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Abstract The extraction of the W-boson mass, a fun-
damental parameter of the Standard Model, from hadron-
hadron collision requires precise theory predictions. In this
regard, angular coefficients are crucial to model the dynam-
ics of W-boson production. In this work, we provide, for
the first time, angular coefficients at NNLO QCD + NLO
EW accuracy for finite transverse momentum W-boson at
the LHC. The corrections can reach up to 10% in certain
regions of phase space. They are accompanied by a signif-
icant reduction of the scale uncertainty. This work should,
besides providing reference values for theory-data compari-
son, provide state-of-the-art theory input for W-boson mass
measurements.

1 Introduction

The physics programme of the Large Hadron Collider (LHC)
is centred around precision physics and will culminate in
its high-luminosity phase [1]. For the Standard Model, it
amounts to comparing experimental data against precise the-
ory predictions for a multitude of processes. This allows to
extract fundamental parameters and verify our understand-
ing of elementary particle physics. One key parameter is the
W-boson mass as it is connected to electroweak (EW) sym-
metry breaking mechanism. It is already known to a very high
precision but progress in experiment and theory will allow
to improve the estimate even further in the future [1].

In that respect, at the LHC, the simplest process to investi-
gate is the charged-current Drell–Yan process pp → W± →
�±(−)

ν �+X . While the undetected final state neutrino prevents
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direct reconstruction of the W-boson resonance, the kine-
matic distributions of the charged lepton carries an imprint
of the W-boson mass. The most precise mass measurements
[2–4] use template fits to mass-sensitive observables like the
transverse mass. Theoretical uncertainties on the templates
are a limiting factor of such measurements [2,3]. For that
purpose, a particularly large source of theory uncertainty are
angular decay coefficients [5,6] used to model spin correla-
tion in W-boson decays in Monte Carlo predictions. Cur-
rently, the coefficients are extrapolated from the Z-boson
counterparts measured at the LHC [2]. Higher-order pertur-
bative corrections to the coefficients are not necessarily iden-
tical between Z- and W-boson production, as it can be seen
in Fig. 1 for the coefficients A2 and A4, defined according to
Eq. (3).1

In particular, one can observe that both next-to-leading
order (NLO) QCD and NLO EW corrections can differ by
several per cent between the two processes. For example,
A2 show differences in the EW corrections but none for the
QCD ones. The picture is opposite for A4 where the QCD
corrections are different. In order not to rely on extrapola-
tions from Z- to W-boson angular coefficients, we provide
precise theoretical predictions for the latter with finite trans-
verse momentum of the W-boson.

Apart from their impact on W-boson mass measurements,
the angular coefficients can also be measured experimentally
[8]. In particular, results exist for the Tevatron at 1.8 TeV by
the CDF collaboration [9]. A measurement at the LHC has
not been yet performed.

For its Z-boson counterpart, these coefficients are known
up to next-to-next-to-leading order (NNLO) QCD [10,11]
and NLO EW [7] accuracy. On the experimental side, several
measurements of the Z-boson angular coefficients have been

1 To compute the EW corrections, the same procedure as in Ref. [7] is
followed.
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Fig. 1 Differential distributions of the angular coefficients A2 (left) and A4 (right) for finite transverse momentum of the Z- and W+-boson. The
upper panel shows the absolute LO predictions. The NLO QCD and NLO EW K -factor are displayed in the middle and lower panel, respectively.
The predictions are inclusive over the whole rapidity range

performed [12–15]. In general, good agreement has been
found with theoretical predictions in the Standard Model.

Notably, the production of a W-boson in association with
a QCD jet is currently also known up to NNLO QCD [16–
20]+NLO EW [21–24] accuracy, and predictions combining
QCD and EW effects have been presented in Refs. [25–27].
Nonetheless, to the best of our knowledge, this accuracy is yet
to be reached for W-boson angular coefficients. We therefore
aim to fill this gap by providing state-of-the-art predictions
at NNLO QCD+NLO EW accuracy in the present work.

The article is organised as follows: in Sect. 2, we define
the process under investigation and what contributions are
included in our computation. In Sect. 3, the numerical results
are presented and discussed. Finally, Sect. 4 contains a brief
summary of our findings as well as concluding remarks.

2 Details of the calculations

2.1 Definition of the process

The hadronic process of interest is

pp → �±(−)
ν � j + X, (1)

at the LHC. We consider CKM to be a unity matrix as the
diagonal contributions are dominant.

Higher-order corrections Using the notation scheme used
in Ref. [28] to describe the tower of contributions arising in
fixed-order computations, one obtains for the process above:

�LO := �LO1 + �LO2 ,

�NLO := �NLO1 + �NLO2 + �NLO3 ,

�NNLO := �NNLO1 + �NNLO2 + �NNLO3 + �NNLO4 , (2)

where the lower index 1 indicates the leading QCD correc-
tions/contribution and � is an infrared-safe observable. In
our case, we include the terms marked in blue that provide
the leading corrections. The other contributions are either
negligible [29] or unknown.

QCDcorrectionsThe NLO and NNLO QCD corrections are
computed in the 5-flavour scheme and therefore include all
quark flavours apart from the top quark which is considered
massive. All partonic channels are included and the narrow-
width approximation (NWA) is used. We have verified that in
the present set-up, it provides an excellent approximation of
the process by comparing it against an off-shell computation
at LO and NLO QCD. In addition, in Ref. [20] such compar-
isons have been performed up to NNLO QCD accuracy and
the difference has been found to be negligible close to the
W-boson resonance.

EW corrections The EW corrections contain all real pho-
ton radiation and corresponding one-loop virtual corrections,
computed with all off-shell effects within the complex-mass
scheme [30–32]. They also include photon induced correc-
tions which can lead to mixing QCD-EW singularities of
double soft/collinear type for some t-channel exchange. An
illustrative Feynman diagram of such a contribution is repre-
sented in Fig. 2. These divergences can be cured by applying a
transverse-momentum cut on the charged leptons [7]. For the
predictions shown in the current work, the numerical value
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Fig. 2 Exemplary Feynman diagram of photon-induced contributions
featuring double-soft singularities at the current perturbative order

used for the transverse momentum of the charged lepton is
1 GeV.

Definition of angular coefficients For the definition of the
angular coefficients, we follow the one used in Ref. [7] which
itself relies on Refs. [11,33] within the Collins–Soper ref-
erence frame [34]. The expansion of the differential cross
section of the process (1) hence reads:

dσ

dpT,W dyW dm�ν d�

= 3

16π

dσU+L

dpT,W dyW dm�ν

(
(1 + cos2 θ) + A0

1

2
(1 − 3 cos2 θ)

+ A1 sin 2θ cos φ + A2
1

2
sin2 θ cos 2φ

+ A3 sin θ cos φ + A4 cos θ

+ A5 sin2 θ sin 2φ + A6 sin 2θ sin φ + A7 sin θ sin φ

)
, (3)

where φ and θ are the azimuthal and polar angle of the
charged lepton, in the Collins–Soper frame, respectively. The
cross section σU+L represents the unpolarised cross section.
It is worth mentioning that the coefficients A5–A7 become
non-zero starting only at order O (

α2
s

)
, justifying why these

are treated separately in the following. Note that the defini-
tion of the angular coefficients requires the knowledge of the
neutrino momentum which we assume to be accessible.

It is worth emphasising that these coefficients do not pro-
vide more information than the one contained in the invariant
mass, transverse momentum, and rapidity of the lepton pair
along with the rapidity and transverse momentum of one of
the two leptons. On the other hand, angular coefficients are
universal pseudo-observables which allow to reduce the dif-
ferential cross section to simple coefficients which factorise
the production and decay process. Moreover, the numerical
determination of the coefficients is computationally easier
than the 4D differential distribution in case of the leptons
transverse momentum and rapidity.

In addition, while such a decomposition in Eq. (3) is exact
for LO or QCD predictions, it is not for EW corrections [35].

In this case, the photon radiation off the final-state lepton
breaks this relation, as it is no longer a two-body decay. In
Appendix A, we show that the error induced by the radiation
of final-state photons is negligible for the present practical
purpose.

Combination In this work, we combine NNLO QCD and
NLO EW corrections. For a typical observable, there are usu-
ally two prescriptions that are used in the literature: the addi-
tive and the multiplicative one. In the present case, however,
this matter is slightly more complicated as we are essentially
dealing with ratios. We have opted for an unexpanded pre-
scription as well an expansion in terms of the strong coupling
which we describe in the following.

More concretely, all coefficients are written in the form

Adefault
j = N

D
, (4)

where the numerator and denominator are expanded in the
strong coupling in our computations as

X = αs X1 + α2
s X2 + α3

s X3, (5)

with X = D, N . This unexpanded ratio defines our nominal
prediction that we denote by def in the rest of the article.
After expanding in terms of αs, truncating, and reordering
all terms, the coefficients become

Aexp
j = A + αs B + α2

s C, (6)

with

A = N1/D1,

B = N2D1 − N1D2

D2
1

,

C = N3D2
1 − N1D3D1 + N1D2

2 − N2D2D1

D3
1

. (7)

This defines our second prescription which we refer to as
exp in the rest of the article. To determine the scale depen-
dence we adopt an uncorrelated scale variation prescription
for the renormalisation and factorisation scales in the numer-
ator μnum

R/F and denominator μden
R/F , using 31-point scale vari-

ation arising from the constraint 1/2 ≤ μi
a/μ

j
b ≤ 2.

For simplicity, the EW corrections have been incorporated
directly at the level of the ratio of each coefficient. To be
explicit, our prescription reads:

A j,QCD+EW = KNLO EW × A j , (8)

where KNLO EW is the NLO EW K -factor of the respec-
tive angular coefficient obtained with a cut of 1 GeV on the
charged lepton transverse momentum, as explained above.
The coefficients A j are defined in Eqs. (4) and (6) for the
two prescriptions.
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We would like to mention that we have explored alter-
native prescriptions for the ratio definition. In particular, one
can simultaneously expand Eq. (4) in terms of both the αs and
α couplings. In this case, one obtains cross terms that one is
free to include or not. Given that one does not formally have
control over these higher-order terms, we have refrained from
showing results for these. In addition, we have checked that
they are anyway covered by the def prescriptions that we
present here.

2.2 Computational set-up

The numerical results presented here are for the LHC running
at 13 TeV. The parton distribution functions of the protons
are taken from the LUXqed17_plus_nnlo PDF set [36]
which features photon PDF. These are obtained through the
LHAPDF6 program [37].

The renormalisation and factorisation scale used is defined
as the transverse energy of the lepton-neutrino pair:

μ0 =
√
m2

�ν + p2
T,�ν . (9)

The EW input values are:

MW = 80.379 GeV, MZ = 91.1876 GeV,

�W = 2.085 GeV, �Z = 2.4952 GeV, (10)

and

Gμ = 1.166380 × 10−5 GeV−2. (11)

These parameters are used to define the electromagnetic cou-
pling α in the Ḡμ scheme [28].

We set a cut on the lepton-neutrino transverse momentum
of pT,�ν > 30 GeV in order to define the W + j process in a
simple manner. In this way the process is defined fully inclu-
sive in the decay kinematics and no other cuts are applied to
the QCD radiation in the final state. Nonetheless, for the rea-
son explained above, for the NLO EW corrections, a cut of
1 GeV is imposed on the charged lepton transverse momen-
tum. The leptons are dressed with final-state photons using
a R = 0.1 cone.

In order to restrict the phase space to the resonant region,
we further set a cut on the invariant mass of the lepton-
neutrino pair of m�ν ∈ [60, 100] GeV. The phase-space
region cut away is rather small and it also improves the agree-
ment between the NWA and the off-shell computation. These
restrictions can simply be seen as technical cuts that do not
impact the physics results. In particular, while in the abso-
lute predictions deviations of the order of 4% can be observed
(see Table 1), there are no observable differences for the pre-
dictions of the coefficients given that these are normalised.

2.3 Tools used

The QCD corrections have been obtained from the program
Stripper, a C++ implementation of the four-dimensional
formulation of the sector-improved residue subtraction
scheme [38–41]. Within this framework, W + c production
[19] and polarised W + j predictions [20] up to NNLO QCD
accuracy have been previously obtained. To that end, the
AvH library [42] and OpenLoops 2 [43] have been used. In
addition, two-loop amplitudes have been taken from Ref. [44]
and numerically evaluated thanks to Ginac [45,46].

For the NLO electroweak corrections, we utilise theMad-
Graph5_aMC@NLO matrix-element generator [28,47], in
which the NLO EW corrections are fully automated.

3 Numerical results

In this section, we report on the theoretical predictions of
the angular coefficients. First, the inclusive cross sections
are given in Table 1. The LO, NLO QCD, NNLO QCD, and
NLO EW predictions in pb as well as the corresponding K -
factors are provided for both signatures. At LO and NLO
QCD, two types of predictions are provided: a full off-shell
one and one in the NWA. As customary for W + j produc-
tion, higher-order QCD corrections are rather large at NLO
but moderate at NNLO QCD [48]. In addition, the inclusion
of higher-order QCD corrections is accompanied by a sub-
stantial reduction of the QCD scale uncertainty which reaches
less than 3% at NNLO QCD accuracy. On the other hand, the

Table 1 Total inclusive cross sections at LO, NLO (QCD and EW),
and NNLO QCD expressed in pb. The corresponding K factors are
provided for NLO EW and NNLO QCD corrections. Off-shell calcu-
lation employs an additional mass window MW ∈ [60, 100] GeV. The

EW corrections correspond to a results with a transverse momentum of
1 GeV on the charged lepton. The last digits in parenthesis indicate the
Monte Carlo errors

Process LO [pb] NLO QCD [pb] NNLO QCD [pb] KNNLO NLO EW [pb] KEW

pp → e−νej 896.11(6)+11.6%
−9.4% 1293.4(7)+7.0%

−6.3% – – 884.85(3)+17.8%
−15.7% 0.98

pp → e−νej (NWA) 928.60(3)+11.6%
−9.4% 1339.5(2)+7.0%

−6.3% 1448(3)+2.0%
−2.9% 1.08 – –

pp → e+νej 1206.96(4)+11.6%
−9.4% 1750(1)+7.1%

−6.4% – – 1191.69(3)+17.9%
−15.8% 0.98

pp → e+νej (NWA) 1250.64(4)+11.6%
−9.4% 1814.9(4)+7.1%

−6.4% 1960(4)+2.1%
−2.9% 1.08 – –
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Fig. 3 Differential distributions of the coefficient A0, A1, A2, and A4 as a function of the W-boson transverse momentum for the minus signature

EW corrections, driven by Sudakov logarithms [49], are neg-
ative and grow larger in the high-energy limit. Nonetheless,
at the level of the inclusive cross section the corrections only
amount to −2%. We note that these cross sections are chal-
lenging to measure experimentally due to the neutrino escap-

ing the detectors as well as the non-tagged jet. Nonetheless,
the numbers presented should help in the reproducibility of
the results presented here.

In addition, we assume throughout the article that the neu-
trino momentum can be fully reconstructed. This is not the
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Fig. 4 Differential distributions of the coefficient A3 as a function of the W-boson transverse momentum for the W− (left) and W+ (right) signatures

case in an experimental analysis where smearing effects have
to be taken into account. Still, the results presented here may
serve as a theoretical reference, which the unfolded measure-
ments could be compared to.

Turning to the differential results: we show the coefficients
A0 to A4 for W− as a function of pT of the W-boson in
Figs. 3 and 4 (in Fig. 4, the A3 coefficient is also shown
for W+). The upper panels show our best prediction with the
coefficients at NNLO QCD and NLO EW accuracy including
the scale dependence. For these predictions, the values are
obtained in the default (def ) prescription defined above, see
Eq. (4). The middle panels show the different perturbative
corrections with respect to NLO QCD ones. In the lower
panels the default and expanded descriptions for the ratio are
compared at NNLO QCD + NLO EW accuracy.

The size of NNLO QCD and NLO EW corrections
depends on the coefficient but are generally small compared
to the corrections arising from NLO QCD, reproducing the
observations at the level of the integrated cross section. Apart
from some exceptions which are mentioned explicitly below,
the corrections are similar or identical for the W+ and W−
signatures.

The coefficient A0 receives flat corrections below one per
cent at NNLO QCD as well as at NLO EW. The scale depen-
dence is reduced by a factor 2–3 when going from NLO QCD
to NNLO QCD. The expansion of the ratio does not change

the central predictions but has a sizable impact on the scale
dependence and reduces it by a factor of 2.

The corrections for the coefficient A1 are difficult to com-
pute due to cancellations in the Monte Carlo integration lead-
ing to a large statistical uncertainty. Despite the large fluc-
tuations we can see that the corrections tend to be flat and
reproducing the behaviour of A0.

For A2, NNLO QCD corrections are negative (up to −6%)
in particular for small transverse momentum while NLO EW
corrections tend to be positive, albeit smaller. For large trans-
verse momentum, the corrections flatten out. We observe a
reduction of the scale dependence by a factor of 4 in this
case. The expansion prescription does induce a small differ-
ence in the shape, which, however, is still constrained within
the scale dependence.

In the case of A3, NNLO QCD corrections are flat and
positive at a level of roughly 2%. The NLO EW correc-
tion at large transverse momentum behave similarly. For low
transverse momentum they turn negative and become larger
reaching a size of −10% for W−. For W+ the corrections
have a similar size, but instead are positive. A direct com-
parison between W− and W+ can be seen in Fig. 4. This
behaviour indicates that the EW corrections are both nega-
tive (in the additive sense) for W+ and W−, while the NNLO
QCD corrections change sign. Some differences between
the expanded and default prescription for the ratio can be
observed. While the size of the scale dependence exhibits
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Fig. 5 Rapidity dependence of the coefficient A0 as a function of the W-boson transverse momentum. The results are shown for three rapidity bins
of the W boson: |y| ≤ 0.5 (top left), 0.5 < |y| ≤ 1.5 (top right), and |y| > 1.5 (bottom)

behaviour similar to A0, there is also a shape difference reach-
ing up to 2 per cent.

The NNLO QCD corrections for coefficient A4 are about
10% and vary in shape as a function of the W-boson trans-

verse momentum. The NLO EW corrections are of the same
order of magnitude but in opposite direction as the NNLO
QCD ones. Especially, they tend to become of the order of
7% at large transverse momentum of the W boson.
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Fig. 6 Rapidity dependence of the coefficient A4 as a function of the W-boson transverse momentum. The results are shown for three rapidity bins
of the W boson: |y| ≤ 0.5 (top left), 0.5 < |y| ≤ 1.5 (top right), and |y| > 1.5 (bottom)

Finally, we discuss the rapidity dependence of the coeffi-
cients. The coefficients A0 and A4 are shown in Figs. 5 and 6
in three W-boson rapidity bins: |y| ≤ 0.5, 0.5 < |y| ≤ 1.5,
and |y| > 1.5. The coefficient A2 behaves similar to A0,
where we do not observe any significant dependence on the

rapidity. On the other hand, the coefficient A4, and similarly
A1 and A3 (not shown), depend strongly on the rapidity. As
shown in the lower pane of Fig. 6, the coefficient A4 vanishes
for the central rapidity bin, which is also the reason for the
large Monte Carlo fluctuations. Hence, predictions for the
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Fig. 7 Transverse momentum
distribution of the positron. The
upper plot shows the absolute
predictions at LO, NLO QCD,
and NLO EW accuracy. The first
inset is the comparison of the
LO prediction in the NWA
approximation against on-shell
W-boson reweighted with the
angular coefficients. The second
inset is at NLO QCD accuracy,
considering for the reweighting
an additional correction taken
from the LO result. The third
inset is the same as the first one
but instead of using the NWA
approximation, an off-shell
computation is used. The lowest
inset is similar to NLO QCD but
for NLO EW corrections

bins 0.5 < |y| ≤ 1.5 and |y| > 1.5 are significantly more
stable.

We would like to mention that we have only shown results
for the coefficients that are non-zero already at LO (A1–
A4). Nonetheless the other coefficients (A5–A7) are provided
in the ancillary files accompanying the present submission.
These suffer from large Monte Carlo uncertainties. Nonethe-
less, they might be of interest for some of the readers.

4 Conclusion

Precision physics is one of the key ventures of the LHC, with
the study of W-boson’s mass and decay properties, being an
important application. In this article, we follow this avenue
by computing with state-of-the-art accuracy the decay coeffi-
cients of the W-boson as a function of the W-boson transverse
momentum.

For the first time, the W-boson decay coefficients are pre-
sented with NNLO QCD and NLO EW accuracy in W + j
production at the LHC, i.e. for finite transverse momentum of
the W-boson, both for the W+ and W− signatures. We have
found that the NNLO QCD corrections can reach 5% and
reduce the scale dependence by a factor of 2–4 with respect
to the NLO QCD predictions. The EW corrections display
effects of the same size and are therefore equally important.
The findings presented in this article are robust under re-
expanding the coefficients in αs, showing therefore reliable
behaviours.

Finally, we would like to emphasize that the predictions
obtained in this work are available as ancillary files in the
present submission. In particular, the results for all coeffi-
cients are provided for the two prescriptions of our best pre-
dictions at NNLO QCD + NLO EW accuracy. In this way, this
work provides all necessary theoretical ingredients for accu-
rate extraction of the angular coefficients in experimental
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analyses and hence contributes to the precision programme
of the LHC.
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Appendix A: Electroweak corrections and decay coeffi-
cients

As mentioned in Sect. 2.1, Eq. (3) does not strictly hold when
considering EW corrections. In particular, the radiation of
photons off the final-state lepton induces a three-body decay
which is not covered by the formula. This analysis therefore
raises the question as to what extent the use of Eq. (3) is
justified when computing EW corrections.

One way of testing this is by checking that the full lepton
distributions can be reproduced using the decay coefficients.
To this end, we generated unweighted W+j events with on-
shell W-bosons, which we further reweighted using the angu-
lar coefficients in the manner prescribed by Eq. (3). If the
reweighted results end up close to the original distribution,
we can conclude that the assumption, that EW corrections
can also be described by Eq. (3), is valid for practical pur-
poses. Our results for the transverse momentum distribution
are shown in Fig. 7, where the upper part features absolute
values for differential distributions at LO, NLO QCD, and

NLO EW accuracy, and the lower part is comprised of four
insets showing various ratios discussed below.

The first inset is the comparison of the LO prediction in the
NWA approximation against the on-shell W-boson calcula-
tion reweighted with the angular coefficients. The reweight-
ing procedure works quite well, but shows some few per
cent differences. Their origin is the size of the binning used
for angular coefficients, as is shown by another distribution
reweighted with angular coefficients calculated with finer
binning, where the agreement with the original distribution
is improved.

A similar comparison is then carried out at NLO QCD
accuracy, which results are presented in the second inset. In
addition to reweighting of the events with the angular coeffi-
cients, we account for the overall normalisation of the NLO
QCD cross section, i.e. the K-factor for the production part.
The fluctuations feature a very similar shape to the distri-
bution in the inset above, especially in the low transverse-
momentum region. Therefore, we applied a correction for
the binning effects using a comparison at LO above. The
corrected results show a significant improvement reaching
the level of agreement similar to the LO calculation with a
finer binning.

The third inset considers the LO case, similar to the first
inset, but the comparison is made against an off-shell compu-
tation instead. In addition, the reweighting procedure further
includes the off-shell/NWA factor to account for the miss-
ing off-shell effects. Similarly to the NWA case, we observe
small fluctuations present at the per cent level. We attribute
the disagreement to the binning effect, and extract the frac-
tion into a correction factor to use further at NLO EW.

Finally, the last inset features the NLO EW corrections. As
for the other cases, the fluctuations are found at the per cent
level. Following the comparison at LO, the results are cor-
rected for the binning effects. The corrected results then show
an improved agreement with the NLO EW computation. We
note that the first two bins show roughly two-sigma discrep-
ancies at the level of about one per cent. This should be taken
as the residual uncertainty of the method to use the angular
coefficients decay decomposition for EW corrections. We
also note that this uncertainty does not directly translate into
the calculation of the NLO EW angular coefficients. Overall,
this demonstrates that the use of decay coefficients with NLO
EW corrections is justified for practical purpose.

We remark that the presented results consider only the
lepton transverse momentum. A similar exercise could be
performed for its rapidity distribution. In this case, we rec-
ommend using a fine binning and extending the angular coef-
ficients distribution range to cover higher rapidities. Oth-
erwise, a non-trivial rapidity dependence featured by some
coefficients is not captured well and leands to a systematic
bias in the result.
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