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Abstract We study the scattering of light-like geodesics
and massless scalar waves by a static Konoplya–Zhidenko
black hole, considering the case that the parametrized black
hole solution contains a single deformation parameter. By
performing a geodesic analysis, we compute the classical
differential scattering cross section and probe the influence
of the deformation parameter on null trajectories. Moreover,
we investigate the propagation of a massless scalar field
in the vicinity of the static Konoplya–Zhidenko black hole
and use the plane waves formalism to compute the differ-
ential scattering cross section. We confront our numerical
results in the backward direction with the glory approxima-
tion, finding excellent agreement. We compare the results for
the deformed black hole with the Schwarzschild case, find-
ing that the additional parameter has an important role in
the behavior of the scattering process for moderate-to-high
scattering angles.

1 Introduction

Astrophysical observations lead us to believe that at the cen-
ter of galaxies there are supermassive black holes [1]. The
image of a compact object surrounded by hot plasma in the
center of the M87 galaxy [2] and the gravitational wave detec-
tions [3–5] vitalized the debate of the validity of General
Relativity in the strong-field regime, providing new channels
to obtain information about compact objects in the Universe,
which allow us to compare standard General Relativity black
hole solutions (for instance, Schwarzschild and Kerr black
holes) with possible deviations [6–8].

Instead of considering particular black hole solutions of
alternative theories of gravity, one can use a parametrized
approach [9]. Several parametrized (or deformed) black holes
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were introduced and analyzed in the literature with different
motivations [9–13]. In this work, we will consider the static
Konoplya–Zhidenko solution [14], which can be treated as a
vacuum solution of some unknown alternative theory of grav-
ity. The Konoplya–Zhidenko parametrization follows from
changing the mass term of General Relativity solutions by
adding a static deformation, such that the resulting metric
naturally violates the no-hair theorems [15].

The presence of the Konoplya–Zhidenko additional param-
eter changes sharply the spacetime in the strong-field regime
[16], such that physical processes are influenced and the cor-
responding outcomes may deviate from General Relativity
predictions. These deviations from General Relativity are
noticed both in the rotating and non-rotating versions of the
Konoplya–Zhidenko spacetime. The shadow [16], the strong
gravitational lensing [17], and the energy extraction process
[18] were studied for the rotating version of the solution.
Additionally, the massless scalar field absorption was ana-
lyzed in the static case [19].

As it has been pointed out in the literature [20–26] scatter-
ing processes play a remarkable role in black hole physics.
In order to fully consider field scattering, we need to solve a
wave equation with suitable boundary conditions, and ana-
lyze how an effective potential influences the propagation of
the incoming wave. It is possible to use the scattering analysis
to extract information about black hole parameters, as their
charge [27–29] and angular momentum [30–32]. Therefore,
one can perform a scattering investigation to obtain informa-
tion about additional parameters beyond those allowed by
the no-hair paradigm [33,34].

Considering a spinless field in a Konoplya–Zhidenko
deformed black hole background, we analyze the scatter-
ing process through the partial waves approach to probe how
the additional parameter influences the scattering of mass-
less scalar waves. We compare the numerical results of the
differential scattering cross section obtained via the partial
waves approach with the classical (geodesic) and semiclas-
sical (glory) scattering cross sections. In particular, for large
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scattering angles (θ ≈ π ), we find excellent agreement
between the partial waves approach and the glory approx-
imation.

The remaining of this paper is organized as follows. In
Sect. 2 we briefly present a parametrized black hole solu-
tion – the static Konoplya–Zhidenko black hole spacetime.
In Sect. 3 we perform a scattering investigation of the static
Konoplya–Zhidenko black hole. In particular, we discuss the
null geodesic analysis, the glory approximation, and the par-
tial waves approach. Furthermore, we present a selection of
our numerical results and compare them with the analyti-
cal approximation. We conclude with our final remarks in
Sect. 4. Throughout this paper we make use of natural units
G = c = � = 1 and metric signature (+, −, −, −).

2 BH parametrization

We consider the parametrization proposed in Ref. [14], in
which the black hole line element is modified by including
additional parameters in the mass-term, the so-called defor-
mation parameters. The line element of the non-spinning ver-
sion of this parametrized black hole solution is given by [19]

ds2 = fK Z (r)dt2 − 1

fK Z (r)
dr2 − r2d�2, (1)

where d�2 ≡ dθ2 + sin2 θdφ2 is the line element of the
unit sphere and fK Z (r) ≡ 1 − 2M(r)/r . In order to include
additional parameters the mass-term M(r) is chosen to be

M(r) = M + 1

2

∞∑

i=0

ηi

r i
, (2)

where ηi are the deformation parameters. If all ηi vanish, the
line element (1) reduces to the Schwarzschild one. Within the
family of parametrized black holes (1), one can chose a class
of solutions with the same post-Newtonian asymptotics of
Schwarzschild (β = γ = 1) [14]. Throughout this paper we
consider a parametrization that satisfies the latter constraint,
namely:

ds2 =
(

1 − 2M

r
− η

r3

)
dt2−

(
1 − 2M

r
− η

r3

)−1
dr2−r2d�2,

(3)

which can be obtained by assuming that ηi = ηδi 2, in Eq. (2).
This particular parametrization describes a black hole with
two parameters, namely M and η, and the relation between
the event horizon position and the ADM mass M is differ-
ent from the Schwarzschild case [18,19]. We show the event
horizon position as a function of the deformation parame-
ter in Fig. 1. We notice that the location of the event hori-

Fig. 1 The solid (black) curve gives the event horizon position as a
function of the deformation parameter. The dot-dashed (red) curve rep-
resents a second (inner) horizon which appears for negative values of
the deformation parameter. We notice that there is a minimum value of
the deformation parameter, namely η/M3 = ηmin ≡ −32/27, for the
line element (3) to describe a black hole

zon increases monotonically, as we enhance the value of the
deformation parameter, so that the area of the black hole
increases for bigger values of the deformation parameter [19].

3 Scattering investigation

In this section we investigate the (massless) scalar scattering
by static Konoplya–Zhidenko parametrized black holes. To
do so, we consider a massless spinless wave impinging from
infinity. We present the key equations to analyze the scat-
tering phenomena. We start by studying the high-frequency
regime, making use of the geodesic and glory approxima-
tions, where some behaviors of the scalar wave scattering are
foreshadowed. After that, by considering the partial waves
approach, we study the scattering of massless scalar waves
by parametrized black holes.

3.1 Null geodesic analysis

In order to perform the geodesic analysis, we start by writ-
ing the orbit equation. Due to the spherical symmetry, we
can, without loss of generality, consider the motion in the
equatorial plane (θ = π/2), namely

(
du

dφ

)2

= 1

b2 − u2 + 2Mu3 + ηu5, (4)

where u = 1/r(φ) and b is the impact parameter, i.e, the
perpendicular distance between the path of a particle (here
null geodesics) and the scattering center (here black holes).
One can differentiate Eq. (4) and solve it with the appropri-
ate boundary conditions to obtain the null geodesics in the
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Fig. 2 Geodesics being bent in the parametrized black hole space-
time (3), for different values of the deformation parameter η. The impact
parameter is chosen to be b = 5.5M . We also show the Schwarzschild
case (η/M3 = 0.0)

parametrized black hole spacetime (3). In Fig. 2 we show
a selection of null geodesics in different parametrized black
hole spacetimes, and compare them with the Schwarzschild
case. We notice that black holes with bigger deformation
parameter have strong influence in the geodesic motion.

The (classical) scattering cross section, giving the scat-
tered flux in a specific direction, can be written as [35]

dσcl

d�
= csc θ

∑

n

b(θ)

∣∣∣∣
db(θ)

dθ

∣∣∣∣ , (5)

where b(θ) is the impact parameter associated with a given
scattering angle θ . The sum in Eq. (5) takes into account the
fact that particles can undergo n (∈ N) loops before being
scattered through a deflection angle � (related to the scat-
tering angle by θ = |� − 2nπ |). We shall see that Eq. (5)
describes very well the massless scalar scattering cross sec-
tion for small angles. In Fig. 3 we exhibit the classical scat-
tering cross section for some parametrized black holes (3),
obtained by Eq. (5). We note that black holes with smaller
deformation parameters have a bigger classical scattering
cross section for moderate-to-high scattering angles.

3.2 Glory approximation

Just as in Optics, black hole wave scattering gives rise to
diffraction effects. The so-called glory is a bright spot or
halo formed in the backward direction (θ = π ). The semi-
classical approximation of the glory scattering cross section
for scalar waves impinging upon spherically symmetric black
holes is given by [36]

Fig. 3 Comparison between the classical scattering cross section of
the parametrized black holes (3), for η/M3 = ηmin, −1, 1 and 3, with
the Schwarzschild case (η/M3 = 0)

dσ
g
sc

d�

∣∣∣∣
θ≈π

≈ 2πωb2
g

∣∣∣∣
db

dθ

∣∣∣∣
θ≈π

[J0(ωbg sin θ)]2, (6)

where b(π) ≡ bg is the glory impact parameter and J0(x)
is the Bessel function of the first kind, of order 0. In the
high-frequency limit (ωM � 1), the approximation (6) gives
excellent results for the scalar scattering in the backscattered
direction (θ = π). We shall see that, even for ωM ∼ 1, the
glory approximation provides very good agreement with the
numerical results at θ ∼ π .

3.3 Partial waves approach

The equation for the massless scalar field in a curved space-
time is

∇μ∇μ
 = 0. (7)

Due to the spherical symmetry, one can decompose the scalar
field 
 as


 = ψωl(r)

r
Ylm(θ, φ)e−iωt , (8)

where Ylm(θ, φ) are the spherical harmonics. Substituting
Eq. (8) into Eq. (7) we obtain the Schrödinger-like equation

d2ψωl

dr2
�

+
(
ω2 − Vl(r)

)
ψωl = 0, (9)

where r� is the so-called tortoise coordinate, defined implic-
itly by dr/dr� = fK Z (r), and

Vl(r) = fK Z (r)

r

d fK Z

dr
+ fK Z (r)

l(l + 1)

r2 (10)

is the effective potential. At both asymptotic regions (event
horizon, r� → −∞, and infinity, r� → ∞) the effective
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potential goes to zero [19], such that we look for solutions
with the following boundary conditions

ψωl(r�) ∼
{
e−iωr� + Rωl eiωr� , r� → +∞,

Tωl e−iωr� , r� → −∞,
(11)

that is, a composition of ingoing and outgoing waves at infin-
ity and a purely incoming wave at the event horizon. In the
latter equation, the coefficients Rωl and Tωl can be related
to the reflection and transmission coefficients, respectively,
and satisfy the flux conservation relation

|Rωl |2 + |Tωl |2 = 1. (12)

The scalar differential scattering cross section for spheri-
cally symmetric black holes, can be written as

dσsc

d�
= ∣∣ĝ(θ)

∣∣2
, (13)

where

ĝ(θ) = 1

2iω

∞∑

l=0

(2l + 1)
[
(−1)l+1Rωl − 1

]
Pl(cos θ) (14)

is the scattering amplitude [37]. Due to the long-range nature
of the fields propagating in the black hole spacetime, the
scattering amplitude has a poor convergence [38], and we
have to consider a high number of partial waves to numeri-
cally describe the divergence of ĝ(θ) in the forward direction
(θ = 0). In order to circumvent this difficulty, some proce-
dures can be implemented, like the series reduction method
[39] or by considering a sum over the Regge Poles [38,40].
Here we use the series reduction method to obtain our numer-
ical results.

In Fig. 4 we plot the differential scattering cross section
for a fixed value of frequency (ωM = 3) and two choices of
the deformation parameter (η/M3 = 2 and η/M3 = ηmin).
We compare the scattering cross section obtained via the par-
tial wave approach (blue dashed line) with the ones obtained
by the geodesic analysis (black solid line) and by the glory
approximation (red dotted line). From Fig. 4, we notice that in
the forward direction (θ = 0) the differential scattering cross
section is well described by the geodesic scattering cross sec-
tion. Additionally, for moderate-to-high values of the scat-
tering angle, a remarkable interference pattern appears, and
near the backward direction (θ ∼ π ) the differential scatter-
ing cross section is in excellent accordance with the semi-
classical glory approximation.

In order to estimate the effects of the deformation param-
eter on the scattering of massless scalar waves, we plot in
Fig. 5 a selection of differential scattering cross sections for
a fixed value of frequency (ωM = 3) and several values of
the deformation parameter (non-negative values on the top

Fig. 4 Differential scattering cross section of parametrized black
holes, obtained by geodesics analysis (black solid line), as well as by
partial waves approach (blue dashed line). We also exhibit the glory
scattering approximation (red dotted line). We consider η/M3 = 2 (top
panel), as well as η/M3 = ηmin (bottom panel), and ωM = 3 for the
wave analysis

panel and non-positive values on the bottom panel). From
Fig. 5 we notice that by diminishing the value of the defor-
mation parameter, the interference fringes width becomes
larger. Additionally, the fringes are shifted to larger values
of the scattering angle as we increase the value of the defor-
mation parameter. The behavior of the fringes can be under-
stood by analyzing the glory scattering (namely, the scatter-
ing near the backward direction). We plot the behavior of the
glory impact parameter in Fig. 6, and notice that bg increases
monotonically as we enhance the value of the deformation
parameter. By considering Eq. (6), we notice that the inter-
ference fringe widths are proportional to 1/(bgω), so that
by increasing the value of the deformation parameter or the
value of the frequency, the fringe widths get narrower.

We can see from Fig. 5 that the magnitude of the glory
peak in the backward direction depends on the value of the
deformation parameter. From Fig. 4 we note that the numer-
ical value of the glory peak does not, in general, coincide
with the peak of the glory approximation. We illustrate this
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Fig. 5 Differential scattering cross section for some deformed black
holes with positive (top panel) and negative (bottom panel) values of
the deformation parameter. The Schwarzschild case is also shown, for
comparison

Fig. 6 Glory impact parameter as a function of the deformation param-
eter

difference in Fig. 7, from where we see that the numerical
values of the glory peak oscillate around the semiclassical
approximation (black solid line).

Fig. 7 Amplitude of the glory (θ = π) as a function of the deformation
parameter η. We notice that the numerical results oscillate around the
glory approximation (monotonically decreasing solid black curve)

4 Final remarks

We have investigated the scattering of null geodesics and
massless scalar waves by a static Konoplya–Zhidenko black
hole containing a single extra parameter, and compared the
results obtained with the well-known Schwarzschild case.

By analyzing how the additional parameter affects the
geodesic motion, we have found that small deformation
parameters have a weak influence on the null-like trajecto-
ries around black holes. With the increase of the deformation
parameter, the critical impact parameter of the Konoplya–
Zhidenko black holes also increases, and its shadow becomes
bigger, reinforcing the results of Ref. [16]. We have computed
the classical differential scattering cross section and noticed
that the increase of the deformation parameter diminishes
the differential scattering cross section for moderate-to-high
scattering angles.

We have studied how the additional parameter influences
the scattering of massless scalar waves. In the forward direc-
tion (θ = 0), the differential scattering cross section com-
puted by the partial waves approach degenerates into the
classical scattering cross section. For small scattering angles,
the role of the extra parameter is less relevant. However, for
moderate-to-high scattering angles, the effect of the defor-
mation parameter on the scattering process becomes more
important. The semiclassical analysis allows us to understand
the oscillatory pattern in the differential scattering cross sec-
tion (see, for instance, Fig. 4) as being due to the interference
between rays orbiting the black hole in opposite senses. The
semiclassical analysis also explains the role of the deforma-
tion parameter near the backward direction (θ = π ). As the
deformation parameter increases, the glory impact parameter
grows and the interference fringe widths get narrower. In the
backward direction, we notice that there is an intensity peak
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(glory peak), which depends on the value of the deformation
parameter.

The results reported here reinforce that the additional
parameters in the static parametrized black hole solutions
have a strong influence on physical processes near the event
horizon. It should be interesting to extend the analysis pre-
sented here to rotating versions of deformed black holes in
order to study how the extra parameters influence the physics
near black holes with non-zero angular momentum.
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