/2 S′

3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L′
1

L k L′

L′′
3 l2 L′

3

⎫
⎬

⎭

× [L2, L
′′
2 ]1/2

∑

ᾱS̄L̄

(−1)2S̄+L̄
(
n1l

N1
1 α2S2L2{|n1l

N1−1
1 ᾱS̄L̄

)(
n1l

N1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱS̄L̄

){L′′
2 L2 t

l1 l1 L̄

}

+ δ(α2S2L2, α
′′
2S′′

2 L′′
2) δ(S′

2, S
′′
2 ) (−1)S+L+2S′+3S1+L1+2S2+L2+2S3+2S′

3+L′
3+3S′′

3 +L′′
3 +L′

2+L′′
4 +κ+k+l1+3/2

×
{

S′′ 1/2 S′
1

S′
3 S′ S′′

3

}{
L′′ l0 L′

1

L′
3 L′ L′′

3

} {
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}{
S′

2 1/2 S′
3

1/2 S′′
3 S′′

4

}⎧⎨

⎩

L′′
2 L′

2 t

L′′
3 L′

3 l0

L′′
4 l2 l2

⎫
⎬

⎭

⎧
⎨

⎩

S′′ 1/2 S1

S′ κ S

S′′
3 1/2 S3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L1

L′ k L

L′′
3 l2 L3

⎫
⎬

⎭

× [L′
2, L

′′
2 ]1/2

∑

ᾱ′S̄′L̄′

(−1)2S̄′+L̄′
(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′S̄′L̄′

)(
n1l

N1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱ′S̄′L̄′

){L′′
2 L′

2 t

l1 l1 L̄′

}⎤

⎦

× (l1‖Ct‖l1)(l0‖Ct‖l2)
∑

n0l0

Rt (n0l0n1l1, n2l2n1l1) 〈n0l0|r−3|n2l2〉κk/ΔE

+ 2N1 [S,L, S′, L′, S3, L3, S
′
3, L

′
3]

1/2
∑

ψ′′

δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α1S1L1, α

′′
1S′′

1 L′′
1) [S′′, L′′, S′′

3 , L′′
3 , S′′

4 , L′′
4 ]
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×

⎡

⎣δ(α′
2S

′
2L

′
2, α

′′
2S′′

2 L′′
2)

{
S′′ 1/2 S1

S3 S S′′
3

}{
L′′ l0 L1

L3 L L′′
3

}{
1/2 S′′

3 S′
3

S′
2 1/2 S′′

4

}{
l2 L′′

3 L′
3

L′
2 l2 L′′

4

}⎧⎨

⎩

S′′ 1/2 S′
1

S κ S′

S′′
3 1/2 S′

3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L′
1

L k L′

L′′
3 l2 L′

3

⎫
⎬

⎭

× [S2, L2, S
′′
2 , L′′

2 ]1/2
∑

ᾱS̄L̄

(−1)3S+L+2S2+2S3+L3+3S′
1+L′

1+2S′
3+L′′

3 +L′′
4 +3S̄+L̄+κ+k+l2+1

×
(
n1l

N1
1 α2S2L2{|n1l

N1−1
1 ᾱS̄L̄

)(
n1l

N1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱS̄L̄

){S′′
4 S̄ S3

S2 1/2 1/2

}{
S′′

4 S̄ S3

1/2 S′′
3 S′′

2

}
⎧
⎪⎨

⎪⎩

l1 t l0 L3

L̄ l1 L2 L′′
4

L′′
2 l2 L′′

3 l2

⎫
⎪⎬

⎪⎭

+ δ(α2S2L2, α
′′
2S′′

2 L′′
2)

{
S′′ 1/2 S′

1

S′
3 S′ S′′

3

}{
L′′ l0 L′

1

L′
3 L′ L′′

3

}{
1/2 S′′

3 S3

S2 1/2 S′′
4

}{
l2 L′′

3 L3

L2 l2 L′′
4

}⎧⎨

⎩

S′′ 1/2 S1

S′ κ S

S′′
3 1/2 S3

⎫
⎬

⎭

⎧
⎨

⎩

L′′ l0 L1

L′ k L

L′′
3 l2 L3

⎫
⎬

⎭

× [S′
2, L

′
2, S

′′
2 , L′′

2 ]1/2
∑

ᾱ′S̄′L̄′

(−1)S+L+3S1+L1+2S3+2S′+2S′
2+2S′

3+L′
3+L′′

3 +L′′
4 +3S̄′+L̄′+l0+κ+k+1

×
(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 ᾱ′S̄′L̄′

)(
n1l

N1
1 α′′

2S′′
2 L′′

2{|n1l
N1−1
1 ᾱ′S̄′L̄′

){S′′
4 S̄′ S′

3

S′
2 1/2 1/2

}{
S′′

4 S̄′ S′
3

1/2 S′′
3 S′′

2

}
⎧
⎪⎨

⎪⎩

l1 t l0 L′
3

L̄′ l1 L′
2 L′′

4

L′′
2 l2 L′′

3 l2

⎫
⎪⎬

⎪⎭

⎤

⎥⎦

× (l0‖Ct‖l1)(l1‖Ct‖l2)
∑

n0l0

Rt (n0l0n1l1, n1l1n2l2) 〈n0l0|r−3|n2l2〉κk/ΔE. (42)

5.4 nlNn2l2n1l
N1

1 configuration

The states ψ and ψ′ for nlNn2l2n1l
N1
1 configuration are defined as follows:

ψ = (n0l
4l0+2
0

1S, nlNα1S1L1)S1L1, (n2l2, n1l
N1
1 α2S2L2)S3L3;SL,

ψ′ = (n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1)S

′
1L

′
1, (n2l2, n1l

N1
1 α′

2S
′
2L

′
2)S

′
3L

′
3;S

′L′.

5.4.1 Excitation of one electron n0l0 from a closed n0l
4l0+2
0 shell to an open nlN shell

By means of proper recoupling procedures each of the components of the sum in eqs. (35) and (36) must be multiplied
by a phase factor equal to (−1)S2+L2+S′

2+L′
2+3S3+L3+3S′

3+L′
3+2S′′

2 +2S′′
3 ; the perturbing virtual states are defined as

ψ′′ = (n0l
4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, (n2l2, n1l

N1
1 α′′

2S′′
2 L′′

2)S′′
3 L′′

3 ;S′′′L′′′.

5.4.2 Excitation of one electron n0l0 from a closed n0l
4l0+2
0 shell to a partially filled n1l

N1
1 shell

By means of proper recoupling procedures each of the components of the sum in eqs. (37), (38) and (39) must be
multiplied by a phase factor equal to (−1)S2+L2+S′

2+L′
2+3S3+L3+3S′

3+L′
3+2S′′

2 +2S′′
3 ; the perturbing virtual states are

defined as

ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, (n2l2, n1l

N1+1
1 α′′

2S′′
2 L′′

2)S′′
3 L′′

3 ;S′′′L′′′.

5.4.3 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open n2l2 shell

By means of proper recoupling procedures each of the components of the sum in eqs. (40), (41) and (42) must be
multiplied by a phase factor equal to (−1)S2+L2+S′

2+L′
2+3S3+L3+3S′

3+L′
3+2S′′

2 +2S′′
3 +1; the perturbing virtual states are

defined as

ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, (n2l

2
2 α′′

4S′′
4 L′′

4 , n1l
N1
1 α′′

2S′′
2 L′′

2)S′′
3 L′′

3 ;S′′′L′′′.
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5.5 nlNn1l1n2l22 configuration

The states ψ and ψ′ for nlNn1l1n2l
2
2 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, (nlNα1S1L1, n1l1)S2L2, n2l
2
2 α3S3L3;SL,

ψ′ = n0l
4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l1)S′

2L
′
2, n2l

2
2 α′

3S
′
3L

′
3;S

′L′.

5.5.1 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open nlN shell

In this case the perturbing virtual states are defined as

ψ′′ = (n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l1)S′′

2 L′′
2)S′′L′′, n2l

2
2 α′′

3S′′
3 L′′

3 ;S′′′L′′′.

The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

(N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′

1 , L′′
1 , S′′

2 , L′′
2 ]

× δ(α3S3L3, α
′′
3S′′

3 L′′
3) δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3)

×

⎡

⎣δ(S2L2, S
′′L′′) (−1)3S2+S′+L′+2S′′

1 +L′′
1 +3S′′+L′′+3S′′

2 +L′′
2 +l1+κ+k+1/2 [S′′, L′′, S′

2, L
′
2]

1/2

×
{

S1 1/2 S2

S′′
2 1/2 S′′

1

}⎧⎨

⎩

L1 l L′′
1

l1 t l1

L2 l0 L′′
2

⎫
⎬

⎭

{
S′

1 1/2 S′′
1

S′′
2 1/2 S′

2

}{
L′

1 l L′′
1

L′′
2 l1 L′

2

}{
1/2 κ 1/2
S′′ S′′

2 S′
2

}{
l k l0

L′′ L′′
2 L′

2

}{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}

+ δ(S′
2L

′
2, S

′′L′′) (−1)2S1+3S′
2+S′+L′+2S′′

1 +L′′
1 +S′′+L′′+3S′′

2 +L′′
2 +l0+l+l1+κ+k+3/2 [S′′, L′′, S2, L2]1/2

×
{

S′
1 1/2 S′

2

S′′
2 1/2 S′′

1

}⎧⎨

⎩

L′
1 l L′′

1

l1 t l1

L′
2 l0 L′′

2

⎫
⎬

⎭

{
S1 1/2 S′′

1

S′′
2 1/2 S2

}{
L1 l L′′

1

L′′
2 l1 L2

}{
S2 S′′ κ

1/2 1/2 S′′
2

}{
L2 L′′ k

l0 l L′′
2

}{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}⎤

⎦

× (l1‖Ct‖l1)(l0‖Ct‖l)
∑

n0l0

Rt (n0l0n1l1, nln1l1) 〈n0l0|r−3|nl〉κk/ΔE

+ (N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[L′′

1 , S′′
2 , L′′

2 ]

× δ(α3S3L3, α
′′
3S′′

3 L′′
3) δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3)

×
[
δ(S2L2, S

′′L′′) δ(S2, S
′′
1 ) (−1)L1+L2+S′+L′+3S′′+L′′+3S′′

1 +3S′′
2 +l+κ+k+1/2 [S′′, L′′, S′

2, L
′
2]

1/2

×
{

t l1 l

L1 L′′
1 L2

}{
L2 t L′′

1

l1 L′′
2 l0

}{
S′

1 1/2 S′′
1

S′′
2 1/2 S′

2

}{
L′

1 l L′′
1

L′′
2 l1 L′

2

}{
1/2 κ 1/2
S′′ S′′

2 S′
2

}{
l k l0

L′′ L′′
2 L′

2

}{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}

+ δ(S′
2L

′
2, S

′′L′′) δ(S′
2, S

′′
1 ) (−1)2S1+S′+L′+S′′+L′′+L′

1+L′
2+3S′′

1 +3S′′
2 +l0+κ+k+3/2 [S′′, L′′, S2, L2]1/2

×
{

t l1 l

L′
1 L′′

1 L′
2

}{
L′

2 t L′′
1

l1 L′′
2 l0

}{
S1 1/2 S′′

1

S′′
2 1/2 S2

}{
L1 l L′′

1

L′′
2 l1 L2

}{
S2 S′′ κ

1/2 1/2 S′′
2

}{
L2 L′′ k

l0 l L′′
2

}{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}]

× (l1‖Ct‖l)(l0‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, n1l1nl) 〈n0l0|r−3|nl〉κk/ΔE. (43)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =
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2(N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′

1 , L′′
1 , S′′

2 , L′′
2 , L′′]

× [S2, L2, S
′
2, L

′
2, L3, L

′
3]

1/2

{
S1 1/2 S′′

1

S′′
2 1/2 S2

}{
L1 l L′′

1

L′′
2 l1 L2

}{
S′

1 1/2 S′′
1

S′′
2 1/2 S′

2

}{
L′

1 l L′′
1

L′′
2 l1 L′

2

}

×
[
δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3) δ(S2, S

′′) δ(S3, S
′′
3 ) (−1)2S+L+2S2+L2+S′+L′+L′′+3S′′

2 +κ+k+1/2

×
{

t l2 l2

l2 L′′
3 L3

}{
L2 L′′

2 l

l0 t L′′

}{
L L′′ L′′

3

t L3 L2

}{
1/2 κ 1/2
S′′ S′′

2 S′
2

}{
l k l0

L′′ L′′
2 L′

2

}{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}

+ δ(α3S3L3, α
′′
3S′′

3 L′′
3) δ(S′

2, S
′′) δ(S′

3, S
′′
3 ) (−1)2S1+2S′

2+L′
2+3S′+2S′′+L′′+3S′′

2 +l0+l+κ+k+3/2

×
{

t l2 l2

l2 L′′
3 L′

3

}{
L′

2 L′′
2 l

l0 t L′′

}{
L′ L′′ L′′

3

t L′
3 L′

2

}{
S2 S′′ κ

1/2 1/2 S′′
2

}{
L2 L′′ k

l0 l L′′
2

}{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}]

× (l0‖Ct‖l)(l2‖Ct‖l2)
∑

n0l0

Rt (n0l0n2l2, nln2l2) 〈n0l0|r−3|nl〉κk/ΔE

+ 2(N + 1) [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

) (
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)

× [S′′
1 , L′′

1 , S′′
2 , L′′

2 , S′′, L′′][S2, L2, S
′
2, L

′
2, S3, L3, S

′
3, L

′
3]

1/2

{
S1 1/2 S′′

1

S′′
2 1/2 S2

}{
L1 l L′′

1

L′′
2 l1 L2

}{
S′

1 1/2 S′′
1

S′′
2 1/2 S′

2

}{
L′

1 l L′′
1

L′′
2 l1 L′

2

}

×

⎡

⎣δ(α′
3S

′
3L

′
3, α

′′
3S′′

3 L′′
3) (−1)2S+2S2+L2+S3+S′+L′+3S′′

2 +L′′
2 +S′′

3 +L′′+l0+l+l2+κ+k+3/2

×
{

S S′′ S′′
3

1/2 1/2 S′′
2

}{
S2 S′′

2 1/2
1/2 S3 S

}⎡

⎣
L′′ L2 l2 l2

l0 L′′
3 l L3

L′′
2 t L l2

⎤

⎦
{

1/2 κ 1/2
S′′ S′′

2 S′
2

}{
l k l0

L′′ L′′
2 L′

2

}{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}

+ δ(α3S3L3, α
′′
3S′′

3 L′′
3) (−1)2S1+3S′+L′+2S′

2+L′
2+3S′′

2 +L′′
2 +2S′′+L′′+S′

3+S′′
3 +l2+κ+k+1/2

×
{

S′ S′′ S′′
3

1/2 1/2 S′′
2

}{
S′

2 S′′
2 1/2

1/2 S′
3 S′

}⎡

⎣
L′′ L′

2 l2 l2

l0 L′′
3 l L′

3

L′′
2 t L′ l2

⎤

⎦
{

S2 S′′ κ

1/2 1/2 S′′
2

}{
L2 L′′ k

l0 l L′′
2

}{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}⎤

⎦

× (l0‖Ct‖l2)(l2‖Ct‖l)
∑

n0l0

Rt (n0l0n2l2, n2l2nl) 〈n0l0|r−3|nl〉κk/ΔE. (44)

5.5.2 Excitation of one electron from a closed n0l
4l0+2
0 shell to an open n1l

N1
1 shell

In this case the perturbing virtual states are defined as

ψ′′ = [n0l
4l0+1
0

2l0, (nlNα′′
1S′′

1 L′′
1 , n1l

2
1 α′′

2S′′
2 L′′

2)S′′
4 L′′

4 ]S′′L′′, n2l
2
2 α′′

3S′′
3 L′′

3 ;S′′′L′′′.

The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

2 [S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α3S3L3, α

′′
3S′′

3 L′′
3) δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3)

× [S′′
2 , L′′

2 , S′′
4 , L′′

4 ] [S2, L2, S
′
2, L

′
2]

1/2

{
l1 l0 t

l1 l1 L′′
2

}

×
[
δ(S2L2, S

′′L′′) (−1)S1+L1+S′
1+L′

1+2S2+S′+L′+S′
2+L′

2+3S′′+L′′+3S′′
4 +L′′

4 +L′′
2 +l0+κ+k+3/2

{
1/2 S2 S′′

4

S1 S′′
2 1/2

}

×
{

l0 L2 L′′
4

L1 L′′
2 l1

}{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}{
S′′ S′

2 κ

1/2 1/2 S′′
4

}{
L′′ L′

2 k

l1 l0 L′′
4

}{
1/2 S′′

4 S′
2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}
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+ δ(S′
2L

′
2, S

′′L′′) (−1)S1+L1+3S2+L2+S′+L′+S′
1+L′

1+2S′
2+3S′′

4 +L′′
4 +L′′

2 +S′′+L′′+l1+κ+k+3/2

{
1/2 S′

2 S′′
4

S′
1 S′′

2 1/2

}

×
{

l0 L′
2 L′′

4

L′
1 L′′

2 l1

}{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}{
S′′ S2 κ

1/2 1/2 S′′
4

}{
L′′ L2 k

l1 l0 L′′
4

}{
1/2 S′′

4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

}]

× (l0‖Ct‖l1)(l1‖Ct‖l1)
∑

n0l0

Rt (n0l0n1l1, n1l1n1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (45)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

2N [S,L, S′, L′, S2, L2, S
′
2, L

′
2]

1/2
∑

ψ′′

δ(α3S3L3, α
′′
3S′′

3 L′′
3) δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3) [S′′

2 , L′′
2 , S′′

4 , L′′
4 ]

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S2L2, S

′′L′′) δ(S1, S
′′
1 ) [L1, L

′′
1 ]1/2

{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}{
S1 1/2 S2

1/2 S′′
4 S′′

2

}⎧⎨

⎩

L′′
1 L1 t

L′′
4 L2 l0

L′′
2 l1 l1

⎫
⎬

⎭

× (−1)3S1+3S′′
4 +L1+L′′

4 +L2+L′′
2 +S′+L′+S′

1+L′
1+S′

2+L′
2+3S′′+L′′+κ+k+l0+l+l1+1/2

{
S′′ S′

2 κ

1/2 1/2 S′′
4

}{
L′′ L′

2 k

l1 l0 L′′
4

}

×
{

1/2 S′′
4 S′

2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}∑

ᾱS̄L̄

(−1)L̄
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){ t l l

L̄ L′′
1 L1

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(S′

2L
′
2, S

′′L′′) δ(S′
1, S

′′
1 ) [L′

1, L
′′
1 ]1/2

{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}{
S′

1 1/2 S′
2

1/2 S′′
4 S′′

2

}⎧⎨

⎩

L′′
1 L′

1 t

L′′
4 L′

2 l0

L′′
2 l1 l1

⎫
⎬

⎭

× (−1)S1+L1+3S2+L2+3S′
1+L′

1+S′+L′+L′
2+L′′

2 +3S′′
4 +L′′

4 +S′′+L′′+κ+k+l+1/2

{
S′′ S2 κ

1/2 1/2 S′′
4

}{
L′′ L2 k

l1 l0 L′′
4

}

×
{

1/2 S′′
4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

} ∑

ᾱ′S̄′L̄′

(−1)L̄′ (
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){ t l l

L̄′ L′′
1 L′

1

}⎤

⎦

× (l0‖Ct‖l1)(l‖Ct‖l)
∑

n0l0

Rt (n0l0nl, n1l1nl) 〈n0l0|r−3|n1l1〉κk/ΔE

+ 2N [S,L, S′, L′, S2, L2, S
′
2, L

′
2]

1/2
∑

ψ′′

δ(α3S3L3, α
′′
3S′′

3 L′′
3) δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3) [S′′

2 , L′′
2 , S′′

4 , L′′
4 ]

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S2L2, S

′′L′′)[S′′
1 , L′′

1 , S1, L1]1/2

{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}{
S′′ S′

2 κ

1/2 1/2 S′′
4

}{
L′′ L′

2 k

l1 l0 L′′
4

}

×
{

1/2 S′′
4 S′

2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}∑

ᾱS̄L̄

(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
)

× (−1)3S2+S̄+L̄+3S′′
1 +L′′

1 +S′+L′+S′
1+L′

1+S′
2+L′

2+L′′
2 +L′′

4 +l1+κ+k

{
S′′

2 S̄ S2

S1 1/2 1/2

}{
S′′

2 S̄ S2

1/2 S′′
4 S′′

1

}
⎧
⎪⎨

⎪⎩

l t l0 L2

L̄ l L1 L′′
2

L′′
1 l1 L′′

4 l1

⎫
⎪⎬

⎪⎭

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(S′

2L
′
2, S

′′L′′)[S′′
1 , L′′

1 , S′
1, L

′
1]

1/2

{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}{
S′′ S2 κ

1/2 1/2 S′′
4

}{
L′′ L2 k

l1 l0 L′′
4

}

×
{

1/2 S′′
4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

} ∑

ᾱ′S̄′L̄′

(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
)

× (−1)S1+L1+3S2+L2+S̄′+L̄′+S′+L′+3S′′
1 +L′′

1 +S′
2+L′′

2 +L′′
4 +l0+κ+k

{
S′′

2 S̄′ S′
2

S′
1 1/2 1/2

}{
S′′

2 S̄′ S′
2

1/2 S′′
4 S′′

1

}
⎧
⎪⎨

⎪⎩

l t l0 L′
2

L̄′ l L′
1 L′′

2

L′′
1 l1 L′′

4 l1

⎫
⎪⎬

⎪⎭

⎤

⎥⎦
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× (l0‖Ct‖l)(l‖Ct‖l1)
∑

n0l0

Rt (n0l0nl, nln1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (46)

The third type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

4 [S,L, S′, L′, S2, L2, S
′
2, L

′
2]

1/2
∑

ψ′′

δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α1S1L1, α

′′
1S′′

1 L′′
1)[L′′, S′′

2 , L′′
2 , S′′

4 , L′′
4 ]

×
[
δ(α′

3S
′
3L

′
3, α

′′
3S′′

3 L′′
3) δ(S3, S

′′
3 ) δ(S2, S

′′) (−1)2S+L+S1+L1+2S2+L3+S′+L′+S′
1+L′

1+S′
2+L′

2+3S′′+L′′+S′′
4 +L′′

3 +κ+k+1/2

× [L3, L
′′
3 ]1/2

{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}{
S′′ S′

2 κ

1/2 1/2 S′′
4

}{
L′′ L′

2 k

l1 l0 L′′
4

}{
1/2 S′′

4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

}

×
{

l2 L′′
3 l2

L3 l2 t

}{
L′′

3 L′′ L

L2 L3 t

}{
L′′ l0 L′′

4

l1 L2 t

}{
1/2 S′′

4 S′
2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}

+ δ(α3S3L3, α
′′
3S′′

3 L′′
3) δ(S′

3, S
′′
3 ) δ(S′

2, S
′′) (−1)S1+L1+3S2+L2+3S′+S′

1+L′
1+2S′

2+L′
3+S′′+L′′+L′′

3 +S′′
4 +l0+l1+κ+k+1/2

× [L′
3, L

′′
3 ]1/2

{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}{
S′′ S2 κ

1/2 1/2 S′′
4

}{
L′′ L2 k

l1 l0 L′′
4

}{
1/2 S′′

4 S′
2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}

×
{

l2 L′′
3 l2

L′
3 l2 t

}{
L′′

3 L′′ L′

L′
2 L′

3 t

}{
L′′ l0 L′′

4

l1 L′
2 t

}{
1/2 S′′

4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

}]

× (l0‖Ct‖l1)(l2‖Ct‖l2)
∑

n0l0

Rt (n0l0n2l2, n1l1n2l2) 〈n0l0|r−3|n1l1〉κk/ΔE

+ 4 [S,L, S′, L′, S2, L2, S
′
2, L

′
2]

1/2
∑

ψ′′

δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(α1S1L1, α

′′
1S′′

1 L′′
1)[S′′, L′′, S′′

2 , L′′
2 , S′′

4 , L′′
4 ]

×

⎡

⎣δ(α′
3S

′
3L

′
3, α

′′
3S′′

3 L′′
3) (−1)2S+S1+L1+S2+L3+S′+L′+S′

1+L′
1+S′

2+L′
2+L′′+L′′

3 +S′′
4 +L′′

4 +l0+l1+l2+κ+k+3/2

× [S3, L3, S
′′
3 , L′′

3 ]1/2

{
S S′ κ

S′
2 S′′ S′

3

}{
L L′ k

L′
2 L′′ L′

3

}{
S′′ S′

2 κ

1/2 1/2 S′′
4

}{
L′′ L′

2 k

l1 l0 L′′
4

}{
1/2 S′′

4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

}

×
{

1/2 S S′′
4

S′′ 1/2 S′′
3

}{
1/2 S S′′

4

S2 1/2 S3

}{
1/2 S′′

4 S′
2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}⎡

⎣
L′′

3 l0 L3 l1

L l2 L′′
4 t

L′′ L2 l2 l2

⎤

⎦

+ δ(α3S3L3, α
′′
3S′′

3 L′′
3) (−1)S1+L1+3S2+L2+3S′+L′+S′

1+L′
1+S′

2+L′
3+S′′

4 +L′′
4 +2S′′+L′′+L′′

3 +l2+κ+k+3/2

× [S′
3, L

′
3, S

′′
3 , L′′

3 ]1/2

{
S S′ κ

S′′ S2 S3

}{
L L′ k

L′′ L2 L3

}{
S′′ S2 κ

1/2 1/2 S′′
4

}{
L′′ L2 k

l1 l0 L′′
4

}{
1/2 S′′

4 S′
2

S′
1 1/2 S′′

2

}{
l1 L′′

4 L′
2

L′
1 l1 L′′

2

}

×
{

1/2 S′ S′′
4

S′′ 1/2 S′′
3

}{
1/2 S′ S′′

4

S′
2 1/2 S′

3

}{
1/2 S′′

4 S2

S1 1/2 S′′
2

}{
l1 L′′

4 L2

L1 l1 L′′
2

}⎡

⎣
L′′

3 l0 L′
3 l1

L′ l2 L′′
4 t

L′′ L′
2 l2 l2

⎤

⎦

⎤

⎦

× (l0‖Ct‖l2)(l2‖Ct‖l1)
∑

n0l0

Rt (n0l0n2l2, n2l2n1l1) 〈n0l0|r−3|n1l1〉κk/ΔE. (47)

5.5.3 Excitation of one electron from a closed n0l
4l0+2
0 shell to an open n2l2 shell

In this case the perturbing virtual states are defined as

ψ′′ = [n0l
4l0+1
0

2l0, (nlNα′′
1S′′

1 L′′
1 , n1l1)S′′

2 L′′
2 ]S′′L′′, n2l

3
2α

′′
3S′′

3 L′′
3 ;S′′′L′′′.
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The first type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

6 [S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S2L2, S

′′
2 L′′

2) δ(S′
2L

′
2, S

′′
2 L′′

2) [S′′, L′′, S′′
3 , L′′

3 ]

×

⎡

⎣(−1)3S+L+2S′′+2S′′
3 +S′

2+L′
2+κ+k

(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α′

3S
′
3L

′
3

)
[S3, L3]1/2

{
1/2 S2 S′′

S S′′
3 S3

}{
l0 L2 L′′

L L′′
3 L3

}⎧⎨

⎩

S S′′ S′′
3

S′ S′
2 S′

3

κ 1/2 1/2

⎫
⎬

⎭

×

⎧
⎨

⎩

L L′′ L′′
3

L′ L′
2 L′

3

k l0 l2

⎫
⎬

⎭
∑

α̂ŜL̂

(−1)L̂ [Ŝ, L̂]1/2
(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l2
2l2, n2l

2
2 α̂ŜL̂

){1/2 S3 1/2

S′′
3 Ŝ 1/2

}{
l2 L3 l2

L′′
3 L̂ l0

}{
l2 l0 t

l2 l2 L̂

}

+ (−1)S+L+2S′+2S′′+2S′′
3 +S2+L2+l0+l2+κ+k

(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α3S3L3

)
[S′

3, L
′
3]

1/2

{
1/2 S′

2 S′′

S′ S′′
3 S′

3

}{
l0 L′

2 L′′

L′ L′′
3 L′

3

}

×

⎧
⎨

⎩

S S3 S2

S′ S′′
3 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L3 L2

L′ L′′
3 L′′

k l2 l0

⎫
⎬

⎭
∑

α̂′Ŝ′L̂′

(−1)L̂′
[Ŝ′, L̂′]1/2

(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l2
2l2, n2l

2
2 α̂′Ŝ′L̂′

){1/2 S′
3 1/2

S′′
3 Ŝ′ 1/2

}

×
{

l2 L′
3 l2

L′′
3 L̂′ l0

}{
l2 l0 t

l2 l2 L̂′

}⎤

⎦

× (l2‖Ct‖l2)(l2‖Ct‖l0)
∑

n0l0

Rt (n0l0n2l2, n2l2n2l2) 〈n0l0|r−3|n2l2〉κk/ΔE. (48)

The second type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

3 N [S,L, S′, L′]1/2
∑

ψ′′

(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α′

3S
′
3L

′
3

) (
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α3S3L3

)
[S′′, L′′, S′′

3 , L′′
3 ]

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S′

2L
′
2, S

′′
2 L′′

2) δ(S1, S
′′
1 ) δ(S2, S

′′
2 ) [L1, L

′′
1 , L2, L

′′
2 ]1/2

× (−1)3S′′
3 +L′′

3 +2S′′+L′′+3S+L+3S′′
1 +3S1+L2+L′′

2 +S′
2+L′

2+κ+k+l+l0+l1+l2+3/2

×
{

S3 S S2

S′′ 1/2 S′′
3

}{
L3 L L2

L′′ l2 L′′
3

}{
L1 L2 l1

L′′
2 L′′

1 t

}{
L2 l2 L′′

l0 L′′
2 t

}⎧⎨

⎩

S S′′ S′′
3

S′ S′
2 S′

3

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
3

L′ L′
2 L′

3

k l0 l2

⎫
⎬

⎭

×
∑

ᾱS̄L̄

(−1)L̄
(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){L̄ L′′

1 l

t l L1

}

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(S2L2, S

′′
2 L′′

2) δ(S′
1, S

′′
1 ) δ(S′

2, S
′′
2 ) [L′

1, L
′′
1 , L′

2, L
′′
2 ]1/2

× (−1)S2+L2+3S′′
3 +L′′

3 +2S′′+L′′+S+L+2S′+3S′′
1 +3S′

1+L′
2+L′′

2 +κ+k+l+l1+3/2

×
{

S′
3 S′ S′

2

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
2

L′′ l2 L′′
3

}{
L′

1 L′
2 l1

L′′
2 L′′

1 t

}{
L′

2 l2 L′′

l0 L′′
2 t

}⎧⎨

⎩

S S3 S2

S′ S′′
3 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L3 L2

L′ L′′
3 L′′

k l2 l0

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′

(−1)L̄′ (
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){L̄′ L′′

1 l

t l L′
1

}⎤

⎦

× (l‖Ct‖l)(l0‖Ct‖l2)
∑

n0l0

Rt (n0l0nl, n2l2nl) 〈n0l0|r−3|n2l2〉κk/ΔE
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+ 3 N [S,L, S′, L′]1/2
∑

ψ′′

(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α′

3S
′
3L

′
3

) (
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α3S3L3

)
[S′′, L′′, S′′

3 , L′′
3 ]

×

⎡

⎣δ(α′
1S

′
1L

′
1, α

′′
1S′′

1 L′′
1) δ(S′

2L
′
2, S

′′
2 L′′

2) (−1)3S′′
3 +L′′

3 +2S′′+3S+L+3S′′
1 +3S1+L2+L′′

2 +S′
2+L′

2+κ+k+l+1/2

× [S′′
1 , L′′

1 , S1, L1, S
′′
2 , L′′

2 , S2, L2]1/2

{
S3 S S2

S′′ 1/2 S′′
3

}{
L3 L L2

L′′ l2 L′′
3

}⎧⎨

⎩

S S′′ S′′
3

S′ S′
2 S′

3

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
3

L′ L′
2 L′

3

k l0 l2

⎫
⎬

⎭

×
∑

ᾱS̄L̄

(
nlNα1S1L1{|nlN−1ᾱS̄L̄

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱS̄L̄
){ S̄ 1/2 S′′

S2 1/2 S1

}{
S̄ 1/2 S′′

S′′
2 1/2 S′′

1

}
⎡

⎢⎣
L1 l2 L′′

1 l0

l1 L̄ L′′ t

L2 L′′
2 l l

⎤

⎥⎦

+ δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(S2L2, S

′′
2 L′′

2) (−1)S2+L2+3S′′
3 +L′′

3 +2S′′+S+L+2S′+3S′′
1 +3S′

1+L′
2+L′′

2 +κ+k+l+l0+l2+1/2

× [S′′
1 , L′′

1 , S′
1, L

′
1, S

′′
2 , L′′

2 , S′
2, L

′
2]

1/2

{
S′

3 S′ S′
2

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
2

L′′ l2 L′′
3

}⎧⎨

⎩

S S3 S2

S′ S′′
3 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L3 L2

L′ L′′
3 L′′

k l2 l0

⎫
⎬

⎭

×
∑

ᾱ′S̄′L̄′

(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱ′S̄′L̄′

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1ᾱ′S̄′L̄′
){S̄′ 1/2 S′′

S′
2 1/2 S′

1

}{
S̄′ 1/2 S′′

S′′
2 1/2 S′′

1

}
⎡

⎢⎣
L′

1 l2 L′′
1 l0

l1 L̄′ L′′ t

L′
2 L′′

2 l l

⎤

⎥⎦

⎤

⎥⎦

× (l0‖Ct‖l)(l‖Ct‖l2)
∑

n0l0

Rt (n0l0nl, nln2l2) 〈n0l0|r−3|n2l2〉κk/ΔE. (49)

The third type of electrostatic integrals:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE =

3 [S,L, S′, L′]1/2

×
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) [S′′, L′′, S′′

3 , L′′
3 ]

×
(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α′

3S
′
3L

′
3

) (
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α3S3L3

)

×

⎡

⎣δ(S′
2L

′
2, S

′′
2 L′′

2) δ(S2, S
′′
2 ) (−1)3S′′

3 +L′′
3 +2S′′+L′′+3S+L+L1+S′

2+L′
2+κ+k+l1+3/2 [L2, L

′′
2 ]1/2

×
{

S3 S S2

S′′ 1/2 S′′
3

}{
L3 L L2

L′′ l2 L′′
3

}{
t l2 l0

L′′ L′′
2 L2

}{
l1 L2 L1

L′′
2 l1 t

}⎧⎨

⎩

S S′′ S′′
3

S′ S′
2 S′

3

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
3

L′ L′
2 L′

3

k l0 l2

⎫
⎬

⎭

+ δ(S2L2, S
′′
2 L′′

2) δ(S′
2, S

′′
2 ) (−1)S2+L2+3S′′

3 +L′′
3 +2S′′+L′′+S+L+L′

1+2S′+κ+k+l0+l1+l2+3/2 [L′
2, L

′′
2 ]1/2

×
{

S′
3 S′ S′

2

S′′ 1/2 S′′
3

}{
L′

3 L′ L′
2

L′′ l2 L′′
3

}{
t l2 l0

L′′ L′′
2 L′

2

}{
l1 L′

2 L′
1

L′′
2 l1 t

}⎧⎨

⎩

S S3 S2

S′ S′′
3 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L3 L2

L′ L′′
3 L′′

k l2 l0

⎫
⎬

⎭

⎤

⎦

× (l1‖Ct‖l1)(l0‖Ct‖l2)
∑

n0l0

Rt (n0l0n1l1, n2l2n1l1) 〈n0l0|r−3|n2l2〉κk/ΔE

+ 3 [S,L, S′, L′]1/2

×
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) δ(α′

1S
′
1L

′
1, α

′′
1S′′

1 L′′
1) [L′′, S′′

3 , L′′
3 ]

×
(
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α′

3S
′
3L

′
3

) (
n2l

3
2 α′′

3S′′
3 L′′

3{|n2l
2
2 α3S3L3

)
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×

⎡

⎣δ(S′
2L

′
2, S

′′
2 L′′

2) δ(S1, S
′′) (−1)3S′′

3 +L′′
3 +3S+L+L2+2S′′

2 +L′′
2 +S′

2+L′
2+κ+k+l1+3/2 [S2, L2, S

′′
2 , L′′

2 ]1/2

×
{

S3 S S2

S1 1/2 S′′
3

}{
L3 L L2

L′′ l2 L′′
3

}{
L′′ L2 l2

l1 t L1

}{
l1 L1 L′′

2

L′′ l0 t

}⎧⎨

⎩

S S′′ S′′
3

S′ S′
2 S′

3

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L′′ L′′
3

L′ L′
2 L′

3

k l0 l2

⎫
⎬

⎭

+ δ(S2L2, S
′′
2 L′′

2) δ(S′
1, S

′′) (−1)3S′′
3 +L′′

3 +S+L+2S′+L′
2+2S′′

2 +L′′
2 +S2+L2+κ+k+l1+l2+l0+3/2 [S′

2, L
′
2, S

′′
2 , L′′

2 ]1/2

×
{

S′
3 S′ S′

2

S′
1 1/2 S′′

3

}{
L′

3 L′ L′
2

L′′ l2 L′′
3

}{
L′′ L′

2 l2

l1 t L′
1

}{
l1 L′

1 L′′
2

L′′ l0 t

}⎧⎨

⎩

S S3 S2

S′ S′′
3 S′′

κ 1/2 1/2

⎫
⎬

⎭

⎧
⎨

⎩

L L3 L2

L′ L′′
3 L′′

k l2 l0

⎫
⎬

⎭

⎤

⎦

× (l0‖Ct‖l)(l1‖Ct‖l2)
∑

n0l0

Rt (n0l0n1l1, n1l1n2l2) 〈n0l0|r−3|n2l2〉κk/ΔE. (50)

5.6 Inter-configuration matrix elements

5.6.1 Configuration interaction nlN+1 ↔ nlNn1l1

The states ψ for nlN+1 configuration and ψ′ for nlNn1l1 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, nlN+1αSL;SL,
ψ′ = n0l

4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l1)S′L′;S′L′.

5.6.2 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open nlN+1

In this case the perturbing virtual states are defined as ψ′′ = n0l
4l0+1
0

2l0, nlN+2α′′S′′L′′;S′′′L′′′.
For the considered excitation the first term of the sum below is equal to zero due to the spin-orbit or hyperfine

interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈n0l

4l0+2
0

1S, nlN+1αSL;SL|G|n0l
4l0+1
0

2l0, nlN+2α′′S′′L′′;SL〉

× 〈n0l
4l0+1
0

2l0, nlN+2α′′S′′L′′;SL‖T(κk)K‖n0l
4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l1)S′L′;S′L′〉

+ 〈n0l
4l0+2
0

1S, nlN+1αSL;SL‖T(κk)K‖n0l
4l0+1
0

2l0, nlN+2α′′S′′L′′;S′L′〉

× 〈n0l
4l0+1
0

2l0, nlN+2α′′S′′L′′;S′L′|G|n0l
4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l1)S′L′;S′L′〉

]
/ΔE. (51)

The second component is as follows:

−
∑

ψ′′

〈
ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

/
ΔE =

(N + 2)
√

N + 1 [S′, L′]1/2
∑

ψ′′

(−1)S′+L′+S′
1+L′

1+2S′′+l+1/2
(
nlN+2α′′S′′L′′{|nlN+1αSL

)
[S′′, L′′]

{
S S′ κ

1/2 1/2 S′′

}

×
{

L L′ k

l0 l L′′

}∑

α̂ŜL̂

(−1)L̂ [Ŝ, L̂]1/2
(
nlN+2α′′S′′L′′{|nlNα′

1S
′
1L

′
1, nl2α̂ŜL̂

){ Ŝ S′
1 S′′

S′ 1/2 1/2

}{
L̂ L′

1 L′′

L′ l0 l1

}{
l l0 t

l1 l L̂

}

× (l‖Ct‖l0)(l‖Ct‖l1)
∑

n0l0

Rt (nlnl, n0l0n1l1) 〈n0l0|r−3|nl〉κk/ΔE. (52)

5.6.3 Excitation of one electron from a closed n0l
4l0+2
0 shell into an empty n1l1 shell

In this case the perturbing virtual states are defined as ψ′′ = n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l1)S′′L′′;S′′′L′′′.
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For the considered excitation two components of the sum give different contributions to the spin-orbit or hyperfine
interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈n0l

4l0+2
0

1S, nlN+1αSL;SL|G|n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l1)S′′L′′;SL〉

× 〈n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l1)S′′L′′;SL‖T(κk)K‖n0l

4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l1)S′L′;S′L′〉

+ 〈n0l
4l0+2
0

1S, nlN+1αSL;SL‖T(κk)K‖n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l1)S′′L′′;S′L′〉

× 〈n0l
4l0+1
0

2l0, (nlN+1α′′
1S′′

1 L′′
1 , n1l1)S′′L′′;S′L′|G|n0l

4l0+2
0

1S, (nlNα′
1S

′
1L

′
1, n1l1)S′L′;S′L′〉

]
/ΔE. (53)

The first component is as follows:

−
∑

ψ′′

〈
ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉

/
ΔE =

√
N + 1 [S′, L′]1/2

∑

ψ′′

δ(S′′
1 , S)

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

) 〈
nlN+1α′′

1S′′
1 L′′

1

∥∥Ut
∥∥nlN+1αSL

〉
[S′′, L′′]

× (−1)3S′+L′+2S′
1+3S′′+L′′

1 +l+l0+3/2 [S′′
1 , L′′

1 ]1/2

{
S S′ κ

1/2 1/2 S′′

}{
L L′ k

l l0 L′′

}{
S′′ S′ 1/2
S′

1 S′′
1 1/2

}{
L′′ L′ l

L′
1 L′′

1 l1

}{
l0 l1 t

L′′
1 L L′′

}

× (l‖Ct‖l)(l1‖Ct‖l0)
∑

n0l0

Rt (n0l0nl, nln1l1) 〈n0l0|r−3|nl〉κk/ΔE

+ (N + 1)
√

N + 1 [S,L, S′, L′]1/2
∑

ψ′′

(
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[S′′, L′′, S′′

1 , L′′
1 ]
{

S S′ κ

1/2 1/2 S′′

}{
L L′ k

l l0 L′′

}

× (−1)2S+L+3S′+L′+2S′
1+3S′′+L′′+L′′

1 +l0+3/2

{
S′′ S′ 1/2
S′

1 S′′
1 1/2

}{
L′′ L′ l

L′
1 L′′

1 l1

}

×
∑

ᾱS̄L̄

(
nlN+1αSL{|nlN ᾱS̄L̄

) (
nlN+1α′′

1S′′
1 L′′

1{|nlN ᾱS̄L̄
){1/2 S̄ S

1/2 S′′ S′′
1

}
⎧
⎪⎨

⎪⎩

L̄ l L

l t l0

L′′
1 l1 L′′

⎫
⎪⎬

⎪⎭

× (l1‖Ct‖l)(l‖Ct‖l0)
∑

n0l0

Rt (n0l0nl, n1l1nl) 〈n0l0|r−3|nl〉κk/ΔE. (54)

The second component is as follows:

−
∑

ψ′′

〈
ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

/
ΔE =

√
N + 1 [S,L, S′, L′]1/2

∑

ψ′′

δ(α′′
1S′′

1 L′′
1 , αSL) (−1)S′+L′+L′

1+3S′′+L′′+L+l+l0+1/2 [S′′, L′′]
{

S S′ κ

1/2 1/2 S′′

}

×
{

L L′ k

l0 l1 L′′

}{
1/2 S′ S′

1

1/2 S S′′

}{
l1 L′ L′

1

l0 L L′′

}∑

ᾱS̄L̄

δ(S̄, S′
1)
(
nlN+1αSL{|nlN ᾱS̄L̄

) 〈
nlN ᾱS̄L̄

∥∥Ut
∥∥nlNα′

1S
′
1L

′
1

〉

×
{

L̄ t L′
1

l0 L l

}
(l‖Ct‖l0)(l‖Ct‖l)

∑

n0l0

Rt (nlnl, nln0l0) 〈n0l0|r−3|n1l1〉κk/ΔE. (55)

5.6.4 Configuration interaction nlN+1 ↔ nlN−1n1l
2
1

The states ψ for nlN+1 configuration and ψ′ for nlN−1n1l
2
1 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, nlN+1 αSL;SL,
ψ′ = n0l

4l0+2
0

1S, nlN−1 α′
1S

′
1L

′
1, n1l

2
1 α′

2S
′
2L

′
2;S

′L′.
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5.6.5 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open nlN−1

In this case the perturbing virtual states are defined as ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, n1l

2
1 α′′

2S′′
2 L′′

2 ;S′′′L′′′.
For the considered excitation the second term of the sum below is equal to zero due to the spin-orbit or hyperfine

interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈n0l

4l0+2
0

1S, nlN+1 αSL;SL|G|(n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, n1l

2
1 α′′

2S′′
2 L′′

2 ;SL〉

× 〈n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, n1l

2
1 α′′

2S′′
2 L′′

2 ;SL‖T(κk)K‖n0l
4l0+2
0

1S, nlN−1 α′
1S

′
1L

′
1, n1l

2
1 α′

2S
′
2L

′
2;S

′L′〉
+ 〈n0l

4l0+2
0

1S, nlN+1 αSL;SL‖T(κk)K‖(n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, n1l

2
1 α′′

2S′′
2 L′′

2 ;S′L′〉

× 〈(n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, n1l

2
1 α′′

2S′′
2 L′′

2 ;S′L′|G|n0l
4l0+2
0

1S, nlN−1 α′
1S

′
1L

′
1, n1l

2
1 α′

2S
′
2L

′
2;S

′L′〉
]
/ΔE. (56)

The first component is as follows:

−
∑

ψ′′

〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉/ΔE =

√
2(N + 1)N [S,L, S′, L′]1/2

∑

ψ′′

δ(α′
2S

′
2L

′
2, α

′′
2S′′

2 L′′
2)
(
nlN+1 αSL{|nlNα′′

1S′′
1 L′′

1

) (
nlNα′′

1S′′
1 L′′

1{|nlN−1α′
1S

′
1L

′
1

)

× (−1)S+L+S′+L′+3S′
1+L′

1+2S′′+3S′′
1 +L′′

1 +L′′
2 +κ+k+l1+1/2 [S′′, L′′] [S′′

1 , L′′
1 , S′′

2 , L′′
2 ]1/2

{
S S′ κ

S′
1 S′′ S′

2

}{
L L′ k

L′
1 L′′ L′

2

}

×
{

S′′ S′
1 κ

1/2 1/2 S′′
1

}{
L′′ L′

1 k

l l0 L′′
1

}{
S′′

1 1/2 S

S′′
2 S′′ 1/2

}{
L′′

1 l L

L′′
2 L′′ l0

}{
l1 l0 t

l l1 L′′
2

}

× (l1‖Ct‖l0)(l1‖Ct‖l)
∑

n0l0

Rt (n1l1n1l1, n0l0nl) 〈n0l0|r−3|nl〉κk/ΔE. (57)

5.6.6 Configuration interaction nlN+1n1l
N1−1
1 ↔ nlNn1l

N1
1

The states ψ for nlN+1n1l
N1−1
1 configuration and ψ′ for nlNn1l

N1
1 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, nlN+1α1S1L1, n1l
N1−1
1 α2S2L2;SL,

ψ′ = n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1, n1l

N1
1 α′

2S
′
2L

′
2;S

′L′.

5.6.7 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open nlN+1

In this case the perturbing virtual states are defined as ψ′′ = (n0l
4l0+1
0

2l0, nlN+2 α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1−1
1 α′′

2S′′
2 L′′

2 ;
S′′′L′′′.

For the considered excitation the first term of the sum below is equal to zero due to the spin-orbit or hyperfine
interaction:

−
∑

ψ′′ �=ψ,ψ′

[〈n0l
4l0+2
0

1S, nlN+1α1S1L1, n1l
N1−1
1 α2S2L2;SL|G|(n0l

4l0+1
0

2l0, nlN+2 α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1−1
1 α′′

2S′′
2 L′′

2 ;SL〉

× 〈(n0l
4l0+1
0

2l0, nlN+2 α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1−1
1 α′′

2S′′
2 L′′

2 ;SL‖T(κk)K‖n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1, n1l

N1
1 α′

2S
′
2L

′
2;S

′L′〉
+ 〈n0l

4l0+2
0

1S, nlN+1α1S1L1, n1l
N1−1
1 α2S2L2;SL‖T(κk)K‖(n0l

4l0+1
0

2l0, nlN+2α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1−1
1 α′′

2S′′
2 L′′

2 ;S′L′〉
× 〈(n0l

4l0+1
0

2l0, nlN+2α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1−1
1 α′′

2S′′
2 L′′

2 ;S′L′|G|n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1, n1l

N1
1 α′

2S
′
2L

′
2;S

′L′〉]/ΔE.
(58)

The second component is as follows:

−
∑

ψ′′

〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉/ΔE =

(N + 2)
√

(N + 1)N1 [S,L, S′, L′, S′
2, L

′
2]

1/2
(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 α2S2L2

)
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×
∑

ψ′′

δ(α2S2L2, α
′′
2S′′

2 L′′
2) (−1)3S1+L1+3S2+L2+2S′+2S′

1+3S′
2+L′

2+S′′+L′′+N1+l+κ+k+3/2 [S′′, L′′, S′′
1 , L′′

1 ]

×
(
nlN+2α′′

1S′′
1 L′′

1{|nlN+1α1S1L1

){ S S′ κ

S′′ S1 S2

}{
L L′ k

L′′ L1 L2

}{
S1 S′′ κ

1/2 1/2 S′′
1

}{
L1 L′′ k

l0 l L′′
1

}{
S2 S′ S′′

S′
1 1/2 S′

2

}{
L2 L′ L′′

L′
1 l1 L′

2

}

×
∑

α̂ŜL̂

(−1)Ŝ [Ŝ, L̂]1/2
(
nlN+2α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1, nl2α̂ŜL̂

){ Ŝ 1/2 1/2
S′′ S′

1 S′′
1

}{
L̂ l0 l1

L′′ L′
1 L′′

1

}{
l l0 t

l1 l L̂

}

× (l‖Ct‖l0)(l‖Ct‖l1)
∑

n0l0

Rt (nlnl, n0l0n1l1) 〈n0l0|r−3|nl〉κk/ΔE. (59)

5.6.8 Excitation of one electron from a closed n0l
4l0+2
0 shell into an open n1l

N1−1
1 shell

In this case the perturbing virtual states are defined as ψ′′ = (n0l
4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1
1 α′′

2S′′
2 L′′

2 ;S′′′L′′′.
For the considered excitation two components of the sum below give different contributions to the spin-orbit or

hyperfine interaction:

−
∑

ψ′′ �=ψ,ψ′

[〈n0l
4l0+2
0

1S, nlN+1α1S1L1, n1l
N1−1
1 α2S2L2;SL|G|(n0l

4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1
1 α′′

2S′′
2 L′′

2 ;SL〉

× 〈(n0l
4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1
1 α′′

2S′′
2 L′′

2 ;SL‖T(κk)K‖n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1, n1l

N1
1 α′

2S
′
2L

′
2;S

′L′〉
+ 〈n0l

4l0+2
0

1S, nlN+1α1S1L1, n1l
N1−1
1 α2S2L2;SL‖T(κk)K‖(n0l

4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1
1 α′′

2S′′
2 L′′

2 ;S′L′〉
× 〈(n0l

4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, n1l

N1
1 α′′

2S′′
2 L′′

2 ;S′L′|G|n0l
4l0+2
0

1S, nlNα′
1S

′
1L

′
1, n1l

N1
1 α′

2S
′
2L

′
2;S

′L′〉]/ΔE. (60)

The first component is as follows:

−
∑

ψ′′

〈
ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉/ΔE =

√
(N + 1)N1 [S,L, S′, L′, S′

2, L
′
2]

1/2
(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 α2S2L2

)

×
∑

ψ′′

δ(S′′
1 , S1) δ(α′′

2S′′
2 L′′

2 , α′
2S

′
2L

′
2) (−1)2S+S1+2S2+3S′

1+L′
1+L′′+κ+k+N1+1/2 [S′′, L′′] [S′′

1 , L′′
1 ]1/2

×
(
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

) 〈
nlN+1α′′

1S′′
1 L′′

1

∥∥Ut
∥∥nlN+1α1S1L1

〉{S′ S κ

S′′ S′
1 S′

2

}{
L′ L k

L′′ L′
1 L′

2

}

×
{

S′′ S′
1 κ

1/2 1/2 S1

}{
L′′ L′

1 k

l l0 L′′
1

}{
S2 S S1

S′′ 1/2 S′
2

}{
L2 L L1

L′′ l1 L′
2

}{
l0 L′′

1 L′′

L1 l1 t

}

× (l‖Ct‖l)(l1‖Ct‖l0)
∑

n0l0

Rt (n0l0nl, nln1l1) 〈n0l0|r−3|nl〉κk/ΔE

+ (N + 1)
√

(N + 1)N1 [S,L, S′, L′, S1, L1, S
′
2, L

′
2]

1/2
(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 α2S2L2

)

×
∑

ψ′′

δ(α′′
2S′′

2 L′′
2 , α′

2S
′
2L

′
2)
(
nlN+1α′′

1S′′
1 L′′

1{|nlNα′
1S

′
1L

′
1

)
[L′′, S′′

1 , L′′
1 ]
{

L′ L k

L′′ L′
1 L′

2

}{
L′′ L′

1 k

l l0 L′′
1

}{
L2 L L1

L′′ l1 L′
2

}

×
∑

ᾱS̄L̄

δ(S′′, S̄) (−1)2S1+L1+2S2+2S+3S′
1+L′

1+2S̄+S′′
1 +N1+κ+k+l+1/2

(
nlN+1α1S1L1{|nlN ᾱS̄L̄

)(
nlN+1α′′

1S′′
1 L′′

1{|nlN ᾱS̄L̄
)

×
{

S′ S κ

S̄ S′
1 S′

2

}{
S̄ S′

1 κ

1/2 1/2 S′′
1

}{
S2 S S1

S̄ 1/2 S′
2

}{
L̄ l L1

l1 L′′ t

}{
l t l0

L′′ L′′
1 L̄

}

× (l1‖Ct‖l)(l‖Ct‖l0)
∑

n0l0

Rt (n0l0nl, n1l1nl) 〈n0l0|r−3|nl〉κk/ΔE. (61)

The second component is as follows:

−
∑

ψ′′

〈
ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉/ΔE =
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N
√

(N + 1)N1 [S,L, S′, L′]1/2 [S1, L1, S
′
1, L

′
1, S

′
2, L

′
2]

1/2
(
n1l

N1
1 α′

2S
′
2L

′
2{|n1l

N1−1
1 α2S2L2

)

×
∑

ψ′′

δ(α′′
1S′′

1 L′′
1 , α1S1L1) δ(α′′

2S′′
2 L′′

2 , α′
2S

′
2L

′
2) δ(S′′L′′, S′

1L
′
1)

⎧
⎨

⎩

S′
1 S′

2 S′

1/2 1/2 κ

S1 S2 S

⎫
⎬

⎭

⎧
⎨

⎩

L′
1 L′

2 L′

l0 l1 k

L1 L2 L

⎫
⎬

⎭

×
∑

ᾱS̄L̄,α̂ŜL̂

(−1)S̄+L̄+L̂+S+L+S′+L′+S1+L1+S2+L2+2S′
1+S′

2+L′
2+N1+l0+1/2 [Ŝ, L̂]1/2

×
(
nlNα′

1S
′
1L

′
1{|nlN−1ᾱS̄L̄

) (
nlN+1α1S1L1{|nlN−1ᾱS̄L̄, nl2α̂ŜL̂

){ Ŝ 1/2 1/2
S′

1 S̄ S1

}{
L̂ l0 l

L′
1 L̄ L1

}{
l l t

l0 l L̂

}

× (l‖Ct‖l0)(l‖Ct‖l)
∑

n0l0

Rt (nlnl, nln0l0) 〈n0l0|r−3|n1l1〉κk/ΔE. (62)

5.6.9 Configuration interaction nlN−1n1l1 ↔ nlN−2n2l2n1l1

The states ψ for nlN−1n1l1 configuration and ψ′ for nlN−2n2l2n1l1 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, (nlN−1α1S1L1, n1l1)SL;SL,
ψ′ = (n0l

4l0+2
0

1S, nlN−2α′
1S

′
1L

′
1)α

′
1S

′
1L

′
1, (n2l2n1l1)S′

2L
′
2;S

′L′.

For the excitation of an electron from a closed n0l
4l0+2
0 shell into an open nlN−1 shell the perturbing virtual states

are defined as ψ′′ = n0l
4l0+1
0

2l0, (nlNα′′
1S′′

1 L′′
1 , n1l1)S′′L′′;S′′′L′′′.

In this case the first term of the sum below is equal to zero due to the spin-orbit or hyperfine interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE. (63)

The second component is as follows:

−
∑

ψ′′

〈
ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉/ΔE =

N
√

N − 1 [S,L, S′, L′, S′
2, L

′
2]

1/2
∑

ψ′′

(−1)S+L+S′
1+L′

1+S′
2+L′

2+2S′′
1 +l0+l+κ+k+1 [S′′, L′′, S′′

1 , L′′
1 ]

×
(
nlNα′′

1S′′
1 L′′

1{|nlN−1α1S1L1

){1/2 S1 S′′
1

1/2 S′′ S

}{
l L1 L′′

1

l1 L′′ L

}{
S S′ κ

1/2 1/2 S′′

}{
L L′ k

l0 l L′′

}

×
∑

α̂′Ŝ′L̂′

(−1)L̂′
[Ŝ′, L̂′]1/2

(
nlNα′′

1S′′
1 L′′

1{|nlN−2α′
1S

′
1L

′
1, nl2α̂′Ŝ′L̂′

)
⎧
⎪⎨

⎪⎩

Ŝ′ 1/2 1/2
S′

1 S′
2 S′

S′′
1 1/2 S′′

⎫
⎪⎬

⎪⎭

⎧
⎪⎨

⎪⎩

L̂′ l2 l0

L′
1 L′

2 L′

L′′
1 l1 L′′

⎫
⎪⎬

⎪⎭

{
l l0 t

l2 l L̂′

}

× (l‖Ct‖l0)(l‖Ct‖l2)
∑

n0l0

Rt (nlnl, n0l0n2l2) 〈n0l0|r−3|nl〉κk/ΔE. (64)

For the excitation of an electron from a closed n0l
4l0+2
0 shell into an open n1l1 shell the perturbing virtual states are

defined as ψ′′ = n0l
4l0+1
0

2l0, (nlN−1α′′
1S′′

1 L′′
1 , n1l

2
1α

′′
2S′′

2 L′′
2)S′′L′′;S′′′L′′′.

In this case the first term of the sum below is equal to zero due to the spin-orbit or hyperfine interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE. (65)

The second component is as follows:

−
∑

ψ′′

〈
ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉/ΔE =

2
√

N − 1 [S,L, S′, L′]1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1)

(
nlN−1α′′

1S′′
1 L′′

1{|nlN−2α′
1S

′
1L

′
1

)
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× [S′′, L′′] [S′′
1 , L′′

1 , S′′
2 , L′′

2 ]1/2

{
1/2 S′′ S

S1 1/2 S′′
2

}{
l1 L′′ L

L1 l1 L′′
2

}{
S S′ κ

1/2 1/2 S′′

}{
L L′ k

l0 l1 L′′

}

×

⎡

⎣δ(S′
2, S

′′
2 ) (−1)S1+L1+2S′+L′+S′′

1 +L′′
2 +L′

2+2S′′+l0+κ+k+1 [L′
2, L

′′
2 ]1/2

{
S′

2 S′
1 S′

1/2 S′′ S′′
1

}{
L′

2 L′′
2 t

l1 l2 l1

}⎧⎨

⎩

L′
2 L′′

2 t

L′
1 L′′

1 l

L′ L′′ l0

⎫
⎬

⎭

× (l0‖Ct‖l)(l2‖Ct‖l1)
∑

n0l0

Rt (n0l0n2l2, nln1l1) 〈n0l0|r−3|n1l1〉κk/ΔE

+ (−1)S1+L1+2S′+L′+3S′′+S′′
1 +S′

1+l1+κ+k+1/2 [S′
2, L

′
2, S

′′
2 , L′′

2 ]1/2

{
S′

1 1/2 S′

S′
2 S′

1 1/2

}{
S′

1 1/2 S′

1/2 S′′ S′′
2

}⎧⎨

⎩

l2 t l L′′
1

l1 l1 L′′
2 L′

L′
2 l0 L′

1 L′′

⎫
⎬

⎭

× (l0‖Ct‖l1)(l2‖Ct‖l)
∑

n0l0

Rt (n0l0n2l2, n1l1nl) 〈n0l0|r−3|n1l1〉κk/ΔE

⎤

⎦ . (66)

5.6.10 Configuration interaction nlN−1n1l1 ↔ nlN−2n1l1n2l2

The states ψ for nlN−1n1l1 configuration and ψ′ for nlN−2n1l1n2l2 configuration are defined as follows:

ψ = n0l
4l0+2
0

1S, (nlN−1α1S1L1, n1l1)SL;SL,
ψ′ = (n0l

4l0+2
0

1S, nlN−2α′
1S

′
1L

′
1)α

′
1S

′
1L

′
1, (n1l1n2l2)S′

2L
′
2;S

′L′.

Excitation of an electron from a closed n0l
4l0+2
0 shell into an open nlN−1 shell.

By means of proper recoupling procedures the eq. (52) must be multiplied by a phase factor equal to
(−1)l1+l2+3S′

2+L′
2 ; the perturbing virtual states are defined as ψ′′ = n0l

4l0+1
0

2l0, (nlNα′′
1S′′

1 L′′
1 , n1l1)S′′L′′;S′′′L′′′.

Excitation of an electron from a closed n0l
4l0+2
0 shell into an open n1l1 shell.

By means of proper recoupling procedures the eq. (66) must be multiplied by a phase factor equal to
(−1)l1+l2+3S′

2+L′
2 ; the perturbing virtual states are defined as

ψ′′ = n0l
4l0+1
0

2l0, (nlN−1α′′
1S′′

1 L′′
1 , n1l

2
1α

′′
2S′′

2 L′′
2)S′′L′′;S′′′L′′′.

5.6.11 Configuration interaction nlNn1l1n2l2 ↔ nlN−1n1l
2
1n2l2

The states ψ for nlNn1l1n2l2 configuration and ψ′ for nlN−1n1l
2
1n2l2 configuration are defined as follows:

ψ = (n0l
4l0+2
0

1S, nlNα1S1L1)α1S1L1, (n1l1n2l2)S2L2)SL;SL,
ψ′ = (n0l

4l0+2
0

1S, nlN−1α′
1S

′
1L

′
1)S

′
1L

′
1, (n1l

2
1α

′
2S

′
2L

′
2, n2l2)S′

3L
′
3;S

′L′.

For the excitation of an electron from a closed n0l
4l0+2
0 shell into an open nl shell the perturbing virtual states are

defined as ψ′′ = (n0l
4l0+1
0

2l0, nlN+1α′′
1S′′

1 L′′
1)S′′L′′, (n1l1, n2l2)S′′

2 L′′
2 ;S′′′L′′′.

In this case the first term of the sum below is equal to zero due to the spin-orbit or hyperfine interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE. (67)

The second component is as follows:

−
∑

ψ′′

〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉/ΔE =

√
2N (N + 1) [S,L, S′, L′S′

2, L
′
2, S

′
3, L

′
3, ]

1/2
∑

ψ′′

δ(S2L2, S
′′
2 L′′

2)
(
nlN+1α′′

1S′′
1 L′′

1{|nlNα1S1L1

)

× (−1)2S+S1+L1+2S′
1+S′

3+L′
3+3S′′+2S′′

2 +L′′+κ+k+l+l1+l2+3/2 [S′′, L′′, S′′
1 , L′′

1 ] [S′′
2 , L′′

2 ]1/2

×
{

S S′ κ

S′′ S1 S′′
2

}{
L L′ k

L′′ L1 L′′
2

}{
1/2 1/2 S′

2

1/2 S′
3 S′′

2

}{
l1 l1 L′

2

l2 L′
3 L′′

2

}{
S′

1 S′
3 S

S′′
2 S′′ 1/2

}{
L′

1 L′
3 L

L′′
2 L′′ l1

}{
S′′

1 S1 1/2
κ 1/2 S′′

}{
L′′

1 L1 l

k l0 L′′

}
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×
∑

α̂′Ŝ′L̂′

(−1)L̂′
[Ŝ′, L̂′]1/2

(
nlN+1α′′

1S′′
1 L′′

1{|nlN−1α′
1S

′
1L

′
1, nl2α̂′Ŝ′L̂′

){1/2 S′′ S′′
1

S′
1 Ŝ′ 1/2

}{
l0 L′′ L′′

1

L′
1 L̂′ l1

}

×
{

l l0 t′

l1 l L̂′

}
(l‖Ct‖l0)(l‖Ct‖l1)

∑

n0l0

Rt (nlnl, n0l0n1l1) 〈n0l0|r−3|nl〉κk/ΔE. (68)

Excitation of an electron from a closed n0l
4l0+2
0 shell into an open n2l2 shell.

For the excitation of an electron from a closed n0l
4l0+2
0 shell into an open n2l2 shell the perturbing virtual states

are defined as ψ′′ = (n0l
4l0+1
0

2l0, nlNα′′
1S′′

1 L′′
1)S′′L′′, (n1l1, n2l

2
2α

′′
2S′′

2 L′′
2)S′′

3 L′′
3 ;S′′′L′′′.

In this case the first term of the sum below is equal to zero due to the spin-orbit or hyperfine interaction:

−
∑

ψ′′ �=ψ,ψ′

[
〈ψ|G|ψ′′〉 × 〈ψ′′‖T(κk)K‖ψ′〉 + 〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉

]
/ΔE. (69)

The second component is as follows:

−
∑

ψ′′

〈ψ‖T(κk)K‖ψ′′〉 × 〈ψ′′|G|ψ′〉/ΔE =

2
√

2N [S,L, S′, L′, S2, L2, S
′
2, L

′
2]

1/2
∑

ψ′′

δ(α1S1L1, α
′′
1S′′

1 L′′
1) [S′′

2 , L′′
2 ] [S′′, L′′, S′′

1 , L′′
1 , S′′

3 , L′′
3 ]1/2

×
(
nlNα′′

1S′′
1 L′′

1{|nlN−1α′
1S

′
1L

′
1

) {1/2 S′′
3 S2

1/2 1/2 S′′
2

}{
l2 L′′

3 L2

l1 l2 L′′
2

}⎧⎨

⎩

1/2 1/2 κ

S2 S1 S

S′′
3 S′′ S′

⎫
⎬

⎭

⎧
⎨

⎩

l2 l0 k

L2 L1 L

L′′
3 L′′ L′

⎫
⎬

⎭

×

⎡

⎣δ(S′
1, S

′′) δ(S′
3, S

′′
3 ) (−1)S+L+S1+L1+2S′

1+S′
2+S′′

2 +3S′+3S′
3+S′′+L′′+L′′

1 +S′′
3 +κ+k+l0+l2+1/2 [L′′, L′′

3 , L′
3]

1/2

[S′
1]1/2

×
{

1/2 1/2 S′′
2

S′
3 1/2 S′

2

}{
L′

1 L′′
1 l

l0 t L′′

}{
L′ L′′ L′′

3

t L′
3 L′

1

}⎧⎨

⎩

l2 l1 t

l2 L′
2 L′

3

L′′
2 l1 L′′

3

⎫
⎬

⎭

× (l0‖Ct‖l)(l1‖Ct‖l2)
∑

n0l0

Rt (n0l0n1l1, nln2l2) 〈n0l0|r−3|n2l2〉κk/ΔE

+ (−1)S+L+S1+L1+L′+3S′′+2S′
1+S′

2+S′′
1 +S′′

2 +2S′′
3 +L′′

3 +L′
1+L′

3+κ+k+l1+l2+3/2 [S′
3, L

′
3, S

′′, L′′, S′′
2 , L′′

2 , S′′
3 , L′′

3 ]1/2

×

⎧
⎨

⎩

S′
2 1/2 S′

3 S′

1/2 S′′
2 S′′

3 S′′
1

1/2 1/2 S′
1 S′′

⎫
⎬

⎭
∑

λ=|L′
3−l0|,...,L′

3+l0

(−1)λ [λ]

⎧
⎨

⎩

λ l0 L′
3

l L′′
1 L′

1

L′′
3 L′′ L′

⎫
⎬

⎭

⎧
⎨

⎩

l1 L′
2 l1 t

L′′
2 l2 l2 λ

L′′
3 L′

3 l l0

⎫
⎬

⎭

× (l0‖Ct‖l2)(l1‖Ct‖l)
∑

n0l0

Rt (n0l0n1l1, n2l2nl) 〈n0l0|r−3|n2l2〉κk/ΔE

⎤

⎦ . (70)

6 Results

This approach was first used for the analysis of the configuration system (5d + 6s)3 of the lanthanum atom [33], then
it was applied to the atomic structure of the tantalum atom [40], the scandium ion [41], the titanium ion [42] and the
niobium atom [43]. Recently, we reported how to detect the isomeric state I = (3/2)+ in 229Th by means of a laser
induced fluorescence method [44] and our semi-empirical calculations. Now, as a result of our studies on the structure
of complex atoms, we produced high-quality wave functions for both even and odd systems of configurations of Sr I.
These wave functions were used for the parametrization of oscillator strengths for electric-dipole transitions [45].

Due to the availability of new experimental data, we conducted a re-analysis of the lanthanum (5d+6s)3 system. In
the fine structure least-squares fit, including all 37 known experimental energy levels, 21 independent parameters were
used. The mean difference between the experimental and calculated energies amounts to 21 cm−1. The least-squares
fit for the hyperfine structure was performed with 37 A constants and 19 B constants, respectively. Using 13 free
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parameters for the A constants and 10 free parameters for the B constants, a mean deviation of 16MHz and 0.46MHz
was achieved, respectively.

The results of the semi-empirical fine and hyperfine structure analysis for La I are shown in table 1. In the first two
columns the values of experimental and calculated level energies are listed, respectively. In the following four columns
the strongest and second strongest fine-structure components with the corresponding percentages are presented. In
columns seven and eight, the calculated gJ values are compared with the experimental ones. The experimental hyperfine
constants A and B are listed together with their experimental uncertainty in columns nine and eleven. The calculated
A and B constants for all levels are listed in columns ten and twelve.

A very good agreement between all the calculated and experimental values is noticeable, which confirms the
correctness of wave functions obtained.

The values of the spin-orbit, electrostatically correlated spin-orbit and hyperfine-structure radial parameters are
presented in table 2.

7 Conclusions

The structure of a complex atom can be fully described if the precise eigenfunctions describing the electronic states
are known. The knowledge of these functions allowed us to determine the eigenvalues (observables). Our effort focused
on calculating these functions using only the experimental values of the electronic levels. The correctness of the wave
functions can be verified by means of the analysis of the hyperfine structure and comparison of experimental and
calculated gJ factors.

It should be strongly emphasised that the value of the energy levels of fine-structure or hyperfine-structure sub-
levels is the sum of all possible electromagnetic interactions appearing in the atom. We showed that it is possible to
determine quantitatively and precisely the contributions of particular interactions, and provide the exact definition of
the evaluated parameters describing the interactions in the atom.

As a result of our semi-empirical approach, we will be able to predict the positions of new energy levels and
determine the intermediate coupling wave functions, which is necessary to understand the strength of the transitions
or the observed hyperfine-structure splittings. Our analyses clearly demonstrate that calculating the precise wave
functions is impossible without the contribution from electrostatic coupling with distance configurations.

This work was supported by the Research Projects of the Polish Ministry of Sciences and Higher Education: 06/65/DSPB/0516
(ME) and 04/45/DSPB/0135 (JR and JD).

Open Access This is an open access article distributed under the terms of the Creative Commons Attribution License
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Table 2. One- and two-body fine- and hyperfine-structure radial parameters, in cm−1 and MHz, respectively, for the configu-
ration system (5d + 6s)3 of the lanthanum atom. (n0 denotes the electrons of closed shells.)

Parameter Value

Spin-orbit and electrostatically correlated spin-orbit interactions

ζ5d 608 (28)

D0(n0d5d, 5d5d) ζn0d,5d −41.3 (5.1)

D2(n0d5d, 5d5d) ζn0d,5d −24 (13)

D4(n0d5d, 5d5d) ζn0d,5d −15.6 (8.5)

E2(n0d6s, 6s5d) ζn0d,5d 75 (28)

D2(n0d5d, 5d6s) ζn0d,5d −48 (32)

E2(n0d5d, 6s5d) ζn0d,5d −121 (60)

Magnetic-dipole hfs interactions

a01
5d 199 (24)

a12
5d 164 (29)

a10
6s 3817 (54)

D0(n0d5d, 5d5d) P 01(n0d, 5d) =

D0(n0d5d, 5d5d) P 12(n0d, 5d) −14.0 (4.6)

D2(n0d5d, 5d5d) P 01(n0d, 5d) =

D2(n0d5d, 5d5d) P 12(n0d, 5d) 8.7 (5.4)

D4(n0d5d, 5d5d) P 01(n0d, 5d) =

D4(n0d5d, 5d5d) P 12(n0d, 5d) 5.6 (3.5)

E2(n0s5d, 5d6s) P 10(n0s, 6s) −1026 (94)

E2(n0s5d, 5dn′s) P 10(n0s, n
′s) −43 (86)

E2(n0d6s, 6s5d) P 01(n0d, 5d) =

E2(n0d6s, 6s5d) P 12(n0d, 5d) 13 (22)

E2(5d6s, 7s5d) P 10(6s, 7s) 54 (120)

a12
4d,5s 63 (43)

D2(n0d5d, 5d5d) P 10(n0s, 6s) 2037 (160)

D2(n0d5d, 5d6s) P 01(n0d, 5d) =

D2(n0d5d, 5d6s) P 12(n0d, 5d) −140 (76)

E2(n0d5d, 6s5d) P 01(n0d, 5d) =

E2(n0d5d, 6s5d) P 12(n0d, 5d) −122 (90)

Electric-quadrupole hfs interactions

b02
5d 237.5 (4.4)

b13
5d 32.1 (3.1)

b11
5d −3.4 (1.5)

D0(n0d5d, 5d5d) P 02(n0d, 5d) −18.86 (0.72)

D2(n0d5d, 5d5d) P 02(n0d, 5d) 17.9 (3.4)

D4(n0d5d, 5d5d) P 02(n0d, 5d) 11.2 (2.2)

E2(n0d6s, 6s5d) P 02(n0d, 5d) 70.2 (2.2)

b02
4d,5s 44 (17)

D2(n0d5d, 5d6s) P 02(n0d, 5d) 102 (45)

E2(n0d5d, 6s5d) P 02(n0d, 5d) 187 (2.2)

D2(n0d5d, 6s6s) P 02(n0d, 5d) 174 (36)
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10. M. Elantkowska, J. Ruczkowski, J. Dembczyński, Eur. Phys. J. Plus 130, 170 (2015).
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