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Abstract Teleparallel based cosmological models provide
a description of gravity in which torsion is the mediator of
gravitation. Several extensions have been made within the
so-called teleparallel equivalent of general relativity which
is equivalent to general relativity at the level of the equations
of motion where attempts are made to study the extensions of
this form of gravity and to describe more general functions
of the torsion scalar T . One of these extensions is f (T, φ)

gravity; T and φ respectively denote the torsion scalar and
scalar field. In this work, the dynamical system analysis has
been performed for this class of theories to obtain the cos-
mological behaviour of a number of models. Two models are
presented here with some functional form of the torsion scalar
and the critical points are obtained. For each critical point,
the stability behaviour and the corresponding cosmology are
shown. Through the graphical representation, the equation
of state parameter and the density parameters for matter-
dominated, radiation-dominated and dark energy phase are
also presented for both the models.

1 Introduction

Following supernovae cosmological observation over the last
few decades [1,2] several proposals have been introduced to
modify the General Relativity (GR) and to consider differ-
ent formulations of gravity. In a similar fashion, numerous
proposals have been made to modify the teleparallel equiva-
lent of general relativity (TEGR) which is equivalent to GR
at the level of the equations of motion. Teleparallel gravity,
which is based on torsion, introduces an analogous descrip-
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tion of gravity [3–10] in which torsion mediates gravitation.
The Lagrangian density of TEGR is proportional to the tor-
sion scalar T , as in this approach, the usual metric tensor and
Levi-Civita connection is replaced respectively by the tetrad
field and spin connection pair, and the teleparallel connection
[8,9] respectively. So, the curvature and tensor based gravi-
tational theories are equivalent at the level of the dynamical
equations [8,11]. Substituting the torsion scalar T with the
arbitrary function f (T ), a generalization to TEGR can be
obtained [12–18] to produce new models of cosmology. The
dynamical objects in this framework are the four linearly
independent tetrad fields that serves as the orthogonal basis
for the tangent space at each point of the space time. The
first derivative of the tetrad product was also used to con-
struct the torsion tensor. The tetrad fields serve as dynamical
variable of the teleparallel gravity, and the field equations are
created by varying the action with respect to the tetrad fields.
The spin connection is responsible for preserving the local
Lorentz invariance of the theory and also produces equations
of motion. For more on f (T ) gravity, one can refer [19–25].
There is strong impetus to study the generalisation with the
use of scalars associated with the theoretical foundations. The
non-minimal coupled scalar-torsion theory is an extension of
teleparallel gravity [15,17] as in the case of scalar-tensor the-
ories. This is a different class of gravitational modifications.
This is because, at the level of field equations, TEGR coin-
cides with GR, but the non-minimal coupled scalar-torsion
theory does not coincide with its counterpart based on cur-
vature.

The accelerating expansion of the Universe is sourced
by some form of dark energy which takes on the form of
a cosmological constant in the concordance model but is
motivated by other means in modified theories of gravity
[1,2,26–28]. Here, dark energy is embodied by the constant
� which together with GR and cold dark matter (CDM) con-
stitute the �CDM model; however this model suffers with
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the fine tuning issue among other problems [29]. One can
address this issue in GR by altering the matter content of
the Universe with the inclusion of additional fields such as
phantom scalar, canonical scalar and vector fields [30–32].
One can also study the cosmological behaviour by creat-
ing a dynamical dark energy sector with the inclusion of
scalar field such as quintessence [33,34], k-essence [35,36],
Galileons [37–39] and so on. Another way to address this
accelerated expansion issue is by extending or altering the
geometrical part of Einstein–Hilbert action, that leads to dif-
ferent extended/modified theories of gravity.

The dark energy scenario was studied in the scalar-torsion
theory with non-minimal coupling between torsion scalar
and dynamical scalar field in (Geng et al. [40,41]). Simi-
lar study was made with an arbitrary non-minimal coupling
function and tachyon term for scalar field [42,43]. One of
the extensions of f (T ) gravity is the generalised scalar-
torsion f (T, φ) gravity, where φ is the canonical scalar and
in the gravitational action the scalar field is non-minimally
connected with torsion scalar [44]. Further in the covariant
teleparallel framework, a new class of theories have been
given where the action depends on the scalar field and arbi-
trary function of torsion scalar [45]. Espinoza and Otalora
[46] have studied the generation of primordial fluctuations in
generalized teleparallel scalar-torsion gravity theories whose
Lagrangian density is an arbitrary function f (T, φ) of the
torsion scalar T and a scalar field φ, plus the kinetic term
and develop primordial density perturbations started from
the Arnowitt–Deser–Misner (ADM) formalism of the tetrad
field. The cosmological dynamics of dark energy and its sta-
bility was studied in [47] and the scalar perturbation was
done in [48]. Several models were set in the context of the
dynamical system to reveal the evolutionary behaviour of the
dark energy models [49]. Motivated with this non-minimal
coupling of torsion scalar and scalar field, in this paper we
will study the cosmological aspects of the models through
the dynamical system analysis.

The paper is organised as follows, in Sect. 2, the basic
equations of teleparallel gravity and the field equations of
of f (T, φ) gravity in an isotropic an homogeneous space
time are given. In Sect. 3, the dynamical system analysis for
two models are performed and the evolutionary behaviour
of the models are studied. In Sect. 4, the discussions and
conclusions of the models are presented.

2 Field Equations of the scalar-torsion f (T, φ) gravity

The TEGR action is composed simply of the linear torsion
scalar, which can be immediately generalized to f (T ) grav-
ity. By elevating the torsion scalar to an arbitrary function
thereof, the addition of a scalar field φ can be introduced by
writing the action as [48]

S =
∫

d4xe[ f (T, φ) + P(φ)X ] + Sm + Sr , (1)

where e = det[eAμ ] = √−g is the determinant of the tetrad
field. Matter action is denoted by the symbol Sm , whereas
radiation action is characterized by Sr . Using tetrad and
spin connection pair as the dynamical variable in place of
metric tensor, GR can also be expressed in the framework
of teleparallel gravity. The tetrad field, eAμ , A = 0, 1, 2, 3,
metric tensor gμν and the Minkowski tangent space met-
ric ηAB can have the local relation as, gμν = ηABeAμe

B
ν ,

where ηAB = (−1, 1, 1, 1). The tetrad satisfies the orthog-
onality condition, eμ

Ae
B
μ = δBA , whereas the spin connec-

tion is denoted by ωA
Bμ. The function f (T, φ) represents

an arbitrary function of scalar field φ and the torsion scalar
T and X = −∂μφ∂μφ/2 is the kinetic term of the field.
Non-minimally coupled scalar-torsion gravity models with
the coupling function f (T, φ), f (T ) gravity and minimally
coupled scalar field are all included in this general action.
The torsion scalar is

T = Sμν
θ T θ

μν, (2)

where Sμν
θ and T θ

μν respectively represents the superpoten-
tial and the torsion tensor. Further, the superpotential can be
expressed as,

S μν
θ ≡ 1

2
(Kμν

θ + δ
μ
θ T

αν
α − δν

θ T
αμ

α), (3)

where Kμν
θ ≡ 1

2 (T νμ
θ + T μν

θ − Tμν
θ ) be the contortion

tensor. The torsion tensor is represented by

T θ
μν = eθ

A∂μe
A
ν − eθ

A∂νe
A
μ + eθ

AωA
Bμe

B
ν − eθ

AωA
Bνe

B
μ. (4)

There also exists special frames in which the spin connection
vanishes, which is known as the Weitzenböck gauge.

Now, the gravitational field equations can be obtained
either varying the action with respect to the tetrad eAμ or with
the relation between the curvature and torsion scalar with the
use of Levi-Civita connection and contortion tensor to obtain
[45]

T = −R + 2e−1∂μ(eT αμ
α ). (5)

In order to obtain the field equations of f (T, φ) gravity to
study its cosmological applications, we consider the homo-
geneous and isotropic flat Friedmann–Lemaître–Robertson–
Walker (FLRW) space time as

ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2], (6)

where a(t) is the scale factor that represents the expan-
sion rate in the spatial directions and the tetrad, eAμ =

123



Eur. Phys. J. C (2023) 83 :27 Page 3 of 13 27

diag(1, a, a, a). Varying the action in Eq. (1) with respect
to the tetrad field and the scalar field φ, we can obtain the
equations of motion of f (T, φ) cosmology as,

f (T, φ) − P(φ)X − 2T f,T = ρm + ρr (7)

f (T, φ) + P(φ)X − 2T f,T −4Ḣ f,T −4H ḟ ,T = −pr

(8)

−P,φ X − 3P(φ)H φ̇ − P(φ)φ̈ + f,φ = 0. (9)

The Hubble parameter H ≡ ȧ
a with an over dot denotes

the derivative with respect to the cosmic time t . We represent
f ≡ f (T, φ) and f,T = ∂ f

∂T . The energy density for mat-
ter and radiation are denoted as ρm , ρr respectively and the
pressure at radiation era is pr . From Eq. (2), one can obtain
the torsion scalar, T = 6H2. In Eqs. (7)–(9), we consider the
non-minimal coupling function f (T, φ) in the form [45]

f (T, φ) = − T

2κ2 − G(T ) − V (φ), (10)

where V (φ) is the scalar potential and G(T ) is the arbitrary
function of torsion scalar. We consider for matter dominated
era ωm = pm

ρm
= 0, and for radiation era ωr = pr

ρr
= 1/3,

subsequently Eqs. (7)–(9) reduce to

3

κ2 H
2 = P(φ)X + V (φ) − 2TG,T + G(T ) + ρm + ρr ,

(11)

− 2

κ2 Ḣ = 2P(φ)X + 4Ḣ(GT + 2TG,T T ) + ρm + 4

3
ρr ,

(12)

P(φ)φ̈ + P,φ(φ)X + 3P(φ)H φ̇ + V,φ(φ) = 0. (13)

The Friedmann Eqs. (11), (12) are then modified to give

3

κ2 H
2 = ρm + ρr + ρde, (14)

− 2

κ2 Ḣ = ρm + 4

3
ρr + ρde + pde. (15)

Comparing Eq. (11) with Eqs. (14), and (12) with Eq. (15),
the energy density (ρde) and pressure (pde) for the dark
energy sector can be retrieved as,

ρde = P(φ)X + V (φ) − 2TG,T + G(T ), (16)

pde = P(φ)X − V (φ) + 2TG,T − G(T )

+ 4Ḣ(G,T + 2TG,T T ). (17)

For the sake of brevity, we take P(φ) = 1. The potential
energy, V (φ) = V0e−λφ , where λ is a constant. Our motiva-
tion is to construct the cosmological models of the Universe
in the dark energy sector along with its dynamical system
analysis. In order to develop the system, the form of G(T )

would be needed and therefore in the subsequent section we
shall consider two forms of G(T ) to represent two models.

3 Dynamical system analysis of the models

The motivation of this work is to study the cosmological
dynamics of some models within the general class of scalar-
tensor theories with nontrivial torsion scalar contributions.
The dynamical system is a concept that specifies some rule
for the development of the system and the possible future
behaviour of the cosmological models. An equation of the
form Y ′ = f (Y ) represents a dynamical system, where Y
is the column vector constituted by suitable auxiliary vari-
ables and f (Y ) be the corresponding column vector of the
autonomous equations. The prime denotes derivative with
respect to N = lna. This analysis helps to understand the
overall dynamics of the Universe by identifying the critical
points at which f (Y ) vanishes. We propose here two models
with some popular form of G(T ).

3.1 Model I

For the first model, we consider G(T ) as [50]

G(T ) = βT ln

(
T

T0

)
, (18)

where β be the constant and T0 be the value of T at the initial
epoch. This model has been shown to produce [50] physi-
cally advantageous critical points and may be interesting to
model the evolution of the Universe. Here, the effective dark
energy density and the effective dark energy pressure terms
in Eqs. (16), (17) reduce to

ρde = φ̇2

2
+ V (φ) − 6βH2 ln

(
6H2

T0

)
− 12H2β, (19)

pde = φ̇2

2
− V (φ) + 6βH2 ln

(
6H2

T0

)

+12H2β + 4Ḣ

(
β ln

(
6H2

T0

)
+ 3β

)
, (20)

and the scalar field Klein–Gordon equation (13) becomes

φ̈ + 3H φ̇ + V,φ (φ) = 0, (21)

which can also be written as,

d

dt

(
φ̇2

2
+ V (φ)

)
= −3H φ̇2. (22)

Also, the fluid equation for dark energy sector can be written
as

ρ̇de + 3H(ρde + pde) = 0. (23)

The density parameters for matter-dominated (�m), radiation-
dominated (�r ) and dark energy sector (��) can be con-
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strained through

�m + �r + �� = 1, (24)

where �m = κ2ρm
3H2 , �r = κ2ρr

3H2 , �� = κ2ρde
3H2 . From Eqs. (19),

(20), the equation of state parameter can be obtained as

ωde ≡ pde
ρde

=
φ̇2 − 2V (φ) + 12H2β ln

(
6 H2

T0

)
+ 24H2β + 8Ḣ

(
β ln(6 H2

T0
) + 3β

)

φ̇2 + 2V (φ) − 12H2β ln
(

6 H2

T0

)
− 24H2β

. (25)

To study the dynamics of the model in scalar-torsion
f (T, φ) gravity, we introduce the following dimensionless
phase space variables in order to frame the autonomous
dynamical system as,

x = κφ̇√
6H

, y = κ
√
V√

3H
,

z = −4βκ2, u = −2β ln

(
T

T0

)
κ2, (26)

ρ = κ
√

ρr√
3H

, λ = −V,φ(φ)

κV (φ)
, � = V (φ), V,φφ

V,φ(φ)2 . (27)

The density parameter for different phases of the evolution
of the Universe in terms of dynamical system variable are as
follow,

�de = x2 + y2 + z + u, (28)

�r = ρ2, (29)

�m = 1 − x2 − y2 − z − u − ρ2, (30)

The Friedmann Eqs. (11), (12) and the variables in Eqs. (26),
(27) would reproduce

Ḣ

H2 = ρ2−3
(
u−x2+y2+z−1

)
2u+3z−2 , (31)

so that the deceleration parameter and equation of state (EoS)
parameter can also be expressed in terms of dynamical vari-
ables as,

q = ρ2 − u + 3x2 − 3y2 + 1

−2u − 3z + 2
, (32)

ωtot = 2ρ2 + 6x2 − 6y2 + 3z

−6u − 9z + 6
, (33)

ωde = − ρ2(2u + 3z) + 6x2 − 6y2 + 3z

3(2u + 3z − 2)
(
u + x2 + y2 + z

) . (34)

The system of autonomous equations that governs the cos-
mological dynamical system are

dx

dN
= − xρ2 − 3x

(
u − x2 + y2 + z − 1

)
2u + 3z − 2

− 3x +
√

3

2
λy2,

(35)

dy

dN
= −yρ2 + 3y

(
u − x2 + y2 + z − 1

)
2u + 3z − 2

−
√

3

2
λyx,

(36)

du

dN
= zρ2 − 3z

(
u − x2 + y2 + z − 1

)
2u + 3z − 2

, (37)

dρ

dN
= −ρ

(
ρ2 + u + 3x2 − 3y2 + 3z − 1

)
2u + 3z − 2

, (38)

dz

dN
= 0, (39)

dλ

dN
= −√

6(� − 1)xλ2. (40)

In order to derive the dynamical features of the autonomous
system, the coupled equations x ′ = 0, y′ = 0, z′ = 0, u′ = 0
and ρ′ = 0 are to be solved. The special choice of the poten-
tial energy function, V (φ) = V0e−λφ , leads to the value of
� = 1. The corresponding critical points of the above system
and its description are given in Table 1. The stability condi-
tion and the cosmology pertaining to the value of deceleration
and EoS parameter are given in Table 2. The cosmological
solution and the corresponding scale factor are also given in
Table 3.

In the study of dynamical system, the phase portrait is an
important tool, that consists of plot of typical trajectories in
the state space. The stability of the models can be indicated
through the phase portrait. Figure 1 shows the phase space
portrait diagram for the dynamical system Eqs. (35)–(40).
The left panel shows that the trajectories of critical points A
andHmove towards from the fixed point, so we conclude that
the point A and H are stable nodes. Similarly, phase portrait
in middle panel indicates that the trajectories of the critical
points E and G move towards the fixed point, showing the
stable behaviours. The trajectories for the critical points B,C ,
D and F+,F− move away from the fixed points as in the right
panel. Hence, these points are unstable (saddle). Further, we
have described in details the corresponding cosmology for
each critical points as below:

123



Eur. Phys. J. C (2023) 83 :27 Page 5 of 13 27

Table 1 Critical points for the dynamical system

C.P. xc yc uc ρc zc Exists for

A 0 0 α 0 β3 α = 1 − β3, β3 �= 0

B 0 0 γ 0 0 γ �= 1

C 0 0 σ τ 0 τ = √
1 − σ , σ < 1

D δ 0 ε 0 0 δ �= 0, ε = 1 − δ2

E 0 η ι 0 ξ ι = −η2 − ξ + 1, 2η2 − ξ �= 0, λ = 0

F+

√
3
2

λ

√
3
2

λ
μ 0 0 μ − 1 �= 0, λ �= 0

F−

√
3
2

λ
−

√
3
2

λ
ν 0 0 ν − 1 �= 0, λ �= 0

G 0 f e 0 0 e = 1 − f2, f �= 0, λ = 0

H 0 i h 0 j λ �= 0, h = −i2 − j + 1, −jλ �= 0

Table 2 Stability conditions, EoS parameter and deceleration parameter

C. P. Stability conditions q ωtot ωde

A Stable − 1 − 1 − 1

B Unstable 1
2 0 0

C Unstable 1 1
3

1
3

D Unstable 2 1 1

E Stable − 1 − 1 − 1

F+ Stable for μ < 1 ∧
(

−2
√

6
7

√
− 1

μ−1 ≤ λ < −√
3
√

− 1
μ−1 ∨ √

3
√

− 1
μ−1 < λ ≤ 2

√
6
7

√
− 1

μ−1

)
1
2 0 0

F− Stable for ν < 1 ∧
(

−2
√

6
7

√
− 1

ν−1 ≤ λ < −√
3
√

− 1
ν−1 ∨ √

3
√

− 1
ν−1 < λ ≤ 2

√
6
7

√
− 1

ν−1

)
1
2 0 0

G Stable − 1 − 1 − 1

H Stable for
(
i < 1 ∧ j > 2i2

) ∨ (
i > 1 ∧ j > 2i2

) i2+j
2i2−j

j
2i2−j

j
(i2−1)(j−2i2)

Table 3 Cosmological
solutions of critical points

C. P. Acceleration equation Scale factor (Power law solution) Universe phase

A Ḣ = 0 a(t) = t0ec1t de-sitter phase

B Ḣ = − 3
2 H

2 a(t) = t0(
3
2 t + c2)

2
3 Matter-dominated

C Ḣ = −2H2 a(t) = t0(2t + c2)
1
2 Radiation-dominated

D Ḣ = −3H2 a(t) = t0(3t + c2)
1
3 Stiff-matter

E Ḣ = 0 a(t) = t0ec1t de-sitter phase

F+ Ḣ = − 3
2 H

2 a(t) = t0(
3
2 t + c2)

2
3 Matter-dominated

F− Ḣ = − 3
2 H

2 a(t) = t0(
3
2 t + c2)

2
3 Matter-dominated

G Ḣ = 0 a(t) = t0ec1t de-sitter phase

H Ḣ = 0 a(t) = t0ec1t de-sitter phase

• Critical Point A: At this point, �de = 1, �m = 0 and
�r = 0, i.e the Universe shows dark energy dominated
phase. The corresponding EoS parameter ωtot = −1 and
deceleration parameter q = −1 confirms the accelerated
dark energy dominated Universe. The eigenvalues of this
critical point is negative real part and zero. Coley and
Aulbach [51,52] have investigated that the dimension of

the set of eigenvalues for non-hyperbolic critical points
is one equal to the number of vanishing eigenvalues. As a
result, the set of eigenvalues is normally hyperbolic, and
the critical point associated with it is stable but cannot
be a global attractor. In our case, the dimension of set of
eigenvalue is one and only one eigenvalue vanishes. That
means the dimension of a set of eigenvalues is equal to
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Fig. 1 Phase portrait for the dynamical system of Model-I, (i) left panel(x = 0, y = 0, z = 1.5, λ = 0.001); (ii) middle panel (x = 0, y = 0,
λ = 0.001) (iii) right panel (ρ = 0, z = 1.5, λ = 0.001.)

the number of vanishing eigenvalues. This critical point
is consistent with recent observations and can explain
current acceleration of the Universe. The behaviour of
this critical point is a stable node.

{−3,−3,−2, 0}.

• Critical Point B: This point exists for γ �= 1 and the
corresponding deceleration parameter q = 1

2 and EoS
parameter ωtot = 0. This behaviour of the critical point
leads to the decelerating phase of the Universe. Also,
density parameters �de = γ , �r = 0 and �m = 1 − γ .
If we consider γ = 0, the Universe shows the matter-
dominated phase. The eigenvalues of the Jacobian matrix
for this critical point are given below. The signature of
the eigenvalues is both positive and negative that means
it shows the unstable saddle behaviour.

{
−3

2
,

3

2
,−1

2
, 0

}
.

• Critical Point C : At this point, the deceleration param-
eter and EoS parameter are obtained to be q = 1 and
ω = 1

3 , which demonstrates the decelerating phase of
the Universe. The density parameters are: �de = σ ,
�r = 1 − σ and �m = 0. For the value of σ = 0, the
Universe exhibits radiation-dominated phase i.e. �r = 1.
The eigenvalues of Jacobian matrix for this critical point
are given below and since it contains both negative and
positive eigenvalues, this critical point is an unstable sad-
dle.

{−1, 1, 2, 0}.

• Critical Point D: The value of density parameters for
this point are, �m = 0, �r = 0, and �de = 1. The
EoS and deceleration parameter are respectively shows

the value q = 2 and ωtot = 1 and so the point behaves
as stiff matter and showing the decelerating behaviour.
The eigenvalues are obtained to be positive real part and
zero. Due to presence of positive eigenvalue, this critical
point is showing unstable behaviour.

{
0, 1, 3,

6 − √
6δλ

2

}
.

• Critical Point E : The density parameters are �m = 0,
�r = 0, and �de = 1, which indicates the the dark
energy sector of the Universe. The deceleration parameter
value q = −1 and the EoS parameter value ωtot = −1
shows the accelerating behaviour of the Universe at this
point. The negative and zero eigenvalues demonstrates
the stable behaviour. At this point, the Universe shows
the stability behaviour at the the accelerating dark energy
phase.

{−3,−3,−2, 0}.

• Critical Point F+: This critical point exists for μ �= 1
and λ �= 0. The decelerating behaviour has been observed
since the value of deceleration parameter q = 1

2 and the
EoS parameter vanishes. The density parameters exhibit
the value, �m = 1− 3

λ2 −μ, �r = 0, and �de = 3
λ2 +μ.

For, λ = 1 and μ = −3, the critical point shows the
matter-dominated era, else described a non-standard cold
dark matter-dominated era with ωtot = 0. This criti-
cal point is stable if it satisfies the stability condition
of Table 2 otherwise, unstable saddle behaviour due to
the presence of both positive and negative eigenvalues.

⎧⎨
⎩0,−1

2
,

3

4

⎛
⎝−

√
λ2(μ − 1)

(−7λ2(μ − 1) − 24
)

λ2(μ − 1)
− 1

⎞
⎠ ,
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3

4

⎛
⎝

√
λ2(μ − 1)

(−7λ2(μ − 1) − 24
)

λ2(μ − 1)
− 1

⎞
⎠

⎫⎬
⎭ .

• Critical Point F−: Similar to the critical point F+ this
critical point exists for ν �= 1 and λ �= 0. The value
of deceleration parameter and the Eos parameter ωtot

are mentioned in Table 2. The density parameters values
are, �m = 1 − 3

λ2 − ν, �r = 0, and �de = 3
λ2 + ν.

For, λ = 1 and ν = −3, the critical point indicates the
matter-dominated period, else described a non-standard
cold dark matter-dominated era with ωtot = 0. From the
stability criteria, it is clear that this critical point rep-
resents stable behaviour if it satisfies stability condition
which is mentioned in Table 2. Otherwise, it exhibits
unstable saddle behavior because both positive and neg-
ative eigenvalues are present.

⎧⎨
⎩0, −1

2
,

3

4

⎛
⎝−

√
λ2(ν − 1)

(−7λ2(ν − 1) − 24
)

λ2(ν − 1)
− 1

⎞
⎠ ,

3

4

⎛
⎝

√
λ2(ν − 1)

(−7λ2(ν − 1) − 24
)

λ2(ν − 1)
− 1

⎞
⎠

⎫⎬
⎭ .

The definition of dimensionless variable y as described
in Eq.(26) allow us to study the different phases of the
Universe evolution. The critical points with the condition
on y as if y > 0 it correspond to the positive Hubble
parameter and can explain the expanding universe. While
the critical points with y < 0 correspond to the H < 0
describe the contracting phase of the universe [53]. We
denote the subscripts + or − corresponding to the critical
point F with y > 0 or y < 0.

• Critical Point G: Here, we obtained �m = 0, �r = 0
and �de = 1, which shows the dark energy era of the
evolution. The deceleration parameter valueq = −1 con-
firms the accelerating behaviour whereas the EoS param-
eter value ωtot = −1 shows the �CDM like behaviour.
The stability of the critical point has been confirmed from
the eigenvalues.

{0,−3,−3,−2}.

• Critical PointH: It describes the dark energy dominated
phase as, �m = 0, �r = 0, and �de = 1. The acceler-
ating behaviour and the EoS parameter depend on the
relation of i and j as described in Table 2. For, j > 2i2,
the deceleration parameter and EoS parameter exhibit the
accelerating phase of the Universe. The eigenvalues, as
given below indicate that there is a region in the param-
eter space where this point are stable nodes and attrac-
tor. Since this is a de-Sitter solution, the values of the

parameter listed in Table 2 will experience an acceler-
ated expansion. The stability behaviour can be observed
for j > 2i2.

{
3i2

2i2 − j
,− i2 − 2j

2i2 − j
,−3

(
i2 − j

)
2i2 − j

,− 3j2(
2i2 − j

)2

}
.

The critical points A, E , G, and H are the last four attrac-
tors we found that when dark energy was in charge, and the
universe is accelerating. In addition, we have found that the
critical points B, F+, and F− shows matter-dominated phase
and point C represent radiation-dominated phase of the Uni-
verse and observed that the radiation and matter dominated
critical points show unstable behaviour. In Fig. 2 we plot the
behaviour of the energy densities of dark energy, dark matter
and radiation, as well as the total equation of state (ωtot.) and
the equation of state of dark energy ( ωde) as functions of the
redshift. Conveniently, we employ the redshift z = a0

a − 1
(with a0 = 1 as the current scale factor) as an independent
variable. As is standard, z = 0 represents the present time of
the Universe. The vertical dashed line in Fig. 2 denotes the
present cosmological time [17]. In Fig. 2 we can observe that
the cosmos is initially dominated by radiation, then transi-
tions to dark matter dominance, and eventually ends up being
dominated by dark energy. As mentioned above, the universe
provides a scaling-accelerating solution, where the dark mat-
ter and dark energy density parameters remain around 0.3 and
0.7 respectively. Also, It is observed that the ωtot. ≈ −0.75
and ωde ≈ −1 at the current time z = 0, which is consistent
with the observational constraint from Planck data [28]. In
Fig. 2 we can observe that, the Universe first dominated by
the radiation era (cyan curve), followed by a brief phase of
matter dominance (blue curve) and finally the cosmological
constant (pink curve). This behaviour of the density param-
eter indicates that the present Universe is dominated by dark
energy. The EoS parameter (red curve) begins with radiation
at 1

3 , falls to 0 during the matter-dominated period and finally
rises to − 1 leads to the �CDM model, which is a candidate
for dark energy models.

3.2 Model II

In this case, we consider the form of G(T ) as, G(T ) =
T + αT 2, where α is a constant [54], which is a small gen-
eralization beyond TEGR. For α = 0 the model reduces to
the TEGR model. The Klein–Gordon equation in this case is
same as in Eq. (21) and for this G(T ), Eqs. (16), (17) become

ρde = φ̇2

2
+ V (φ) − T (1 + 3Tα), (41)

pde = φ̇2

2
− V (φ) + T (1 + 3Tα) + 4Ḣ(1 + 6Tα). (42)
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Fig. 2 The evolution of the density parameters as well as of the
equation-of-state parameter, as functions of the redshift, for the case,
λ = 0.001 with the initial condition of dynamical system variables:
x = 10−4, y = 10−6, u = 0.7 × 10−2, ρ = 0.933254, z = 10−4,
which are representative for their definitions in Eqs. (26,27). The verti-
cal dashed line denotes the present cosmological time (z = 0)

To create an independent dynamical system, dimension-
less variables can be specified through the following:

x = κφ̇√
6H

, y = κ
√
V√

3H
,

z = −2κ2, u = −36H2ακ2, (43)

ρ = κ
√

ρr√
3H

, λ = −V,φ(φ)

κV (φ)
, � = V (φ)V,φφ

V,φ(φ)2 . (44)

The dimensionless variables defined in Eq. (43), (44) also
satisfy Eq. (24). The EoS parameter and deceleration param-
eter can be expressed in the form of dimensionless variable
as,

q = −1 − 3x2 − 3y2 − 3z − 3u + 3 + ρ2

−2 + 2z + 4u
, (45)

ωtot = −1 − 2(3x2 − 3y2 − 3z − 3u + 3 + ρ2)

3(−2 + 2z + 4u)
, (46)

ωde = − 3
(
u + x2 − y2

) + ρ2(2u + z)

3(2u + z − 1)
(
u + x2 + y2 + z

) . (47)

Subsequently, the corresponding dynamical system can be
obtained as,

dx

dN
= − x

(
ρ2 − 3

(
u − x2 + y2 + z − 1

))
2(2u + z − 1)

− 3x +
√

3

2
λy2,

(48)

dy

dN
= −1

2
y

(
ρ2 − 3

(
u − x2 + y2 + z − 1

)
2u + z − 1

+ √
6λx

)
,

(49)

du

dN
= u

(
ρ2 − 3

(
u − x2 + y2 + z − 1

))
2(2u + z − 1)

, (50)

dρ

dN
= −ρ

(
ρ2 + 5u + 3x2 − 3y2 + z − 1

)
2(2u + z − 1)

, (51)

dz

dN
= 0, (52)

dλ

dN
= −√

6(� − 1)xλ2. (53)

Using the same approach as in Model I, the critical points
of the autonomous dynamical system Eqs. (48–53) are listed
in Table 4.

For each critical point, the stability condition and to under-
stand the corresponding cosmology, the deceleration and EoS
parameter values are listed in Table 5. In Table 6, the scale
factor and the evolutionary phase of each critical point has
been listed. Further to observe the stability behaviour of the
critical points the phase portrait are given in Fig. 3.

The phase portrait diagram Fig. 3 displays the critical
points. Plots of these phase space trajectories are shown for
the dynamical system indicated in Eqs. (48)–(53). The left
panel plot shows that the phase space trajectories are mov-
ing towards from critical points B, C , and G hence these
points represent stability with stable node point behaviour. If
the critical points A, D and F satisfy the stability condition
given in Table 4, then phase space trajectories are moving
towards the critical points A, D, and F . Otherwise phase
portrait are moving away from these critical points middle
panel, we can observe that the critical point A, D, and F are
showing unstable behaviour. The right panel phase portrait
shows that the critical point E trajectories deviate from the
fixed point, indicating unstable behaviour. Additionally, we
have included detailed descriptions of the associated cosmol-
ogy at each critical point, below:

• Critical Point A: The density parameters for this point
are �m = 0, �r = 1 − β2 and �de = β2. The behaviour
depends on the value of the parameter β2. For β2 = 0, the
critical point satisfies the radiation dominated phase. The
positive deceleration parameter shows the decelerating
phase of the Universe and the EoS parameter yields the
value, ωtot = 1

3 . The eigenvalues for this critical point are
given below, which can be interpreted as if the parameter
β satisfies the stability condition mentioned in Table 4,
then this critical point is stable, otherwise unstable.

{
−β2(β2 + 2)

(3β2 − 2)2 ,− 2

3β2 − 2
,

4(β2 − 1)

3β2 − 2
,−5β2 − 2

3β2 − 2

}
.

• Critical Point B: Both the deceleration parameter and
EoS parameter are showing the accelerating �CDM like
behaviour. The dark energy phase has been confirmed
from the density parameters, which are �m = 0, �r = 0
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Table 4 Critical points for dynamical system

Critical points xc yc uc ρc zc Exists for

A 0 0 0 γ1 β2 γ1 = −√
1 − β2, β2 < 1

B 0 0 γ2 0 γ γ2 = 1 − γ , −1 + γ �= 0

C 0 ξ τ 0 σ −1 + 2ξ2 + σ �= 0, λ = 0

D 0 0 0 0 ε ε �= 1

E γ3 0 0 0 α1 γ3 = −√
1 − α1, α1 < 1

F 0 α2 γ4 0 α3 γ4 = 1 − α2
2 − α3, −1 + α3 �= 0, λ �= 0

G 0 γ5 0 0 β1 −1 + β1 �= 0, λ = 0

Table 5 Stability conditions, EoS Parameter and deceleration parameter

C. P. Stability conditions q ωtot ωde

A Stable for 2
5 < β2 < 1 1 1

3
1
3

B Stable − 1 − 1 − 1

C Stable − 1 − 1 − 1

D Stable for 2
3 < ε < 1 1

2 0 0

E Unstable 2 1 1

F Stable for α3 > 2α2
2

−α2
2−2α3+2

−4
(−α2

2−α3+1
)−2α3+2

3
(−α2

2−α3+1
)

−6
(−α2

2−α3+1
)−3α3+3

α2
2+α3−1(

α2
2−1

)(
2α2

2+α3−1
)

G Stable − 1 − 1 − 1

Table 6 Cosmological
solutions of critical points

C. P. Acceleration equation Scale factor (Power law solution) Universe phase

A Ḣ = −2H2 a(t) = t0(2t + c2)
1
2 Radiation-dominated

B Ḣ = 0 a(t) = t0ec1t de-sitter phase

C Ḣ = 0 a(t) = t0ec1t de-sitter phase

D Ḣ = − 3
2 H

2 a(t) = t0(
3
2 t + c2)

2
3 Matter-dominated

E Ḣ = −2H2 a(t) = t0(3t + c2)
1
3 Stiff-matter

F Ḣ = 0 a(t) = t0ec1t de-sitter phase

G Ḣ = 0 a(t) = t0ec1t de-sitter phase

Fig. 3 Phase portrait for the dynamical system of Model-II (i) left panel (x = 0, y = 0, z = 0.5, λ = 0.001) ; (ii) middle panel (y = 0, u = 0,
z = 0.5, λ = 0.001) (ii) right panel (u = 0, ρ = 0, z = 0.5, λ = 0.001)
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and �de = 1. The eigenvalues are either negative or zero,
hence it confirms the stability behaviour.

{−3,−3,−2, 0}.

• Critical Point C: Similar behaviour has been obtained
for this point as in the critical point B, i.e. the accelerat-
ing �CDM like behaviour. The nature of the eigenvalues
confirms the stability.

{−3,−3,−2, 0}.

• Critical Point D: This point exists for ε �= 1. For this
condition the vanishing EoS parameter shows the mat-
ter dominated Universe with the deceleration parameter
q = 1

2 . Hence the density parameters �m = 1 − ε and
�de = ε. From the eigenvalues of the critical point, we
can conclude that for 2

3 < ε < 1, it shows the stability,
else the unstable behaviour.

{
− 3ε2

(3ε − 2)2 ,
3(ε − 1)

3ε − 2
,−3(2ε − 1)

3ε − 2
,−3ε − 1

3ε − 2

}
.

• Critical Point E: At this point, �m = 0, �r = 0 and
�de = 1 with ωtot = 1 and q = 2. The behavior of
this critical point is always unstable due to the presence
of positive and negative eigenvalues. At the point when
dark energy dominates the Universe, the EoS parameter
reduced to a stiff fluid and there is no sign of acceleration.

{
− 2

3α1 − 2
,
−2

√
6
√

1 − α1λ + 3
√

6α1
√

1 − α1λ + 12α1 − 12

2 (3α1 − 2)
,

3

(
2 + 2α2

1 − 5α1 −
√

7α4
1 − 28α3

1 + 37α2
1 − 20α1 + 4

)

(3α1 − 2) 2

3

(
2 + 2α2

1 − 5α1 +
√

7α4
1 − 28α3

1 + 37α2
1 − 20α1 + 4

)

(3α1 − 2)2

⎫⎪⎪⎬
⎪⎪⎭

.

• Critical Point F : The solution to this critical point is
�r = 0, �de = 1 − α2

2 and �m = α2
2 with the EoS

and and deceleration parameter are as in Table 5. The
EoS parameter satisfying this condition α3 < 1 − 2α2

2.
It is interesting to note that in this case, the final value of
ωtot ranges between - 1

3 to −1. For this condition, the EoS
parameter and deceleration parameters indicate acceler-
ated phase of the Universe. For α2 = 0, the critical point
indicates a period where the Universe is dominated by
dark energy era (�de = 1). Also, the behavior of the EoS
and deceleration parameters for α2 = 0 shows an accel-
erating phase of the Universe. The critical point is stable

for α3 > 2α2
2 and for this condition, all the eigenvalues

are negative which confirms the stability behaviour.

⎧⎨
⎩

3α2
2

2α2
2 − α3

,−α2
2 − 2α3

2α2
2 − α3

, −
3

(
α2

2 − α3

)

2α2
2 − α3

, − 3α2
3(

2α2
2 − α3

)
2

⎫⎬
⎭ .

• Critical Point G: As the values of the density parame-
ters, deceleration parameter and EoS parameter become
same as that of the critical point B and C and also the
eigenvalues, therefore the behaviour of this critical point
G remains same as that of B and C .

{−3,−3,−2, 0}.

The critical points B, C , F , and G are representing the
dark energy sector and showing late-time cosmic accelera-
tion behaviour of the Universe. These critical points show
the attractor phase (stable). The critical points A and D indi-
cate the matter and radiation phase respectively and show
unstable behaviour of the Universe. In Fig. 4, the evolution
of the energy densities as well as EoS parameter as a function
of redshift has been shown. The EoS parameter (ωtot ) (red
curve) of the cosmos together with the relative energy den-
sities of dark matter (�m), radiation (�r ) and dark energy
(�de) are shown. The evolution shows the radiation phase
(cyan curve), followed by a brief period of domination by
the matter (blue curve), and after that the domination of dark
energy sector (pink curve). We observe that the Universe
transit from a matter dominated phase to an acceleration era
at late times. The present value of the dark matter and dark
energy density parameters remain respectively, around 0.3
and 0.7 at z = 0. Also, we have found ωtot. ≈ −0.76 and
ωde ≈ −1 at the present cosmic time. The EoS parameter
approaches to − 1 leading to the �CDM behaviour of the
model.

4 Discussions and conclusion

The dynamical systems technique offers a crucial approach
in the toolkit of probes of background cosmology. It offers an
avenue to explore what critical points a model has associated
with it, and what are the natures of each of these points.
These points can then be correlated with the evolution of
the Universe as evidenced from observational cosmology,
which can be a compelling first test of any proposed model
stemming from modified gravity. Moreover, the coupling of
the critical points analysis together with their stability and
eventual phase portraits can provide compounded evidence
to support or reject particular models or parameter ranges
within the selected models.
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Fig. 4 The evolution of the density parameters (�de), (�m ) and, (�r )
as well as of the equation-of-state parameter, as functions of the redshift,
λ = 0.001 with the initial conditions of dynamical system variables:
x = 10−6, y = 10−6, u = 10−15, ρ = 0.933234, z = 10−8. The
vertical dashed line denotes the present cosmological time (z = 0)

In this work, we explored the dynamical systems analysis
of two particular models within the general class of scalar-
tensor theories coupled with the torsion scalar, as prescribed
in Eq. (1). The effective Friedmann and Klein–Gordon equa-
tions provided in Eqs. (11)–(13) describe fully the back-
ground dynamics of the system, but are beyond analytic tech-
niques and so we explore their dynamics using dynamical
systems analysis. Models in this class of theories may offer
some advantages such as the scalar field and torsion scalar
freedoms being associated with different epochs of the evo-
lution of the Universe, or with different mechanisms within
the Universe.

The scalar field is ultimately described canonically with
an exponential potential. On the other hand, building on the
proposals in Ref. [50], we use logarithmic and power-law
models to describe the form of the torsion scalar term beyond
TEGR. These were first probed in an f (T ) gravity context
in Ref. [50] where they were found to have some advanta-
geous properties which were correlated with the evolution of
the Universe. Adding a scalar field may produce more real-
istic cosmology since scalar fields have been suggested to be
responsible for a variety of different mechanisms in the Uni-
verse such as inflation and late-time accelerated expansion. In
our analysis, we find that the logarithmic model developed
in Sect. 3.1 produces a rich cosmology as shown through
the critical points in Table 1 which are then further studies
for the nature of their critical points in Table 2. To show
these properties in fuller details, we also include phase por-
traits in Fig. 1 where the behaviour at those points is more
clearly represented. The behaviour of the scale factor at each
critical point is shown in Table 3. If we compare the anal-
ysis made in Ref. [50] for the logarithmic model, we can
describe that, there are eight more critical points. The study
made in Ref. [50], successfully explain the de-sitter solution

through the dynamical system analysis of logarithmic model
and conclude that this study will not explain radiation and
matter dominated era of the universe evolution. The cosmol-
ogy based on this study of logarithmic model along with the
addition of scalar field successfully explain de-sitter solution
in the matter and radiation dominated phases of the evolution
of the Universe. In this study, we have added the scalar field
to explain both the radiation and matter dominated era. We
close the discussion with the figure that describes the evo-
lutionary behaviour of various density parameters and EoS
parameters.

In our second model, explore in Sect. 3.2, we take a square
torsion scalar extension to the TEGR term. This would rep-
resent many other extensions as a leading order term in
most circumstances such as background cosmology. Again,
here we define suitable dynamical variables and provide the
autonomous dynamical system in Eqs. (48)–(53). This leads
to the critical points presented in Table 4 together with their
properties as described in Table 5. Similarly, we describe
the behaviour of each the scale factor at each critical point
in Table 6. Finally, the phase portraits of Fig. 3 are shown
where the nature of each critical point is shown more fully
through the evolutionary contours. Finally, we close with a
diagram showing the evolution of each density parameter in
Fig. 4.

This work shows the promise of these two models which
should be further explored more deeply in the cosmolog-
ical context through observational constraint analysis, or
through perturbation theory which may reveal more infor-
mation about these models such as their links to the large
scale structure of the Universe and the cosmic microwave
background radiation power spectrum. It may also be inter-
esting to study these models in different contexts such as in
astrophysics either in the weak or string fields.
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