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Abstract. This work is a continuation of the previous series related to the construction of the energy matrix
for complex atoms. The effects of the second-order configuration interaction perturbations on the energy-
level structure of nlN, nanllf[l and nanlliVl nala configurations were studied. In this paper we consider
one-electron core excitations for and between the configurations under study. This work combined with
Part II and III is a complete description of an electrostatic interaction. In Part I we presented a method
which allows to analyse complex electronic systems. They constitute the basis for the design of an efficient
computer program package allowing large scale calculations which provide accurate wave functions.

1 Introduction

This paper is the fourth in the series on Construction of the energy matriz for complex atoms. In the first work [1] we
introduced in general terms a method allowing the analysis of a complex electronic system composed of a configuration
of up to four open shells, taking into account all electromagnetic interactions expected in an atom. As it is well known,
the construction of an energy matrix is not possible on the infinite basis. Therefore, the wavefunctions corresponding
to the atomic energy states are expanded in the broadest system of possible interacting configurations. On this basis,
the energy matrix of the Hamiltonian [2-5] describing the fine structure of an atom is constructed, accounting for
the interactions up to the first order of the perturbation theory. The calculation details of the matrix elements of
the particular Hamiltonian constituents were discussed, and the formulae were presented in our earlier works [6,7]. In
these works we laid a particular stress on (nd + n’s)N“‘2 +ndVnilinsly configurations. In the analysis of the spectra of
complex atoms, such as europium, praseodymium or tantalum, there appear electrostatic interactions between many
types of configurations involving up to four open electronic shells. In this case, constructing the energy matrix is more
complex than in the case previously described in [6,7]. In our second paper of the above-mentioned series [8], those
missing interactions were added. 36 new formulae for the first-order electrostatic interaction between configurations
up to four open shells were presented.

However, even though many interacting configurations were included, the perturbations produced by all the weakly
interacting configurations remained. In spite of the fact that a correction from a single distant perturbing configuration
is rather small, their cumulative influence may be considerable, due to the increasing density of states as the continuum
is approached. The second-order effects, so-called configuration interaction effects (C), are observed both in the fine-
and hyperfine-structure study. Therefore, our energy matrix is extended by the elements comprising electrostatic
coupling and electrostatically correlated spin-orbit coupling between the configurations of the system considered and
the distant configurations. Generally, for the configurations containing up to three open electronic shells, these matrix
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elements originate from the second-order perturbation theory and can be schematically expressed as follows:

C=- Z [(Y|Gy") x (¥"|G|y")] JAE = —(angular part) x (radial part) (1)
Pl FEb, !

and electrostatically correlated spin-orbit interactions (CSO) are defined as follows:

CSO = — Z [(V|G[Y") x (" Hgo|t)') + (Y|Hgo|0") x (v"|G|¢)] JAE = —(angular part) x (radial part), (2)
W

where 1,1’ represent particular states of the considered system configurations, )"’ denote all perturbing virtual states
included in our system, G denotes the two-body operator of an electrostatic interaction, Hg, denotes the one-body
operator of a spin-orbit interaction, and AFE denotes the energy difference between the centre of gravity of the
considered configuration and the particular perturbing configuration.

In the third part [9] of our series we started discussing the second-order electrostatic effects, namely we concentrated
on the excitation of two equivalent electrons from a closed shell into an open shell or into an empty shell. The current
paper concerns the effects of one electron excitation from a closed shell into an open shell.

2 The description of configuration interaction effects

A correction of the form «L(L + 1) was first introduced intuitively to the Slater formulae for the energy levels by
Tress [10-12], which resulted in a greatly improved agreement between theoretical and experimental values. The first
comprehensive analysis of the second-order electrostatic interaction was made by Rajnak, Wyoburne and Judd [13-16],
who defined the relevant effective operators, which do not constitute real physical interactions but rather serve as a
mathematical tool which allows to include the higher order perturbations. In the above-mentioned papers, it was shown
that the second-order electrostatic interaction configurations [V with distant configurations should be represented by
two kinds of effective operators: the two-body ones, so-called two-electron excitation, and the three-body ones, so-called
one-electron excitation. According to [13-16], the effects of two-electron excitations can be included in the consideration
by effective operators, for which the eigenvalues are: aL(L + 1) for p¥ configuration, aL(L + 1) + SG(R5) for d¥
configuration, and aL(L + 1) + SG(G2) + vG(R7) for fV configuration. G(Rs), G(G2) and G(R;) are the eigenvalues
of Casimir’s operators for the group R5, G2 and Ry, respectively, and «, (3, v represent the radial part of operators.

A clear description of the effective electrostatic interaction for the configuration system (I +1')N+2 with particular
emphasis on the (nd+n’s)V 2 type of configurations was given by Feneuille [17-20]. His formalism is based consistently
on group theory and comprises both the first- and the second-order perturbation theory. The first application of
Feneuille’s theory for (nd + n's)N 2 configurations was sketched by our group in [21], but the two-body and three-
body effective operators involved solely d-electrons. Following Feneuille’s considerations, we utilized some of his ideas
in our paper [6] concerning the construction of the energy matrix for the (nd + n's)N*2 + nd™nlinals space of
configurations. For the above configuration space we provided a comprehensive analysis of the two-electron operators
and three-electron operators describing the interaction involving only d- and s-electrons. We presented the formulae
for calculating the relevant matrix elements. The method presented by the above-mentioned paper [6] was applied to
the interpretation of the fine structure of the first spectrum of Fe, V, Ti and Co atoms [22-25]. Unfortunately, no paper
exists in which effective electrostatic interactions (C) are described for electronic systems composed of more complex
configurations. We substituted the description of the configuration interaction through effective operators with direct
expression of the above-mentioned effects.

In the work of 2010 [26] we presented our new method. We considered the configuration system (5d + 6s)" of the
lanthanum atom, which is well isolated from any disturbing configurations, and the conditions for the application of
the perturbation theory are fulfilled. It yields an excellent possibility of an alternative analysis of the contributions
mentioned within the second-order perturbation theory according to the excitation model, either “open shell - empty
shell” or ”closed shell - open shell”. A simultaneous application of both models is not possible due to the fact that in
both models an implicit linear dependence between angular coefficients corresponding to certain radial parameters has
to occur, which makes the solution of a redundant set of linear equations impossible, thus hindering the determination
of the respective radial parameters. It provides an excellent test confirming the correctness of the complex formulae
derived, e.g. for the configurations with three open shells, which require recoupling of five or more angular momenta
and strict observance of the electron permutation rules, in particular for interconfiguration matrix elements.

In summary, on the basis of our considerations included in [26] we suggest considering the broadest possible basis
of configurations in the first-order of the perturbation theory, while the second-order effects of the perturbation theory
should be described by both the excitation of two electrons from a closed shell to an open shell or an empty shell and
the excitation of one electron from a closed shell to an open shell or an empty shell. Recently, we have presented [9] the
appropriate formulae describing the excitation of two electrons from a closed shell to an open shell for the following
configurations: nl¥, nanlliVl, nanlliVl nols and nanlllnglé\b, as well as between the configurations.
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3 A proposal of the description of the excitation of one electron from a closed shell into an
open shell or an empty shell

The construction of the energy matrix of the Hamiltonian [2-5,27] describing the fine structure of an atom requires
calculation of numerous integrals dependent on the angular coordinates and various radial integrals. The integrals
over angular coordinates can be exactly determined, which is not possible in the case of radial integrals. Therefore,
the matrix elements of the Hamiltonian are considered as linear combinations of radial integrals where the angular
integrals serve as the coefficients of expansions. The radial integrals are treated as free (or constrained) parameters,
which can be determined by fitting the calculated levels to the experimental ones with the least squares method.

In this paper we concentrate on the excitation of one electron from a closed shell into an open shell or into an empty
shell for the extended model configuration space. There is no paper in which this excitation is described for other
configurations than the ni”¥ configuration. There are also no works in the literature where the formulae describing the
interconfiguration effective electrostatic interaction are presented.

The angular part of the matrix elements of eq. (1), describing the configuration interaction effects, is presented in
sect. 5. The radial part of the matrix elements is defined as

R' (nalanply, nelenagly) R (nL Uyl nlllnlll), (3)

where R' and R? represent the Slater radial integrals, which arise from the radial parts of one-electron eigenfunctions.
The Slater radial integrals R' are defined by [27]

R (nal nblb,ncl ndld = e / / t+1 Tl)Rnblb(T‘g)Rnclc(Tl)Rndld(Tg)dTldTg, (4)

where e is the electron charge, 1 and ry are the coordinates of electrons, r~ and r- indicate the distances from the
nucleus to the closer and more distant electron, respectively.

3.1 nIN configuration

For the nl" configuration, the excitation from a closed nolgl0+2 shell into an open nl? shell is described by the radial
integral of type Rf(nolonl, ninl)R" (nolonl, ninl) (egs. (11) and (12) in sect. 5.1).

The excitation from a closed n0l§l°+2 shell into an empty nil; shell needs to be considered for the com-

plete description of one electron excitations in the multiconfiguration approximation. This excitation is ex-
pressed by the following radial integrals: R (nolonl, nilinl)R" (nglonl, nilinl), Rt (nglonl,nilinl) R (nolonl, ninily),
R (nolonl, nlnyly)RY (nolonl, nilinl) and R(nglonl, ninyly)RY (nolonl,ninyly) (eqs. (14), (15), (16) and (17) in
sect. 5.1). The summation over ¢ and ', also over electrons ngly from different closed shells, is omitted.

The same parameters exist for the ni™v nll{V t configuration, but they are derived from the excitation of an electron
from a closed nol3""2 shell into an open n1I" shell (eqs. (26), (27), (28) and (29) in sect. 5.2).

3.2 nlNny )" configuration

For the nlv nllf[ ' configuration, the excitation from a closed nol§l°+2 shell into an open nlY shell is described by

the parameters listed in sect. 3.1 and the following new radial integrals: Rt(nolonlll,nlnlll)Rt,(nolonlll,nlnlll),
Rt(nolonlll,nlnlll)Rt' (nolonlll,nlllnl), Rt(nolonlll,nlllnl)Rtl (nglgnlll,nlnlll)
and Rt (nolonily, nilind)RY (nolonyly, nylinl) (egs. (19), (20), (21) and (22) in sect. 5.2).

The excitation from a closed nol§l°+2 shell into an open nll{V ! shell gives radial integrals:
Rt(nolonlll,nlllnlll)Rtl (nolonili, nilinyly) (eqs. (24) and (25) in sect. 5.2), and four parameters listed in
sect. 3.1.

As for the configuration ni", it is necessary to consider the excitation from a closed nolél"Jr2 shell
into an empty nols shell described by the following radial integrals: Rt(nolonl,nlﬂglg)Rtl (nolonl, ninslsy),
Rt(nolonl, nlnglg)Rt,(nolonl, nglgnl), Rt(nolonl, nglgnl)Rtl (nolonl, nlnglg), Rt(nolonl, nglznl)Rt/ (’I’Lolonl, ’I’Lglgnl),
Rt(nolonllhnllanlQ)Rt/ (nolonlll7nllln2l2)a Rt(nOlOnlllanllln2l2)Rt’(nOlOn1llan2l2nlll)7
Rt(nolonlll,nglgnlll)Rt/ (nolonlll,nlllﬂglg) and Rt(nolonlll,nglgnlll)Rt/ (noloﬂlll,nglgnlll)

(egs. (31), (32), (33), (34), (35), (36), (37) and (38) in sect. 5.2).

These parameters then appear in the ni’v nlliv noly and niy n212n1lf] ! configurations by the excitation from a

closed nl5" " shell into an open ngly shell (eqs. (62), (63), (64), (65), (66), (67), (68) and (69) in sect. 5.3).
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3.3 nNny 1" nyly and niNnylinol)? configurations

For the configurations nlNn,1N ngly and niNnylinall?, the excitation from a closed nglg®™? shell into an open ni™
shell is described by the identical parameters listed in sect. 3.2 (egs. (40), (41), (42) and (43) in sect. 5.3).

Additionally, there are parameters involving the electron from the third open shell nols:
Rt(nolonglg, nlnglg)Rt/ (’I’Lolonglg, nlnglg), Rt(nolQTLQZQ, nlnglz)Rt/ (n0l0n2l2, ’I’LQlQﬂl),

Rt(nolonQZQ,W,Qlin)Rt, (nolonglg,nlnglg) and Rt(n0l0n2127nglgnl)Rt,(nolonglg,TLQZQTLZ) (eqs. (44), (45), (46) and (47)
in sect. 5.3).

The excitation from a closed nolél°+2 shell into an open nll{vl shell gives nine types of the radial inte-
grals; five of them are listed in sect. 3.2 (egs. (49), (50), (51), (52), (53) and (54) in sect. 5.3), four new
ones are presented below: Rt(nolonglg,nlllngb)Rt/ (nolonala, nilinsls), Rt(nolonglg,nlllnglg)Rtl (nolonals, nalonly),
RY(nolonala, nalanily) RY (nolonala, nilinalz) and R (nolonals, nalonily)RY (nolonals, nalanaly) (egs. (55), (56), (57)
and (58) in sect. 5.3).

The excitation from a closed nolgl°+2 shell into an open nyly shell gives nine types of the radial integrals; eight
of them are listed in sect. 3.2, and the new one is of the form: R!(nglonala, nglgnglg)Rt/ (noplonals, nalansls) (eqs. (60)
and (61) in sect. 5.3).

For the configurations in this section it is not necessary to consider the excitation from the closed nol§l°+2 shell
into the empty ngls shell because in a real atom, such configurations rarely exist.

3.4 Inter-configuration parameters

In order to more clearly present our method, we give the example of calculations on Th* which were carried out
recently [28]. In this study we consider the system of 70 even configurations:

11 11 9 11 11 11
> 5fn'd+ > 5f%n's+ Y 5fn’g+ Y 5f 6dn'p + 5f 6d6f+ »  5f Tsn'p + 5f 6£7s + 64 + Y 6d°n's
n' =6 n' =7 n' =5 n' =7 n =7 n’'=7
11 9 11 11 9 11
+ Z 6d%n’d + Z 6d%n’g 4 6d 7s® + Z 6d Tsn's + Z 6d7sn’d + Z 6d7sn’g + 6d Tp? + 7s Tp? + Z 7s?n’s
n'=7 n’/=>5 n’'=8 n'=7 n’/=>5 n’'=8
11
+ Z 7s%n'd.
n'=7

We take into account all the possible interactions between configurations under study. The configura-
tion interaction between nl and nl™N"lnyl; occurs via a virtual nolél”Hnanlll configuration. This ef-
fect is described by six radial parameters: R'(nglonl, nilinl)RY (nolonl, ninl), R*(nolonl,nlnily)R' (nolonl, ninl),
Rt(nolonl,nlllnl)Rt/(nolonllhnlnlll), Rt(nolonl,nlllnl)Rt/ (nolonlll,nlllnl), Rt(nglonl,nlnlll)Rt/ (nolonlll,nlnlll)
and Rt (nolonl, ninyly) R (nolonily, nilynd) (eqs. (71), (72), (73), (74) and (75) in sect. 5.5).

The configuration interaction between nlY and niV 2nl? or nIN"2nylinsly occurs via a  virtual
nol§l°+1nanlll configuration. This effect is expressed by four radial parameters: R (nglonl, nlllnl)Rt/ (ninl, nolonily),
R (nolonl, nlnyly)RY (nlnl, nglonily) or  RY(nelonl, nilynl)RY (nlnl, nolonals), R (nolonl,nlnyly)RY (ninl, nolonals)
(egs. (77), (78), (79) and (80) in sect. 5.5).

IN-1p10, and n nily or
nolél(’HnlN “In1linoly configurations. This effect is described by fourteen radial parameters. The first six parame-
ters are as follows: Rf(nolonl, ninl) R (nolonala, nilyinl), Rt (nolond, ninl)RY (nolonals, ninaly),

Rt(nolonlll,nlllnl)Rt/ (nolonglg, nlllnl) or Rt(nolonlll,nlllnl)Rt/(nolonglz,nlnlll),

Rt(nolo’ﬂlll,nl’ﬂlll)Rt/ (nolonglg,nlllnl), Rt(nolonlll,nlnlll)Rt/ (nolonglg,nlnlll) (eqs. (82), (83), (84), (85) and (86)
in sect. 5.5).

The abgve parameters also occur in the interaction between configurations nl™ ~'nilinsls and nlY "'nylansls, or
between configurations nlN"Inslsnily and nlN ~'nslsnsls; for example, between 6d%8s and 6d%7d and also between
6d7s8s and 6d7s7d (egs. (130), (131), (132), (133) and (134) in sect. 5.5).

The excitation of one electron from a closed shell to an empty mnols shell gives next eight parame-
ters: Rt(nolonl,mlgnl)Rt,(nolonl,nlllnl), Rt(nolonl,nglgnl)Rt/ (nolonl, ninyly), Rt(nolonl,nlnglg)Rt/ (nolonl, nilyinl),
Rt(nolonl, TllTLglg)Rt,(nolonl, nlnlll), Rt (nolonlll, nglgnlll)Rt/ (nolonglg, nlllnglg),

Between configurations n IN=1nyls, we consider the interaction via virtual nolél(’HnlN
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Rt(nolonlll, 7121271111)Rt/ (nolonglg, nglgnlll), Rt (nolonlll, nlllnglg)Rtl (nolonQZQ, nlllnglg)

and R (nolonily, nilinals)RY (nolonala, nalanaly) (egs. (88), (89), (90), (91), (92), (93), (94) and (95) in sect. 5.5).
Between the configurations nl¥ "'nil; and nlN*2nll%, we consider the interaction via a virtual nolél(’HnlN

which gives one parameter R!(nolonl, ninl)R' (ninl, nolonily) (eq. (97) and (98)). The same parameter denotes the

interaction between the configurations nlNnjlinaly and nl™ ~In;lnsls (eqgs. (136) and (141) in sect. 5.5); for example,

between 6d27s and 6d7s? or 6d7s8s and 6d°7s28s (6d7s7d and 6d°7s%7d).

Between the configurations nl¥~'n;l; and ni¥~2nyl2, we consider the interaction via virtual states from the
léloJrlnlN—l lN—l

nllla

configuration ny nilingly. From the viewpoint of configuration n n1ly, the excitation of one electron
from a closed shell to an empty noly shell, gives the next eight parameters: Rt(nolonl,nlnglg)Rt/(nolonglg,nlnlll),
Rt(nolonl, ’I’LZHQZQ)Rt, (nolonQZQ, nlllnl), Rt (’I’Lolonl, n2l2nl)Rt, (nolonQZQ, nlnlll),

Rt(nolo’ﬂl, nQIin)Rt/ (nolonglg, nlllnl), Rt (nolonlll, nlllnglg)Rt/ (nolonglg, nlnlll),

Rt(nolonlll, nlll’nglg)Rt/ (nolonglg, nlllnl), Rt(nolonlll, nzlg’nlll)Rt/ (nolonglg, nlnlll)

and Rt(nolonlll,nzlznﬂﬁﬁ’t/ (nolonglg,n1l1nl) (eqs. (100), (101), (102), (103), (104) and (105) in sect. 55)

The same eight parameters are used for the interaction between configurations nl™Nnglsnily and ni™ ~tnglzngl3
(e%s. (1626), (167), (168), (169), (170) and (171) in sect. 5.5); for example, between 6d?7d and 6d7p? or 6d7s7d and
6d°7s7p~.

BetI\)zveen the configurations nl™ ~'nql; and ni™ 2nylonily (or nleznlllnglg,) we consider interaction via a virtual
configuration nolgl"“nanlll, which gives three parameters: R(nglonl, nan)Rt/ (ninl, nolonals),

R'(nolonily, ninyly)RY (ninl, nolonaly) and  R*(nglonily, nilind)RY (nlnl, nolonals)  (egs.  (107), (108), (109)
and (110) in sect. 5.5), and via virtual configuration nolg® iV =1
Rt(’nolonlll, nlllnlll)Rt/ (n0l0n2l27 nlnlll), Rt(’nolonlll, nlllnlll)Rt/ (nolonglg, nlllnl),

Rt(nolo’ﬂl, nlnlll)Rtl (n0l0n212, nlnlll), Rt (nolonl, nlnlll)Rt' (Tlolo’ﬂglg, nlllnl), Rt (noloﬂl, nlllnl)Rtl (nolonglg, nlnlll)

and R*(nolonl, nylinl) R (nolongla, nilynl) (eqs. (112), (113), (114), (115) and (116) in sect. 5.5).
nolélo-‘rlnlel

nil?, which gives six parameters:

The interaction via virtual configuration nilingly  gives mnext eight parameters:
Rt(nolonl, ’I’Lglgnl)Rt, (?’lolonglg, nlnzlg), Rt (’I’Lolonl, nzlg?’ll)Rt, (’I’Lolonglz, TLQZQTLZ),

Rt(nolo’ﬂl, anLng)Rt/ (nolonQZg, ﬂlnzlg), Rt (nolo’ﬂl, TLZTLQZQ)RtI (nolonQZz, n2l2nl),

Rt (nolonl, nalanl) RY (nolonaly, ningly), R (nolonl, nalanl) Rt (nolonaly, nilinl),

R (nolonl, nlnala)RY (nolonaly, ningly) and Rt (nolonl, ningly)RY (nglonily, nalinl) (eqs. (118), (119), (120), (121), (122)
and (123) in sect. 5.5).

The same parameters were discussed earlier between configurations nl® and n
between 6d3 and 6d%7s or between 6d%27d and 6d7s7d.

Between the configurations nIN~"'nil; and nlV"2nslonsls, we consider the interaction via virtual
configuration nolél"HnZN_lnglgnlll, which gives four parameters: R'(nglonl, nglgnl)Rt/(nolonglg, ninyly),
Rt(n()l()nl, nglgnl)Rt/ (n(]l()nglg7 nlllnl) Rt (n()l()nl, ’ﬂl’nglg)Rt/ (nolon3l3, nlnlll)
and R (nolonl, ninaly)RY (nolonsls, nilinl) (eqs. (125), (126), (127) and (128) in sect. 5.5).

Between the configurations ni™ ~2nyl1nsls and nl™¥ ~2nylonsls (or nlN~2nzlznl; and niN =2
nlN—l

IN=Inyly; for example, the interaction

nslsnaly), we consider
the interaction via virtual configuration nolgloJr1 nylingly (or n0l4l°+1nlN_1n3l3n1l1), which gives six parame-
ters described above in the discussion of the interaction between ni™¥ ~njly and nl¥ ~nyly (eqs. (130), (131), (132)
and (133) in sect. 5.5).

Between the configurations nl¥nqlinsly and nl?y _1nll%n2lg, we additionally consider the interaction via

l§l°+1nlN+1nllln2l2’ described by four parameters:

virtual states which originate from the configuration ng
Rt(nolonQZQ, nlﬂglg)Rt/ (nlnl, n()l()nlll), Rt (’I’Loloﬂglg, nglgnl)Rt/ (nlnl, n()l()nlll),

Rt (nolonaly, ningly) R (ninl, nolonaly) and Rf(nolonily,nilind)RY (nlnl, nolonily) (eqs. (137), (138), (139), (140)
and (141) in sect. 5.5), and from the other possible virtual configuration nolélOHnanll%nglg, described by 12 param-
eters: Rt(nolonQZQ,nlllnglg)Rt/ (nolgnlll,nlnlll), Rt(nolonQZQ,nlllnglg)Rt/ (nolonlll,nlllnl),
Rt(nOlonglg,nglgnlll)Rt/ (nolonlll,nlnlll), Rt(nolonglg,nzlgnlll)Rt/ (nolonlll,nlllnl),

Rt(nolonlll,nlllnlll)Rtl (nolonlll,nlnlll), Rt(nolonlll,nlllnlll)Rt/ (nolonlll,nlllnl),

Rt(nolonlll,nlllnlll)Rt/ (nolonzlz,nlnzlg), Rt(nolonlll,nlllnlll)Rt/ (nolonglg,nglgnl),
Rt(nolonl,nlnlll)Rt,(nolonlll,nlnlll), Rt(nolonl,nlnlll)Rt/ (nolonlll,nlllnl), Rt(nolonl, nlllnl)Rtl (nolonglg,nl’nglg)
and R*(nolonl, nilinl) R (nolonals, nalanl), (eqs. (143), (144), (145), (146), (147), (148), (149), (150) and (151)
in sect. 5.5), and from the virtual -configuration noléloJr nanlllngl%, described by six parameters:
Rt(nolonglg,nglgnglg)Rt/ (nolonlll,nlnglg), Rt(nolonglg,nglgnglg)Rt/ (nolonlll,n212n1)7
Rt(nolonl,’I’LZHQZQ)Rt,(anonlll,’I?,ZTLQZQ), Rt(nolonl,nlnglg)Rt/ (’I’Lolonlll,nglgnl), Rt(nolonl, nglgnl)Rtl (Tlolonlll,nl’l’LQZQ)
and R*(nolonl, nalonl) RY (nolonily, nalanl), (eqs. (153), (154), (155), (156) and (157) in sect. 5.5).
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Between the configurations nanll%nglg and nlNtlnilingls there exist the interaction via virtual
states which originates from the configuration nol§l°+1nlN+1nll%nglg, described by eight parameters:
Rt(nolonlll,nlnlll)Rt/ (nolon3l3,nllln2l2), Rt(nolonlll,nlnlll)Rt/ (nolon3l3,n2l2n1l1),

Rt(nolonlll,nlllnl)Rt' (nolonglg,nlllnglg), Rt(nolonlll,nlllnl)Rt'
Rt(nolonglg, nlnglg)Rt/ (’I’Lolon3l3, ﬂlllnglg), Rt(nolonglg, nlnglg)Rt/
Rt(nolonglg, ’/lQlQ’I’Ll)Rt/ (n0l0n3l3, n1l1n2l2) and Rt (nolonglg, nglgnl)Rt, (n0l0n3l3, nglgnlll)
(egs. (159), (160), (161), (162), (163) and (164) in sect. 5.5).

4lp+2

For the configurations with the nl¥ core, only the excitation from the closed shells ngl; of the same parity
should be considered.

(Tlolongl3, 77,2[271111),
(nolonsls, nalanaly),

In order to verify whether the parameter moves the center of gravity of the configuration only, the normalization
procedure of the angular parts of the diagonal matrix elements (¢ = v¢’) was introduced according to the following
relation:

B Ysr(2S+1)(2L +1)X(SL)
Yosr(2S+1)(2L +1) ’

Xporm (SL) = X(SL) (5)

where X (SL) denotes a matrix element derived directly from the formulae for subsequent SL states. This procedure
is similar to the considerations carried out by Rajnak for IV configuration [13].

The configuration interaction effects were applied by us for the interpretation of the spectra of the lanthanum [26],
tantalum [29] and niobium atom [30]. This required the introduction of new formulae, which are presented in this
work.

The correctness of the presented formulae was verified by comparing the energy eigenvalues, obtained with our
computer program package, to the values generated with the Cowan-code [27,31]. In order to verify the phase rela-
tionship, these comparisons were made for the systems of at least three mutually interacting configurations. A direct
comparison of the matrix elements was not possible due to the different coupling schemes.

4 Explanation of used symbols

In all the formulae given below, the symbol G! denotes a particular term of Coulomb repulsion represented by
irreducible tensors of rank ¢: ij rt Jritt(Ct - CE)7 where r- and r~ indicate the distances from the nucleus to the

closer and more distant electron, respectively. The summation over ¢ is omitted. The expressions describing G! element
contain coupling schemes used for the derivation of the formula.

For nj-coeflicients, one- and two-particle fractional parentage coefficients, the generally accepted notations were
used.

The expression [z,y] represents (22 + 1)(2y + 1). The reduced matrix elements C! and U? represent

Lt
(letli) = (-1 [0 + D2t + 112 (07 (©
(niN apSoLo ||U*|| ni™ aySyLY) = 6(So, Sp) N (—1)kot+t [Lg, L]/
. - (1Lt
x Y (=1 (niNagSoLo{[niN taSL) (niN o SyLo{IniN ' aSL) {Lo 1 E}' (7)
aSL

The consideration of the configuration with three open shells, where the second and third shell contain up to three
electrons, requires the coupling of four angular momenta. Therefore, it is necessary to use 12j-coefficients, introduced
by Jahn and Hoppe [32] and studied by Ord-Smith [33], who found 16 symmetry relations including a convenient new
notation. In the comprehensive work of Jucys et al. [34], the 12j-coefficients of this form were referred to as symbols
of the first kind. Additionally, Jucys introduced the more convenient symbols of the second kind with 24 symmetry
properties and presented a number of useful sum rules on nj-coefficients, which we primarily use in this paper. The
most important sum rules, which we used, are described by the formulae: (A 6.13), (A 6.14), (A 6.25), (A 6.26),
(A 6.35-6.40) and (A 6.45-6.49) presented in the paper of Jucys et al. [34]. Without these sum rules, it would be
impossible to write the formulae, presented below in the sect. 5 in such a compressed form. Therefore, the formulae in
Jucys’s work contain the nj-coefficients of the first kind and of the second kind, so it is convenient to use the following
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relation between the different type of 12j-coefficients:

Ji J2 Jz3 Ja ly ky ko ks

Lo la I3 lap =171 lakajsp, (8)
ki ke ks kg Jo Ja l2 I3
J1 J2 Js Ja ks g1 k1 j2

Lo ly Iy | (=1)"htitissdathizke—hatks — g, gy 0y | (9)
ki ko ks kg ka js k2 ja

5 Explicit formulae for configuration interaction effects. Excitation of one electron from a
closed shell into an open shell or an empty shell

The formulae for the second-order configuration interaction are presented below.

5.1 nIN configuration

The states ¢ and 1’ for nl’V configuration are defined as follows:

¥ =mnglg® ™ 1S niNaSL; SL,
Y =ngldo ™2 1S niNo/SL; SL.

5.1.1 The excitation of one electron from a closed nolél°+2 shell to an open ni" shell

=D WIGIY") x @ |G[¢) = =D A, y") x C(@",¢), (10)
wll w//
where
A(%W’) =~ NVN+1 [S”,L”]l/Q Z (_1)2S+3S”+L”+S+L+i+l+lo+N (nlNaSL{‘nlNA@SE)
aSL,a5L
o o o & q " T T orn Ll t
% (’I’LZN+1O//SNLH{‘nlN_ldSL,nl26éSL) [S,L]l/Q S S S LLL 0 '
S1/21/2( |Llp @ |11 L
x (UIC i) UICH ) R (nolonl, nind) (11)
C(w//,w/) _ N\/m [S”,L/l]l/Q Z (_1)QS+SS”+L”+§/+E’+ﬁ/+l+l0+N (nlNa/SLﬂnlN—ld/gli/)
@/S/I/,@/S/i/
% ('I’LZNJFIO//SNLH{"I’LlN_ldIS/El ledISl£/> [S«/ _Z,’]l/Q S” 5'/ S’ [A/ f/ " ll() IE/
’ ’ S1/21/2| | L1y 1 11
x (UIC" lio) XY DR (nolond, ninl) (12)

and the perturbing virtual states are defined as ¥ = nglg® ™ 21y, niN*1a”S"L"; SL.
This parameter occurs for all types of configurations with nl? core.

5.1.2 The excitation of one electron from a closed nolgu(’Jr2 shell into an empty n1l; shell

N T WIGIY) x WG = =D [A@W,¢") + By, v")] x [CW" ) + D" )], (13)
W W
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where

1" " " LII 1/ l t l
(,(/} 1///) o (S S”) ( )L +L"+lp+N [S <nlNaSLHUtHnlN //S//L//>{ 1 0}

[S,L]1/? LL'"L!
X (lHCtHl)(l()”CtHll)Rt (nolonl,nlllnl) s (]_4)
B(y,y)") = N (—1)SHSHH0tN (g0 1 67 112N (niN aSL{niN " aSL) (ni™ o Sy LY{|nIV " aSL)
aSL
1/2 S S Ly
X {1/2 g Sl} Lt D (UICHII) (ol |CHID R (nolond, ninaly) (15)
LiyL"
1" " /2 ’ l t/ l
"o " LY+L"+lo+N [SH L”P N 1 H t N gy 1 0
C(w ’w)_é( S)( ) [S L]1/2 <nl o' SL||U nl o 1L1> LL/ILlll
< (1|CY 1) (1o ||CY || R (nolond, nylinl) (16)
D", 4') = N (=1)SH5 4N gr py g/ L2 N (N o/ SE{nIN ol S L) (i o SY LY {|miN Lol S/ 1Y)
&/57/[7/
Ly
1/2 8 S , , ,
x {42 g7 Sl} Lt Do (ICH ) (ol[CE IR (nolond, nlnaly ) (17)
LiyL"

and the perturbing virtual states are defined as ¢" = nolé‘lo"'l 2o, (N S LY 0y 11)S" L SL.

5.2 niNng |1N1 configuration

The states ¢ and 1’ for ni’v nllf’ ! configuration are defined as follows:

’l/) = (nolél0+2 15, TLZNOéllel)Oéllel, nllivl OéQSQLQ; SL,
W = (nolgot? 18, niN o 81 Lh) ol S5 Ly, a1V oy Sy Ly SL.

l4l0 +2

5.2.1 The excitation of one electron from a closed ngl, shell into an open nl? shell

=D WIGIY") x (@ |G) = =Y [A@W,¢") + B, v")] x [C(",¢") + D", ¢')], (18)
w/l w//
where
A " — §5(S1.5") 5(S5. S \/ﬁ -1 L+LY+LY+I+N [ i/aLll/aLH]l/Q (N1 ngnn N S L
(2)[};1)/]) ( 15 ) ( 2, 2) + ( ) [Sl]l/Q (TL Q101 1{|n Q101 1)
: 1 Ly Ly L) (lo L} L”
X <n11{v 959 Lo HUtH nll{V 0/2/;95[/2'> {L” % t} {L1 tl ; }

x (L]|C[li) (Lo |ICH DR (nolonaly, ninaly) (19)
B(p,y)") = NyV/N + 1 (— 1)+t Lt La bbb N (G 1 67 1) 8o Lo, S5, Y12 (niN o ST LY{|niY a1 S1 Ly)
X Z( 1) 25 (Tlll O[QSQLQ{‘nllivl_lo_égi) <nlli\[10/2,52Lg{|nllivl_10_éSL>

aSL
'Ly I by
2878\ [S2 S S
x { g o S}{S;" 5}1/2} LY lo Ly 1| (1]CH 1) (LolICH Il R (nolomaly, nalynl), (20)

L L LYt
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C " / _6 S/ S/l (5 Sl S// \/ﬁ -1 L+L’1/+L/2,+I+N [S// L// L/,]l/Q lN+1 //S,/L/, lN /S,L,
(", ") = 6(51,8") 6(53,57) +1(=1) ey (e Sy LY {jniN o 51 L)

[S1]1/?
N N Ly L, LY (lo LY L”
INial S Ut’H NS LY
><<n11 Q909 Lo nity a222> Lyt Lt 1
x (L |CY [|1) (lo]|CY D RY (nolonaly, ningly) | (21)

D(r(///7r(//) _ Nl\/m ( 1)25«_,’_5 +S”+L/ +L”+l+l1+N [S// L/1/751// L/l 527L12,S// L//]1/2 ( lN+1all/Si/Llll{|nlNa/15£Ll1>
X Z (-1)% (nllivla252L§{|nll{Vl*1a’S’L’) (nllivlo/z' é’Lg{|n1l{Vl*1a’S’L_’>
a’S'L!

LI, 1y I

1/2.87 8"\ (S, S; S : : :
X { S S}, S/} {5'2’ §} 1/2} L5 lo Ly 1| (L C" [l C" [[11)R" (nolonaly, malinl), (22)
2 ! L L' Lyt

and the perturbing virtual states are defined as 9" = (nglg° " 2lo, niN 1oy Sy LY)S" L ny 1N ol SY LY; SL.

5.2.2 The excitation of one electron from a closed ngly°"? shell to an open 111" shell

=Y WIG[Y") x @' |G|y) =

P!’

=37 (A1) x L") + [A2(w, 0" + B2, 0] x [C20",8) + D2, 0)]), (23)
-

where
AL(,0") = (a1 S1 Ly, o/ STLY) Niv/Ny +1 8", L", Sy, LY, Sy, Ly]'/?
% {S/l 1/2 Si/} {L// lo Lll/} Z (_1)S+L+S”+L//+252+§+E+£+l0+l1+N+N1 [S i,]l/2

Sy S SY o L LY wST.asi
X (nlz{“a252L2{|nlz{Vl—1a5L) ( N S L g N T &S T, g 12 aﬁfi)
S 1/28,) (L Iy Ly) [l la
X N - lCllCthtll,ll 24
{1/2 sy S} {lo i } {lol L} (LICH L) U [CP o) R (nolomaly, nalinaly) (24)

CL(",¢) = 8(e1 S1L, af SYLY) Niv/Ny +1[S", 1", 83, L3, 55, Ly]'/*
% {S’/ 1/2 Si/} {L// lO LY} Z (71)S+L+S”+L“+25é+§/+i'+ﬁ/+lo+l1+N+N1 [S/ ]3']1/2
sy s spf\rbrrgf o e

x (mi Sy Ly {Imi @' S'L )(mﬂ““ 3y Lyl T @ S i B SL)

SRS L L L fhht (I ]|CY[1) (1L ||CY i) RY (nolonaly, nalinaly) (25)
X ~
1/2 Sé/ S, l L,, L, l l L, 1 1 1 0 Nolonity, N1t1nyly),

AQ(’l/J,’l/)//) _ 5(31,51/) \/m( 1 S+8Y 48" +L+L1+LY+lo+N+Ny (nll{Vl-HO/Q/Sé’L/Q/{"I”LlZ{VlO@SQLQ)

% [ // S// L”]l/2 <nlNqulL1 HUtH TLZN //S//L//> {52 S Sl} {L2 L Ll} {L” Ll ll }

S"1/2 8y \L" I, LY\t Iy LY
x (ol C* ) (ICT 1) BT (nolonl, nalynl) (26)
32(7/171/)//): S” G N\/NliJr S+2Sl+S;’+BS”+L+L1+L’1’+L’2’+L”+l+lo+N+N1

( N QS 1 azSQLz) (S, LY, 84, LY, 81, Ly, L"]'/? {52 S 51} {L2 L Ll}

REEE S"1/2 8§ \L" i LY



Page 10 of 35 Eur. Phys. J. Plus (2015) 130: 170
x > (N onS1Li{[niN"aSL) (niN oy SY LY {IniV ' aSL)

S

LL! 1) (Ll L

LT L aietioaie g ot e,

C2A", ') = 8(S1, SY) /Ny + 1 ()5S FEREHES o tNEN (g N o S T g 11V 0, S L )

nlNa//S//L//> Sé S Si L/2LL/1 L Lll l
VRS 2 8y f L Ly Ll LY

x (lo||CY 1) U||CY 1D R (nolond, nylinl)

(7/1” w ) _ 5 S// S’ N\/NliJr S+2S’ SY 438"+ L+L +LY+Ly+L"+1+lo+N+Ny
N1+l N [SY, LY, 8y, Ly, 81, Ly, L"]V/? (S5 S Si\ Ly L Ly
% (mi¥ oy Sy L {Imiy" b S L ) S o 1/2 5] \L" b 1y

=]}
i

X

w [SY LY, S, LY/ <nlNagsgL’1 Ul
(28)

x > (Nl S{L N Tl S L) (niN o SYLY{|niN T ol SLY)
o’ S'L!

[_/I L” l L/ L,/ ll ’ ’ ’
{lo t/l LN} { tll I El} (lo”Ct ||l)(lHCt Hl1)Rt (nolonl,nlnlll),

(29)

and the perturbing virtual states are defined as " = (nolg"® ™" 2lg, niN o/ SYLY)S" L, ny 1N ol Sy LY; ST

5.2.3 The excitation of one electron from a closed nolglo"r2 shell into an empty nsly shell considered only for Ny =1

The states ¢ and v for nl™¥nil; configuration are defined as follows:

¥ = (nolg ™ 1S niN ey S1 Ly )y S1 Ly, myly; SL,

o' = (nolg®*? 1S, N ol 81 LY )} ST LY, naly; SL.

=D _(WIGIY") x (" |G| ¢) =
%
-y ([Alw,w”) + BI(,0")] x

-
+ [A2(0,0") + B2(v,v")] x [C20", %) + D20, 4] ),

[C1(W",4") + D1y, )]

where

/2
m o S+ L4S"+L"+8)+ L +L1+L" +l+lo+N [Sl’L17sl’L/1/’Sé/7L// Ll/]l
A1(¢7w )_N (_1) 2 ! : [S//]1/2

1/2 8 8\ (L LI _ L o

{S// 1/2 Sé’} {L” L”} Z 5(s",S nlNa151L1{|nlN 1aSL) (nlNa'l’ VLYY 1aSL)
aSL

L1 I It

X {12 Iy }{L// L L} (LI D) UIC*[|12) R (nolonl, ningly) (31)
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1 1" 1 l L// L/,
Bl(w,wﬁ) _ 5(51/’51) N (_1)S+L+251+5’2 +L5+3S"+lo+I+N I:S//7L//7Sé/’ /2/’L17L/1/]1/2 {Lol 121 . }

1/2 S S (h LI . L L
X {S,, 1/ sg} {L,, L Lg} %(71% (ni™ a1 S1Li{|ntN "aSL) (™ oy Sy L {|ni" ~'aSL)

t 11
<A 1, 1o} ICIACTDR (oo, natant) (32)

i "o Qo Timnl/2
"oy S+L+S"+L"+8Y+Ly+L+L{+l+l2+N [51 Ly, S5, LY, S5, L5, L ]
Cl(¢ 7¢)—N(_1) S : — 7[5//,]1/2’ :

1/2 § 9 i L L, _ o _o_
X { / 1}{ ! 1} Z 5(8”,8") (nlNQQSiL’l{|nlN_1a’S’L’) (nlNa’{SfL’l'{\nlN_lo/S’L’)

i i " "
" 1/2 8y \ Ll 1y 2=
El l Lll l tl lo ’ ’ ’
<o o e H o 1 o} e I 1R (tunt nnat), 33)

DIy, ) = 6(S7,87) N (~1)SHEFBSESErbEmas ot e (g7 1, 53/, 13, Ly, Ly)/* { éo/ ?l{ Lt}
1 2

1/2 S S i L L -, _ __
x{ / 1}{ ! 1} Z (—1)F (nlNa'lS{L'l{\nlN_la’S’L’) (nlNa'l’ {’L’l'{|nlN_1a’S’L’)

1 1" " "
S 1/2 S L" Iy LY o
11 ¢ t/ t/
<3 o oo GlICY 1) AUIC! DR (nolont, natanl) (34)
1 1
"o "an i S+L+S"+L"+L)+lg+l1+N+1 nopnoqropinl/2 S” 1/2 Sl
A2, 0") = SonSiLa, afSTLY) (~1) : SIS L e s sy
2
L"ly L loly t
A L I @I R alamis et (3)
2 2
B2(w, ") = §(a1 Sy Ly, o/ S! LYY (—1)SHEAS +L 55 ol +N+1 (g por gn pi1/2 o
1/2 S SY
L'y L lopls t
A e b e R ratansts et (36)
2 2
"o IR JENAUA 2 S+L+S"+L"+LY+lo+11+N+1 nopn g pil/2 S 1/2 Si
C2(", ") = (e} S1LY, o ST LY) (1) : N R E N I
2
L//l L/ l l t/ ’ / !
) {h LOL;'} {ZZ li L’z’} (olIC 1) (L[IC* [l12) R (nolonaly, nilinals) (37)
"oy rQrl Qi iy 1\S+HL+S"+L"+S) +lo+li+N+1 g progn pil/2 57 1/2 5
D2(y",¢") = 6(a) 51 Ly, o) STLY) (1) ’ 57, L7, 85, L] 1/2 8 Sy
L" Iy L loly t / / ’
. {ll LOL}/} {1(1) lj L//} (Io[[C [l2) (11 [|C* ||11) RY (nolonaly, nalanaly), (38)
2 2

and the perturbing virtual states are defined as v = (nolg® ™" 2lg, niN o/ SY L})S" L" , (n1ly, naly)SY LY; SL.

5.3 nIanllNlnzlg configuration

The states v and v for ni™v nll{V 'nsyly configuration are defined as follows:

w = (nolélﬂ+2 IS, nlNalSlLl)allel, (nll{V1QQSQL2, nQZQ)Sde, SL7
W = (nolg® 2 18, niN o S| Lh)a S| LY, (nal2* oy Sy Ly, nals) Sy Lly; SL.
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l4lU +2

5.3.1 The excitation of one electron from a closed ngl, shell into an open nl shell

=D @G| x (@ |G|y =
<

=3 ([A1w, o) + BLw,4")] x [C1(4", ) + DIW",0")]
-

+ [A2(0,0") + B2(v,0")] x [C2(4",4) + D2(s", )] ),
where
AL, ") = 8(51,5") 6(52,57) 6(Ss, 55) VN 1 (12525025t ELat Lot LT Lo b b
1/7 L,1/7 LN) L37 Lg]l/Q
[51]1/2

Lit L" t Ly LY I Ly LY
L ICHI1) (L] CE 1D RY lonily,ninql
e oo e o i e iR (atansi, ninsts).

Bl(y 77Z}//) _ Nl\/m (71)2S”+2SI+353+S§’+L1+L2+L/2'+L”+l+l1+N+1
x (Nt SYLY{IniN ay Sy L) [SY, LY, 8", L, Sa, Ly, Sy, LY, Ss, Ls, 54, Ly]'/?
X Z ’I’Lll OégSng{‘?’lllNl 1OéSL) (Thlivl ” ”L”{|n1lN1 1aSL>

X (TLZN+1CM/1/S¥L/1/{|7”LZN04151L1) [ <n1l{v104252L2 HUtH nll{VIO/Q/Sé’Lg>

53 1/2591/2) [Li Ls Ly 1 1
/2 S S S L Iy L t LY W]CY)Io|CHI) R (nolonily, nalinl),
Sy Sy Sy S| \L" LY LY I o

(7/)” 1/) -5 51,5” SQ,SQ/) §(S§,S§/) \/m (71)25’1’+QS§+2S+L+L'2+Lf3+L’1’+Lg+lg+l2+N+1

[S”,L”,LN,L/ 7L//]1/2 ,
e e e (mil S5y U mil oy sy Ly )
Lyt L t" Ly LY 1 L)LY / / /
Ao e ele e 1 atamiy ity
3 3 3 3
Dl(w//’w/) _ m (71)25"+2s;+35g+sg+L;+L'2+L’2'+L”+l+zl+1v+1

x (Nl SYL (N o S1LY) [SY, LY, 8", L, S}, Lh, S, LYy, Sy, Ly, S§, Ly])M/?
X Z (nllivla252L§{|n1l{V171&’§’E’> (nllivlag é’Lg{|n1l{Vlflo;’§’I7)
o!S'L'
Sy 1/28y1/21 [Ly Ly Ly 1, 1

x (12 § § SV L Iy L't L (WlC )| CY 1) R (nolonily, nalinl),

Sy Sy Sy S| L Ly Ly Lol
A2(,¢") = 6(51,8") 6(02S2La, 05 SFLE) (S5, 55) VN + 1 (—1)Hbar ittty

N ran rn L//]l/z Ll t L LS L ¢
ZN+1 //S//L// lN Si L [ 151> y 443, L3 3
X (I SYLT{ 0l ar Sa ) [Si]/2 KL Lsf s Iy Lo

L L// L//

B2, ") = 80281, af SYLY) VI F T (—1)5 49514285 98005 sl tla o

’ Qi T ’ / / Sy 8" 1/2 S1 S S
X (nlNJrlOé,lSi L/1/{|nlN05151L1) [ 17L1/75H7L/ 7S37L3753/5L3/]1/2 {S; 52 S }{52 1/2 Si/}

lop 1
{ 0 } (ZO||Ct||l)(12||ct||lg)Rt (nolonglg,nlnglg)

LYy L3 I
X L2 Lt Llll (ZO||Ct||lg)(l2||ct||l)Rt (nolonglg,nglgnl),
Iy Io L" Ly

(41)

(43)
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C2Y"¢') = 6(57,8") 8(apSyLy, a5 SYLE) 6(S5, 55) VN +1 (~1)EHEarbistHety

Sy, LY. 1", L, Ly {La 4 L"} {L Ly v }

lN+1 //S//L// ZN /S/L/
* (e LIt en Si 1) FARE s\ b L

l l tl 7 7 7
X {L(i I L"} (lo|C 1) (12| CY [|12) R" (nolonala, ningls) (46)
1 1

D2(¢va/) _ (5(0/2551/2,0/2/ Q/Lg) N +1 (_1)S”+35{+28§+3S§+SS§’+ZO+ZQ+N

Sy S"1/2\ (S S S
(et a s 72,5 sy o s { g HG o o)

LY ly LYy 1
x | Ly Lt LY | (Io]|CY ||12) (2 |CY | RY (nolonals, nalonl) (47)
Iy Iy L L}

and the perturbing virtual states are defined as ¢ = (nolgt* 21o, niNT1a// SYLY)S" L", (ny 1N ol SY LY naly) Sy LY; SL.

5.3.2 The excitation of one electron from a closed nglg "2 shell to an open 111" shell

=Y @IG|Y") x (@ |G|y =
1l)//

= 37 (A1) x L") + [A2(,97) + B2, ") x [C2",8) + D2Aw", )
-

+ [A3(6,0") + B3(w, ¢")] x [C3(",0) + D3, )] ) (48)
where

Al(w’w”) = (5(0{151[/1, O/ll ilLlll) Nl V Nl + 1 [SH’ LH7 Sél7L/2,7 S:I’,/7 Lga 527L27 S3aL3]1/2
y S"1/287Y (L' 1o LYY (S5 1/2 55 (Ls lo LY
Ss S SYJ \Ls LLY) |SY1/2 Sy ) | LY 1y Lo
% Z (_1)S+L+S“+L”+3S§j+2sg+333+L3+Lg'+5+i+£+11+l2+N+N1 (S, L]M/?

aSL,&aSL

X (nllivla252L2{|nll{Vl_1d5’E) (nﬂNlH “ Q/L/Iﬂ 1ZN1 SE,nﬂ%dSﬁ)
S 1/28y)| (L 1y Lo [lLiily t
x {1/2 sy g}{lo i (Von i (LIICH 1) L ]ICllo) R (nolonaly, mlimaly) (49)
U, 0) = 8(04 S{ L4, o STLY) Nuy/Ny 1 (8", 1, 8%, L4, S5, 14, 54, L, 5, T4] 2
ST ST\ (Lo LYY [S51/2 S5 L lo LY
S S Sy Ly L LY \Sy1/2 8,  \ LY, L,
« Z (— 1)S+L+S” + L4355 4285 +3S,+ L+ LY +5'+ L'+ L' +l1+1a+ N+ N, [S' ]1/2
a'S'L'a' S L

x (nllNl L Sh Lo {IngiN )(n11N1+1 SYLY{IndN @ S L nlzfo/SL)

a'S'L
S 1/28,) (L' U Lf v £ o
X 1/2 Sé’ 5'/ L” L' l L/ llHC ||l0)(ll||C ||lo)R (nolonlll,nlllnlll), (50)
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7 7 7 ” "
A2('11Z}, w//) _ Sl, S N /Nl + 231+2Sz+3s2 +S3+S+Sg +3S +L+L3+L2 +L3 +Il+Ilo+N+N1+1

x (nlzi““ag'sng{\mzi“azssz) (5, L5, 5", 1", S§, LY, S, Ls, L, L{] /2

1/2 Sy SYY (1 Ly LYY (Ss S SiY (Ls L Ly (lo LV L”
X
128 S5 [\ LY Ly f 8" 1/2 84 \L" 1, LY\ Ly Iy ¢

__ __ [t 1 1
< > (=D)F (N ar S Ly {|niN 1 GSL) (niN o SY LY {|nIN ' GSL) .
aSL L L} Ly
(lHCtHl)(loHCtHh)Rf (nolo’nl, nlllnl) s (51)
2(1h, 1//' =N /N1+ S+S”+Sg+S§/+252+3SQ+L+L1+L’1’+L;/+L”+L3+Lg’+lo+l+zl+52+N1+N+1

) [Sh le 1/3 Lllla Sé/7 L/2/7 533 L37 Sélv Lga LH]I/Z

X (nllf[l“o/g'sglzg{\mli\hazSsz [S"]172

(U285 SE\ [l Lo LY S5 S S\ [Ls L Ly
1/2 8% S5 f Vo LY Ls J 8" 1/2 8% \L" 1 LY

Q qQ N N-1-QT71 N _1nQiyih N-1-QT71 E ! L/ll Lot ll

X %6(5,5 ) (™ oy Sy Ly { |t taSL) (ni™ o SYLY{ |t~ aSL) I ¢ I

x (lo[ICH D ACH 1) R (nolond, ninaly) (52)
"o 1 ql _1)2514+285+385 +55+5+55 +3S" + L+ L+ Ly + LY +14+1la+N+N1+1
C2(¢",4") = 6(51,57) NV N1+ 1 (-1)

N+1 /// " N 17! " " 1" 1" " / / 11/2
X (nlll1 {‘nll ! SQLZ) [527 215 aL 7835 537 17L1]/

L JU/285 S5 [ Ly LYY (S5 0S Si\ (L5 L LYY (1o L/{L”
1/2 S Sg L LU DL\ S 1/2 S0\ L 1y LY\ L, 1y ¥

o vl
X Z nlN S{L’l{|nlN_1o/S’L’) (nlNa' {'L”{|nlN 1 ’S’L’) {L’ I L’}

/S/L/ 1 1
x (U|CY|D) (1 ||CY [[11) R (nolond, nilyinl) (53)

7 " " " " " ’ "
D2(¢//7’(/)/) - N ]\[1 + ( )S+S +S +S3 +QS +3855 +L+L +Ly+Ly+L"+La+ Ly +lo+l+l1+l2+Ni+N+1

[ L4, SV, LY, 89, Ly, S, L, Sy, Ly, L')/2
[311]1/2

Ni+1 _rmmgiryn N///[
X (nlll Ll SY LY na ) 1a252L2>

(U285 S5\ [l Ly LYY S5 S S\ (L4 L LY
1/2 87 84 o LY L4 f \S" 1/2 87 \L" 1y LY

_ o e (LT[0
X _%;/5(5',5”) (ni™ oy S{LY ([N e S'LY) (niN o Sy LY { N "’ S'LY) {lo oy } { v L—,}

x (Io||CY I (ICY [[1) R (nolond, nlnyly) (54)
A3(¥, ¢”) _ 5((1151L1,a’ iILN) \/m (_1)S+252+353+S”+S§+S§’+L§,’+L+L”+N+N1

1/2 8" S Sy Sy 1/2
(n1lN1+1 58y Ly {Iny I3 OZ2S2L2) [Ss,Ls,Sé',L'gl,S”,L'QSS,L'Q']UQ{ / 1}{ 2 551/ }

S S8 1S5S, 1/2
Lsly LY
lo L" Ly " t t t
X I L3 LN L2 ll L2 (ZQHC ||ll)(12||C ||12)R (nolonglg,nlllnglg), (55)
3
lo t I

B3(¢,0") = §(a1S1L1,af S{LY) 6(Ss, 55) /Ny + 1 (—1)PH5 F28r 38 bbb Lo b LA LT e N

1/2.8" S (lo L” Ly
 (mt S i anSaa) (55, 15,57 2 Lo, 2 {12 5 S0 0

Lo ls L Ly 1y LY
x 722 LTS 0 IS (16| C (1) (o] CH ) RY (nolonala, nalanaly) (56)
t LY I Iy LY t
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CH0" W) = (0 Si T4, SILY) /N T T (~1)S 35 0S5HS 4S54 L4

1/2 8" S1) (S5 S5 1/2
(nllNlJrl //Sé/LHﬂ 1ZN1 /SzL/) [Sé,Lg,Sé/,Lg,S”,L”,Sé/,L/Ql]l/Q { / 1} { / }

s 50018, 9 1/2
oLy [FaloLs , o
X {L I L”} Ly Iy Ly 5 (lo|CH [ (12 |C" [[l2) R (nolonals, nalinsgls) (57)
3 3
lo t' 1y

D3(l/f”7¢’) _ 5(0/151[//1’0/1/51/[/1/) 5(5&,5&’) /]\/v1 +1 (71)3S+S”+2$1+SS§’+L+L;+L’3+L'2’+L”+l2+l1+N+N1

1/2 8" S lo L" L,
< (mi syt agsio) sy, o5 oy {120 S D T

s sysyf\L Ly Ly
L, 1y L, Ly 1y LY / , /
5 o B e e e R (ratanata matanats). (58)

and the perturbing virtual states are defined as ¢ = (nglg** 21y, nl™N o/ SYLY)S"L", (n 1N Tl SY LY, noly) Sy LY; SL.

5.3.3 The excitation of one electron from a closed nolél°+2 shell to an open nslsy shell
=Y WIGI¥") x (" |G|y) =
w//

=3 (A1, 6") x C1W", ') + [A2(0,0") + B2Aw, 6")] x [C2(",0') + D2A(y", )]

-
+ [A3(w,9") + B3(,v")] x [O3(",¢/) + D3(", )] ), (59)

where

AL, 9") = B S1 L, Y SYLY) §(arSy, 0 SYTE) V3 (~1)5H3S + H2S04 S 28t Lt L NN

1/2 8% S5\ (lo LY Ls) [ Sa 1/2 S
g [SH’L”’Sg’Lg’SZ’LZ’S?”L?’]I/Q{ S s 5"} {L Ly L”} {1/2 sy SZ}

Lo Iy Lsg laly t
A o L} EIC NI C )R (raorals mtanata), (60)

S+L+438"+L" 425/ 4+8,4+284+L,+L) +N+N
C1(W" ) = (o, SLL,, o/ SULYY §(0ySyLYy, ol SYLY) /2 (—1)SHEF38"+ L +2851 4854283+ Ly + LI+ N+ Ny

1/2 8§ S4 lo LY L Sh 1/2 S
< sy syt e {0 S T T
4

s s, s \L L L f\1/2 8y S,
Ly by I4) (lalo t , , ,
lo||C" ||I2)(I2||C* ||lo) R lonal lamol 1
<A ot} @l 1)l R (ntunata natnat) (1)

A2(,9") = 6(n S Ly, o STLY) (52, S5) VANY (—1)5FSar2Sat 2S5t S ba b La b L o bl

Ly Lyt
S§"1/2 81 (L" 1o L1 ( S2 1/2 S3 2

L norr s L S L' Lo.L" 1/2 L" Lal

x [Ss, L3, S3, Ly, 5", L", Sy, Ly, Lo, Ly Sy S S¢S \Ls L LU \1/2 Sy S L;v,/ 123 lz
4

X Z 2S+L (nll{vl(XQSQLQ{|7’L1l{v1716[g£> (nllivlagSé'Lg{\n1l¥171d§E>
aSL

Ly L2 t t t
(L[|CPII ) (Lo [|CP[|I2) BT (nolonaly, nalanaly) (62)
1
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BQW,@///) = 5(&151[/1,0[/1/ ilLlll) \/§N1 [SQaLQ,SélaL/QI7537L37Sé/aL/.B/aS//vL//asA/L/aLZ}l/2

87 1/281) (L 1y Iy - -
X {Sg S Sé'} {L3 L Lg} ;_E (nllivlagSQLgﬂnll{Vl 1aSL) (nllivlagSé’Lg{\nllivl 1OéSL)

X(_1)S+S”+233+35g’+2S2+35§’+L+L’2’+LQ’+L”+L3+35+E+N1+N+3/2 Sy S S Sy S S
Sy 1/21/2 1/2 S¥ SY
lh t lyg L3
xq Ll Lo Ly (ZOHCt”l)(ll||Ct||12)Rt (nolonaly, nilinals), (63)
LY ls LY 1y

02(w//’¢/) _ 5(@/1511/170/1/51/1/1/) (5275 ) \[N1 (_ )S+S;+2S§+2S§’+S”+L+L;+L’3+L§1’+L”+lo+ll+N+N1

L// L/ t/
S"1/2 8\ (L" 1o Ly ( Sy 1/2 S4 22
x 185 L, 8, 14, 8", 1", 8§, Li, L, L)' {Sé S sg'} {Lg L Lg’} {1/2 Sy SZ} L3 Lo
Ly 1
x> (—1)25"+E (nlz{“a;s;L;{|nlszf1&'§'L‘f) (nllelag ng{|n1szf1&'§fL‘/)
o’ S'L!
L// L/ t/ !’ !’ !
{12 z2 L,}(mct 110) (Lo||CY l12)RY (nolonyly, nalangly), (64)
1 1

D2(y",¢') = 6(ay S1 LY, oy SYLY) V2N, [S, Ly, S5, Ly, S5, Ly, S5, Ly, S", L, 5§, Lj]Y/?

$"1/2. 8 (L' 1y L o
x {S, g S},} {L, LOL},} 3 (nlz{“a;SQL’Q{|mz{Vf1a/S’Lf) (nllNloz' oL g ’S’L’)
3 3 3 3 oS

x (_1)S+S”+2S§+3S§’+2S§+35§’+L+L’2’+LZ+L”+L§,+3§’+E'+N1+N+3/2 Sy S’ Sy Sy 85
Sh1/21/2f \1/2 84 SY
Lot 1y L
x L1y Ly LS (L)|C D) (1]|CY [l RY (nolonaly, nalinals) (65)
LYl LY 1

(w wu) (oz2SQL2,oz Sng) (5175 ) \[N( )S+Sg+2S3+S”+L+L2+l+l2+N+N1+1

Ss S Si) (Ls L L) (1/2 SY S5 (la LY Ls
X (8, Lo, 83, L4, 8", 1", 85, L, L, L) {5” 1/2 sg'} {L” Iy Lé,’} { S, 1/32 Sy S\ Lo 123 L

Ly L" 1 ; -
X {lol . LQ,,} > (=D (niNay Sy Ly{ [t 'aSL) (N ol Sy LY{|nIN " aSL)
1 asL

I_J L//
7L HC e R (o, natant). 0
1

B3(¢J///) _ (5(04252[/2,0/2'53[/2/) \@N (71)S+S”+2Sl+Sg+353+28f+L+L1+L2+L'1'+L"+l+lo+N1+N

S3 S Sy1) (Ls L Ly) (1/2 84 S5\ (1l LY Ls
L "o L L A PN i 1/2 3 3
X [517 17317 17537 37533 3 7S4a 4] S 1/2 Sé/ " 12 Lg SQ 1/2 SZ L2 lz LZ

X 5(8", 8 12 (N oy S Ly {|nlN " *aSL) (N a! Ly nN1aSL
1
aSL

LLY 1Y (LiL"1
x{lo ; L}{ ot g}(ZOHCt|l)(l||Ct||l2)Rt (nolonl, ninals) (&)
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C3(",4') = 6(0583 Ly, af S5 L3) 6(S7, 5Y) VN (—1)SFSat2sir ST bblhtitat NN

S, S S, (Ly L LYY (1/2 SY S4) (1o LY L}
/ L/ 1" L// " L// " " L/ L// 1/2 3 1 3 1 3 3 3 3
X [537 37537 SvS ’ 7547 451 1] S// 1/2 Sé/ L" ZQ Lg Sé 1/2 SAIL/ L/2 l2 LZ

L) L" 1 -, o o

X {ll y LQ//} E (-1)% (nlNo/l,SqL’lﬂnlN*la’S’L’) (nlNo/l'Si'L'{{\nlelo/S’L’)
0 1) =~

o’ S"L’

L_/ Lﬁ/ l 7 ’ !
X {t/ I Lll} (lHCt ||l)(l0||Ct ||l2)Rt (nolonl,’nglgnl) R (68)
Dg(w//7w/) _ 5(0/255 /270/2/ é/ /2/) \/iN (_1)S+S”+25’1+S§+3S§+2S{’+L+L’1+L/2+L’1’+L”+l+l0+N1+N
S, S Si) (Ly L LY (1/2 SY 84\ (1o LY L
K AR SO LB S A S S L S o 1/2 3 1 3 1 3 3 3 3
X[ 1, 1M1y H15 M35 H3, 235 H3s » M4 4] S 1/2 Sé/ L 12 Lg Sé 1/2 54/1, L/2 l2 LZ
x Y 8(8",8N[S) 2 (N ah S {IniN Tl ST L) (N o SYLY{InIN ol ST L)

o' S'L’
E/ L// l L/l L// lQ ’ ’ ’
o Ll aie R (ot ninat). (69)

and the perturbing virtual states are defined as

" 4lp+1 2 N gty gly Ny _mqtyn 2 1QITHNQITIN,
" = (noly®™ *lo,nl™ o) STLY)S"L", (n1ly" g S5 Ly, nal5aly Sy Ly ) Ss Ly SL.

5.4 nlNnylyn 1) configuration

The states 1 and v’ for nanglgnllivl configuration are defined as follows:
’l/) = (7’L0[§l0+2 IS, TLZNOqSlLl)Oéllel, (’ILQZQ, nll{leZQSQLQ)Sng; SL,
P = (noly® ™ 1S, nIN o S{ L) S{LY, (nala, maly oy Sy 1Y) SLLY; SL.

l4lo +2
0

5.4.1 The excitation of one electron ngly from a closed ng shell to an open ni™ shell

Through the proper recoupling procedures each of the components of the sum in eq. (39) must be multiplied by a
phase factor equal to (—1)S2+L2t52+Lo+385+Ls+355+L5+25) 4255 4 the perturbing virtual states are defined as

W = (nolg™ ! Plo, N SYLY)S L, (nala, mly ™ oy S5 L) S L; SL.

l4lo+2
0

5.4.2 The excitation of one electron ngly from a closed ng shell to a partially filled nllivl shell

Through the proper recoupling procedures each of the components of the sum in eq. (48) must be multiplied by a
phase factor equal to (—1)52+L2+55+Lo+355+Ls+355+ Ly +255 4255 anq the perturbing virtual states are defined as

" 4lp+1 2 N Qg Ni+1 _mmgrynyQryi,
" = (ngly° ™ “lo,nl™ o ST LY)S"L", (nala, nqly oy 85 L5) S5 L5 SL.

5.4.3 The excitation of one electron from a closed n0l§l°+2 shell into an open nyls shell

Through the proper recoupling procedures each of the components of the sum in eq. (59) must be multiplied by a

So+Lo+S,+L5+3S3+L3+3S5+L5+2S5 +25 +1

phase factor equal to (—1) , and the perturbing virtual states are defined as

" o__ 4lo+1 2 N _mnmQitynaly! 2 gl N1 _ 1ty all i,
Y7 = (noly® lo,nd™ oy SYLY)S"L", (noly o Sy LY, maly™ o585 L) S5 Ly SL.
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5.5 Inter-configuration matrix elements

5.5.1 The configuration interaction nlV - nlN"1nl,

IN=In,l; configuration are defined as follows:

The states v for nl”V configuration and v’ for n
P =nolgo ™ 1S niNaSL; SL,
Y =mnolgo 2 1S, (niN "t Sy L, n1lh)SL; SL.

The excitation of an electron from a closed nolél°+2 shell into an open nl™V ! shell

= WGP x @ |Gy == [A@W, ") + B, ¢")] x [CL",4") + C2(0",4) + D2y, 4")],  (70)
W W

where

17 " " L// 1/2 l t l
Al i) = o(s, 871y ey BLEDE <nlNaSLHUtHnlNaa'Si’L’O{ 0 }

(S, L]V L/ L' L
x (U|CH|1) (11 |C* lio) R (nolond, nalynl) (71)
B(ih,0)") = N (=1)StSHHLAN (g pr gn 1/ > (Vo SYLY{ N aSL) (niN aSL{niN "' aSL)
aSL
1/2 5 S Lk : -
Voot Lt do L UICIIC R (oo, nlasts). (72)

Ly L

. g 1 1/2 8 S\ (L L L,
CL(y",¢') = 6(S], SN (—1)SHSTHEFLHH AN+ (7 17, g, [1]12 {1/2 sy S"} {lo Ly L”}

o S T L't L
xS0 (Nl sy LN s L) (s | ut anN—lagsgL’1>{ 1}

1
o S'L lo L7 1
x (L|C 1) UIC [llo)R" (nolond, ninl), (73)
C2(Y"¢') = VN (~1)PHSSENH (N ol STLY (Yl 81 L) [S7, L7, 57, 14]Y/2
L/I l L//
Sp1/2 8 . y R

XS et 4 1o 11 @ICY L) CY DR (noloni by, nini L) (74)
S"128M 0 L, L
14

D2(1///a7//) _ 5( {',S) \/N (_1)251+2S+L+L’1+L“+L/{+l+ll+N+1 (nlNa/{S{/L/l/{|nlN—1a/15{L/1)

s L Ly { t' Iy ll}{L t Ly

t/ t/ t/
[5}1/2 L L/llL ZL/l ll}(ZIHC HZ)(IOHC Hll)R (nOlOnlllanlllnl)» (75)

and the perturbing virtual states are defined as 4" = nolg®™ 21y, (niN o} SY LY, n11,)S" L"; SL.

ZN72

5.5.2 The configuration interaction nl™ < n nll% or IV & nlN"2nqlinsly

The states 1) for nl" configuration and v’ for ni’™¥ =2n112 or nlV~2n1l1nsly configuration, respectively, are defined as
follows:

¥ =nplgt? 1S, niNaSL; SL,
Y = nolgo T2 1S (niN 24 S{ L n 12 b SyLY)SL; SL or
W' = noldo T2 1S (niN 720 Sy L, (nalingly)S4LL)SL; SL.

The excitation of one electron from a closed nglg°™+?

=Y @WIGIP") x (@ |Gy) = =D [A@W, ") + By, ¢")] x C(&",¢), (76)
P P

shell into an empty nil; shell
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where

_ 28+ L+L"+ LY +1+11 +N+1 [S//aLuvL/f]l/Q tolo
A(waw”) = 6(51/75) N (_1) ! W L L/1/ L

. - (Lt LV
x Y (=15 (N o SY LY { |tV aSL) (nlNaSL{|nlN_1aSL){ _ 1}

— I L1
aSL
x (Lo[[Cl1) (L|CH 1) R (nolond, nalynl) (77)
B(wvwll) _ N (71)S+3S1'+l+l1+N+1 [S//7LI/,S¥,L/1/}1/2
~ L1 L
28 N _nqiyn N—-1-a7 N Nel-&7 S 1/2 S L
x> (=1 (N SY LYV aSL) (N aSL{|ntN'aSL) o oyl th
aSL /2 5 Ly L"
X (lOHCtHZ)(l”Ct”ll)Rf (nolonl,nlnlll), (78)
C (" ") for nIN=2n,1? configuration
C(¢1/a¢,) — 2N(N . 1) (_1)251/+251+l+l1+N [S”,L”,Si’,LY,S&,LIQ]l/Q
x 3 (—pF (nlNa’l’SfL’l’{\nlN_2O/IS{L'1,nZQd’S’ﬁ’) 17, L)1/
a’'S' L
S| S, S (L, Ly L ,
X80 1/21/20 4 L 1 o {l ) L} (IS [W)@UIC” )R (ninl, nolonak), - (79)
0

SY1/2 8" LY i, "
C(", 9" for nIN=2n,l1nsly configuration

C(wﬂﬂl/) _ \/m (_1)S+L+S”+L”+S1’+L’{+S§+L’1+l+l0+l2+N+1/2 [S”,L”,Si’,L’l',Sé,L’Q]l/z
x 30 (0F (Nl ST 20l S L nia S ) 181, D)2
a'S' L
Sr1/21/2) (L 1o 1o Ll ¢
x eS8, S L)L, L {

o ﬁ,} (UICY i) ICY [[1)RY (ninl, nolonals) (80)
sy st )y n o) V2

and the perturbing virtual states are defined as ¢ = nglg® ™ 21, (niN o/ SY LY, n11,)S" L"; SL.

5.5.3 The configuration interaction nl¥ ~'nil; «— nl¥ "tnaly

The states v for nlN "'nql; configuration and ¢’ for nlN "1nsl,y configuration are defined as follows:

Y =nolg® 2 1S, (N ~tay Sy Ly, mly)SL; SL,
Y =nolgo ™2 1S, (niN "tk Sy L) nala)SL; SL.

The excitation of an electron from a closed ngla® ™ shell into an open nlN ="' shell

=D WIGIY") x @ |GlY) = = [AL(p,9") + A2(0,4") + B2(h,¢")] x [C(W",¢') + D", ¢)],  (81)
v g
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where

AL(e, ")

3S+L+281+L1+2S" +3S8) +l+lo+l1+N (g g g pimi/2
\/N(—].) +L+251+ L1+ +357 +Hl+lo+i1+ [S,L,Sl,Ll]/{

x Y68, 81) (Vo SYLY{|nIN T aSL) (N aSL|[U | niV T ey SiLy)

aSL

X (UICH[D(IC o) B (nolon, nin)
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lo LY

A2, 0") = 6(8,8Y) VN (—1)?S 2L LR N (N o ST LY ([N~ a1 S1 L)

B2(y,v")
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and the perturbing virtual states are defined as ¥ = nglg® ™ 21y, (niN o/ S{' LY, n111)S" L"; SL.
The excitation of one electron from a closed nglg ™2 shell to an empty ngly shell

=Y @G|y x (@ |G|y =
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and the perturbing virtual states are defined as v = nglg® ™ 21, (nIN =1/ SY LY, (n1linaly) Sy LY)S" L"; SL.

5.5.4 The configuration interaction nl¥ ~1nil; < nl¥=2n1?
The states v for nlN "'nql; configuration and ¢’ for nlv *inl% configuration are defined as follows:

¥ =mnglgo 2 1S, (N Yoy 81 Ly, mily)SL; SL,
Y = nplgo T2 1S (niN "2l Sy L n 120k, L) SL; SL.

The excitation of one electron from a closed nolél°+2 shell to an open nlV ! shell

=D WIGIY") x @ |Gl¢) = =D A, y") x C(@", ), (96)
v v

where
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sz s ) oy o) V0

and the perturbing virtual states are defined as v = nolg® ™ 21y, (niN o} SY LY/, n11,)S" L"; SL.

ZN_l lN—Z

5.5.5 The configuration interaction n nily < n nol3

The states v for nl¥ ~1nil; configuration and 9’ for nlV ~2nyl3 configuration are defined as follows:
¥ =mnglgo 2 1S, (nIN "Yay 81 Ly, myly)SL; SL,
W = (nolgo 2 18, niN =20/ Sy L))oy Sy LY nal2aly Sy Ly SL.

The excitation of one electron from a closed nglg°+?

= @G|y x (@ |G|y =
w//

=3 ([A1@, ") + BLw, o) + A2, 4") + B2(Y,0")] x [CL,9") + D1(w,0")]), (99)
-

shell to an empty nsls shell

where
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and the perturbing virtual states are defined as 1" = (nolg° ™" 2lo, niN 1o/ Sy LY)S" 1", (n1lynals) Sy LY; SL.

5.5.6 The configuration interaction nl™ "'nily «— nlN "2nqlonil

The states ¢ for nlN ~'nil; configuration and v’ for nlN "2nslanily configuration are defined as follows:

¥ =nplg®t? 1S, (nl¥ ~tay 8y Ly, nily)SL; SL,
Y = (nolglet? 18 nIN =2/ S{ L) al S, LY, (nalangly) Sy Ly; SL.

The excitation of an electron from a closed nol4l°+2 shell into an open ni™¥ ! shell

T @WIGIY) x @Gl = =D [AL(, ") + A2y, ") + B2(h,¢")] x C(v", ),
v v

where
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and the perturbing virtual states are defined as ¢ = nolg®™ 21y, (niN o/ SY LY, n11,)S"L"; SL.

l4lg +2

The excitation of an electron from a closed ngl,, shell into an open nql; shell

= WIGIY") x (W7 |G¢) = =Y [AL(y,¢") + A2(¢,9") + B2(¢,9")] x [CL(,9") + D1(4,9")],

w// w//
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(109)

(110)

(111)
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where
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and the perturbing virtual states are defined as v = nglg® ™ 21y, (niN =1/ Sy LY, n113a4 S

5.5.7 The configuration interaction nlVN ~1n l; < niVN"2n l1nyly
IN=2n1linsly configuration are defined as follows:

The states v for nIN ~"'nil; configuration and ' for n
P =nolg T 1S, (niN a1 S Ly, n1l,)SL; SL,
P = (noly* ™ 1S, nIN "2 S LY S LY, (nalinala) ShLy; SL

Ao+2 ghell into an open niV ! shell

The excitation of an electron from a closed nyl,
Through the proper recoupling procedures fourth term C(v”,v’) of the sum in eq. (106) must be multiplied by a

phase factor equal to (—1)11*‘[2“‘35;‘4":/2, and the perturbing virtual states are defined as

1/)// — nolélOJrl 2l0, (nlNo/ll YLY7”111)S//L,/; SI.

The excitation of an electron from a closed nolél“+2 shell into an open nql; shell
Through the proper recoupling procedures, the fourth and fifth (C1(«, ")+ D1(1),¢")) term of the sum in eq. (111)
must be multiplied by a phase factor equal to (—1)11+l2+3s§+L’2, and the perturbing virtual states are defined as

" = noly ™! 2lo, (N SYLY ol SY LY)S"L"; SL.
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l4l0 +2

The excitation of an electron from a closed nyl, shell into an empty nsls shell

= @G| x (@ |G|y =
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=2 [AW.9") + B, 9] X [C1(4,9") + DLy, v") + C2(w,4") + D2A(4, "), (117
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and the perturbing virtual states are defined as " = (nolg"®™" 2lg, niN =1/ SYLY)S"L", (n1linaly)SY LY; SL.

5.5.8 The configuration interaction iV ~'nil; «— nlN "2nalonsls

The states ¢ for nlN ~'nil; configuration and v’ for nlN "2nslangls configuration are defined as follows:

’@[J = n()lgl°+2 15, (nlN_lozlSth nlll)SL; SL,
W' = (nolg" ™ 1S,V 20 S LY)a! 81 Ly, (nalansls) Sy Ly SL.
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The excitation of an electron from a closed nol§l°+2 shell into an empty nsls shell
=Y WIGIE") x (" GIY) = =D [Aw") + B, ")) x [C(,¢") + D(,4")], (124)
,lbll wli
where
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and the perturbing virtual states are defined as " = (nolg® ™" 2lg, niN =1/ SYLY)S" L", (nglanyly)SY LY; SL.

5.5.9 The configuration interaction nlNnilinsls < nlNnylansls

The states ¢ for nlNn1linsls configuration and ¢’ for ni¥ nylonsls configuration are defined as follows:
¢ = (nol§l°+2 1S, nlNalSlLl)alSth (nlllnglg)Sng; SL,
¥ = (nolg*? 18, i o4 S{LY) o S{ LY, (nalansls) SyLhy; SL.

l4l0 +2

The excitation of an electron from a closed ng shell into an open ni" shell

> WGP x " |G| y) =
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P
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AQ(?/}, w'/) =N +1 (71)51+2S+3S”+2SQ’+L2+L'2'+N+l1+l+lo (TLZNJFIO/{SfL/l/{|nlNa151L1)

Ih Iy Ly L"
1/2 S Sy (1/2 S SY
X [52,L2,S",L“,5;’,L’1’,sg,Lg]1/2{ }{ Ly 1 LY o
Sy 1/2 8 S 1/2 Sy
1 1/2 5, 250 L o
X (loHCfHZl)(ll||Ct||l)Rt (nolonlll,nlllnl) 5 (131)

B2(y, ") = 6(S1,8") 8(S2,S4) VN + 1 (—1)25+251 +Llat i Lytlothtlat N+l
SY LY, Lo, LY, L"V? (Ly 1 LY\ (L5 LL"\ [Lg Ly t
lN-',—l I/S//L// lN SL [ 1»+1» y 42
X (T STLY Il a1 ) [S,]172 o I/ t J\Lit Lo\l 1o ls
X (lo[|C* D) (I |CH 1) R (nolonaly, ninaly) (132)
Clwuﬂl/) _ \/m (_1)31+2S{’+2S+3S”+L’2+L/2’+10+12+N (nlNHo/l’S{’L’l'{|nlNo/15£L/1)
I 1o L I

1/2 8 S (1/2 S SY
> [5/7 /751/, /l7s/l’L//7 H,L//]l/Q{ 1}{ } L/2/ lo /2 l
S L S" 128018, 1/2 S, WLt L
x (I[C [112) (11| C¥ [l10) R (nolonala, nalinl) (133)

Dl(i/)”,lb') _ (5( 1,511) 5(55’55/) N +1 (_1)25+2${’+L+L’2+L’1’+L’2’+l+l2+l3+N+1
[SU LY LY, LY L Y2 (1t do) (¢ L 1) (LYt L
x (Nt Sy LN oy St L) [55]1/22 e s Ly 14 \ L4 L L
x (I|C [[1o) (11| CY [|12) RY (nolonals, ningly) (134)

and the perturbing virtual states are defined as

W = (nolgo ™t 2lo, N1y ST LY)S" L, (nilinsls) Sy LY; SL.

5.5.10 The configuration interaction niNnslsnily — ni¥nglsnals

The states ¥ for nlNnslsnil; configuration and 1)’ for nlNnslsnals configuration are defined as follows:

¢ = (nol§l°+2 1S, ’nlNOqSlLl)ChSth (nglgnlll)Sng; SL,
W = (noly™? 1S, N o) ST L)) S LY, (nslsnalz) Sy Ly; SL.
The excitation of an electron from a closed nolél°+2 shell into an open ni" shell
Through the proper recoupling procedures, the first, second and third (A1(, ") + A2(x),¥") + B2(v, "))

term of the sum in eq. (129) must be multiplied by a phase factor equal to (—1)52+L2+S§+L/2/ and the fourth
and fifth ((C1(1,v") + D1(¢,¢")) term of the sum in eq. (129) must be multiplied by a phase factor equal to

(—1)l+l2 482+ Ly+5+ Ly and the perturbing virtual states are defined as:

" = (nolgo ™t 2lo, niN Loy ST LY)S" L, (nslsnyly) Sy LY; SL.

5.5.11 The configuration interaction ni¥nilinals — nlelnll%nQZQ

lN—l

The states ¢ for nlNnqlinsls configuration and 1’ for n nllfnglg configuration are defined as follows:

¥ = (nolg™ ™ 18 ni™ 0y S1 L1 )y S1 Ly, (nylingla)SaLe)SL; SL,
Y = (nolg®t? 1S, niN Y e S| L) S| LY, (na 12 akySh LYy, maly) S Ly; SL.

The excitation of an electron from a closed nglg"® ™ shell into an open nl shell

= @G| x (" |G|y =
w//

= > [AL(W,9") + A2(0,9") + B2(y,9)") + A3(,¢") + B3(9,9")] x C(4",), (135)
o
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where

AL, ") = 8(S1L1, S"L") 6(SaLa, SYLY) NVN T3 (1) 98414+ S+Lt Lttt N
aSL, aSL

X (nZNHo/l'Si'LY{|nlN_1d§E,nl2d§ﬁ) (ni™ a1 Sy Ly {[ni¥ ~*aSL) [Sy, LY, S, L)"/?
S S11/2) (LLy 1 1
x 11/ ! O L aIct i actio) Rt (nolonl, ninl) , (136)
128 s/ (o L [\l L
A2, ") = 5(S1,57) 8(S2,55) VN T (—1)?FHASTHEHHLHANTL (N Ly ST LY {[niY a1 S1 Ly )

8114 Ly, 1, 1) {12 Ly 11} {L2 L L} {Ll z L’l’}
15,1172 ot f\ e f Ve L ¢
x (lo||CH|1) (I2]|CY||l2) Rt (nolonals, ninsls) (137)
B2(), ") = VN + 1 (—1)25+351+ 54257455 +5" +lo+la+N (niV o SYLY{IniN a1 51 Ly)

Ly 1 LY,

12 S S/ (1/2 S Sy

L L N~ L~V 1/2 1 1 Ll L't

x[527 2a527 27S 9 e i) 1] {51 1/2 52 S// 1/25é/ 1// 1
Ly L" 1y 1y

x (lo]|C*li2) (L2 || CH [ R' (nolonalz, nalanl) (138)
A3(¢,¢”) = 5(51,51') 5(S, Sé’) VN +1 (_1)Sz+Lz+S;’+L’2/+2S+L+251’+L;'+z+11+52+N+1

S LY. Lo, LY, L"Y? ( 1y Lol Lo Ly LY (Ly | LY
><(nlNHo/l’S{'L’l’{\nlNozlSlLl)[ U, LY, Ly, Ly, L"] { 1 Lo 2}{ 2 Iy }{ 1 1}
(

[S1]1/2 Lyt L" Lyt lo L" t
X (lo|CHID) (L |CH 1) R (nolonaly, ninaly), (139)
3(,¢") = VN +1 (_1)S2+L2+S;’+L;’+2S+3sl+Sg+2sg’+sg+s”+lo+z2+N

1/2 S 87 1/2 S 57
X (nlNJrlO/l/SilL/l/{‘nlNallel) [527L235£/7L,2/75//3L/,3 1/7L11/]1/2{ / ! } { / 1}

Sy 1/2 8, f 18" 1/2 8
Ly 1 LYl

X L lg Llll t (lo”CtHll)(ll||CtHl)Rt (nolonlll,nlllnl), (140)
LiL" 1L Iy
C(wl/ﬂ//) = 2N(N +1) (_1)3S+2S{+S§+S§’+3S{’+L+L/3+L’2’+L/{+l+lo+l1+l2+N

1/21/2 85 (h b LhY (S, S, S\ (L) Ls L
0 AN SN LA AN T A~ 1/2 2 2 1 ~3 13
X [527 27337 391 1752’ 275 ’ ] 1/2 Sé Sé/ 12 Lg L/Q/ Sg S 1/2 Lg " ll

) o 1/2 8" S I L' L
« Z L S’ L/]l/z (nlN+1 HS{'L”{‘TLZN 1 SiLll,TLZQO/S’L’){ / X 1 }{ 0 ‘ 1}

/ i / /
— sy S 12( Ly Lo
l ZO t, + t/ +
x 3, U QIS )R (alndnolons) (141)
1

and the perturbing virtual states are defined as 9" = (nolg° ™" 2lo, niN 1oy ST LY)S" L", (n1ly, nala) Sy LY; SL.

The excitation of an electron from a closed n0l§l°+2 shell into an open n4l; shell

=S @IGI") x W |GIY) = = D7 ([AL@,w") + BLw, 6" + A2, v") + A3(6,0") + B3(,0")]
P P

X [C1W" ) + DI, ') + C2(",4') + D2(", )] ) (142)
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where
AL(p, ") = 6(a1S1 Ly, o STLYY /2 (_1)S+L+352+S’/+L”+sg+sg+Lg+N

Ly lo LY
1/2 8" S1) (lo L” Ly (S S§ 1/2
nognogn oo gt o inl/2 2 ~3 |
x [Sa, Lo, 8", L", S5, Ly, S5, Lg] {S’ S5 Sé’}{LLng}{SQ 1/21/2} 1 b Ly
I t 1y
X (lol|C*l10) (I2|C [ll2) R (nolonale, nalinals) (143)

B1(4,9") = 6(a1S1L1, 0 STLY) 6(Sy, 55) V2 (~1)P5 A0t Lat STHLIA LIRSS Ly Ao
1/2 S Sl lo L Ll ll l2 L2 L2 lo LY
Lo L' S" [ S [M1/2 3
Mo L2 ST LS5 Ll g gy sy \L Lo kg f Ve 24 1y S Lo LY ¢
X (lo]|C*||l2) (12[|C* 1)) R (nolonalz, nalenaly) (144)
AQW»W’) _ 6(@151L1,a” i/LH) V2 (_1)S+L+352+L2+S”+L”+BS;’+3S§’+Lg’+l0+lz+N+1

sy s s” Ly LL" Sy SY 1/2 Lo LY g lilg t
L 7 L// " L// % L{/ 1/2 3 3 3 3
X190 Ly S L2y ST LT S50 Lsl™ 4 6172 8, [ W do Lo \SY 1/21/2 \LZ 1y 1o \is 1y LY

X (L [|C 1) (I |ICH | 11) R (nolonaly, nalinaly), (145)
3, ") = V2 N (_1)s+L+52+L2+3s;’+L’2’+sg’+Lg+s”+L”+L1+L’1/+1+10+11+52+N+1

181,11, 85, Lo, voLN Sy LY SY LY LY? (1/21/2 88 (L b LYY (S S Si\ (Lo L Ly
[S7]1/2 1/2 82 Sof U LY Lo f \S” 1/2 84\ L" 1y LY

x> 5(8,8") (niN oy Sy Ly {|niN 1 aSL) (N o SYLY{|nIN T aSL) LLLAY b Ly L
~ P L'l t J\L t 1

x (L|CHIDUIC 1) R (nolonl, ninaly) (146)
33<¢7¢//) — (5175 ) V2 N (-1 )S+L+251+SQ+L2+3S”+SS§’+L’2’+sg’+L’3/+l+zz+N+1

X [Ly, LY, 8, Lo, Sy, Ly, 8" L", Sy, L4/

% S S fLe L LY [1/21/2.8\ (i b L5\ [lo L{ L”
S"1/2 8\ Ly LY \1/2 85 Sof o LY Lo L1 14 ¢

t 11
x ES:L L (N Sy Ly {[niN"*aSL) (niNay sy L {|niN ~'aSL) {L L Ll}
X (loHCtng)(lHCtHl R (nolonl nlllnl) (147)

CLW"¢') = 6(S7,5") (55, 85) 6(S3,55) 2VN (~1)2HF25 28 bbby by
Y LY, Ly, Ly, Ly, Ly, L']V/2 [t Ly L3\ (L4 ' L
EARE b Ly Ly f \ LY L L

( lN " iILH{"nlN 1 /SlL/)[

l L/ L// L/ L// t/
L P20 Gl I R (alamat nimty). (14

Dl(w”, w/) _ 2\/ﬁ (_1)25”+251+3S§+S§+L”+L;+L’2+Lg’+L”+l+ll+N (nlNo/{Slell{|nlN_1a'15'iL/1)
St1/2 SY1/2
x [S4, Ly, S, Ly, 8", L", SY, LY Sy, LY, Sy, L]V |1/2 S 1/2 SY
Sy sy sy s
Ly Ly Ly L1 1
x L 1y It LY (]|CY) (@ ||CY DR (nolonaly, nilynl) (149)
L LY LY 11
02(w//’w/> _ 5(S§7Sé/) 5(0/255 //S// //) 5( 17511) \/N (_1)L/2+L+L,1/+l+lg+N+1
(L4 L4, SY. L, L] 2
[S11H/2

Ly LY t Lyt L’ lp 1t / / /
A M o 1o @I ID@IC 1R (lonats ninats) (150)

X (nlNo/l'Si'L'{{\nlelo/lSiL'l)
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DAY, ') = B0 Sy, Y SYLE) VIV (—1)S SIS SIS N (N oYL nlN 0l 8] L)
Lty Ly 1

S, S S (SY ST )2
x [S4, L, 8" L", Si LY Sy, Ly/2 L") i L / Ly L ¢ LV
S51/2.8) [\ SY S, S Lo
Iy Iy L' L,

x (Io]|C" [[12) (12| C¥ [)R"" (nolonalz, nalanl) | (151)

and the perturbing virtual states are defined as 9" = (nolg° ™" 2lo, niNa//S{LY)S"L", (n11304 Sy LY, naly) Sy LY; SL.

l4l(] +2

The excitation of an electron from a closed nygl,, shell into an open nsly shell

= T @WIGIY) x W [GlY) = =D [AL(, ") + A2y, ") + B2(, ¢")] x [CL(",¢) + D1, 4], (152)
P P!
where
AL(,¢") = 8(ar S1 Ly, o/ SYLY) V2 (_1)3S+L+Sl+L1+S”+L”+Si’+L’1’+L;’+lu+ll+lz+N+1/2
s (3 AT E R e )

x (12| C"[lo) (12| C[[I2) R (nolonala, nalonals) (153)
2, ") = V2 N (—1)STLA2S1+Lad3S "+ L L i+l +N+1/2

81 L1, S0, Lo, ST, LY, S, Ly, S5, Ly, L] {1/2 Sl 52} {12 L LQ} {52 S Sl}{Lg L Ll}

[S7]1/2 17217285 f Wi 1o LY \S” 1/2 84 \L" 15 L
I LL" lo Ly L"
xZé S, 8" nlNa151L1{|nlN 1045’L) (nlNa’{S”L"{\nlN 1aSL) . ! 2
—~ iy t J\Lt I
a
X (lo]|CH 1) (1| CHli2) R (nolonl, nlngly) | (154)

B2(y),¢)") = §(S1,S{) V2 N (—1) A2t STt i NES/2 (1) Sy Ly, Sy, Ly, S", L, Sy, Ly]'/?
y 1/2 84 Sy (lo LY Ly) (Sa S S1\ (Lo L Ly (12 L" Ly
1/21/2 85 Wy 1o LY S \S"1/288 \L" Io LY \ LY t o
__ __ (1l L'L
< 3 (=125 (N ay Sy Ly { IV 'aSL) (niN oy SY LY {|[nIN "' GSL) {Ll zl t}
aSL
x (Io||CH[|12) (1| CH|)) R (nolond, nalanl) (155)
Cl(w” w/) _ 5(51 Si/) (53 S )2\/>( )251+S;+S;’+2S+3S§+L+L’1’+L§,’+lo+ll+l2+N+1/2

[527 / Lll/,S // / L//]1/2 1/2 1/2 Sg L/1 Llll l
[5111/2 Sh 128, o ¢ L”

x (n™Naf SYLY{IntN 1ol S1LY)

LL'"LY ol ¥ , , ,
{t’ I, L’} la Ly Ly 3 (L]|C 1) (IL]|C* [[l2) RY (nolonaly, ninsly) (156)
Ly I, LY
Dl(fﬁuﬂ//) _ 2\/N (_1)3S+2S”+QS{+S§+S{’+S§’+S§’+L”+L’1+Lg+12+N+3/2 (nlNo/{S{’L’{{|nlN_10/15{L’)

Sy 1/2 .84 S
x (S5, Lb, 84, Ly, 8", L, S, LY, Sy, Ly, S, L§]"/? < 1/2 S5 8 SY
1/21/2 8] 8"
N lo LY (L Lhiy ¥
x > (=DM N U LY L LY Iy Iy Ay (o]|CY i) (1 |CY D RY (nolonaly, nalonl)
A=[Ly—lol,.... L +o i) gy i
(157)

and the perturbing virtual states are defined as 9" = (nglg° " 2lo, niNa//SYLY)S"L", (n1ly, nol3aly Sy LY)SY LY; SL.
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5.5.12 The configuration interaction nanllfnglg o nlNTlnlinsls
The states v for nanllfnglg configuration and ¢’ for nINHnlingls configuration are defined as follows:

"l[) = (n0l310+2 1S, TLlNallel)OélSlLl, (TLll%O&QSQLQ,TLQlQ)SgL:g; SL,
W = (ol 1S, N o) ST L) e STLY, (nalinsls) Sy Ly; SL.

The excitation of an electron from a closed nglg"® ™ shell into an open nl shell
=2 WIGIY") x " |GlY) =
w//
= > [AL(w,9") + BL(y,¢") + A2(4, ") + B2(4,9")] x [C(¢",4) + D(¥",4")], (158)
w//
where

Al(?/},’l/}”) _ 5(»91,5”) 6(5375;’/) 6(52, Sél) N T 1 (_1)253+QS+QS£'+L2+L3+L+Lg+L/1/+lo+lg+N+1
[Sila /1/,L3,L/3/,L”}1/2
[51}1/2
t Ly LYY (Ly t L") (1 Ly LY
Ll|ICHID (1| CHIT) R (nolonaly, ningl 159
A e o o sl i R ooty i), (159)
B1(¢,¢") =2V N +1 (_1)25”+251+353+S§’+L1+L2+L’2’+L”+l+l1+N+1 (nlN“a’l’Si’L’l’{|nlNa151L1)
S5 1/2 Sy 1/2
X [SQaL2a535L37SU?LH7SilaL&/aSél7L/2,75gaLg]l/2 1/2 S 1/2 Sil
Sy Sy S S”

x (nINa SYLY{|niN ay Sy Ly) (nalfasSa Lo || U || naliay S5 L)

Ly Ly Ly L 1
x L Iy It LY (|C ) ICY IDRY (nolonyly, nalinl), (160)
L' Ly Ly 1 ol
A2(3h,9") = 6(Ss, SY) d(zSaLa, oy Sy LY) 5(S1, ") VN +1 (—1)latlrlitlotlatN
[L3aLg7 ilellleN]l/2

x (nIN o SYLY{|nl™ a1 S1Ly)

[51]1/2
Ls LV tY (Li t LY (lo | t
x {12 123 LQ} {Lg I L3} {L1 I L’f} (Lo[|C*[|1) (12| C*|[I2) R (nolonals, ningls) (161)
B2(1h, ") = 6(02 83 Lo, 0 SYLE) VN 1 (—1)5"+35 435 4258554t (1 N4 Ly UL i a0y Sy Ly )
S1 S S3) (SVS"1)2 Lalo Ls 1
% [53"[/3“9//7_[//7 il,Llll,Séleg]l/Q {S; 1/2 S?/} {S}/ SQ g } L2 Lt Llll
! s ly Iy L' Ly
x (lo[|[C*[l12) (12| C* [ R’ (nolonalz, nalonl) (162)
C(¢” w/) _ 5(0/151[/1 0/2/ gLIQI) \/i (_1)S+L+S;+S”+L”+S;’+S§’+Lg’+lg+lg+N+1
2 [1/28" S\ flo L" L5\ (S5 S 1/2 Ly o L
S/ !/ S/I L// S” 1 S// L// 1/2 l l L//
X[2a 29 9 y 2y 2y K3, 3] SSéSé, LLIQLg 551/21/2 11 2
ls t' Iy
x (Io]|C¥ [l ) (Is]|C" [[12) R (nolonsls, nalinala) (163)

D(4",4') = 8(e) S L3, o STLY) 6(S3, 55) V2 (~1) TS ST LI S ot et H

1/2 8" S, lo L" L} Iy I3 L} Ly 1y LY
1 L A A 1/2 1 1 2 2 3
X[ 2942 ) » M3 3] S Sé Sél LLIQ Lé/ t/ L/2/ ll 12 LIQ/ t/

x (lo||CY [|13) (12 || C¥ |1 R (nolonsls, nalonaly) (164)

and the perturbing virtual states are defined as ¢ = (nolg® ™ 2lo, nIN 1o/ SYLY)S" L, (n1l3al Sy LY nala) Sy LY; SL.
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5.5.13 The configuration interaction ni™¥Nnslsnily < nl™¥ ~1nzlznyl3

lN—l

The states v for nlNnslsn,l; configuration and v’ for n nslanal3 configuration are defined as follows:

¢ = (’I’LQlélO+2 15, nlNallel)alleh (nglgnlll)Sng)SL; SL,

Y = (nolg® 18, niN"1a S| L) S| LY, (nals, nal3ah,ShLY) S5 Ly: SL.
The excitation of an electron from a closed nol§l°+2 shell into an empty nsls shell

=Y @G|y x (@ |G|y =

P!’

=3 [AL, ") + BL(y,9") + A2(0,9") + B2(y,9")] x [CL(¥",¢") + D1(4",¢")], (165)
>

where

Sla Lla Silv L/llv Sé/a L/S/a L//}1/2

Al(z/f,?///) = 6(S5Ls, Sé/ng/) N (71)S+L+SS§'+L’3’+S”+L”+L1+L’1’+l+l1+l2+N [

[5/1]1/2
Sé/ S S” LgLLN a 1" N gttty N—-1-QT71 N N-1=-Qr71
X {51 1/ 52} {L1 L Lg} %5(5,5 )(nl o ST L{|nl aSL) (nl a1 S1Li{|nl aSL)
L1 Ly Ity
Ao o H G L S e e R gatont atnata) (166)

B1(4,¢") = 8(S1,8) 6(SaLa, SYLY) N (—1)STEA20+8S5H LG485+t N (1, 17 U 14, " L")/
LIS s S Lt
S11/2 Sy \ Ly ly Ly

P Lo LEETY et i) (11 ) R (molont, nalanl) (167)
X ELlL’l’ Ly ly ¢ 0 2 nolont, natant ),

(—1)F (Vo SYLY{|nIN " *aSL) (ni™ ay Sy Li{|niN ~'aSL)

]

aSL

A2, ") = 8(e1 81 Ly, o SYLY) (~1)SHEAS SIS ST b N (5, 1, 83, L3, 85, LY, 8" L)
ls Iy L
{1/2 1/2 sg} {Sg s s"} {Lg LL”} 13 tl 12
X 1 0
SY1/2 85 \S11/2 8, ) \ Ly Iy L
3 / 2 1 / 2 102 L2 LIQI lg Lg
X (ZOHCtHll)(ll||Ct||12)Rt (nolonlllymllnzb)a (168)

B2(t), ") = 8(Sa, SY) 6(arSiLy, I LYY (—1)S+EA+Lat3SY+LY+8"+L" Hlo++Ha+N+1

> [SN LY Ly, LY, S" L//]1/2 SL/S/ s 8" LgLLH t b Ll2/ t Lo
B S S11/2 Sof \Lyla Lo J s Lo LY 1o LY Iy

x (lo|[C* i) (W]ICH 1) R (nolonaly, nolanaly) (169)
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Cl(lﬁ”,”(/)l) _ 5(51, S//) (5(S§, Sél) \/ﬁ (71)ZSJrSSé+2S1’+L+L'1'+Lg’+l+N+3/2 (nlNa/llsi/L/l/{|nlN71allsiL/1)

X

[Séa /2551/7 /1/7551’ IQ/v gng7LN]1/2 1/2 1/2 Sé/ L{3 t/ LZ/SI lo Llll L
[S1]1/2 Si1/2 85 ) \L" LLY) Lyt 1

I3 L, L
xS 1y Iy 13 (Io]|CY D (12 )|CY |1 R (nolonals, ningly) (170)
LY 1y LY

Dl(i///,l//) — AN (_1)S+2S§+2S§+S{’+L”+L'1+L;+Lg+l+lz+lg+N+3/2 (nlNalllsilLlll{|nlN—1allsiL/1)

/2 sy 12 1)2
x (83, Ly, 83, Ly, 8", L, S1, L, 85, Ly, S5, Lg) 2 4 81 8" 85 S
s, S Sy 1/2

I Lol L' LY

A AR I ¢ L' L 1
<y erw{l, LI ;
2

A=l —lal,... 1 +la 9 L A
X (Io]|CY 1) (1| CY | 1) RY (nolonala, nalind) (171)
and the perturbing virtual states are defined as

W = (nolg™ ™" Plo,niN o/ SYLY)S" L, ((nsls, naly) Sy Ly, mals) Sy Ly; SL.

6 Results

This approach was first used for the analysis of the configuration system (5d + 6s)V of the lanthanum atom [26], then
it was applied to the atomic structure of the tantalum atom [29], the scandium ion [35], the titanium ion [36] and
the niobium atom [30]. Recently, we reported how to detect the isomeric state I = (3/2)* in 22Th by the means of
the laser induced fluorescence method [28]. To answer this question we considered a system of 70 even configurations
of Th*. The system had 3804 energy eigenvalues, the same number of predicted A constants and 3486 B constants.
In our procedure, we used all the experimental data known up to day, i.e. the values of 316 electronic energy levels,
11 A and 10 B hfs constants. In the fine structure analysis we used 111 independent parameters. The mean difference
between the experimental and calculated energies amounts to 79 cm ™. For the hyperfine structure A and B constants,
the corresponding values are 13 and 71 MHz, respectively.

The effects of the excitations of one electron from a closed shell to an open shell were considered as the configuration
interaction effects (C) and electrostatically correlated spin-orbit interaction (CSO). Thus, the appropriate parameters
of the second order perturbation theory were determined. Moreover, we presented the results of the semi-empirical
fine and hyperfine structure analysis for Th ion, together with the predictions of the energy values and hfs constants
for the levels up to approx. 68000 cm~!. A selection of these results is given in table 1. Calculation details and a more
extensive comparison to the experiment are contained in [28].

7 Conclusions

The fine structure analysis should be carried out on the broadest possible configuration basis. The derived and
programmed formulae allowed us to analyse the spectra of the elements with complex configurations systems, including
also configurations with open nf shells. As a result of our semi-empirical approach, we are able to predict the positions
of new energy levels, and determine the intermediate coupling wave functions, which is necessary to understand
the strength of the transitions or the observed hyperfine structure splittings. Our analysis clearly demonstrates that
obtaining the precise wave functions is impossible without considering the contribution of the second order perturbation
theory to electrostatic interactions.

The results for the fs and hfs of multiconfigurational systems show that a close collaboration between the exper-
imental work and the semi-empirical calculations can be very beneficial for the investigations of the structure and
spectra of complex atoms.
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Table 1. Comparison of the experimental and calculated energy values [cm™'] and hfs A and B constants [MHz] for Th™ even
configuration system.

Eoxp  FEcac % Main comp. % Sec. comp. Gemte GJexp Aexp Acale Bexp Beale
J=5/2
1521.896 1582 65.86 6d2(*F)7s ‘F 15.35 6d%('D)7s 2D 1.069 1.076 477 499 240 240
4113.359 4161 36.37 6d 7s* ?D 26.69 6d%(*F)7s ‘F 1.165 1.163 210 190 780 762
8605.841 8578 43.99 6d%(*F)7s °F 15.02 6d*(°P)7s ‘P 1.062 0.986 —4 548
9061.103 9078 56.62 6d%(°P)7s ‘P 20.39 6d%(*F)7s °F 1.348 1.419 535 —556
9400.964 9365 72.20 6d° ‘F 13.06 6d?(®F)7s °F 1.027 1.034 —156 —209
13250.509 13179 39.33 6d*(*D)7s D 18.43 6d 7s*> *D 1.252 1.245 478 18
15786.985 15750 85.88 6d° ‘P 4.14 6d*°D 1.563 1.571 —331 1735
20158.739 20148 59.53 6d°® *D 13.05 6d2(*D)7s °D  1.199 1.190 155 —1230
22106.433 22141 61.33 6d°® *F 8.23 6d%(°F)7s °F 0.937 0.920 204 2456
26488.647 26475 35.86 5f 7s7p (°P) ‘G 23.08 5f 7s7p (°P) ‘F 0.825 0.776 84 824
27593.968 27609 33.94 5f2(3F)7s ‘F 26.23 5f2(*F)7s °F 0.968 0.963 741 —736
28026.349 28060 55.47 6d* ?D 13.26 6d° *F 1.149 1.130 19 1381
28823.653 28826 27.53 5f 7s7p (°P) ‘G 19.63 5f 7s7p (°P) ‘F 0.929 0.987 207 1799
29345.896 29553 29.66 5f2(°F)7s °F 28.63 5f2(°F)7s 'F 0.930 0.935 —223 —213
31259.296 31275 21.91 5f6d7p (°F) *G  13.84 5f2(3F)7s 2F 0.775 0.781 212 176
31754.210 31828 40.49 5f7s7p (°P) *F  12.17 5f 7s7p (°P) *F  0.942 0.948 —374 596
33730.934 33648 19.51 5f%(*D)7s 2D 7.85 5f6d7p (°F) D 1.054 1.031 445 —924
34174.542 34189 25.34 5f 7s7p (*°P) ‘D 19.81 5f 7s7p (°P) *F 1.025 0.986 272 28
34543.556 34473 18.47 5f6d7p (°D) ‘G 8.17 5f*(*D)7s °D 0.937 1.003 366.1 366 —90 -1
35741.297 35702 19.75 5f6d7p (°F) *G  19.72 5f2(°F)6d ‘G 0.788 0.954 169 —255
36065.740 36252 16.48 5f%(°F)6d *G 10.11  5f2(*D)7s °D 1.041 0.887 296 —474
37465.458 37390 15.28 5f6d7p (°D) ‘D  6.58 5f6d7p (°F) ‘G 1.063 1.048 105 24
37945.109 37980 20.73 5f 7s7p (*P) ?°F 1147 5f2(*P)7s ‘P 1.036 0.893 181 —526
38105.072 38201 15.93 5f 7s7p (‘P) %*F  13.29 5f2(°P)7s ‘P 1.135 1.172 179 —402
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