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Abstract We consider some background tests of standard
cosmology in the context of Hofava gravity with differ-
ent scaling dimensions for space and time, which has been
proposed as a renormalizable, higher-derivative, Lorentz-
violating quantum gravity model without ghost problems. We
obtain the “very strong” and “strong” Bayesian evidences for
our two cosmology models A and B, respectively, depend-
ing on the choice of parametrization based on Horava grav-
ity, against the standard, spatially-flat, LCDM cosmology
model based on general relativity. An MCMC analysis with
the observational data, including BAO, shows (a) preference
of a closed universe with the curvature density parameter
Q = —0.005 + 0.001, —0.004 10003, (b) reduction of the
Hubble tension with the Hubble constant Hy = 71.41'(1):3,
69.51'(1):8 kms™! Mpcf1 for the models A, B, respectively,
and also (c) a positive result on the discordance problem.
We comment on some possible further improvements for the
“cosmic-tension problem” by considering the more complete
early-universe physics, based on the Lorentz-violating stan-
dard model with anisotropic space-time scaling, consistently
with Horava gravity, as well as the observational data which
are properly adopted for the closed universe.

Standard cosmology, which is usually formulated as the
Lambda Cold Dark Matter (LCDM) model, is based on gen-
eral relativity (GR) with a positive cosmological constant
[1-3] and has been quite successful in describing the observa-
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tional data [4]. However, with the increased accuracy of data,
the significant deviations from LCDM are becoming clearer
[5-7]. In particular, regarding the recent discrepancies of the
Hubble constant from the Cosmic Microwave Background
(CMB) data and the direct (local) measurements at the lower
redshift, which corresponds to the mismatches between the
early and late universes, there have been various proposals
(for recent reviews, see [8—10]) but it is still a challenging
problem to find a resolution at the fundamental level.

On the other hand, if our universe was created from the
Big Bang, we need a quantum gravity to describe the early
universe or later space-time. But, it has been well known
that a renormalizable quantum gravity can not be realized
in GR or its (relativistic) higher-derivative generalizations,
due to the ghost problem [11]. Recently, Hotava has pro-
posed a renormalizable, higher-derivative, Lorentz-violating
quantum gravity model without the ghost problem, due to
the high-energy (UV) Lorentz-symmetry violations from the
different scaling dimensions for space and time a la Lifshitz,
DeWitt, and Hotava [12—-14]. In the last 12 years, there have
been many works on its various aspects (see [15] for a review
and extensive literatures). Theoretically, there are still several
fundamental issues, like the full/complete symmetry struc-
ture, full dynamical degrees of freedom, renormalizability,
and the very meaning of black holes and Hawking radiation,
etc. (see [16] for related discussions and their current status).
However, phenomenologically, Horava gravity is one of the
(viable) modified gravity theories and it can be tested from
astrophysical or cosmological observations [17]. In particu-
lar, from the recent detections of gravitational waves from
black holes/neutron stars, the importance of quantum grav-
ity and its non-GR behaviors is increasing [18]. There are
some interesting results on testable Hotava gravity effects,
such as the increased maximum mass of neutron stars [19],
reduced light deflection [20] and black hole shadow [21],
etc. There are also some constraints on its low-energy limit
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or Einstein-Aether theory from astrophysical data [22-25] or
cosmological data with the “assumed” spatially-flat universe
in standard cosmology [26,27]. But still, for a renormaliz-
able Hotava gravity with the desired higher-derivative terms,
there are no systematic and significant constraints from the
observational data.

In this paper, we test the spatially non-flat universe in stan-
dard cosmology in the context of Horava gravity. A peculiar
property of the cosmology based on Hotava gravity is that the
spatially-curved universe may be more “natural” due to con-
tributions from higher spatial derivatives. For the spatially-
flat universe, on the other hand, the usual FLRW background
cosmology in Hotava gravity [1,2] is the same as in GR and
hence there are no observable differences in the data analy-
sis which means the same (background) tensions in LCDM
model. In other words, Hofava gravity is a “natural labora-
tory” for the tests of the spatially non-flat universe in standard
cosmology.

Recently, it has been found [28-31] that the tensions get
worse in LCDM as —£2;. increases, i.e, a rather lower value
of Hubble constant for a closed universe (2 < 0), which
is preferred in the recent Planck CMB data [32], without
being combined with lensing and Baryon Acoustic Oscil-
lations (BAO). In this paper, we show that the situation in
Hoftava gravity is the opposite, i.e., tensions get better with
an increasing — 2, due to some non-linear corrections from
(spatial) higher-derivative terms. From an MCMC analysis
with the observational data, including BAO, we obtain (a)
preference of a closed universe and (b) reduction of the Hub-
ble tension for our two Hofava-gravity based cosmological
models A and B, depending on the choice of parametriza-
tion, with “very strong” and “strong” Bayesian evidences,
respectively, against the standard, spatially-flat, LCDM cos-
mological model.

To this ends, we consider the ADM (Arnowitt—-Deser—
Misner [33]) metric

ds® = —N>dr® + gij (dx' + N'dr)

x (dx-" T Nfdt) (1

and the Horava gravity action with z = 3, a la Lifshitz,
DeWitt, and Horava [12—14], given by (up to boundary terms)

Sg

/dtd%@N [Kz—z (kiKY = 2K?) - v} G))

~V =0 +&R+aR* + oaR;; RV
ciik o
+a37Rﬂijlk + ag ViR VI R
g
+a5ViRjx V' R™* + agV;RV'R, A3)
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which is viable! [36] and power-counting renormalizable
[37], with the extrinsic curvature

1

Kij=ﬁ(

gij — ViNj — V;N;) “)
(the dot () denotes a time derivative), the Ricci tensor R;; of
the (Euclidean) three-geometry, their corresponding traces
K = g;jK", R = g;R", coupling constants® «, 1, &, o;,
and a cosmological constant parameter o.

In order to study standard cosmology for the Hotava grav-
ity action (2), we consider the homogeneous and isotropic
Friedmann—Lemaitre—Robertson—Walker (FLRW) metric
ansatz

ds®> = —c2di* + az(l)
d 2
— 42 <d92 + sin? 9d¢2) (5)
1 —kr?/R;
with the (spatial) curvature parameter k = +1,0, —1 for a
closed, flat, open universe, respectively, and the curvature
radius Ry in the current epoch a(fy) = 1. Assuming the
perfect fluid form of matter contributions with energy density
p and pressure p, we obtain the Friedmann equations as

iy 2 . 322
T6Ghi—D | T 8G -1
k2 2k(w — Aw) )
X + + A , 6
(R(‘)‘a4 R3a? v ©)
Ao =<
a  6(3r—1)
1 32 u? k2 5
—(p+3 B —A% ],
@)

where we have used the conventional parametrization of the
coupling constants o, &, a1, o for the lower-derivative terms

1 At the perturbation level, even for the spatially-flat background,
Horava gravity produces notable differences from GR. In order to obtain
a (nearly) scale-invariant CMB power spectrum for the spatially-flat
universe in Hofava gravity, where the “inflation without inflation era”
is possible [34,35], we need a proper form of the six-derivative (UV)
terms which break the detailed balance condition in UV as in the action
(2) [36]. It would be interesting to see the curvature-induced effect on
the scale-invariant power spectrum. However, in this paper, we con-
sider the action (2) without any UV conditions for the generality of our
approach.

2 One might consider extension terms which depend on a; = 8;N/N
and Va; generally [38]. However, since these terms considerably affect
the IR physics compared to those in the standard action (2) [39,40],
we do not consider those terms in this paper by assuming that the IR
physics is well described by GR. This implies that the gravity probe E¢g
approaches the GR prediction in the current epoch, i.e., low z, though
currently it would not be tested due to large statistical errors [41].
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[14,42,43]
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with an IR-modification parameter w [42,43], ,uz > 0 (<
0) for a positive (negative) cosmological constant (~ Ay),
and the Hubble parameter H(t) = a/a. However, we take
the coupling constants &3, . . ., o6 for higher-derivative (UV)
terms to be arbitrary so that a (nearly) scale-invariant CMB
spectrum with respect to the background universe, as well
as power-counting renormalizability, can be obtained [36].3
However, itis important to note that there are no contributions
in the above Friedmann equations from the fifth and sixth-
derivative UV terms in the Hofava gravity action (2) due
to Rij = 2kg;j/R%a*(t), Kij = H(t)gij, but only from
the fourth-derivative terms, which leads to k2 /a4 terms? in
the Friedmann equations (6) and (7). On the other hand, for
the spatially-flat universe with k = 0, all the contributions
from the higher-derivative terms disappear and we recover
the same background cosmology as in GR, which means a
return to the LCDM model with the Hubble constant tension.
In this sense, Hotava gravity is a “natural laboratory” for the
tests of the spatially non-flat universe in standard cosmology.

Introducing dust matter (non-relativistic baryonic matter
and (non-baryonic) cold dark matter with p,, = 0) and radia-
tion (ultra-relativistic matter with p, = p,/3), which satisfy
the continuity equations p; + 3H (p; + p;) =0 (i = m,r),
we conveniently define the canonical density parameters at
the current epoch ag = 1 as’

0 0

P o k
Qn=pLm Q= Q= —y
n =Py =P = e

w
Qn =y, =y, 9
AEYom e T g ©

where B = «2/23x — 1), y = «*u2Aw /831 — 1)? are
positive constant parameters. Then, we can write the (first)
Friedmann equation (6) as

2

H _ 4 -3 -2

) = @a T+ QuaT + Qa™ + Qoe(@), - (10)
0

3 For the cosmological perturbation around the spatially-flat FLRW
background, the scale-invariant spectrum for the tensor modes depend
only on the coupling a4, whereas the scalar mode depends on the com-
bination &4 = a4 + 2a5/3 + 8ag/3.

41If we include non-derivative higher-curvature terms, like
R3, RZR,-J- R etc., we have a—° terms as well, which correspond to
stiff matter [44,45]. However, in this paper we do not consider those
terms for simplicity.

5 We adopt the common convention €2; for the current values and €2; (a)
for the fully time-dependent values.

where we have introduced the (dynamical) dark-energy (DE)
component as

Q2 9159
Q =k )= a2+ Q 11
pE(a) <4QA>0 ( o )a + Qa, (11)

which is defined as all the extra contributions to the first-three
GR terms in (10) [42,43]. Here, we note that this dynamical
dark-energy component includes the dark radiation (DR) and
dark curvature (DC) components as

Q2 Q2
Qpr(a) = (ﬁ) a*, Qpcla) = — (sz—A) a=2,(12)

which play the roles of the extra radiation and curvature
terms, respectively, as well as the usual cosmological con-
stant component €24, so that Qpg(a) = Qpr(a)+Qpc(a)+
Q.

So far we have not assumed any specific information about
the early universe. The whole physics of early universe in the
context of Horava gravity would be quite different from our
known physics and needs to be revisited for a complete anal-
ysis. However, as in the standard cosmology, we may intro-
duce the phenomenological parametrization so that all the
unknown (early-universe) physics can be taken into account.
For example, regarding the Big Bang Nucleosynthesis (BBN)
at the decoupling epoch dgec = (1 + zdee) ™' = (1091)71,
the early dark radiation can be expressed as the contribution
from the hypothetical excess AN.f in the standard model
prediction of the effective number of relativistic species
Netr = 3.046 as [46]

8 \ 11
= 0.13424 ANeg Qpa™?, (13)

4/3
Qpr(a) = ¢ (—) ANt Q,a™*

where we have used the present radiation density parame-
ter for the standard model particles with negligible masses
(photon and three species of neutrinos), 2, = [l +
FEDBNer 1 @, = 2(5)3-(0.13424)71Q,, with the pho-
ton density 2, = 2.4730 x 10712 for the present CMB

temperature 7y = 2.7255K [32]andh = H(p/100 km sl Mpc’l .

If we use the relation (13) for the dark radiation formula (12)
in Horava gravity, we can express the cosmological constant
component 2 as

2
4-0.13424 ANefr Q;

Qa (14)
so that the Friedmann equation (10) can be written by A Negr,
instead of Q) [44,47]. Here, it is important to note that
A Nggr needs not to be an integer but can be an arbitrary
and positive (negative) real number for a positive (negative)
QA4, i.e., asymptotically de Sitter (Anti de Sitter) universe
with a cosmological constant ~ A . Moreover, we note that

@ Springer
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Table1 Constraints at 1o (68%) CL errors on the cosmological param-
eters for our two cosmology models A, B, based on Hotava gravity,
and the standard cosmology models, spatially-flat (k = 0) LCDM and
spatially-non-flat (k # 0) kKLCDM, based on GR. In the bottom lines,

we show x%in for the best-fit values of parameters, the (logarithmic)
Bayesian evidence In E, and the Bayes factor In B;; with respects to
LCDM. A Xéin represents the difference of Xr%lin from those of LCDM.
The bold-faced quantities represent the derived quantities

Model Parameters Model A Model B kLCDM LCDM

Quh? 0.0227 £ 0.0001 0.0227 = 0.0001 0.0226 = 0.0001 0.0225 = 0.0001
o 0.307 + 0.004 0.306" 0002 0.302 + 0.005 0.305 + 0.004
Q- 10° 8.207022 8.64703% 8.937013 8.947 008

Qu ~0.005 £ 0.001 —0.00410003 ~0.001 £ 0.002 -

Q4 0.70 = 0.01 0.695 = 0.005 0.699 = 0.004 0.695 £ 0.004
Ho [km s~ Mpc~] 71.38F043 69.53%057 68.4170-22 68.36032
Q0 —0.75+03¢ 034701 - -

ANt 0.877928 - - -

X2 1143.6 1150.1 1155.0 1157.9

AxZi -143 -78 -29 0

InE ~573.8 ~576.9 ~578.9 ~580.0

In B;; +6.2 +3.1 +1.1 0

the relation (14) implies an intriguing correlation between
Qr, Qr, ANesr, and Q4 , which are otherwise unrelated.

In this paper, we consider two models, A and B, depending
on whether we implement (14) or not, to see the effectiveness
of the BBN-like parametrization in terms of A Negr. Then, for
model A, the Friedmann equation (10) reduces to

H\? —4 -3
=) = (14013424 ANe)Q,a ™ + Qua
0

Qer)} -
a
Q

(15)

+ |:Qk —4-0.13424 ANt (

2
Qk

+4 -0.13424 ANegr 2,

which is one of our main equations for comparing with cos-
mological data, with the assumption of non-vanishing €2
and A Ngr for the well-defined equation (15). Here we note
that, considering 2, is a function of Hy as given above,
this model is described by five non-linearly coupled param-
eters Hy, Q. L, 4, ANefr, in contrast to the three lin-
ear, decoupled parameters Hy, $2,,, 2 for the standard,
spatially-flat (background) cosmology, LCDM.®

6 From the current-epoch constraint, i.e., H (tp) = Hp in (10), the num-
ber of independent parameters reduces to 4 and 2 for our two models
based Horava gravity and the standard models based on GR, respec-
tively. In this paper, we conveniently take Hoy, 2k, Q2, ANegr(or 24)
and Hy, Q, Q4 for the models A, B, and (k)LCDM, respectively, by
considering €2,,, as well as €2,, as the derived (dependent) parame-
ter. However, we need to introduce the baryonic parameter €2, as an
independent parameter when we analyze CMB and BAO data later so
that only the (non-baryonic) dark matter sector in €2, is the derived
parameter.

@ Springer

On the other hand, for model B, the Friedmann equation
(10) is simply given by

H\? Q?
- . o) k —4 Q -3
(H()) ( r + 4QA_) a + ma

Q
+ <1 — Q-‘“) Qra> 4+ Qa
A

(16)

without using the relation (14) from the BBN-inspired for-
mula (13) for the dark radiation in Hotfava gravity. This model
has two (non-linearly) coupled parameters 2; and €2, in
addition to those of standard flat cosmology, Hy, 25, with
assuming a non-vanishing €2, for the well-defined equation
(16). We also consider the spatially flat (k = 0) LCDM as
well as non-flat (k # 0) kLCDM for comparison.

We probe our universe by using a Markov-Chain Monte
Carlo (MCMC) method for the four models, A, B, LCDM,
kLCDM and determine the independent parameters with the
statistical inferences for the models. We use the Metropolis—
Hastings algorithm’ [48] for the posterior parameter distri-
butions, the statistical method in [49] for convergence tests of
the MCMC chains, and the public code GetDist [50] for the
visualization of the results. The cosmological data sets we
consider (for the details, see Appendix A) are CMB (Planck
2018 [51]), BAO (SDSS-BOSS [52], SDSS-IV [53], Lyman-
a forest [54], and WiggleZ [55]), SNe Ia (Pantheon [56]),

7 We use the Metropolis—Hastings algorithm at the background level
since there is no known analysis of the cosmological perturbations for
a non-flat universe, contrary to the flat universe [36], due to compu-
tational complications in Horava gravity. However, the algorithm has
the limitation in our case, though not a general feature, that does not
show the proper x 2 values for the separate data sets, while it shows the
convergent results for the whole data sets.
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Model A
Model B
kLCDM
LCDM

Q 1 1 1 1 1 1

Q
Q
Q
I\

Q

Fig. 1 2D joint and 1D marginalized posterior probability distributions for €2,,, Qx, Hp, and 24, obtained within our two models A, B and the
standard cosmology models, spatially-flat LCDM, spatially-non-flat KLCDM. Contour plots are shown at 1o (68%) and 20 (95%) CL

GRBs (Mayflower [57]), Lensed Quasars (HOliCOW [58]),
and Cosmic Chronometers (CC) [59]. Here, it is important
that we need to include CMB lensing data in combination
with BAO or SNe Ia in order to test the curvature of the
universe [60,61].

Our main results are shown in Table 1 and their essentials
are plotted in Fig. 1 (for the full plots, see Appendix B). Some
noticeable results are as follows:

1. For our two main models A and B, constraints with
all the data sets, including BAO, show some reduced ten-
sions in the Hubble constant Hy, from the direct local mea-
surements using Cepheids [5] (see Fig. 2 for a comparison
with other previous measurements [62—66]). In particular, for

model A, the tension is reduced to within 1o even if BAO
data is included.

On the other hand, for €2, and 24, there are only some
slight differences from the standard LCDM or kLCDM, and
the conventional constraint of €2, ~ 0.3 and Q4 ~ 0.7
[3] is still robust even in Hofava cosmology. This result is
important because it may indicate a resolution of the dis-
cordance problem in the LCDM paradigm, which constrains
Qu ~ 0.5, 24 ~ 0.5 when a closed universe is considered
as preferred by Planck [28,29], but incompatible with other
local measurements. However, since our result may not be its
complete confirmation because we do not have the results for
separate data sets but only for their combinations, as noted
in the footnote No. 7.

@ Springer
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Fig. 2 Constraints on the
Hubble constant Hy at lo CL
obtained by different
measurements vs. our
constraints for the models A, B,
LCDM, and kLCDM, using all
the data sets in Table 1. In the
different measurements, we use
all the non-flat universe analysis
(their companions with the same
left numbers in Fig. 3) except
the H(z) data [28] and the
bottom three data [32], and the

full analysis (without priors) for
all the CMB data, in contrast to
our analysis with the CMB
priors. The grey vertical band
corresponds the value Hy =
67.27 +0.60 kms~! Mpc~! as
reported by Planck 2018 team
[32] within a LCDM scenario.
The blue vertical band
corresponds to the value Hy =
73.52 4+ 1.62 kms~! Mpc~!
from the recent direct local
measurement using Cepheids

[
(6] 20. CMB+BAO, 2020 [61
[

LCDM i W 68.3619-32
KLCDM | e 68.417052
Model A | T 71.381 089
Model B - | ro—t 69.53* 157
1. BAO+CC+SN+Quasars+GRBs+H(z), 2020 [60] | i | 2014093
2. BAO+CC+SN+Quasars+GRBs, 2020 [60] |- I red 70.78 £ 0.99
4. BAO+SN+BBN, 2019 [28] - ! 79661+ 6.8
6. BAO+BBN+Quasars, 2020 [59] - H 75.1735
7. BAO+BBN+CC, 2020 [59] | ! 66.54 + 3.76
8. CMB+BAO-+SN, 2020 [31] | [ 67.67 % 0.60
11. BAO+SN+H(z), 2018 [58] et 69.8 4 1.8
14. CMB+H(z), 2020 [30] i - 738414
3. BAO+H(z), 2020 [60] - ! —p—  73.76 £ 1.52
12. BAO+H(z), 2018 [58] l—e— 70.1 £ 2.1
13. SN-+H(z), 2018 [58] - |+—e— 70.2+ 2.0
H(z), 2019 [28] | ! 1 7352+ 1.62
15. CMB+TRGB, 2020 [30] e 69.3 % 2.0
9. CMB+SN, 2020 [31] | —— 652422
16. CMB+SN, 2020 [30] - ——i i 60.5 4 2.5
18. CMB+CC, 2020 [62] - —e—t 65.23 £2.14
19. CMB+BAO Full, 2020 [61] | o 6859719
1+ jo 67.88 £ 0.66
10. CMB+BAO, 2020 [31] | o 67.59 £ 0.61
17. CMB+BAO, 2020 [30] - 68.6+15
5. CMB , 2019 [28] l——e— . 54.4+38
21. CMB+lensing+BAO, 2018 [32] - e 67.66 = 0.42
23. CMB+lensing, 2018 [32] - -i,- 67.37 +0.54
24. CMB, 2018 [32] - t 67.27 £ 0.60
1 1 1 1 1 1 1 1

The constraint of €2,, for model A, is not overlapping
within 20 CL of the Planck 2018 data, (9.17970431) x 10~
(CMB-+lensing+BAQO) [67]. However, it is not surprising
that €2,, which is a derived quantity from the standard for-
mula below Eq. (13) and reduced by a factor H, 2 from the
increased constraint on Hy, which is in about 4o tension with
the Planck 2018 data Hy = 67.27+0.60 km s ™! Mpc_1 [32],
has a similar tension with the Planck data.

The constraints of 2, are rather different for models A
and B. 2, is a newly introduced parameter in our models and
it has no a priori known constraint. But our results show that
Q, < 0is preferred at 1.60 for model A so that Q<2 > 0,
whilst poorly constrained for model B.

2. Qy is peculiar in two aspects as follows. First, the result
for model A shows a higher precision, i.e., narrower MCMC
contour (see 2 vs. 2, in Fig. 1, for example) and, as aresult,
a closed universe, i.e., ; < 0, is more strongly preferred
than in KLCDM (cf. [8]). (See Fig. 3 for the comparisons with
other results based on a minimal extension to LCDM) This is
peculiar because the lower precision (i.e., wider distribution)
is normally expected with the addition of more parameters,

@ Springer

5 5 60 65 70 75 80 85
N
Hy [kms™ "Mpc™ ]

as can be seenin Qbhz, Q,, and Hy for A and B, in contrast to
kLCDM. Second, the correlation between Hy and €2y is quite
different for A or B and KLCDM: As — 2 increases, i.e., the
universe tends more towards a closed universe, H increases
for A and B, i.e., the two parameters are anti-correlated,
whereas the situation is the opposite for KLCDM. This prop-
erty for Hy resolves the problem of Hubble constant tension
in kLCDM [28,30]8 (see Fig. 5 for the Hy vs. € tension in
the measurements of Figs. 2 and 3). These peculiar proper-
ties seem to be due to the non-linear coupling of €2 in the
Friedmann equations (15) and (16).

3. In our analysis, we use the CMB distance priors, or shift
parameters, instead of the full CMB data (for the details, see
Appendix A). It is possible that this choice may lead to a
lower statistical weight generally, though it has been widely
used and is a convenient substitute of the full CMB data.
However, the comparison of our analysis for the kLCDM or
LCDM case and the full CMB analysis in Fig. 2 when com-

8 TItis interesting that a similar effect of curvature has been noted earlier
in [6] (see Fig. 4) though it would be hardly justified in the data sets
with the CMB, based on GR [65,66].
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Fig. 3 Constraints on 2 at lo
CL obtained by different
measurements based on a

minimal extension to LCDM vs.

our constraints for the models
A, B, and KLCDM, with all the
data sets in Table 1. The
corresponding companions in
Fig. 2 have the same left
numbers

kLCDM | —0.001 £ 0.002
Model A + —0.005 £ 0.001
Model B F

18. CMB+CC , 2020 [62]
19. CMB+BAO Full, 2020 [61]
20. CMB+BAO , 2020 [61]

1. BAO+CC+SN+Quasars+GRBs+H(z), 2020 [60]

CMB + lensing, 2019 [28]
CMB+BAO, 2019 [2§]

21. CMB+lensing+BAO, 2018, [3

—0.0054 £ 0.0055
0.0023 £ 0.0028

°

o

® 00047599
o

°

©  0.0008 + 0.0019

L ® —0.076 £ 0.012
2. BAO+CC+SN+Quasars+GRBs, 2020 [60] - e —0.076 £ 0.017
3. BAO+H(z), 2020 [60] | —e—1 —0.015 + 0.053
7. BAO+BBN+CC, 2020 [59] - 02854
6. BAO+BBN+Quasars, 2020 [59] F  +———&—— —0.0770:14
8. CMB + BAO + SN, 2020 [31] - ® —0.0001 +0.0018
9. CMB + SN, 2020 [31] - ®  —0.0061+09052
10. CMB + BAO, 2020 [31] | © —0.0001 £ 0.0018
BAO, 2020 [31] | —8—0-0781 (050
16. CMB + SN, 2020 [30] - e —0.0207001%
17. CMB + BAO, 2020 [30] - ®  0.0003+00057
15. CMB + TRGB, 2020 [30] | o —0.026370:00%9
14. CMB + H(z), 2020 [30] | ®  —0.0192+0:0036
CMB, 2020 [30] | o— —0.074759%8

0.013
9 0.011t0_m§
®  0.0008*0:0038

BAO + SN + BBN + Cepheids, 2019 [28] e —0.091 + 0.037
11. SN + BAO + H(z), 2018 [58] |- —e—  —0.072 £0.065

12. BAO + H(z), 2018 [58] |- —e—i  —0.086+0.078

SN + BAO, 2018 [58] |- —e— —0.066 £ 0.066

13. SN + H(z), 2018, [58]F +——@— —0.23£0.12

® 0.0007 £ 0.0019
€@ —0.0106 £ 0.0065

2]
CMB+lensing, 2018, [32]
32

bining other data sets, including BAO, shows that it has just
a small effect as can be seen. For example, CMB+BAO+SN
[31], CMB+BAO Full [65], CMB+lensing+BAO [32] (with
or without €2;) that use the full CMB data, show a few per-
cent effects (< 2%), in comparison with our LCDM, kKLCDM
results with the CMB priors.”

4. The constraint of A N, for model A (considering its cen-
tral value), is consistent with SPT-3G 2018 data (alone),
0.65 + 0.70 (CMB)!? [69] by 0.31c, while in a fension
with Planck 2018 data, for example, 2.7-2.8 & of —0.0670:33
(CMB+lensing+BAO) [32]. Since, in our MCMC analysis,
we have not included SPT-3G 2018 data, which gives better
constraints at the higher angular multipoles [ > 1000, the
agreement of our constraint of A Negr might give an indepen-
dent support of our model A. However, due to the lack of
data with both ANefr and €2, which would be quite (anti-
)correlated (see Fig. 4), as the varying parameters in SPT

9 There is a more systematic analysis on the test of the CMB priors
which supports the use of the CMB priors for the background analysis
of dark-energy dynamics [68]. It would be an interesting problem to
confirm the accuracy of the CMB priors for our Hofava cosmology
model also in a more systematic way.

10 1n this case, the constraint of Hy is givenby 73.5+£5.2km s~ Mpc~.

CMB, 2018, [32] LY —0.04419:018

1 1 1 1 1 1 1 1

—-0.4-0.3-0.2-0.1 0. 0.1 0.2 0.3 0.4 0.5
Q

and Planck, the exact quantification of (in)compatibility is
not available yet. But we can generally expect some tensions
with Planck 2018 in A Negr as in the case of Hp, due to the
correlation of A Negr and Hy in Planck 2018 [32,69], as well
as in SPT-3G 2018 [69] and our case (Fig. 4).

Itis known that primordial gravitational waves may add to
the effective relativistic degrees of freedom [70]. For exam-
ple, in a recently proposed scenario linking A Negr with the
gravitational waves from primordial black holes [71], it is
possible to have ANefr (Gw) ~ 0.1-0.2 which may increase
the standard value Neg = 3.046 and its associated radiation
parameter €2, slightly. In some different scenarios, it has
been also found that the primordial gravitational waves do
not solve but alleviate the Hy-tension problem [72]. How-
ever, in all those cases, a spatially-flat universe is assumed
implicitly and the effect of a non-flat universe seems to still
be an open problem. Moreover, due to some inaccuracies of
the (as adopted by us) CMB priors for the primordial power
spectrum in a non-flat universe [68], in this paper, we will not
quantify its effect in the Hp-tension problem further which
needs another full data analysis as well.

5. From Bayes theorem, the Bayesian evidence E (D| M)
for a model M with the total data sets D is given by the

@ Springer
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integration over the model parameters 6
E(DIM) = /d9 L(D|o, M) m(6|M), (17)

where L(D|§, M) is the likelihood L(D]6,
M) = exp[—x*(D|6, M)/2] in which the total x2 is
obtained by summing x 2(p; |6, M) over all the data sets D;.
7 (0| M) is the prior probability, which we have assumed to be
flat, i.e., no prior information on 6, in order to be as agnostic
as possible: our only priors'! are 0 < Q, < Q,,, 0 < Hy <
100 for LCDM, kLLCDM,; in addition, Q2 # 0, ANeg % 0
for model A and 25 # 0 for model B, in order to avoid the
singularity of the corresponding Friedmann equations (15)
and (16), respectively.!? The differences of XI%)in for the mod-
els A and B, with respect to LCDM, Axéin =—14.3,-7.8
indicate the notable improvements of fitting to the given data
sets, in contrast to the smaller difference A Xéin = —2.9 for
kLCDM.

For a more quantitative comparison of the models, we
consider the Bayes factor

5 _ EDIM)

1] =W’ (18)

which quantifies the preference for model M; against model
M, using the (revised) Jeffrey’s scale [73-75]: weak (0 <
InB;; < 1.1), definite (1.1 < InB;; < 3), strong (3 <
InB;; < 5), very strong (5 < InB;;). Table 1 gives the
Bayes factors for model A and B with respect to LCDM,
InB;; = +6.2,+3.1, i.e., “very strong” and “strong” evi-
dences, respectively, against the flat LCDM, in contrast to
the “definite”!? evidence for KLCDM with In B;; = +1.1.14

6. The theory parameters can be written in terms of cos-
mological parameters as

2k2,
R%Qk ’

2k2n

w = -
R%Qk "

2 (Qk> HoRoM p
W = = — —

—k QaLp
(19)

I In general, if the prior range is too small, the parameter chain can
be seen to ‘hit a wall’ at one end of the prior (which serves as a hard
cutoff), but we have not observed this behavior in our analysis. For the
2D contours in Fig. 4, in particular for €2 and €2,,, we zoom out enough
to show the details of model A as clearly as possible but at least without
cutting out 20 CL, in compatible with 20 contours in Fig. 1. However,
for the 1D contours of 1o CL in Fig. 4, we have the desired vanishing
tails of the posterior distributions at the boundary of the priors, and all
of our results have passed the convergence tests in [49].

12 The infinitesima widths of the excluded parameter regions, which are
basically discrete, around the singularities are not fixed but randomly
chosen in the MCMC analysis. But, the smooth contours around the
singularities in Fig. 4 show that our chosen priors work well.

13 This is in contrast to the “strong” evidence for KLCDM with In B; =
+3.3 for CMB data alone [28].

14 The detailed decisiveness of the results can depend on the adopted
scales. For example, in Trotta’s revisited scale [76], our results show

“strong”, “moderate”, and“‘weak” evidence, respectively.

@ Springer

where Mp and L p are the Planck mass and length, respec-
tively, withMp/Lp = c? /871G = a 1. Then we obtain their
best-fitvalues, ' (@, Aw, 1) = (—275.94, 270.99, 0.0062),
(173.51, 390.24, 0.0043), where @ = wRy, Aw =
AwRy, i = (/L2LP/H0R0MP)1/2, for the models A
and B, respectively.!® There are large errors (see Table 2
and Fig. 6) due to the non-linearity of the relation (19)
but their best-fit values are distributed near what can be
obtained by plugging in the obtained best-fit values of
observational parameters in Table 1, (o, ]\W, n) =
(—299.20, 281.20, 0.00596), (167.50, 347.50, 0.00479).
These would be the first full (cosmological) determination of
the theory parameters (for the earlier determinations,!” see
[42,43]).

In conclusion, we have tested the spatially non-flat uni-
verse in standard cosmology within Horava gravity. We have
obtained the “very strong” and “strong” Bayesian evidences
against flat LCDM, for our two models A and B, respectively.
Moreover, the MCMC analysis shows (a) the preference of a
closed universe, (b) a reduction of the Hubble constant ten-
sion, and (c) a positive result on the discordance problem,
even if BAO data is included. It is remarkable that just the
use of (14) for model A, which gives a novel relation between
QA, Q, Q2 via ANegr which are otherwise unrelated, pro-
duces the difference in the results of the two models.

The reduced Hubble tension may be related to a natural
inclusion of the (early) dark radiation within the dynamical
dark energy and its associated contribution to A Negr = 0.87
for model A, and the peculiar contribution of the curva-
ture 2 < 0, as have been previously considered on phe-
nomenological ground [5,78]. However, the resolution does
not seem to be quite complete yet [79]; this might be due to
the fact that our observational data may not be completely
model independent and are based on known physics. For
example, as noted earlier, the BBN-like parametrization (13),
which has been used for model A, is based on standard par-
ticle physics model with the phenomenological parameter
ANggr. Our MCMC analysis implies that the phenomeno-
logical approach of model A is a good approximation of
the BBN, constraining €2; more precisely and reducing the
Hubble constant tension, i.e., increasing Hp, with the almost
doubled Bayesian evidence compared to model B. It would
be a challenging problem to thoroughly consider the effect
of anisotropic scaling beyond the standard model BBN and
revisit the Hubble tension problem to see whether a com-

15 1t is interesting to note that this is the case of < 0, v < 2Aw in
which the observer region is located between the inner and outer (black
hole) horizons with the cutting-edge (surface-like) singularity of the
space-time (or, the end of world) inside the inner horizon [77].

16 These correspond to the CPL parameters, (v, w,) = (—1.005, —
0.010), (—0.998, 0.004) for the expansion of wpg = wp + w,(1 —
a) + wp(1 —a)?® + - - -, near the current epocha = 1.

17 There are sign errors for the results of @ and k in [42,43].
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plete resolution can be found or not. Finally, the analysis of
the cosmological perturbations for the non-flat universe and
with the full use of Boltzmann solvers such as CAMB/Class
[80,81] would also be an important arena for studying stan-
dard cosmology, like the cosmic-shear or og tension [28].
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Appendix A: Cosmological data sets and x> measures

In this Appendix, we present some more details on the cos-
mological data sets and their x> measures as used for the
statistical analysis.

1. Cosmic microwave background (CMB)

The CMB datais given by the shift parameters which describe
the location of the first peak in the temperature angular power
spectrum. We use the shift parameters for Planck 2018 data
[51], which includes temperature and polarization data, as
well as CMB lensing, and given by the ratio between the
model being tested and the LCDM model (x is a vector con-
taining the model parameters) with a canonical cold dark
matter as [82]

dC (s,
R(x) = 100/ Q,, 12 M,
C
dg (Z*7 X)

LX) =7 rs(Zer X) s

as well as /2, with the reduced Hubble constant & =
Hy/100 km s~! Mpc~!. Here, d§ (z+, X) and ry(z4, X) are the
comoving angular-diameter distance and the sound horizon

. 1 . T d7
d;(z, X) = Hioﬁ Sinh [@A W’ZX)] s (A1)
= [ e&d (A2)

. HE@.,x)’

respectively, where E(z,x) = H(z,X)/Ho and ¢y is the
sound speed

c

5(2) = (A3)
ol V3l + Ry(1+2)~1]
and

Ry, = 31500 ph* (Tems/2.72) 4 (A4)

at the photon-decoupling redshift z,, given by [83]

z. = 1048 [1 +0.00124 (szbhz)—om] [1 + g1 (thz)gz] ;

-1
g1 = 0.0783 (1% 023 [1 +395 (Qbhz)—o.%a] ,

218177
¢ = 0.560 [1 F21.1 ()" ] (AS)
Then, we obtain the x2 measure for Planck 2018 as
X[zqanck = (AfPlanck)T CP_linck A Fplanck (A6)

where A Fplanck = FPlanck(th) — FPlanck(obs) 18 the difference
between the theoretical and observed distance modulus for
a vector formed from the three shift parameters Fpianck =
{R, Ly, Qth} and Cl,_l;nck is the inverse covariance matrix
[82].

2. Baryon acoustic oscillations (BAO)

The BAO consists of several data sets:

SDSS-BOSS This includes the data points from the Sloan
Digital Sky Survey III — Baryon Acoustic Oscillation Spec-
troscopic Survey (SDSS-BOSS), DR12 release [52], with
associated redshifts zp = {0.38, 0.51, 0.61}. The pertinent
quantities for the BOSS data are

rid(zy)
rs(2d, X) '
rfid(z4)

dy(z,x)

H(z,x) (AT)

@ Springer
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at the dragging redshift z; which can be approximated as
[84]

1291 (Q,hH)0!
T 140.659 ($2,,h2)0-828

b = 0.313 (2, k)™M [140.607 (20?4

2 (1460 @],

by = 0.238 (,,h*)"223. (A8)
Here, rf‘d(zd) is the same quantity evaluated for a fidu-
cial/reference model and we take rsﬁd(zd) = 147.78 Mpc
[52]. We then obtain its X2 measure as

XBoss = (AFBoss)T Cpdss AFBoss (A9)

with AFposs = fBOSS(th) - fBOSS(obs) for a vector
Fross = {d§(zp)ri*(za)/rs(za), Hzp)rs(za)/ri(za))
and Cg(l)ss is the inverse covariance matrix found in [52].

SDSS-eBOSS There is one more data point in the extended
Baryon Acoustic Oscillation Spectroscopic Survey (eBOSS)
[53] at z = 1.52, which gives the value

fid
Dy (1.52, x) M = 3843 + 147, (A10)
rS (Zd’ X)
where Dy is defined as
1/3
CcZ

Dy (z,%) = | d§(z,x)* . All

v(z, %) [ 2 (2, %) H(Z’X)} (ATD)
We have then its x2 measure as

AFeBoss
XezBOSS = ze— (A12)
O¢BOSS

with AFegoss = FeBOSS(th) — FeBOSS(obs) 0T FeBoss =
Dy(z = 1.52)rsﬁd(zd) /rs(zq) and the measurement error

OeBOSS-

SDSS-BOSS-Lyman-a The Quasar-Lyman-o forest from
SDSS-IIT BOSS RD11 [54] gives the two data points as

d5(z = 2.34,%)/rs (24, X) = 36.98712¢

c/H(z =2.34,X)rs(z = z4,X) = 9.00 £ 0.22, (A13)
and we obtain the corresponding x> measure as

T —
Kiyman—a = (AFiyman—a) Clyman_oaDFiymn—o  (Al4)
with A-7:Lyman—oz = fLyman—a(th) - ]:Lyman—a(obs) and

Fryman—a = {d}(z = 2.34)/15(z4), ¢/H(z = 2.34)rs(za)}-

WiggleZ This includes the data from the WiggleZ Dark
Energy Survey at redshift points zw = {0.44, 0.6, 0.73} [55].
Here, the pertinent quantities are the acoustic parameter

D
AG.x) = 100y 2 2V &%)

cZ

(A15)

@ Springer

and Alcock—Paczynski parameter

F(z,x) = —dA(Z’X)CH(Z’ X),

(A16)
where Dy is defined as above (A11). We then obtain its X2
measure as

2 _ i T -1 i
XWiggleZ = (A]: nggleZ) CWiggleZA]: WiggleZ (A17)

with A‘;"-WiggleZ = fWiggleZ(th) _fWiggleZ(obs) and ]:WiggleZ =
{AGzw), F(zw)}

3. Type Ia supernovae (SNe Ia)

We use the recent Pantheon catalogue of Type Ia supernovae
(SNe Ia) which consists of 1048 objects in the redshift range
0.01 < z < 2.26 [56]. The data is expressed as the distance
modulus

n(z,x) = Slogdy(z,x) + po, (A18)

where (1o is a nuisance parameter containing the supernova
absolute magnitude and dy, is the luminosity distance

dr(z,x) = (1 +2z2)-dy(z,x). (A19)

Removing the nuisance parameter dependence via marginal-
izing over pq [85], we obtain its X2 measure as
b2

2 e
XPantheon = ¢ +10g — — ?,

o (A20)

-1 —1
where a = A,uTCPamheonAM, b= A/’LTCPantheon -1, ¢c=
1T. C}?attheon -1 with A = um — Mobs for each object and
the inverse covariance matrix C P_a:ltheon for the whole sample.
Here, the theoretical value of the distance module (A18) is
given by

s = 510g [(1+ Zhet) - d5 (Zembs ¥)] + 20, (A21)

where zemp 1S the CMB restframe redshift and zper is the
heliocentric redshifts which includes the effect of the peculiar
velocity [86,87].

4. Gamma-ray bursts (GRBs)

We use the set of 79 Gamma-Ray Bursts (GRBs) in the range
1.44 < 7z < 8.1, called the Mayflower sample [57], which
was calibrated in a model independent manner. The pertinent
quantity for GRBs is the distance modulus p and therefore its
x 2 measure is in analogue with SNe Ia in the formula (A20).
But the important difference is that there is no distinction
between z¢mp and zpe for the theoretical value of the distance
module pu, in (A21).
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5. Lensed quasars

We use the 6 lensed quasars from the recent release by
the HOLICOW collaboration [58,88]. These quasars have
multiple-lensed images from which a time delay due to the
different light paths can be obtained. The time delay can be
expressed as

1+ 2z DL Ds

10, ) = — Dys

1
[5(9 - B - W(G)} . (A22)

where z;, is the lens redshift, v is the lensing potential, and
0, B are the angular position of the image and the source,
respectively. The quantities Dy, Dg, and Dy g are the angular-
diameter distances for lens — observer, source — observer,
and source — lens, respectively, defined as

d(z,x)
da(z,x) = 4227 A23
A(z,X) T2 (A23)
Dy =da(zp,X), Ds=ds(zs,X),
1
Drs=——I[(0+4+2z5)Ds — (1 +z1)DL], (A24)
142zs

where 7y, is the source redshift. From the time-delay distance,
the combination constrained by HOliCOW, defined as Da; =
(1 4+z1)D1Ds/Dps, we obtain its X2 measure as

obs 2
2 6 (DAt,i(x) - DAt,i)
XHOLICOW = Z o2
i=1 Dav,i

(A25)

with the observed values D‘ibtsi and the measurement errors
0Dy

6. Cosmic chronometers (CC)

We use the early elliptical and lenticular galaxies at different
redshifts whose spectral properties can be traced with cosmic
time ¢ so that they can be used as Cosmic Chronometers (CC)
by measuring the Hubble parameter H (z) = dz/dt(1 + z),
independently on cosmological models [89]. Then, using 25
measurements from the data set in the range 0.07 < z <
1.965 [59],'® we obtain its x2 measure as

25

=y [H (zi,X) — Hobs(zi)]?

Xce =
i=1 Géc(zi)

: (A26)

where Hops(z;) are the measured values of the Hubble param-
eter and occ(z;) are their measurement errors.

Appendix B: More details of constraints on parameters

See Figs. 4, 5, 6 and Table 2.

18 Tn this paper, we have not used the latest data set in [90] (the range
0.3 < z < 0.5), due to some uncertainty in the Hubble parameter from
different stellar population models.

@ Springer



873 Page 12 of 15 Eur. Phys. J. C (2022) 82:873

. Model A
= Model B
W kLCDM
. LCDM

%
\

Qc

o,

%,
%

@

V4

<

ANt

s
) @ @
Y/ 4

.
r/\\
v [\
d o a_— | \
N \
e /
> - \
F LS F S & ® A R N I A D
; . N R N " A
Qm 0 - Qp 2 leff W
Q Qph

Fig. 4 2D joint and 1D marginalized posterior probability distributions for all the parameters in Table 1, obtained within the models A, B, LCDM,
kLCDM. Contour plots are shown up to 30 (99.7%) CL

@ Springer



Eur. Phys. J. C (2022) 82:873

Page 13 of 15 873

T T T 76 - : -
i T ol -
© o [T H' """""" ]
Q,
= =7
'—I‘ —
é) ‘cé) 70+
——i
=, % 1=
mc’ mo B S N IS S o
60 - -
66 -
-0.4 -0.2 0.0 0.2 0.4 -0.15 -0.10 -0.05 0.00 0.05
Qk Qk
69.0
T_
O 685
-}
T 68.0
w0
g ersf
o< S O —
mo 67.0F
66.5f | | ]
-0.004 -0.002 0.000 0.002 0.004
Q.

Fig. 5 Combined plots of the constraints on Hy vs. € for the mea-
surements in Fig. 2 and Fig. 3, based on (k)LCDM scenario. The com-
panion data in Figs. 2 and 3 has the same color. The grey and blue
vertical bands correspond the value of Planck 2018, Hy = 67.27 £
0.60 km s~! Mpc~! [32], and the local measurement using Cepheids,
Hy = 73.5241.62 km s~! Mpc~! [6], respectively, as in Figs. 2 and 3.
By excluding some anomalous cases (top and rightmost oranges; left-
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data (top left) and zooming the interested region (top right), one can
see a rough tendency Hy o< —|2|, as in the full contour plots in [28,
Fig. 8] or [30, Fig. 3]. A few data points near 2y = 0 do not show the
tendency clearly but a further zooming (bottom) seems to show another
tendency of the CMB+BAO cases in [30, Fig. 3]
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Fig. 6 2D joint and 1D marginalized posterior probability distributions for the theory parameters in Table 2, obtained within the models A (left),

B (right), up to 20 CL
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Table 2 Constraints at 1o CL on the theory parameters for our two
cosmology models A, B

Theory parameters

Model A Model B

Il

_275.944“171‘38 173‘5]4»]357.96

—133.08 —159.84
Aw 270997478 390.241]22434
In 0.006279-00% 0.004379-00%%
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