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Abstract In the context of Effective Field Theory, the
Hilbert space of states increases in an expanding universe.
Hence, the time evolution cannot be unitary. The formation
of structure is usually studied using effective field theory
techniques. We study the constraints on effective field theory
analyses of early universe models which come from demand-
ing that the factor of the space of states corresponding to
length scales where the primordial fluctuations are manifest
does not suffer from the unitarity problem. For bouncing and
emergent cosmologies, no constraints arise provided that the
energy scale of the bounce or emergent phases is smaller than
the ultraviolet (UV) cutoff scale. On the other hand, in the
case of the inflationary scenario, non-trivial upper bounds on
the energy scale of inflation arise.

1 Introduction

Most early universe models are based on an effective field
theory analysis. In this framework, matter fields and metric
fluctuations are quantized on a homogeneous and isotropic
cosmological background, and the initial conditions for the
fluctuations are often taken to be quantum vacuum pertur-
bations [1,2]. Examples are slow-roll inflation models [3–
12] and the Ekpyrotic bouncing cosmology [13,14]. In both
cases, a scalar matter field is introduced to yield the cosmo-
logical background evolution desired, and it is initial vacuum
fluctuations of this scalar field (coupled to the induced metric
fluctuations) which are responsible for the origin of structure
in the Universe.

In an effective field theory analysis, the fields are expanded
in Fourier modes, and each Fourier mode is quantized as a
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harmonic oscillator. The Fourier modes have fixed comov-
ing wavenumber k, and hence their corresponding physical
wavelength increases as the Universe expands. To avoid an
ultraviolet (UV) catastrophy, a cutoff kphys < k� on the
physical wavenumber is required. Note that the UV has to
correspond to a fixed physical scale since it is determined
by local physics. An upper bound on the cutoff scale k� is
the Planck energy mpl . As pointed out a long time ago in
[15], this leads to a serious problem for any effective field
theory treatment in an expanding cosmology: to maintain a
fixed physical scale for the UV cutoff there needs to be a
continuous production of modes. It appears that the Hilbert
space is time-dependent. As recently discussed in [16], this
implies that the time evolution cannot be unitary and is at
most isometric.1

In this note we will explore the consequences of this prob-
lem for effective field theory treatments of various early uni-
verse scenarios. If an effective field theory model of the early
universe scenario is to be predictive, then scales with k < kc
(where kc is the smallest length scale on which fluctuations
are thought to be of primordial origin2 must have a physical
wavelength which remains larger than the cutoff length scale

1 This problem arises only if gravity is present. In the limit where
G → 0 (G being Newton’s gravitational constant), there is no expansion
of space and the physical wavelength of modes remains constant. Thus,
a UV cutoff at a fixed physical scale can be imposed without violating
unitarity. On the other hand, quantum field theory on an expanding
background is not immune to the trans-Planckian problem. As shown
in [19,20], the effects of new physics on modes which begin on sub-
Planckian scales will not be suppressed.
2 Current fluctuations on scales in the far nonlinear region are domi-
nated by the nonlinear dynamics on different scales and can be produced
at late times. Thus, we only demand the condition for fluctuations modes
which are believed to be primordial. This scale could be the scale below
which fluctuations are nonlinear today. We will keep kc general for the
discussion and insert a specific value at the end.
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at all times. We will explore the consequences of this demand
for inflationary models as well as for a class of bouncing and
emergent scenarios.3

The unitarity problem for effective field theory models of
inflation was discussed a number of years ago under the name
Trans-Planckian Problem (TPP) for cosmological perturba-
tions [19,20] where it was pointed out that, if the wavelength
corresponding to the mode whose current wavelength is equal
to the current Hubble radius4 is smaller than the Planck length
at the beginning of inflation, then new physics must enter into
the determination of the spectrum of fluctuations on all mea-
surable scales. In a body of works (see e.g. [23–31]) it was
proposed to set initial conditions on a time-like “new physics
hypersurface” where each k mode is initiated when its phys-
ical wavelength equals the cutoff length, and the influence
of various choices of the initial conditions on the final spec-
trum of cosmological perturbations was explored (see [32]
for a review of this and other approaches). Evidently, this
prescription does not correspond to unitary evolution.

Recently, Bedroya and Vafa [33] formulated the Trans-
Planckian Censorship Conjecture (TCC) which states that
in no consistent quantum theory of gravity the situation will
arise that some mode with initial wavelength smaller than
the Planck length becomes super-Hubble. As discussed in
[34–36], this condition corresponds to demanding that an
observer measuring only super-Hubble modes is shielded (at
least at the level of a linear analysis) from the non-unitarity
of the effective field theory model in the expanding universe.
The implications of the TCC for inflationary cosmology was
discussed in [37] where it was found that, assuming almost
exponential expansion of space during the phase of infla-
tion, and taking reheating to be rapid, a restrictive upper
bound η < 3 × 109 GeV on the allowed energy scale η

of inflation results.5 Allowing for power law inflation and/or
delayed reheating leads to a weakening of the bound [38–42],
while taking into account the pre-inflationary phase leads to
a strengthening [43,44].

The unitarity problem [15,16] for an effective field the-
ory description of an expanding universe is closely related
both to the Trans-Planckian Problem (TPP) and the Trans-
Planckian Censorship Conjecture (TCC). If we demand that

3 See e.g. [17,18] for reviews of alternatives to inflationary cosmology.
4 We remind the reader that the Hubble radius is lH = H−1, where H
is the expansion rate. On sub-Hubble scales, fluctuations oscillate while
they are frozen in on super-Hubble scales (see e.g. [21,22] for reviews
of the theory of cosmological perturbations). In Standard Big Bang
cosmology, the Hubble radius equals (modulo a numerical factor of
order one) the causal horizon, while in any early universe model which
can explain the near isotropy of the Cosmic Microwave Background
(CMB), the horizon must be much larger than the Hubble radius at late
times.
5 Note that we are using the notation of particle physics where η is an
energy scale, not conformal time.

the factor of the state corresponding to all modes which
crossed the Hubble radius during the primordial phase is
unaffected by the non-unitarity of the time evolution,6 our
criterion becomes identical to the TCC, while if we only
demand that modes which are currently of Hubble length
and larger do not suffer from the unitarity problem, then we
obtain the conclusions of the TPP [19,20]. It is natural to
demand that the factor of the Hilbert space for which there
is observational evidence that their origin is primordial is
not affected by the unitarity issues. We will denote by kc the
largest wavenumber for which this is the case, and we will
study the dependence of the constraints on kc. A conserva-
tive choice for kc is the value corresponding to the smallest
angular scale which can be reliably measured in the cosmic
microwave background.

Most of the following discussion will focus on the infla-
tionary scenario, the one which is most affected by the TCC
and the unitarity problems. We will also briefly mention the
implications for alternatives to inflation such as bouncing
and emergent cosmologies.7 Note that our discussion only
affects models which are based on effective field theory tech-
niques. There have recently been attempts to construct phases
of accelerated cosmological expansion as coherent states
(coherent states of gravitons [46–48] or Glauber–Sudarshan
coherent states constructed from superstring theory [49–51]).
These scenarios are unaffected by our constraints.

Note that our analysis is independent of what the ultra-
violet completion of the cosmological model might be. If
we assume that the underlying ultraviolet complete theory is
superstring theory, then it is known that effective field the-
ories consistent with the ultraviolet completion are severely
constrained – this is the swampland program (see [52,53] for
original references and [54,55] for recent reviews).

In the following section we will explain our unitarity con-
siderations. Then, in Sect. 3 we will study the implications
of our unitarity criterion for a canonical inflation model with
(nearly) constant Hubble expansion rate, and with rapid tran-
sition to the radiation phase of Standard Cosmology at the
end of inflation, i.e. assuming that the period during which
the energy is transferred from the inflaton to radiation lasts
for less than one Hubble expansion time. In Sect. 4 we gen-
eralize the considerations to power law inflation models and
models with delayed reheating, and in Sect. 5 we briefly
discuss the consequences for bouncing and emergent sce-
narios. We assume standard Friedmann–Robertson–Walker–
Lemaitre cosmology with the space-time metric given by

ds2 = dt2 − a(t)2dx2, (1)

6 Note that it is only super-Hubble modes which are squeezed and can
classicalize.
7 See e.g. [45] for a review of some alternatives to inflation.
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where t is physical time, x are the comoving spatial coor-
dinates and a(t) is the scale factor. The expansion rate is
H(t) ≡ ȧ/a, the dot indicating a derivative with respect to
time. We work in natural units in which Planck’s constant,
the speed of light and Boltzmann’s constant are set to 1. The
Planck massmpl is given by G = m−2

pl , where G is Newton’s
gravitational constant. Temperatures are denoted by T , and
cosmological redshift by z. Relevant times are the current
time t0, the time trec of recombination, and the time teq of
equal matter and radiation.

2 Unitarity considerations

In an effective field theory we canonically quantize each
Fourier mode of our fields. The modes have constant comov-
ing length and are labelled by their comoving wavenumber
k. We can write the total Hilbert space as

H = ⊗kHk, (2)

where Hk is the harmonic oscillator Hilbert space of mode k.
To avoid singularities and to remain in the range of applicabil-
ity of an effective field theory, there needs to be an ultraviolet
cutoff scale k�. Note that this is a physical cutoff scale, not
a comoving one.

The unitarity problem for an effective field theory analysis
comes from the fact that, in order to maintain the ultraviolet
cutoff at a fixed physical scales, we must continuously add
modes to the Hilbert space [15,16]. Thus, if ki denotes the
comoving mode whose physical wavenumber equals the cut-
off scale at some initial time ti and which hence determines
the initial Hilbert space Hi , then at a later time t the Hilbert
space H(t) is larger than the initial Hilbert space:

H(t) = (⊗k>kiHk
) ⊗ Hi . (3)

A state |ψ >i in the initial Hilbert space can be isometri-
cally evolved [16] into the following product state in the full
Hilbert space at a later time

|ψ >i → |ψ̃(t) > |ψi >, (4)

where

|ψ̃(t) > ∈ ⊗k>kiHk (5)

is not determined by the effective field theory, but can be
chosen such it has unit norm, in which case the norm of
|ψ > (t) in H(t) equals the form of |ψ >i in the initial
Hilbert space. It is in this sense that the evolution is isometric.
But note that effective field theory cannot tell us about the
nature of |ψ̃(t) > except for its normalization. This is the
Trans-Planckian Problem for effective field theories in an
expanding universe [19,20].

What does this imply for models to explain the origin of the
observed structure in the universe based on some early uni-
verse model? Today, we observe the state of inhomogeneities,
e.g. the state of the matter distribution and the state of CMB
anisotropies. On large scales, the fluctuations are in the lin-
ear regime, and hence they have evolved linearly from early
times to the present time. On shorter scales nonlinearities
play an important role, and there is vigorous mode mixing.
Power on large scales can flow down to smaller scales.

It is clear that we cannot evolve any state in the current
effective field theory Hilbert space H(t0) into the past with-
out hitting the unitarity wall. The mode whose physical wave-
length today is the Planck length has just now been created.
But this mode obviously has no influence on any observables.
Which modes should we then be able to evolve safely back-
wards in time? One answer is given by the TCC [22,33]: we
demand that all modes which have exited the Hubble radius
at some early time (and which have thus been squeezed and
classicalized) have evolved safely. But once again, at the high
k end such modes are far removed from what can be observed
today. We propose a conservative approach in which we pick
a scale kc above which (i.e. for wavelength larger than k−1

c )
we demand that the evolution backwards in time does not
hit the unitarity wall. We will keep the value of kc as a free
parameter. It is clear that this value is much larger than the
value of k corresponding to the first acoustic peak of the
angular power spectrum of CMB anisotropies (which cor-
responds to the length of the Hubble radius at the time trec
of recombination and which we denote by k1). The extreme
conservative choice is to take kc to correspond to the largest
angular harmonic l value for which CMB experiments have
explored the primordial anisotropy spectrum.

Based on the above considerations, we will impose the
following criterion: We demand that the mode corresponding
to kc starts out at some initial time tb with a wavelength larger
than the Planck length (which we take to be the ultraviolet
cutoff length), i.e.

l phys(tb)(kc) > m−1
pl . (6)

3 Application to canonical inflation

We will first apply the criterion (6) to the case of canonical
(almost) exponential inflation. We will take the expansion
rate H during the inflationary phase to be constant. The num-
ber of e-foldings of inflation will be denoted by N , the time of
the onset of inflation by ti and the end time by tR . We will also
assume that the transition between the end of inflation and
the beginning of the radiation phase of Standard Big Bang
cosmology takes place in less than one Hubble expansion
time, which generically happens if the preheating instability
[56–58] (see [59,60] for reviews) which governs the trans-
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fer of energy between the inflaton field and Standard Model
matter is efficient. The redshift corresponding to the end of
inflation is

zR = η

T0
, (7)

where η is the energy scale during inflation, and T0 is the cur-
rent CMB temperature. The Hubble expansion rate H during
inflation is related to η via the Friedmann equation:

H2 = 8π

3
m−2

pl η4. (8)

We will first demand that the criterion (6) be satisfied at
the beginning of inflation (and later consider modifications
if the pre-inflationary evolution is taken into account). Thus,
we set tb = ti . Tracing back the length scale corresponding
to the mode kc to the beginning of inflation yields

l phys(ti )(kc) = e−N zrec
zR

k1

kc
trec

= e−N z−1
R z−1/2

rec
k1

kc
t0. (9)

Using the Friedmann equation to substitute for t0 in terms
of the temperature Trec at recombination (and neglecting the
dark energy component to today’s energy density) we obtain

l phys(ti )(kc) = (6π)−1/2e−N mpl

ηTrec

k1

kc

(
zrec
zeq

)1/2

, (10)

which needs to be larger than m−1
pl by our criterion. This

yields the following upper bound on the number of e-foldings
of inflation

eN
η

mpl
< (6π)−1/2 mpl

Trec

k1

kc

( zrec
zeq

)1/2
. (11)

A lower bound on the duration of inflation results by
demanding that the current Hubble radius emerges from
inside the Hubble radius at the beginning of inflation.8 The
resulting lower bound on the number of e-foldings N is

eN >
2

3
zrecz

−1/2
eq

η

Trec
. (12)

The upper and lower bounds (11) and (12) on the duration of
inflation are consistent provided that

η

mpl
<

(
1

2

)1/2 (
3

2π

)1/4

z−1/4
rec

(
k1

kc

)1/2

. (13)

If we make the very conservative choice that only scales
which are measured in the CMB are protected from the uni-
tarity problem, then kc ∼ 102k1 and we find that canonical
inflation with the value of η at the scale of Grand Unification
is viable. However, if we are less conservative and demand
that the evolution backwards in time of scales of much larger

8 If this condition is not satisfied then inflation cannot explain the origin
of the structure which is observed on cosmological scales.

k is well behaved, then the energy scale η begins to be seri-
ously constrained from above. If we take kc to correspond to
the scale which exits the Hubble radius at the end of inflation,
we recover the tight constraint η < 3 × 109 GeV from the
TCC [37].

A condition which is stricter than (13) can be obtained by
taking into account the evolution before the onset of inflation.
Assuming that the evolution of the universe is dominated by
radiation between the Planck time tpl (when the temperature
is mpl ) and the onset of inflation, the criterion (6) with tb =
tpl is stricter by a factor of η/mpl than if we use tb = ti
corresponding to the beginning of inflation. Hence, the upper
bound (11) on the duration of inflation becomes

eN < (6π)−1/2 mpl

Trec

k1

kc

(
zrec
zeq

)1/2

. (14)

Combined with the lower bound (12) we get the condition

η

mpl
<

1

2

(
3

2π

)1/2

z−1/2
rec

(
k1

kc

)
, (15)

which is a stricter bound on η and already puts pressure on
inflation at the Grand Unification scale if we take the very
conservative choice of kc = 102k1.

4 Generalization to power-law inflation

There are two generalizations of the above analysis which
we can consider. The first is the generalization to power law
inflation, maintaining the assumption of rapid thermalization.
In this case, the effective temperature ηR at the end of the
period of inflation is lower than the energy scale ηi at the
beginning. The condition (11) remains the same, with ηR

replacing η

eN
ηR

m pl
< (6π)−1/2 mpl

Trec

k1

kc

(
zrec
zeq

)1/2

, (16)

while the lower bound on the duration of inflation takes the
form

eN >
2

3
zrecz

−1/2
eq

η2
i

ηRTrec
. (17)

These two bounds are self-consistent provided that

ηi

m pl
<

(
1

2

)1/2 (
3

2π

)1/4

z−1/4
rec

(
k1

kc

)1/2

, (18)

which is the same as (13) with ηi in place of η. The result (15)
generalizes in the same way to this case, i.e. by ηi replacing
η.

The second generalization is to consider delayed reheat-
ing. Specifically, let us assume that after the end of inflation
until a time trh , the universe is not dominated by radiation,
but by a fluid (denoted w-fluid) with an equation of state
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parameter w (e.g. w = 0 for a matter phase which could
occur during the time when the inflaton field is coherently
oscillating about the minimum of its potential). In this case,
the redshift z̃ R at the end of inflation is not given by zR (see
(7)), but rather by

z̃ R = zR

(
ηR

Trh

)E

, (19)

where the exponent E is given by

E = 4

3(1 + w)
− 1, (20)

where Trh is the temperature at the beginning of the radiation
phase. To obtain this result, we have assumed that all of the
energy in the w-fluid is transformed to radiation at the time
trh , yielding a radiation temperature Trh .

From the analysis of the previous section it is clear that this
change effects the upper and lower bounds on the duration
of inflation in the same way, and hence does not change the
resulting conditions on the energy scale of inflation. It does,
however, effect the individual constraints on eN by a factor
of z̃ R/zR .

5 Implications for bouncing and emergent cosmologies

5.1 Bouncing cosmologies

Bouncing and emergent scenarios can provide alternatives to
cosmological inflation for explaining the solving the prob-
lems of Standard Big Bang cosmology and for providing a
causal mechanism for explaining the origin of the observed
structure in the universe (see e.g. [17,18] for reviews).
Among bouncing scenarios, the Ekpyrotic scenario [13,14]
has a particular appeal. It assumes a very slow phase of con-
traction which can be obtained in the context of an effec-
tive field theory analysis by coupling matter with an equa-
tion of state w � 1 to the Einstein–Hilbert gravitational
action. Scalar fields with a negative exponential potentials
can yield such matter, and negative exponential potentials
for scalar fields are also well motivated from superstring the-
ory. This scenario has the feature that anisotropies and spatial
curvature are diluted in the contracting phase [61], and that
the homogeneous background trajectory is a global attractor
in initial condition space [62,63]. The main challenges for
Ekpyrotic cosmology are to obtain a well-controlled transi-
tion from Ekpyrotic contraction to Standard Big Bang expan-
sion, and to obtain a roughly scale-invariant spectrum of cos-
mological perturbations starting with quantum vacuum per-
turbations in the early phase of contraction. Both of these
challenges can be solved [64–66] by postulating that the
bounce is mediated by an S-Brane [67], a space-filling rel-
ativistic term (motivated by string theory) which arises in a

low energy effective action at the time when the energy den-
sity reaches the string scale (denoted here by ηs) and towers
of new states become low mass. Such a brane has vanishing
energy density and negative pressure (because is has tension)
and hence violates the weak and null energy conditions, and
it thus can mediate the required transition between the con-
tracting and expanding phases.9 Making use of the matching
conditions for cosmological fluctuations discussed in [71–
73], it can be shown that initial vacuum spectra early in the
contracting phase are transformed into nearly scale-invariant
spectra of both curvature fluctuations and gravitational waves
after the bounce [64–66]. After the bounce, the equation of
state of matter is that of radiation.

Since in the post-bounce phase the comoving Hubble
radius is contracting, no modes ever exit the Hubble radius.
Hence, the TCC is trivially satisfied from this point of view.
During the contracting phase, modes do exit the Hubble
radius, but as long as the bounce energy scale is smaller than
the Planck scale, no modes exit the Hubble radius which at
any time had a wavelength smaller than the Planck length.
Thus, the TCC is satisfied. Our unitarity constraint for the
evolution of cosmological perturbations is also satisfied as
long as we focus on the set of modes which at the bounce
time had a wavelength larger than the Planck length. Their
wavelength λ today is

λ > m−1
pl

ηs

T0
. (21)

Another way to see that the bouncing scenario is basically
safe against the uncertainties coming from the breakdown of
unitarity is to follow the analysis of Sect. 3 and trace back
the wavelength of the smallest mode whose fluctuations we
take to be primordial to the time when the energy scale (and
hence also the temperature T ) is ηs and to demand that the
physical length at the time of the bounce remains larger than
the Planck length

lphys(T = η) > m−1
pl . (22)

The physical length lphys at the bounce time can be computed
easily since the expanding phase is given by Standard Big
Bang cosmology. Using the same notation as in Sect. 3 we
obtain

lphys(T = ηs) = (6π)−1/2
(
k1

kc

)(
zrec
zeq

)1/2 mpl

Trec
, (23)

such that (22) is trivially satisfied as long as the bounce energy
scale ηs is smaller than the Planck mass.

9 See [68–70] for other ways of obtaining a bounce.
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5.2 Emergent cosmologies

Emergent cosmologies yield another class of alternatives to
the inflationary scenario. Here, it is postulated that the radi-
ation phase of Standard Big Bang cosmology is preceded by
an emergent phase. If the perturbations in the emergent phase
are thermal fluctuations with holographic scaling of thermal
correlation functions, it follows that the induced curvature
perturbations and gravitational waves will be scale invariant
[74,75]. One example of an emergent scenario is String Gas
Cosmology (SGC) [76] where it is assumed that the emergent
phase is a quasi-static gas of strings at a temperature close
to the Hagedorn temperature [77], the maximal temperature
of a gas of closed strings. As discussed in [76], string wind-
ing modes can annihilate into string loops only in three large
spatial dimensions. The phase transition between the emer-
gent phase and the radiation phase of Standard cosmology
is given by the annihilation of the strings winding our three
spatial cycles. The power spectrum of the induced cosmolog-
ical fluctuations is proportional to (η/mpl)

4, and hence if the
string scale is about η ∼ 1017 GeV, the observed amplitude
of the power spectrum is obtained. Interestingly, this value
for the string scale is of the same order as the scale preferred
from the point of view of heterotic string phenomenology
(see [78,79] for a review). More recent examples of emer-
gent cosmologies are the matrix model cosmology scenario
of [80] or the model of [81] where the emergent phase is a
topological phase.

Since the evolution of an emergent cosmology after the
phase transition is the same as in Standard Big Bang cosmol-
ogy, and the same as the post-bounce evolution in a bouncing
scenario, the results (22) and (23) apply, and the models are
trivially safe from the unitarity constraints discussed in this
paper.

6 Conclusions

We have studied the unitarity problem for effective field the-
ory descriptions of the early universe. Demanding that the
part of the Hilbert space corresponding to fluctuation scales
which we have good reason to believe to be of primordial
origin were always in the effective field theory Hilbert space
leads to constraints. In the case of bouncing and emergent
cosmologies, an effective field theory description is safe as
long as the energy scale of the bounce or of the emergent
phase is smaller than the UV cutoff scale. The energy scale
of inflationary models, on the other hand, is more tightly
constrained: the upper bound on the energy scale of inflation
is given by (13) and is hence parametrically smaller than
the UV cutoff scale (which, here, is taken to be the Planck
scale). Taking into account a pre-inflationary radiation phase
leads to a tighter constraint, namely (15). If we demand that

all modes which were ever super-Hubble were in the ini-
tial effective field theory Hilbert space, our results reduce to
those obtained using the Trans-Planckian Censorship Con-
jecture [33,37].
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