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Abstract. The wettability of the solid surface covered with a pattern of pyramids is studied in categories
of behavior of a single liquid droplet settled onto such a surface. The Cassie-Baxter regime of wetting is
assumed. The cellular model of liquid-solid interface has been proposed. On the basis of the calculations for
a single elemental cell with applied periodic boundary conditions, the components of the interfacial energy
have been obtained. The dependence of the interfacial energy and hypothetical pseudo-contact angle on
the hydrostatic pressure is discussed. The influence of the line tension on the wettability of the surface,
expressed in terms of the apparent contact angle is shown.

1 Introduction

The hydrophobic surfaces decorated with micro- and
nanoscale roughness mimicking the non-adhesive plant
leaves [1] show useful and unique properties [2]. These
properties have attracted a lot of interest due to their po-
tential application in self-cleaning [3], anti-icing [4], anti-
fouling [5], drag reduction [6], membranes for water-oil
separation [7] to name a few. The properties follow from
the specific way of wetting the surfaces —the liquid wets
only the upper parts of the surface irregularities and does
not fill the void between them, leaving an air layer under-
neath [6]. The reduced contact area between the liquid and
the surface results in unusual behavior of a water droplet
settled on the surface such as large contact angles and
negligible contact angle hysteresis [6].

The physical characteristics of wetting properties are
usually based on parameters well defined for smooth sur-
faces such as the contact angle, the surface or interface
tension, the free surface energy, the work of adhesion etc.
However, some of them seem to be ill defined in the case
of rough surfaces. It seems that the measurable mean val-
ues of these parameters do not give an insight into details
of wetting in the microscale, where the surface phenom-
ena are influenced by gravity, even in the case of droplets
of the size from the capillary regime (i.e., at small Bond
number). The simulations presented in this work are an
attempt at getting insight into the actual values of the
parameters hidden from direct measurements.

The thermodynamic equilibrium contact angle on an
ideal smooth and energetically homogenous solid surface
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is defined by the Young equation [8]

cos(θY) =
γSV − γSL

γLV
, (1)

where γ is the interfacial tension and indices SV, SL and
LV relate to the solid-vapor, solid-liquid and liquid-vapor
interfaces, respectively.

The morphology and energetics of a droplet settled
onto a rough surface are influenced by the details of the
roughness geometry. When the liquid penetrates the whole
surface under the droplet, the wetting occurs in the so-
called Wenzel regime [9] In such a case, when the sur-
face irregularities are small as compared to the size of the
droplet, the apparent contact angle is defined by the Wen-
zel law [10]:

cos(θW) = r cos(θY), (2)

where r is the ratio of the rough surface area to the area
of the surface projection on the parallel plane.

When the surface under the droplet is not fully wetted,
the wetting is known as occurring in the Cassie-Baxter
regime [11]. The apparent contact angle in the Wenzel
and Cassie-Baxter regimes takes the general form [12]:

cos(θWCB) = rf cos(θY) − (1 − f), (3)

where f stands for the fraction of the liquid/solid interface
area and 1 − f is the fraction of the liquid/vapor inter-
face area. At r = 1, eq. (3) is equivalent to the Cassie
law [13,14].

There are a lot of regular patterns (for example sur-
faces decorated with rectangular bars shown in fig. 1(a))
on which the droplet behaves exactly in the way deter-
mined by eq. (3) at r = 1. The stability of a droplet
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Fig. 1. The morphology of the droplet settled on the surface
decorated by cuboid pillars (a) and pyramids or cones (b) in
the Cassie-Baxter regime. The latter pattern does not contain
edges at which the pining effect may take place and the liquid
can slip down on solid faces.

Fig. 2. Morphology of a droplet of volume V = 50mm3 on
the surface decorated with cones in the Wenzel-Cassie-Baxter
regime: projection of the droplet on the vertical plane (a) and
view of the droplet bottom (b). The solid surface is not shown.
Instead the line drawn at the elevation of cone tops is visible.
Parameters of simulation: γLV = 72.4 · 10−3 N/m, density ρ =
10−3 kg/m3, acceleration due to gravity g = 9.81 m/s2.

deposited onto the surface is mainly caused by the pin-
ning [15,16] of the liquid surface on the sharp edges of
cuboids. However, the system may not be in the thermo-
dynamic equilibrium —it can be switched to the Wenzel
regime, when the pinning is broken and the liquid fills the
grooves between cuboid pillars [10,17].

In systems in which the position of the liquid/vapor
interface is not stabilized by the pinning effect (for an ex-
ample see fig. 1(b)) or the pinning can be easily broken,
the r parameter in eq. (2) is greater than 1. The f pa-
rameter may be influenced by the pressure exerted on the
liquid surface at the droplet basis. This pressure, being
the superposition of the hydrostatic and the Laplace pres-
sures, pushes down the liquid surface and causes wetting
of parts of solid surface. As follows from the Pascal law,
the hydrostatic pressure on the whole droplet basis is the
same and determined by the elevation of the top of the
droplet. However, the mean curvature of the bottom of
the droplet surface may change smoothly as a result of
the Laplace pressure.

The morphologies of the water droplets deposited on
the solid surface decorated with cones in the Wenzel-
Cassie-Baxter regime are shown in figs. 2–4. The mor-
phologies are obtained from simulations performed for
the system of 19 cones located at distances of 1mm in
the hexagonal lattice by the SE (Surface Evolver [18,19])
software. The slope of cone surface was 0.611π (110◦),
whereas the Young contact angle on the cone surface
was θY = 2/3π (120◦). Three different cases were con-
sidered: the morphologies of droplets of volumes V equal
to 50 and 100mm3 deposited on the surface without ad-

Fig. 3. Morphology of a droplet of volume V = 100 mm3 on
the surface decorated with cones in the Wenzel-Cassie-Baxter
regime: projection of the droplet on the vertical plane (a) and
view the droplet bottom (b). Other simulation parameters are
the same as in fig. 2.

ditional constraints and the morphology of the droplet of
V = 300mm3 located at the same surface but inside the
vertical cylinder of radius 0.003mm and θY = π.

It is evidenced that the cones are dipped in the liquid
to different levels depending on their positions (see fig. 2)
and the droplet volume (compare figs. 2 and 3). The bot-
tom of the droplet of 50mm3 includes some deep dents
caused by cone peaks at the central part of the bottom,
whereas peripheral cones are less immersed in the liquid.
The immersion of cones in the droplet of V = 100mm3

is more uniform. However, the cones located far from
the droplet center are still less dipped. Although the en-
ergy1 of solid/liquid/vapor interface under the droplet is
high and similar to γLV (0.077 and 0.076 J/m2), the ap-
parent contact angles2 are equal to 162◦ and 151◦ for
V = 50mm3 and 100mm3, respectively. The maximum
immersion depth h (see footnote3) of the cones into the
liquid phase was equal to 0.35 and 0.36mm, respectively.

When the droplet of larger volume (V = 300mm3)
is located inside the cylinder, which makes it impossible
to spread over the larger area of the surface, the hydro-
static pressure at the droplet bottom is higher and the
immersion depth increases evidently to h = 0.66mm (see
fig. 4). However, the apparent contact angle observed is
still small and even decreases to the value of 131◦ as a re-
sult of boundary conditions introduced by cylinder walls.
The interfacial energy at the droplet bottom is relatively
high and equal to 0.089 J/m2.

The above results suggest that the apparent contact
angle is not a credible measure of the solid/liquid/vapor
interface energy at the droplet.

The exact simulation of the behavior of the systems
depicted in figs. 2–4 is challenging, since the question
whether the liquid surface would wet the specified cone
or not is difficult to answer, especially under the periph-

1 The interfacial energy is assumed to be equal to the energy
of the part of the droplet surface located below the cone peaks
normalized to 1m2.

2 The contact angle is assumed to be the angle between tan-
gent to liquid surface at the level of cone peaks (given by slopes
of appropriate lattice triangles representing the free liquid sur-
face) and the horizontal line passing through the peaks.

3 The immersion depth is the difference in the elevation on
the cone peaks and the lowest point of the liquid surface.
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Fig. 4. Morphology of a droplet of volume V = 300mm3 in-
side a cylinder located on the surface decorated with cones in
the Wenzel-Cassie-Baxter regime. The view shows the droplet
bottom. Other simulation parameters are the same as in fig. 2.

Fig. 5. Schematic view of the droplet deposited onto a pyramid
decorated solid surface.

eral parts of the droplet bottom. The computation needs
many trials performed at different constraints imposed on
the liquid surface. Instead, the simulation of wetting phe-
nomena occurring at the central part of the droplet basis
(where the immersion of cones does not depend on their
position) is easier to perform.

In the present study an attempt was made to ver-
ify the hypothesis that the wetting phenomena under the
droplet settled onto the solid surface decorated with pyra-
mids of the size much smaller than the size of the droplet,
forming a quasi-hexagonal mosaic (see fig. 5) are remark-
ably influenced by the hydrostatic pressure phs of the liq-
uid and by the line tension σSLV. In the studied system,
there are no pinning edges impeding the vertical move-
ment of the liquid surface on the surface irregularities.
The aim of the study is determination of the relations
between phs and σSLV, and the morphology and energet-
ics of the liquid/solid/vapor interface [20]. The study was
performed by means of simulations with the finite ele-
ment method, using the Surface Evolver (SE) software [18,
19], by minimization of free interfacial energy of the liq-
uid/solid/vapor interfaces at the bottom of the droplet.
Since the numerical calculation for the whole system —the
droplet and the solid surface covered with tens or hun-
dreds pyramids, as shown in fig. 5, is extremely difficult, all
calculations were performed for a periodic elemental cell

Fig. 6. The scheme of quasi-hexagonal surface coverage with
pyramids. The red line denotes the elementary periodic cell of
the coverage.

of the surface containing only two pyramids. The chosen
method gives the precise values of parameters describing
the wettability phenomena at the droplet bottom except
for the neighborhood of the bottom perimeter.

The fragment of the surface with the unit cell marked
with the red line is presented in fig. 6.

For simplicity, the pure Wenzel regime of wetting was
neglected in the computation. The extension of the wet-
ting range to this region would require additional con-
strains and would greatly reduce the convergence of cal-
culations. In addition, results from this range are nor rel-
evant to the studied problem.

The paper is organized as follows: firstly, the basic as-
sumptions of the SE model applied to the simulation of the
liquid/vapor and liquid/solid interfaces behavior are intro-
duced (sect. 2). Then, in sects. 3.1 and 3.2 the obtained
relationships between applied pressures and changes in-
duced by them in the system morphology and energetics
are discussed. The effect of the line tension on the wetta-
bility is shown in sect. 3.3. Finally, the conclusions drawn
from the work are presented in sect. 4.

2 Model

The simulation box is an elementary cell shown in de-
tails in fig. 7. The cell contains two pyramids located at
x = 2.5 ·10−6 m, y = 2.5 ·10−6 m and x = 7.5 ·10−6 m, y =
17.5·10−6 m on a rectangle of the size 1·10−5 m×2·10−5 m.
The slope angle α of all pyramid faces is 0.611π (110◦).
The upper part of the cell is filled with water to the level
forming the liquid/vapor interface. The liquid/vapor inter-
facial tension is assumed as equal to γLV = 72.4·10−3 N/m,
density ρ = 10−3 kg/m3. The Young contact angle on the
pyramid faces is θY = 2/3π (120◦). Periodic boundaries at
all vertical walls of the simulation box are assumed (the
torus model [18,19]). The bottom of the simulation box
was not incorporated into the system, subsequently the
computation neglects the Wenzel regime of wetting.



Page 4 of 7 Eur. Phys. J. E (2019) 42: 84

Fig. 7. The view of a single elementary cell in the course of
the simulation (σSLV = 0N, p = 9.81 N/m2).

In the section devoted to the influence of the line en-
ergy on the behavior of droplet on pyramids, the positive
line tension from the range σSLV = 0–2 · 10−8 N is ap-
plied [21].

The elements of the surface components are repre-
sented by a mesh of triangles. The SE program minimizes
the free energy of the modelled system in defined steps in-
cluding procedures of mesh refinement, vertex averaging,
polishing up the triangulation and the energy minimiza-
tion by means of the conjugated gradient descent method
and the Newton method [18,19]. Mechanically stable in-
terface configurations are obtained by minimizing the sum
of all interfacial energies, which is a function of the coor-
dinates of the nodes.

Minimization steps include a sequence of conjugated
descents and hessian seek commands [18,19]. At the end of
each simulation, a couple of Hessian commands (switching
on the Newton method of the free energy minimization)
are executed. The final morphology of all interfaces in the
simulation box consists of roughly 3000 individual nodes.

When the interfaces reached their final equilibrium
morphology, the number of selected quantities was calcu-
lated by means of internal variables and attributes of geo-
metric elements of SE. These quantities include: geomet-
rical dimensions of the interfaces and their free energies.

The total free energy of the solid/liquid/vapor inter-
face under the droplet is calculated as the sum of the
products of interface area and interface tension for each
element of the lattice. The total free interface energy ET

of the fragment of the droplet bottom located in the sim-
ulation box can then be expressed as

ET = ELV + ESL = γLV(ALV + cos(θY)ASL), (4)

where ELV and ESL are the free energies of the liq-
uid/vapor and solid/liquid interfaces at the droplet bot-
tom, ALV and ASL are the areas of these interfaces, re-
spectively.

Fig. 8. The dependence of the liquid/vapor elevation (a) and
the liquid/solid and liquid/vapor interface areas (b) on the
hydrostatic pressure (σSLV = 0N).

3 Results

3.1 Morphology of cell components

In the computation of the interface morphology and en-
ergetics, the reference system was assumed, in which the
hydrostatic pressure phs in the liquid at the level corre-
sponding to the tops of the pyramids (assumed as h = 0)
is equal to zero. In such a case, since the surface is hy-
drophobic (θY = 2/3π), the liquid/solid interface is flat
and touches pyramids only at single points. When hydro-
static pressure increases, the elevation of the interface de-
creases and, at the same time, the average convexity of the
free liquid surface increases. The lowest point of the hang-
ing interface is located at a halfway between the pyramids
as shown in fig. 7.

The dependence of the elevation h of this point on
the hydrostatic pressure shown in fig. 8(a) is, as expected,
a monotonically decreasing function. The areas of both
interfaces of interest are shown in fig. 8(b). With increas-
ing phs, the solid/liquid interface area increases from zero,
whereas the liquid/vapor interface area decreases. The last
part of the dependences is not included since it would con-
cern the transition to the neglected Wenzel regime.

3.2 Energetics of interfaces

Figure 9(a) presents the free energies of the interfaces of
interest included in the simulation box. Both components
of the total free energy of the system —the energies of the
liquid/vapor and liquid/solid interfaces behave similarly
to the interface areas depicted in fig. 8(b). The ET value
monotonically increases as a result of increasing “rough-
ness” of the liquid surface caused by the solid pyramids
sticking into it. This increase is a result of the work W
done by the hydrostatic pressure, consisting in lowering
the height of the liquid surface by h (equivalent to the
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Fig. 9. The dependence of the total interfacial energy and its
components: the liquid/solid and liquid/vapor interface ener-
gies (a) and the average interfacial tension (b) on the hydro-
static pressure (σSLV = 0N).

immersion depth of pyramids into liquid):

W =−phsV =−ρghV =−ρg

(
AP−

(
2h

tan(π − α)

)2
)

h2,

(5)
where AP = xy is the surface area of the projection of
the interface onto the horizontal plane (the area of the
bottom of elementary cell) shown in fig. 7, V is the volume
of displaced liquid. Namely, V is the volume of the xyh
cuboid (see fig. 7) reduced by the volume of the wetted
parts of pyramids (marked in green). Equation (5) is only
an approximation of W but a fairly good one considering
that the free liquid surface is almost flat (at α ≈ θY) as
shown in fig. 7.

The average interfacial tension in the elementary cell
(fig. 9(b)) equivalent to the average interfacial tension at
the bottom of the droplet was calculated from the equa-
tion

γinterface =
γLVALV + (γLS − γSV)ASL

AP

=
γLV(ALV − cos(θY)ASL)

AP
. (6)

The interfacial tension increases with increasing im-
mersion depth producing the repulsion force exerted by
the solid surface decorated with pyramids to the liquid
surface. The force compensates the weight of the liquid
and can be related to the repulsion pressure prep equal to
the partial derivative of the mean interfacial tension over
the immersion depth:

prep =
(

∂γinterface

∂h

)
T,V

(7)

The higher the hydrostatic tension, the higher the av-
erage interfacial energy. The solid surface hydrophobic-
ity increases, which can be illustrated by the increase in
the hypothetical contact angle θph which might be ob-
served if the triple line were laying on the bottom of

cylinder in which the droplet is located. This hypothet-
ical pseudo-contact angle, which can be interpreted as
additional thermodynamic parameter characterizing the
solid surface hydrophobicity, could be calculated assuming
different surface tensions of the “phantom” SV interface.
Hence, assuming that the “phantom” interface tension is
equal to zero

cos(θph) =
0 − γinterface

γLV
; (8)

θph takes complex values almost in the whole range of the
hydrostatic pressure studied by the simulations, since, ex-
cept for very small phs, cos(θph) < −1. A similar result can
be obtained analytically from eq. (3). For the roughness
parameter of the surface decorated with pyramids equal to

r =
1

cos(π − α)
(9)

and the liquid/solid interface fraction expressed as

f =
8h2 tan(α − π

2 )
xy cos(α − π

2 )
(10)

(which is a flat liquid surface approximation valid at
α ≈ θY) the θWCB = f(h) is a straight line depen-
dence starting from the value of π and tending to θmax =
a cos(r cos(θY)) = π − 0.928i which relates to the Wenzel
regime (eq. (2)).

The hypothetical pseudo-contact angles mentioned
above refer to the contact angle observed when the surface
texture is impregnated with liquid as a result of the hy-
drostatic pressure [22]. The imaginary part of the angle is
a measure of the force repelling the droplet from the solid
surface [23]. However, the pseudo-contact angles with the
imaginary parts have no physical meaning in the studied
system. When, instead of eq. (8), one assumes the “phan-
tom” tension as equal to γLV, the pseudo-contact angle
θph defined by

cos(θph) =
γLV − γinterface

γLV
(11)

takes only real values.
Figure 10 shows that the pseudo-contact angle vs. hy-

drostatic pressure dependence is an increasing function
and the results obtained in the studied range of phs vary
approximately from 90◦ to 104◦. This indicates that the
studied solid surface is more hydrophobic than the liq-
uid/vapor interface in the Cassie-Baxter regime.

3.3 Line tension

It is widely considered that the effect of the line tension
can be observed only for very small droplets located on
smooth surfaces when the line energy given by the prod-
uct of length of the droplet perimeter (the length of the
triple line) and the effects of line tension are comparable
to those of the interfacial tension. However, in the system
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Fig. 10. The dependence of the pseudo-contact angle (eq. (11))
on the hydrostatic pressure (σSLV = 0N).

Fig. 11. The dependence of the average interfacial tension (a)
and the pseudo-contact angle (b) on the line tension.

considered here, the triple line length is much longer than
the droplet perimeter and it is equal to the sum of triple
line sections around all pyramids.

Figure 11 presents the results of calculations performed
assuming the constant hydrostatic pressure p and constant
γSV–γLV defined by θY in the form of the dependence
of γinterface = f(σSLV) (fig. 11(a)) and θph = f(σSLV)
(fig. 11(b)). Both variables were calculated similarly to
the way presented above but taking into account the line
energy:

γinterface =
γLV(ALV − cos(θY)ASL) + σL

AP
, (12)

where L is the total triple line length in the elemental cell.
According to eq. (12), as a result of the introduction

of the non-zero line tension, the increase in the average
interfacial tension should be expected since the line en-
ergy brings a positive contribution to γinterface. Indeed,
as shown in fig. 11(a), the increase in σSLV induces the
growth of γinterface when the hydrostatic pressure is rela-
tively high. However, at low p, the line tension tending to
shorten the length of the triple line raises the level of the
liquid surface and, consequently, reduces the solid/liquid

interface area and the mean interfacial tension. As shown
in fig. 11(a), γinterface = f(σSLV) at low p is a descending
function. Accordingly, the increase in line tension causes
changes in the hydrophobicity of the surface, as illustrated
by the pseudo-contact angles (fig. 11(b)).

The results show that the line tension effect (at σSLV =
2 · 10−8 N) on the surface decorated by micrometer-scale
pyramids may affect the wettability of the surface and
can change the values of the pseudo-contact angle by up
to 0.05π (∼ 1◦).

4 Conclusions

The thermodynamic parameters characterizing the inter-
facial properties of the system of the liquid droplet set-
tled on the solid surface decorated with pyramids depend
on the hydrostatic pressure exerted onto the droplet bot-
tom. For regular rough surfaces for which the constraints
introducing the pinning effect do not apply, but the wet-
ting takes place in the Cassie-Baxter regime (e.g., for the
droplet settled on the solid surface decorated with pyra-
mids), the obtained average interfacial tension under the
droplet can be much higher than that of the liquid surface
tension.

The simulation results shows that the wettability char-
acterized by the mean interfacial energy at the bottom of
the droplet is not only related to the roughness, chemical
homogeneity and other surface properties, but it is also a
function of the hydrostatic pressure exerted by the droplet
on the solid surface.

The model presented gives the possibility to incorpo-
rate, as an independent parameter, the line tension to
the system: liquid-solid surface. The computation shows a
small but significant influence of line tension on the aver-
age interfacial tension and pseudo-contact angle even for
relatively large droplets.
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