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Abstract We propose using the gravitational wave scatter-
ing off spherical wormholes to search for their existence. We
carefully calculate the reflected and transmitted waveforms
with time-independent scattering theory. Our results quanti-
tatively show the echo signatures in the two universes on both
sides of the wormhole. In a certain wormhole mass range,
the transmitted wave has a unique isolated chirp without an
inspiral waveform, and the reflected wave has the anti-chirp
behavior, i.e., the missing of the chirping signal. We also
calculate the searching range of the current and projected
gravitational wave telescopes. Our method can be adapted to
efficiently calculate the templates to search for wormholes.

1 Introduction

Since its birth, general relativity has always brought human
beings with fascinating ideas and astonishing phenomena.
Among them, wormholes are probably one of the most
bizarre objects. They are “bridges” or “handles” connecting
regions of our universe at distances, or even two universes.
They were firstly conjectured by Einstein and Rosen, orig-
inally to model elementary particles [1]. After that, Misner
and Wheeler gave them the name that we call them today [2].
In 1973, Ellis [3] and Bronnikov [4] independently found
traversable wormhole solutions. Later, Morris and Thorne
[5,6] and Visser [7] aroused general interest in these solutions
in the literature. Although being at the center of attention for
so many years, wormholes have not been spotted yet.

As another important prediction of general relativity, the
gravitational wave (GW) has been confirmed by the observa-
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tions made by LIGO–Virgo–KAGRA Collaborations [8–10].
Up to now, there have been 90 GW events and more alerts
detected [11–14]. The GW is not merely a new tool to probe
the nature of gravity in the high speed and dynamical regime
[15–17], but offers the opportunity to search for exotic astro-
physical objects, such as firewall, fuzz balls, boson stars,
gravastars, and of course, wormholes. These exotic compact
objects mimic black holes in the sense that their radii are
close to the Schwarzschild radii of black holes with the same
masses. But they produce additional echoes after the ring-
down phase of the binary system evolution [18]. Wormholes
are special because they possess an effective double-peak
potential. The GW bounces back and forth between the two
peaks while leaking out of the wormhole, producing a series
of echoes [19–22]. Other methods of searching for worm-
holes include detecting the anti-chirp signal produced by a
small black hole crossing the wormhole throat [23], observ-
ing the echoes of electromagnetic signals traversing worm-
holes [24], and measuring the anomalous motion of objects
on one side of the throat affected by charges and masses on
the other side [25,26].

The scattering of external GWs off a wormhole does not
depend on the matter distribution in the wormhole, espe-
cially close to the throat, making it a model-independent
method to search for wormholes. It has been studied with a
Gaussian wave packet and complicated numerical programs
solving the time evolution [22]. In this work, we apply the
time-independent scattering theory which greatly reduces the
complexity of the calculation as well as the numerical error.
The calculation is thus much faster and more straightforward,
enabling us to use real-life input GWs generated by PyCBC
[27]. In the rest of this article, we first carefully investigate the
features of the reflected and transmitted GW signals. Then we
quantitatively study the probability of searching for worm-
holes with masses from 10M� to 103M� by calculating the
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signal-to-noise ratio (SNR). Our method can be adapted to
efficiently calculate the templates for GW telescopes.

This paper is organized as follows. In Sect. 2, we present
the perturbation theory of wormhole metric and our calcula-
tion framework. In Sect. 3, we show the features in the calcu-
lated reflected and transmitted signals, including the isolated-
chirp, anti-chirp and the echoes. The searching scopes of
wormholes by the current and projected GW telescopes are
also presented. A short summary is given in Sect. 4.

2 Wormhole perturbation theory

2.1 Time-independent framework

We consider a simple kind of wormhole by sewing two iden-
tical Schwarzschild metrics at r0 = rg +�r0 > rg = 2GM .
Each Schwarzschild metric is described by

ds2 = − f (r)dt2 + f −1(r)dr2 + r2(dθ2 + sin2 θdφ2), (1)

where f (r) = 1 − rg/r . The discontinuity at the throat
requires the presence of a thin shell of matter [7]. This metric
is asymptotically flat at infinity.

We refer to the region in which the GW source resides as
the up universe, and call the other side the down universe. The
wormhole connects these two regions. In the down universe,
one could define the tortoise radius,

r∗ = r − r0 + rg ln
r − rg
r0 − rg

, (2)

which is zero at the throat and increases monotonically with
r . The radius r∗ could be analytically continued to the up
universe by adding an overall minus sign to the right-hand
side of Eq. (2). With this definition, the r∗ is negative in the
up universe where the GW source resides, positive in the
down universe, and zero only at the throat of the wormhole.
A schematic plot is shown in Fig. 1.

The gravitational perturbation close to a spherical worm-
hole can be studied by generalizing the mathematical frame-
work for Schwarzschild black holes [28–31]. The pertur-
bation hμν is firstly expanded with spherical partial waves
specified by l, m, and parity, which can be found in

Fig. 1 A schematic plot of external GW scattering off a wormhole

Fig. 2 The odd parity potential V l
o (upper) and the difference V l

o − V l
e

(lower) normalized by 1/r2
g , with l = 2 and 4, respectively

Appendix. A. The gauge-dependent expansion coefficients
can then be combined linearly to construct gauge-invariant
even-parity Zerilli–Moncrief function �lm

e and odd-parity
Regge-Wheeler function �lm

o . Their time evolutions are
described by [31],

(
−∂2

t + ∂2
r∗ − V l

e/o

)
�lm

e/o = 0, (3)

where the subscript stands for the even or odd parity, and the
partial-wave potentials are,

V l
o = f (r)

[
l(l + 1)

r2 − 3rg
r3

]
, (4a)

V l
e = f (r)

�2

[
μ2

(
μ + 2

r2 + 3rg
r3

)
+ 9r2

g

r4

(
μ + rg

r

)]
,

(4b)

with μ = (l − 1)(l + 2) and � = μ + 3rg/r . In Fig. 2, we
show the double-peak structures of the potentials. The value
of �r0 is chosen as 10−8rg . The heights of the peaks in the
potentials increase with l for both odd and even parities. For
large l, it depends approximately on l2. The peaks of even
parity potential are a little higher than those of odd parity
with the same l. The percentage difference of V l

o and V l
e is of

order 10−5 for l = 2 and decreases as l−3 when l increases.
The difference barely matters for l > 10.

The contribution of the matter at the wormhole throat is
ignored in Eq. (3). In this work, we consider an GW wave
packet from outside of the wormhole. The incident GW per-
turbs both the wormhole metric and the matter supporting its
throat. Their feedback to the incident GW is at the second
order of hμν . Therefore, the master equation in Eq. (3) is
sufficient for our purpose [19–21,23].

The problem is now reduced to a one-dimensional scat-
tering problem, which is more convenient to handle in the
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frequency space,

�lm
e/o(t, r∗) =

∫
dω

2π
�̃lm

e/o(ω, r∗)e−iωt . (5)

We normalize the eigenstate �̃lm
e/o with frequency ω as,

�̃lm
e/o →

{
eiωr∗ + Rl

e/oe
−iωr∗ , r∗ → −∞,

T l
e/oe

iωr∗ , r∗ → +∞.
(6)

Both the Wentzel–Kramers–Brillouin (WKB) approximation
and the numerical Wronskian method are used in the calcu-
lation of R and T (see Appendix B for details). With all
eigenstates at hand, the initial wave packet could be written
as a linear combination of these eigenstates at some early
time. Then the later evolution of the wave packet is fully
controlled by the time-evolution of the eigenstates.

2.2 Initial wave packet

We still need the initial conditions for �lm
e/o at some early

time ti . Since the wormhole metric is asymptotically flat and
the source is far away from the wormhole, the initial GW
can be considered as a packet of plane waves. We calculate
the �̃lm

e/o for each plane wave with frequency ω. Then the
initial values �lm

e/o of the packet are expressed as integrals of
these scattering eigenstates. With the time evolution of each
eigenstate, the time evolutions of �lm

e/o are straightforward.

Finally, the two observed polarizations hR/T
+ and hR/T

× are
calculated after the wave packet scatters off the wormhole
and propagates to infinity.

At some early time ti , the incident GW packet hμν(z =
−r∗ cos θ, ti ) locates in a finite range close to some zi . Since
the wormhole metric is asymptotically flat, the wave packet
can be expanded in terms of plane waves at this time,

hμν(ti ) =
∑
P=±

∫ ∞

−∞
dω

2π
h̃ P (ω)e(P)

μν eiω(z−ti ), (7)

where the dependence on r∗ and θ on the left-hand side is
suppressed for compactness, the transverse-traceless gauge is
adopted implicitely, h̃ P (ω) is the amplitude in the frequency
space, and e(P)

μν are the helicity basis, with P = − and +
representing the left- and right-handed polarizations respec-
tively. Since hμν is real, one has h̃ P (ω) = h̃∗−P (−ω). We use
the method described in Ref. [31] (also see the lecture note
in Ref. [32]) to match the plane wave e(P)

μν e−iωr∗ cos θ to the
gauge invariant functions �̃lm

e/o, which is explained in detail in
Appendix A. Then the initial conditions �lm

e/o(ti ) are obtained
by integrating �̃lm

e/o for plane waves with h̃ P (ω). After some
algebra, one obtains the �lm

o at ti ,

�lm
o (ti ) =

∫ +∞

−∞
dω

2π
Alm

o (ω)eiω(r∗−ti ), (8)

where,

Alm
o (ω) = − i l+1

√
2
ml

∑
P=±

F P
lmi

P h̃P (ω)

ω
, (9)

where ml = [(l + 2)(l + 1)l(l − 1)]−1/2, F P
lm = −δm,2Pil√

2π(2 l + 1)e−2i Pψ and ψ is the polarization angle, which
is set to zero. The Kronecker delta sets the value of m to be
±2, which constrains the value of l to be larger or equal to 2.
This function is nonzero only in the neighborhood of some
r∗ < 0 corresponding to zi . The expression for even parity is
almost the same as Eqs. (8) and (9), only with the i P factor
dropped in Eq. (9). These are the initial conditions at time
ti . The later time evolution is then straightforward with the
eigenstates of Eq. (3), with time derivative replaced by −iω.
One could simply change eiωr∗ in Eq. (8) to �̃lm

o/e normalized
as Eq. (6), and multiply the integrand by e−iω(t f −ti ) for the
time evolution of the eigenstates from ti to some final time t f .
After subtracting the incident plane GW in the up universe,
one obtains reflected �lm

e/o at t f ,

�lm
e/o;R(t f ) =

∫ +∞

−∞
dω

2π
Alm

e/o(ω)
[
Rl

e/o−(−1)l+1
]
e−iω(r∗+t f ),

(10)

with r∗ � 0 and the transmitted wave,

�lm
e/o;T (t f ) =

∫ +∞

−∞
dω

2π
Alm

e/o(ω)T l
e/oe

iω(r∗−t f ), (11)

with r∗ � 0. The magnitudes of the two polarizations could
be written in terms of these �’s, [31]

hR/T
+ = 1

r

∑
lm

{
�lm

e;R/T

[
∂2

∂θ2 + 1

2
l(l + 1)

]
Y lm

−�lm
o;R/T

im

sin θ

[
∂

∂θ
− cos θ

sin θ

]
Y lm

}
, (12a)

hR/T
× = 1

r

∑
lm

{
�lm

e;R/T
im

sin θ

[
∂

∂θ
− cos θ

sin θ

]
Y lm

+�lm
o;R/T

[
∂2

∂θ2 + 1

2
l(l + 1)

]
Y lm

}
. (12b)

Then one could calculate the responses of GW telescopes to
these signals.

In this work, we generate the incident GW using PyCBC
[27] assuming that the spinless black holes have massesm1 =
35.6 M� and m2 = 30.6 M�. These masses are from the
GW150914 [33], hence the output GW represents a real-life
source. The generated waveform is shown in Fig. 3. The
considered frequency band of ω/2π is between 5 Hz and
614 Hz, to which LIGO is sensitive. A mild cut-off is added by
hand at − 2.6 s, which is checked not influencing the results
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Fig. 3 The input incident waveform is generated by PyCBC assuming
the spinless black holes have masses the same as GW150914. A cut-off
at − 2.6 s is added by hand, which is checked not affecting the results
presented in this paper. The normalization of the amplitude is arbitrary

presented in this paper. We have calculated the reflected and
transmitted waveforms for wormhole masses between 10M�
and 103M�. The parameter �r0 is chosen to be 10−8rg . The
effect of varying �r0 will be discussed at the end.

3 Results and discussions

We first analyze a single-frequency wave scattering off
the double-barrier potential V l

e/o. Since the detector locates
far away from the wormhole, only the coefficients Rl

e/o
and T l

e/o defined in Eq. (6) are relevant to observation. As
shown in Fig. 2, the potentials scale as 1/r2

g , which is
inversely proportional to the cross-section of the correspond-
ing Schwarzschild horizon. Physically, a heavier wormhole
has a larger opening and lower potentials, making the trans-
mission relatively easier. The height of the peaks determine
a critical frequency ωc which equals the square root of the
maximum value of the potential. For odd parity potential,
the values of rgωc are 0.77791, 1.21922 and 1.63384 for
l = 2, 3, 4, respectively. The values for even parity poten-
tials are 0.77797, 1.21922 and 1.63384. If the frequency ω of
the incident wave is much smaller than ωc, the wave scarcely
passes through the barriers to the other side of the worm-
hole. On the other hand, the incident waves with ω � ωc

dominantly transmit. Interesting resonant phenomena hap-
pen when ω is at the same order of ωc, a result of the double-
peak configuration of the potentials. As an illustration, the
squared magnitudes of the reflection and transmission coef-
ficients for l = 5 are shown in Fig. 4. The peaks are the
discrete frequencies where the incident wave is dominantly
reflected or transmitted because of the resonance effect.

For the GW emitted by a binary black hole system, its fre-
quency increases gradually in the inspiral phase, reaches the
maximum at the merger phase, and decreases in the ringdown
phase. The amplitude also increases gradually at first, chirps,
and then, plunges to zero. For a partial wave with some typ-
ical value of l, at first the frequency is so small that the wave

Fig. 4 The squared amplitudes of the reflection coefficient (upper) and
the transmission coefficient (lower) for V l

o with l = 5, as a function of
rgω. The critical rgωc is 2.037. For all values of l < 1000, the resonance
region is between max{0, rgωc − 3} and rgωc + 3, beyond which the
incident wave is dominantly reflected or transmitted

is nearly completely reflected. When the frequency increases
to the resonance region, the wave is partially reflected and
partially transmitted. Finally, when the frequency increases
to the right of the resonance region as shown in Fig. 4, trans-
mission dominates. Therefore, for this typical partial wave,
one expects that the transmitted wave contains the later part
of the inspiral phase and the chirp, while the reflected wave
contains the early stage of the inspiral phase and the ring-
down phase. Series of echoes also exist after the ringdown
phase for both the transmitted and reflected waves. These
signatures facilitate the search for the wormholes.

The reflected waves can be intuitively considered as a
superposition of the direct reflection from the left peak of
the potential (see Fig. 2) and the secondary reflection from
the right peak with a time delay compared to the direct one.
There are more reflections from bouncing back and forth
between the two barriers, but they are too small to be dom-
inant. At the very early stage, the reflected wave has only
the direct reflection. The secondary reflection does not con-
tribute because of the time delay. Later, the direct and sec-
ondary reflections overlap and interfere in the reflected wave,
resulting a beat-like structure [34]. This is observed in our
calculation for each partial wave. However, in this region
the convergence of the l-summations in the calculation of
hR+ and hR× are very slow, and a smarter strategy has to be
applied. In this work, we focus on the early stage where only
the direct reflection contributes. The signal is consequently
clean for observation. This convergence problem does not
exist for transmitted waves.

Figure 5 shows the obtained transmitted and reflected
waveforms with the wormhole mass Mwh = 101.9M� and
�r0 = 10−8rg . For the transmitted wave, the peaks before
t = 0.03 s are the direct transmission of the chirp. The
first echo starts at about 0.07 s. To our best knowledge, this
“isolated-chirp” signal without inspiral phase does not exist
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Fig. 5 The waveforms for the transmitted (upper) and reflected (lower)
waves as well as the lowest 3 partial waves. The parameters are
Mwh = 101.9M�, �r0 = 10−8rg , θ = π/3 and φ = 0. The left-
most plots in both panels are the superposition of partial waves from
l = 2 to 12. Partial waves with l > 12 are too small and ignored.
The corresponding values of ωc/2π of V l

o are 143.4 Hz, 224.8 Hz, and
301.3 Hz for l = 2, 3, 4, respectively. The t = 0 is reset to the time
that the direct and secondary reflected waves from different stages of

the incident wave train stop to overlap for an observer (see text). For the
reflected waveforms with t > 0, the l-summation converges fast and
the results are reliable. This convergence problem does not exist for the
transmitted wave. The amplitudes depend on the distance between the
source and the wormhole, as well as the distance between the wormhole
and the observer. We have divided a common factor h0 for normalization
in all the figures

for any other GW source and can be used as a unique signa-
ture of wormholes. For reflected wave, the first echo starts
from t ∼ 0 s. Especially, there is no chirp in the reflected
wave. This absence is often called “anti-chirp”. In both pan-
els, the echoes in the reflected and transmitted partial waves
are well separated. Nonetheless, the shape of the echoes after
summing all partial waves becomes irregular. The first echo
is still clear, but the later echoes are not very recognizable.

Since the potentials V l
e/o scale as 1/r2

g , heavier wormholes
have lower potentials and more partial waves transmit. Worse
interference happens as a result. We find there are time ranges
that only the lowest several partial waves dominate. In Fig. 6,
we compare the summed transmitted waveform to the lowest
partial wave with l = 2. The first several peaks of the trans-
mitted wave are dominated by the lowest partial wave. This
is because the resonance region of l = 2 is the earliest to be
reached by the wave train. The configuration of these early
peaks can be used to extract the information of the worm-
hole. This conclusion is also valid for the reflected waves.
Conservatively speaking, this signature serves at least as a
signal that different partial waves do not arrive at the same
time. To confirm it is from a wormhole, it has to be combined
with other signatures, such as the isolated-chirp or anti-chirp
signals discussed above.

Smaller-mass wormhole potentials have higher peaks and
fewer partial waves contribute. One would expect the echoes
are more obvious. Figure 7 shows the reflected and trans-
mitted waves for wormhole mass 101.5M�. The destructive
interference is less severe, which leads to more recogniz-
able echoes. Nonetheless, the amplitudes are also smaller

Fig. 6 Comparison of the transmitted waveform to the lowest partial
wave. The wormhole masses are 101.9M� (left) and 102.5M� (right).
Other parameters are the same as those in Fig. 5 for comparison. For
heavier wormholes, more partial waves contribute to the transmitted
waveform, hence the destructive interference is more severe. Nonethe-
less, the first several peaks are always dominated by the lowest partial
wave

by an order of magnitude compared to the echoes in Fig. 5,
which are from wormhole mass 101.9M�. In general, the
echoes from wormholes with smaller masses are more chal-
lenging in observation, taking all other parameters to be the
same. This conclusion also works for the reflected echoes.
The incident wave is dominantly reflected by the left peak
of the potentials V l

e/o, with different phase shifts for different
partial waves. In this sense, the best signature of a small-mass
wormhole seems to be the waveform of the directly reflected
wave. However, this reflected waveform is likely to be indis-
tinguishable from that of a black hole with the same mass.
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Fig. 7 The echoes of reflected (top) and transmitted (bottom) waves for
small-mass wormhole mass. The wormhole mass is Mwh = 101.5M�.
Other parameters are the same as those in Fig. 5 for comparison

To probe these small-mass wormholes, it is better to consider
GW sources with higher frequencies.

Besides the wormhole mass, the potentials also depend on
the parameter �r0, which determines the location where the
two Schwarzschild metrics are sewed together. We repeat all
the calculations with �r0 = 10−10rg . The waveforms are
almost the same, only with the time intervals between con-
secutive echoes increased. Take h+ of the reflected waveform
in Fig. 7 as an example. The first and the last peaks of the
first echo appear at 0.006 s and 0.023 s, while the first dip
and the last peak of the second echo appear at 0.031 s and
0.050 s. The numbers for the reflected h+ waveform with
�r0 = 10−10rg are 0.015, 0.032, 0.047 and 0.066, respec-
tively. Hence if more than one echo could be observed, this
would be important to judge whether the signal is from a
wormhole.

The amplitudes of the waveforms depend inversely on
the multiplication of the distance from the source to the
wormhole (rS) and the distance from the wormhole to the
detector (rD). In Fig. 8, we study the angular-averaged SNR
for different wormhole masses from 10M� to 103M�. The
curves show the maximum searching ranges determined by
setting SNR = 8 for the current and projected GW tele-
scopes, including Einstein Telescope (ET) [35] and Cos-
mic Explorer (CE) [36]. The ranges are based on the source
strength of GW150914. With sources of similar strength, the
current GW detectors can be used to explore the existence
of wormholes not far from us. With a stronger and/or long-
duration source, the ranges are extented accordingly. On the
other hand, the more sensitive GW detectors in the future
will greatly increase the searching scope.

Although this work focuses on wormholes that could be
detected by ground-based interferometers, it is expected that
space-borne detectors could also observe similar reflected

Fig. 8 Maximum searching ranges for the current and projected GW
telescopes. The SNR is set to be 8

and transmitted waveforms. In particular, the isolated-chirp,
anti-chirp and recognizable echo signals can be detected
by LISA [37], Taiji [38] and TianQin [39] if the worm-
hole mass is between 105.5M� and 106.5M�. For BBO [40]
and DECIGO [41], this wormhole mass range is between
104.5M� and 105.5M�. Thus, the combination of these GW
detectors covers a very large wormhole mass range. The com-
bined analysis of signals in different detectors would also
help to confirm whether a GW event is scattered off a worm-
hole.

4 Summary

In this work, we have studied the GW scattered off symmet-
ric Schwarzschild wormholes. A time-independent scattering
theory has been developed. To our knowledge, this is the first
time such a theory is applied to GW scattering. Compared to
the previous time-dependent methods, this new framework
has two advantages. Firstly, the picture of partial-wave scat-
tering is very straightforward, and the destructive interfer-
ence of different partial waves is clear to see. Secondly, the
calculation is simple and efficient, with the numerical error
easily suppressed to a very small value. With these advan-
tages, this new calculation framework is capable of construct-
ing accurate templates of GWs scattered off exotic compact
objects for the current and projected gravitational telescopes.

With this new method, the scattering of different par-
tial waves could be studied separately. We have shown that
low-frequency waves are dominantly reflected, and high-
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frequency waves dominantly pass through the wormhole to
the other side of the throat. For the waves with frequencies
similar to the height of a partial-wave potential, resonant scat-
tering is observed, producing a series of echoes at the rear of
both the reflected and the transmitted wave trains.

Then we have studied a real-life scattering event, using
the initial GW packet generated by PyCBC with the masses
of the black holes the same as GW150914. Both the reflected
and the transmitted waves present rich features. Specifically,
the transmitted wave consists of an isolated chirp and a series
of echoes. While the reflected wave has an anti-chirp as well
as echoes. In the future, when the GW scattering is employed
to search for compact objects, these features will be useful
to confirm whether it is a wormhole.

To test the feasibility of using this method to search for
wormholes, we further studied the searching ranges of the
current and projected GW telescopes. With sources of similar
strength as GW150914, the current GW detectors can be
used to explore the existence of wormholes not very far from
us. With a stronger and/or long-duration source, the ranges
are extended accordingly. In the future, the more sensitive
GW detectors such as LISA, Taiji, and TianQin will greatly
increase the search scope.
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Appendix A: Spherical partial wave expansion of a plane
wave

We adopt the polar and axial spherical harmonic matrices
Mlm

s;μν
defined in Ref. [32],

Mlm
0;t t = √

2Mlm
1;tr = Mlm

2;rr = Y lm, (A1a)

Mlm
3;t A = Mlm

4;r A = nlr√
2
Y lm
A , (A1b)

Mlm
5;t A = Mlm

6;r A = − inlr√
2
Xlm
A , (A1c)

Mlm
7;AB = √

2mlr
2Y lm

AB, (A1d)

Mlm
8;AB = r2

√
2
γABY

lm, (A1e)

Mlm
9;AB = −i

√
2mlr

2Xlm
AB, (A1f)

where A, B = θ, φ, and nl = 1/
√
l(l + 1). Other compo-

nents either vanish or are related to the ones shown above
by symmetry. The plane wave with definite handedness can
then be expanded in partial waves,

e(P)
μν eikr cos θ =

9∑
s=0

∑
l≥2

l∑
m=−l

C P
s;lmM

lm
s;μν, (A2)

where C P
s;lm are the expansion coefficients for parity P . With

the orthogonality property of the spherical harmonic matri-
ces, the non-vanishing coefficients are,

C P
2;lm = 1√

2ml
F P
lm

jl
(ωr)2 , (A3a)

C P
4;lm = nl

ml
F P
lm

(l + 1) jl − ωr jl+1

(ωr)2 , (A3b)

C P
6;lm = i−P nl

ml
F P
lm

jl
ωr

, (A3c)

C P
7;lm = F P

lm
[l2 + 3l + 2 − 2(ωr)2] jl − 2ωr jl+1

2(ωr)2 , (A3d)

C P
8;lm = − 1√

2
C P

2;lm, (A3e)

C P
9;lm = i−PF P

lm
(l + 2) jl − ωr jl+1

ωr
, (A3f)

where the argument ωr of all the spherical Bessel functions
are suppressed for compactness. The gauge-invariant func-
tions �lm

e/o are then constructed as linear combinations of the
coefficients C P

s;lm [31],

�lm
o for e(P)

μν eikr cos θ = −i P
√

2mlF P
lm r jl(ωr), (A4a)

�lm
e for e(P)

μν eikr cos θ = −
√

2 n2
l

ml�
F P
lm

{
(l2 + l + 1)

(l − 1)(l + 2)

rg
ωr

jl+1(ωr)

+
[
(ωr)2 + 3 ω2rgr

(l − 1)(l + 2)

− (l2 − l + 3)

l − 1

rg
r

− 2 r2
g

r2

]

× r

(ωr)2 jl(ωr)

}
. (A4b)
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The asymptotic behaviour of �lm
o at r → +∞ is,

−i P
√

2mlF P
lm

sin(ωr − lπ/2)

ω
. (A5)

The behavior for �lm
e is the same, only with the factor i P

dropped. Since in the up universe r∗ < 0, the r in the results
above should be replaced by −r .

Appendix B: Solving for the Eigenstates

Both the numerical Wronskian method and the WKB approx-
imation are used to calculate the frequency eigenstates of the
double-barrier potential scattering in Eq. (3). The numerical
method with the Wronskian determinant for double-barrier
scattering is explained in detail in Ref. [42]. Since the WKB
approximation is much faster, it is used for most of the calcu-
lation, while the numerical method is only applied to monitor
the error of the WKB method, and in the extremely small
energy region where the WKB method has a relatively large
error. Below we give the details of the WKB method used in
this work.

The WKB approximation is further separated into two
formulas, depending on the size of the frequency ω compared
to the critical frequency ωc. When the frequency is small
and transmission is classically forbidden, the textbook WKB
formula is adopted. The WKB exponentials on both sides of
a classical turning point are connected by the Airy functions.
In this work, we consider the potential with two equal-height
peaks, so there are in total four classical turning points. We
normalize the incident wave to be exp(iωx) at x → −∞. In
the second case when the energy is large and the transmission
is allowed classically, we use a different condition to connect
the WKB approximate exponentials on both sides of a peak.
Consider a peak at position x1 with height V0. Close to the top
of the peak, the potential can be Taylor expanded in (x − x1)

as V (x) = V0 − a(x − x1)
2, where higher-order terms of

(x−x1) are neglected. The solution is a linear combination of
two parabolic cylinder functionsU

(± ib
2 , (±1 + i)y

)
, where

y = a1/4(x−x1) and b = a−1/2(ω2 −V0). Their asymptotic
behaviors are,

lim
y→+∞U

(
± ib

2
, y1

)
= y−(1±ib)/2

1 e−y2
1/4, (B1a)

lim
y→−∞U

(
± ib

2
, y1

)
= y−(1±ib)/2

1 e−y2
1/4

− i
√

2π e∓bπ/2

�
( 1

2 (1 ± ib)
) y−(1∓ib)/2

1 ey
2
1/4,

(B1b)

lim
y→+∞U

(
± ib

2
, −y∗

1

)
= (−y∗

1

)−(1±ib)/2
e−y∗2

1 /4

+ i
√

2π e±bπ/2

�
( 1

2 (1 ± ib)
) (−y∗

1

)−(1∓ib)/2
ey

∗2
1 /4,

(B1c)

lim
y→−∞U

(
± ib

2
,−y∗

1

)
= (−y∗

1

)−(1±ib)/2
e−y∗2

1 /4, (B1d)

where y1 = (1 + i)y. The WKB phase integral can also be
completed analytically,

�(x1, x) ≡
∫ x

x1

p(x ′)dx ′

= b

4
log

(y + √
b + y2)2

b
+ y

2

√
b + y2, (B2)

where p(x) is defined as
√

ω2 − V0 + a(x − x1)2. Then the
WKB exponentials on both sides of the peak can be connected
by the parabolic cylinder functions given above. Note that
only the limits at |y| � b of the analytic expression of � are
needed. In this work, the two peaks have the same values of
V0 and a, but located at different positions x1 and x2, with
x2 < x1. We define the wave function as,

ψ(x0) = 1√
p(x0)

exp [i �(x1, x0)] , (B3)

at x0 � x1, and,

ψ(x3) = c√
p(x3)

exp [i �(x2, x3)]

+ d√
p(x3)

exp [−i �(x2, x3)] , (B4)

at x3 � x2. Then the WKB method gives,

(
c T2

d T −1
2

)
= N(b)

(
T −1

1 0
0 T1

)
N(b)

(
T −1

0
0

)
, (B5)

where the T ’s are,

T0 = exp [i�(x1, x0)] exp [−iωx0] , (B6a)

T1 = exp [i�(x2, x1)] , (B6b)

T2 = exp [i�(x3, x2)] exp [iωx3] , (B6c)

and the matrix N(b) is,

N(b) =
(
N11(b) N12(b)
N

∗
12(b) N

∗
11(b)

)
, (B7)

with,

N11(b) =
√

2π

� ((1 − ib)/2)

(
b

2 e

)−ib/2

e−bπ/4, (B8a)

123
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N12(b) = ie−bπ/2. (B8b)

The reflection and transmission coefficients are d/c and 1/c,
respectively. This formula approaches the Eikonal approx-
imation analytically when ω2 � V0. Numerically, it con-
nects smoothly to the textbook WKB formula for ω2 < V0

at ω2 = V0.
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