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Abstract We develop a new heavy quark transport model,
QLBT, to simulate the dynamical propagation of heavy
quarks inside the quark-gluon plasma (QGP) created in rela-
tivistic heavy-ion collisions. Our QLBT model is based on the
linear Boltzmann transport (LBT) model with the ideal QGP
replaced by a collection of quasi-particles to account for the
non-perturbative interactions among quarks and gluons of the
hot QGP. The thermal masses of quasi-particles are fitted to
the equation of state from lattice QCD simulations using the
Bayesian statistical analysis method. Combining QLBT with
our advanced hybrid fragmentation-coalescence hadroniza-
tion approach, we calculate the nuclear modification factor
RAA and the elliptic flow v2 of D mesons at the Relativistic
Heavy-Ion Collider and the Large Hadron Collider. By com-
paring our QLBT calculation to the experimental data on the
D meson RAA and v2, we extract the heavy quark transport
parameter q̂ and diffusion coefficient Ds in the temperature
range of 1 − 4 Tc, and compare them with the lattice QCD
results and other phenomenological studies.

1 Introduction

One of the main goals of relativistic heavy-ion collisions
is to study the strong-interaction matter at extreme tem-
peratures and densities, and to explore the properties of
the quark-gluon plasma (QGP) in laboratories. Experiments
at Relativistic Heavy-Ion Collider (RHIC) and the Large
Hadron Collider (LHC) have collected a tremendous amount
of data with strong evidences for the formation of the color-
deconfined QGP. At low transverse momentum (pT), the
observed hadron distributions exhibit large elliptic azimuthal

a e-mail: guangyou.qin@mail.ccnu.edu.cn (corresponding author)
b e-mail: shanshan.cao@sdu.edu.cn (corresponding author)
c e-mail: xnwang@lbl.gov (corresponding author)

anisotropies, which strongly depend on the centrality and
collision geometry of the nucleus-nucleus collisions [1–4].
Such azimuthal anisotropies can be successfully described
by relativistic hydrodynamic model, implying a strongly-
interacting QGP fluid created in high-energy heavy-ion colli-
sions at RHIC and the LHC. Due to strong interaction among
QGP constituents, the initial geometric anisotropies are con-
verted into the anisotropic collective flow of the QGP and the
final state momentum anisotropies of the produced hadrons
[5–18]. Currently, one important effort is to use the observed
flow anisotropies to extract the specific shear viscosity of the
QGP fluid via systematic comparisons with the relativistic
hydrodynamics simulations [19–23].

At high pT, the observed hadron production in nucleus-
nucleus collisions exhibits a strong suppression pattern com-
pared to the expectation of independent nucleon-nucleon col-
lisions [24–32]. Such phenomenon is generally referred to as
jet quenching [33–39], which is mainly caused by energy loss
of jet partons during their propagation through the QGP. Jet
partons may interact with the constituents of the hot medium
and lose energy via elastic (collisional) and inelastic (radia-
tive) interactions, before they fragment into color-neutral
hadrons. The interaction between jets and medium may also
lead to the suppression of the production rates of fully recon-
structed jets [40–50] and the modification of jet-related cor-
relations [51–59]. It can also change the internal structures
of full jets [60–69] and induced medium response with inter-
esting phenomenological consequences [64,68,70–75]. One
important objective of the jet quenching study is to quanti-
tatively determine various jet transport coefficients, such as
q̂ that characterizes the rate of transverse momentum broad-
ening of jet partons inside the QGP [27,76].

Heavy (charm and bottom) quarks are unique probes of
QGP in relativistic heavy-ion collisions. Due to their large
masses (mQ � TQGP), heavy quarks are produced at the
early stage of nuclear collisions and thus are able to probe
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the entire history of the fireball evolution. In addition, the pro-
duction rate of heavy quarks can be computed via perturba-
tive QCD techniques (mQ � �QCD). One of the compelling
features of heavy quarks is the wide range of physics in the
comprehensive coverage in pT. At low pT, heavy quarks can
be utilized to study the diffusion and thermalization processes
inside the QGP. At intermediate pT, heavy flavor hadrons are
excellent tools to investigate the hadronization mechanisms
of colored partons into color-neutral hadrons. At high pT

where perturbative interactions dominate, heavy quarks can
be used to investigate the flavor and mass dependences of
parton energy loss and jet quenching. Tremendous efforts
have been devoted to the study of heavy quark dynamics in
relativistic heavy-ion collisions [77–100].

To describe heavy quark diffusion and energy loss in QGP,
there are two common approaches: Langevin and Boltzmann
transport models. As for heavy quark hadronization, the com-
bination of coalescence model and fragmentation mechan-
ics is usually used; the former dominates in the lower and
intermediate pT regions while the later controls the high pT

region. One of the most important tasks of heavy quark study
is to obtain a simultaneous description of the experimental
data on RAA and v2, and to quantitatively determine the spa-
tial diffusion coefficient Ds(T ) of heavy quarks. This is also
the main purpose of our present work.

In this work, we improve the linear Boltzmann transport
(LBT) model for heavy quark evolution in the QGP by mod-
eling the QGP as a collection of thermalized quasi-particles.
In the LBT model, both elastic and inelastic interactions are
included consistently for heavy quarks propagating through
the QGP [31,45,90,99,101]. In order to include the non-
perturbative dynamics of the interaction among constituent
quarks and gluons in the QGP, the properties (such as the
thermal masses) of the quasi-particles are fitted to the realis-
tic equation of state (EoS), i.e., the pressure, entropy, energy
density as a function of temperature, as determined from
lattice QCD calculations. We call our new model the quasi-
particle LBT (QLBT) model. In the numerical calibration, we
use the Bayesian statistical analysis to determine the values
of the parameters for the quasi-particle masses (through the
strong coupling g) by comparing the EoS from our thermal
dynamical calculation to the lattice QCD results. Two differ-
ent sets of lattice QCD data, Wuppertal–Budapest (WB) and
Hot QCD (HQ), are used and compared in our study. After
the parameters in the quasi-particle model are fixed, we then
perform a systematic calculation of the D meson RAA and
v2 at RHIC and the LHC using our new QLBT model com-
bined with our advanced hybrid fragmentation-coalescence
hadronization approach. By comparing our QLBT calcula-
tion to the corresponding data from CMS and STAR Col-
laborations, we determine the parameters in the interaction
strength (strong coupling) between heavy quarks and the
QGP medium using the Bayesian analysis method. Using

the extracted parameters in our QLBT model, we further
compute heavy quark transport parameter q̂ and the spatial
diffusion coefficients Ds of heavy quarks in the temperature
range of 1 − 4 Tc. Our numerical values of heavy quark dif-
fusion coefficient as well as its temperature dependence are
shown to be consistent with lattice QCD calculations and
other phenomenological studies.

The remainder of this paper will be organized as follows.
In Sect. 2, we will present our quasi-particle model of the
thermal QGP. The comparison to lattice QCD equation of
state and the extraction of our quasi-particle model parame-
ters will be discussed. In Sect. 3, we will review the (Q)LBT
model which describes the evolution of heavy quarks inside
QGP via elastic and inelastic interactions. In Sect. 4, we will
present our numerical results on the D meson RAA and v2

and extract the heavy quark transport coefficients with their
temperature and momentum dependences. Our summary will
be presented in Sect. 5.

2 The quasi-particle model of QGP

In the quasi-particle model, the system of interacting quarks
and gluons in a thermalized QGP is effectively represented
by an ideal gas of non-interacting massive quarks and glu-
ons (called quasi-particles) [88,102–108]. The masses of
the quasi-particles contain all the non-perturbative dynam-
ics of the interaction and can be viewed as the interaction
energy among quarks and gluons in the QGP. Note that
Refs. [89,109–114] has included off-shell parton transport.
To describe the main thermodynamic features, such as the
energy density, pressure and entropy density as a function
of temperature, obtained from lattice QCD simulations, the
thermal masses of quasi-particles have to be temperature-
dependent. To describe the main thermodynamic features,
such as the energy density, pressure and entropy density
as a function of temperature, obtained from lattice QCD
simulations, the thermal masses of quasi-particles have to
be temperature-dependent. Usually a temperature-dependent
bag pressure is also introduced to account for other non-
perturbative effects and to meet the self-consistency of ther-
modynamic properties.

In this work, we utilize the following forms (motivated
by perturbative QCD calculation [103]) for the temperature-
dependent effective masses of quarks and gluons,

m2
g(T ) = 1

6

(
Nc + 1

2
N f

)
g2(T )T 2, (1)

m2
q(T ) = N 2

c − 1

8Nc
g2(T )T 2, (2)

where N f is the number of flavors, Nc is the number of colors,
mg is the mass for gluons and mq is the mass of light quarks.
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In the above expressions, the coupling factor g(T ) is tem-
perature dependent, whose exact form will be fitted to the
lattice QCD data. Again motivated by the perturbative QCD
calculation, we use the following parametric form to model
the temperature dependence of the coupling g(T ):

g2(T ) = 48π2

(11Nc − 2N f ) ln
[

(aT/Tc+b)2

1+ce−d(T/Tc)2

] (3)

where a, b, c and d are parameters to be determined by the
equation of state from lattice QCD simulations.

With the ansatzs of g(T ) and the quasi-particle masses
m(T ), different thermodynamical quantities can be then cal-
culated straightforwardly. First, the pressure can be calcu-
lated from the contributions of different constituents:

P(T ) =
∑
i

di

∫
d3 p

(2π)3

p2

3Ei (p, T )
fi (p, T ) − B(T ), (4)

where the sum runs over all parton species, fi (p, T ) denote

Bose or Fermi distribution, Ei (p, T ) =
√
p2 + m2

i (T ), di is
the spin and color degeneracy – 2Nc for quarks (anti-quarks)
and 2(N 2

c −1) for gluons, and B(T ) is temperature-dependent
bag constant. Following the strategy in Ref. [106], the energy
density of the system can be similarly obtained as follows:

ε(T ) =
∑
i

di

∫
d3 p

(2π)3 Ei (p, T ) fi (p, T ) + B(T ). (5)

As for the entropy density, the bag constant B(T ) in the
pressure and energy density cancels:

s(T ) = ε(T ) + P(T )

T
. (6)

Therefore, the entropy density still preserves the ideal gas
form. To minimize the uncertainty in the fitting procedure,
we fix the parameters in g(T ) by fitting the lattice QCD data
on the entropy density s(T ).

In order to extract the parameters in g(T ) from the lat-
tice QCD data, we employ the Bayesian statistical analysis
method, which can be simply summarized as:

P(θ |data) = P(θ)P(data|θ)

P(data)
. (7)

In the above equation, P(θ |data) is the posterior distribu-
tion of the parameter set θ = [a, b, c, d] given the experi-
mental data, P(θ) is the prior distribution of the parameter
set θ , P(data) = ∫

dθ P(θ)P(data|θ) is the experimental
evidence, and P(data|θ) is the Gaussian likelihood between

Table 1 The ranges of model parameters (a, b, c, d) used in the prior
distributions

Lattice data Parameters Prior range

WB a [0.1, 10]

b [0, 1]

c [0, 10]

d [0, 2]

HQ a [0, 10]

b [− 1, 1]

c [10, 80]

d [0, 10]

experimental data and the output for any given set of param-
eters θ :

P(data|θ) =
∏
i

1√
2πσi

e
− (yi−yexp)2

2σ2
i , (8)

where yi denotes model calculation results, yexp denote
the experiment or lattice QCD data, σi denote the stan-
dard errors at each data point. Following Ref. [117], we
employ the PyMC library [118] to perform the Markov Chain
Monte Carlo (MCMC) estimation of the parameters with
Metropolis-Hastings random walk in the parameter space.
During the g(T ) fitting process, the prior distributions of
model parameters (a, b, c, d) are taken as the uniform distri-
bution within given ranges as shown in Table 1. We use the
maximum a posterior (MAP) method in PyMC to estimate
the initial values of the parameters, which are fed to MCMC
to sample 20,000 sets of parameters.

In Fig. 1, we present our calibration of the entropy den-
sity s(T ) as a function of temperature obtained from the
quasi-particle model against the lattice QCD data from both
the Wuppertal–Budapest (WB) [115] and the Hot QCD
(HQ) [116] Collaborations. Note that for the two sets of
lattice QCD data, the values of Tc are a little different:
Tc = 150 MeV for WB and Tc = 154 MeV for HQ. To
compare to different lattice results, we also use different Tc

values in our quasi-particle model. In the figure, the bands
represent the 95% confidence region (C.R.) for the calibrated
parameter values.

By comparing to the entropy density s(T ) as a function
of temperature, we may extract the values of the parameters
a, b, c and d in the temperature-dependent coupling g(T ).
In Fig. 2, we show the posterior distribution for these four
parameters as well as the correlations between them. The
left plot shows the calibration results using WB data, and the
right plot for using HQ data. The mean values and standard
deviations from our calibration are summarized in Table 2.
Note that there could be strong correlation between the error
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Fig. 1 The entropy density s(T ) from the quasi-particle model (QPM) is fitted to the lattice QCD data from Wuppertal–Budapest [115] and the
Hot QCD [116] Collaborations. The bands show the 95% confidence intervals

Fig. 2 The posterior probability distributions of the parameters a, b, c and d in the temperature-dependent coupling g(T ) by fitting to the lattice
equation of state from Wuppertal–Budapest (Left) and Hot QCD (Right) collaobrations

bars of different lattice data points, which has not been taken
into account in our current analysis. Therefore, the standard
deviations of the extracted parameters and the error bands
of our calibrated entropy density might be underestimated.
We have checked that if only half the lattice data points are
included in our analysis, the error band will increase about
10% for the extracted entropy density, and about 30% for the
coupling strength g(T ) presented below.

Shown in Fig. 3 are the strong coupling g(T ) and quasi-
particle massesm(T ) as functions of the medium temperature
T/Tc, in which the parameters a, b, c and d obtained from
the above Bayesian analysis are applied. The 95% confidence
interval bands are also shown. One can observe from the left
panel that the fitted coupling g(T ) shows a decreasing pat-

Table 2 The mean and standard deviations of parameters (a, b, c, d) in
the coupling g(T ) extracted from Wuppertal–Budapest and Hot QCD
lattice QCD data

Lattice data Parameters Mean values Standard errors

WB a 2.063 0.1705

b 0.836 0.1186

c 7.792 0.9857

d 0.492 0.054

HQ a 6.8899 1.055

b 0.398 0.462

c 54.9825 12.76

d 0.449 0.0432
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Fig. 3 The strong coupling g(T ) (Left) and quasi-particle masses m(T ) (Right) using the fitted parameter values from the Bayesian analysis

tern as the temperature T increases. When approaching Tc,
the coupling g(T ) can become very large. In the fitting pro-
cess, we disregard all the parameter sets which give divergent
or negative values of g(T ). In the right panel, one can see that
as T decreases, the quasi-particle masses first decrease and
then increase; the transition is around 1.4Tc. It is interesting
to notice that the qualitative feature of strong coupling g(T )

and quasi-particle masses m(T ) are quite similar between
the extractions from the two sets of lattice QCD data. How-
ever, quantitative difference still exists in g(T ) and m(T )

due to the different Tc values and temperature dependences
of the entropy density s(T ) between WB and HQ data (as
shown in Fig. 1). Note that the variation of the prior ranges
of the model parameters listed in Table 1 can change the val-
ues of the parameters summarized in Table 2 because these
parameters have not been designed to be orthogonal to each
other yet. However, we have verified that their combination
for g(T ) has little dependence on the prior ranges. There-
fore, we expect that heavy meson observables presented in
this work should not be affected by the choice of the prior
ranges.

3 (Q)LBT model for heavy quarks

In the (Q)LBT model [31,45,90,99,101], the evolution of
the phase space distribution of a given parton (denoted as
“1” below) is described using the Boltzmann equation as
follows:

p1 · ∂ f1(x1, p1) = E1(Cel + Cinel), (9)

where Cel and Cinel are collision integrals arising from elas-
tic and inelastic processes experienced by the propagating
parton “1”.

For the elastic process (1+2 → 3+4), the scattering rate
is given by:

�12→34( �p1)

= γ2

2E1

∫
d3 p2

(2π)32E2

∫
d3 p3

(2π)32E3

∫
d3 p4

(2π)32E4

× f2( �p2)[1 ± f3( �p3)][1 ± f4( �p4)]S2(s, t, u)

× (2π)4δ(4)(p1 + p2 − p3 − p4)|M12→34|2, (10)

where γ2 is the spin-color degeneracy factor of parton “2”,
and is equal to 2Nc for quarks (anti-quarks) and 2(N 2

c − 1)

for gluons. In this work, we still keep the factor S2(s, t, u) =
θ(s ≥ 2μ2

D)θ(t ≤ −μ2
D)θ(u ≤ −μ2

D), with μ2
D(T ) =

2m2
g(T ), as in the case of massless thermal medium partons,

where S2 is imposed to avoid possible divergence at small
angle u, t → 0 [101,119]. The leading order pQCD matrix
elements are taken for |M12→34|2 in elastic scattering pro-
cess [120]. Note that the quasi-particle masses of the thermal
partons have been included in evaluating the Mandelstam
variables s, t and u that enter the matrix elements |M12→34|2
although these elements were derived for scatterings between
heavy quarks and massless partons [120]. The main effects
of the quasi-particle masses in this work is on the density
distribution of thermal partons f2( �p2), which is significantly
reduced compared to the density of massless partons. The
sign ± represents the Pauli block and Bose enhancement
effects. The factor (1 − f3) for heavy quarks is neglected
considering that the temperature of QGP is much smaller
than heavy quark masses, leading to very low heavy quark
density inside the QGP.

Using the δ-function and the azimuthal angular symmetry
with respect to the �p1 direction, Eq. (10) can be reduced to:

�12→34 = γ2

16E1(2π)4

∫
dE2dθ2dθ4dφ4

× f2(E2, T )(1 ∓ f4(E4, T ))S2(s, t, u)
∣∣M12→34

∣∣2

× p2 p4 sin θ2 sin θ4

E1 + E2 − p1 cos φ4
E4
p4

− p2 cos θ24
E4
p4

, (11)
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where

cos θ24 = sin θ2 sin θ4 cos φ4 + cos θ2 cos θ4, (12)

E4 =
(E1 + E2)B ±

√
A2(m2

4A
2 + B2 − m2

4(E1 + E2)2)

(E1 + E2)2 − A2

(13)

with A = | �p1| cos θ4+| �p2| cos θ24, and B = p1 · p2+m2
4. To

achieve the above expressions, we have chosen heavy quark
momentum �p1 along the +z direction and the medium par-
ton momentum �p2 in the xz plane (θ2 is the polar angle of
�p2). (θ4, φ4) are the polar and azimuthal angle of �p4. θ24 is
the angle between �p2 and �p4. Due to the introduction of the
thermal parton masses, the above expression is more compli-
cated compared to the massless scenario in the earlier work
[90]. Regarding the above two solutions, we choose the one
which can return to the solution in Ref. [90] when we take
the quasi-particles to be massless, i.e., the “+” sign is taken
for A > 0 and “–” for A < 0. This is another modification
by introducing the quasi-particle masses in addition to the
matrix element and the density distribution discussed earlier.

In the LBT simulation, one first calculates the elastic scat-
tering rate through each scattering channel �

(i)
el ( �p, T ) for a

heavy quark with a given momentum �p and a local tempera-
ture T of the surrounding medium. The total scattering rate is
the sum of different channels: �el = ∑

i �
(i)
el . Assuming the

Poisson distribution for the number of scatterings in a given
time step �t , the elastic scattering probability can be given
by:

Pel = 1 − e−�el�t (14)

For the inelastic process, or medium-induced gluon emis-
sion, experienced by parton “1”, we implement the medium-
induced gluon spectra given by the higher-twist energy loss
formalism [121,122]:

dNg

dxdk2⊥dt
= 2αsCAP(x)k4⊥

π(k2⊥ + x2M2)4
q̂ sin2

(
t − ti
2τ f

)
, (15)

where x is the fractional energy of the emitted gluon taken
from its parent parton, k⊥ is the gluon transverse momentum
with respect to the parent parton, αs is the strong coupling,
P(x) is the vacuum splitting function, q̂ is the quark transport
parameter characterizing the transverse momentum broad-
ening rate due to elastic collisions between jet partons and
medium constituents, τ f is the formation time of the radi-
ated gluon in the form of τ f = 2Ex(1 − x)/(k2⊥ + x2M2)

with M being the mass of the parent parton, and ti denotes
the initial time or the production time of the parent parton.
The jet transport parameter q̂ is defined as the transverse
momentum broadening rate due to elastic collisions between

jet partons and medium constituents, which can be obtained
by evaluating Eq. (10) with a weight of ( �p2⊥ − �p4⊥)2 in the
integral.

To simulate the gluon radiation process in a given time
step �t in the LBT model, we first calculate the average
gluon number from the above gluon spectrum as

〈Ng〉(t,�t) = �inel�t = �t
∫

dxdk2⊥
dNg

dxdk2⊥dt
, (16)

in which a lower cut-off is imposed for the emitted gluon
energy as xmin = μD/E in order to avoid possible divergence
as x → 0. With the assumption of a Poisson distribution for
the number of radiated gluons in a given time step �t , the
inelastic scattering probability can be written as

Pinel = 1 − e−�inel�t . (17)

In the end, by combining elastic and inelastic processes,
we obtain the following total scattering probability:

Ptot = 1 − e−(�el+�inel)�t = Pel + Pinel − PelPinel. (18)

The above probability can be splitted into two parts: pure
elastic scattering with probability Pel(1− Pinel) and inelastic
scattering with probability Pinel.

One of the key quantity that determines the interaction
strength between heavy quarks and the QGP medium is the
strong coupling αs. In fact, there are three different coupling
parameters associated with the elastic and inelastic scatter-
ings under discussion, which are in principle can be all differ-
ent. As illustrated in Fig. 4, we use αs(T ) = g2(T )/(4π) for
the vertex directly connecting to the thermal parton inside the
medium, where g(T ) is the temperature dependent coupling
parameter previously extracted from the lattice EoS. For the
other two vertices that connect to the jet parton (heavy quark),
we assume the following parametric form:

αs(E) = 12π

(11Nc − 2N f ) log
[
(AE/Tc + B)2] , (19)

where E is the jet parton (heavy quark) energy, and the
parameters A and B will be determined from the heavy quark
observables, such as RAA and v2 of heavy mesons, in the next
section. In this work, the prior distributions for two param-
eters A and B are taken as uniform within the ranges sum-
marized in Table 3. Note that the jet transport parameter q̂ ,
due to the elastic scattering process, is contributed by both
vertices in the left panel of Fig. 4, thus is proportional to
αs(T )αs(E).
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Fig. 4 Running couplings in
elastic and inelastic scattering
processes

Table 3 The ranges of model parameters (A, B) used in the prior dis-
tributions

Lattice data Parameters Prior range

WB/HQ A [0.032, 0.16]

WB/HQ B [0.64, 15]

4 Numerical results for RAA and v2

Using the newly developed QLBT model as described above,
one can calculate the nuclear modification factor RAA and
the elliptic flow v2 for D mesons at RHIC and the LHC. The
spatial distributions of the heavy quark production vertices
are calculated using the Monte-Carlo Glauber model, while
their initial momentum distribution is taken from the LO
perturbative QCD calculation that includes pair production
(qq̄ → QQ̄, gg → QQ̄) and flavor excitation (qQ → qQ,
gQ → gQ) processes. Meanwhile, the QGP medium is sim-
ulated using the (3+1)-dimensional CLVisc hydrodynamic
model [132,133] whose initial energy density is obtained
from the AMPT model [134]. In order to provide reasonable
descriptions of the soft hadron spectra, the starting time of the
hydrodynamic evolution is set as τ0 = 0.6 fm and the specific
shear viscosity is set as η/s = 0.08. Before the QGP phase
(τ < τ0), heavy quarks are assumed to stream freely. Possi-
ble interaction during this early stage [135,136] is neglected
considering the short time duration of this stage compared to
the ensuing QGP phase. The subsequent heavy quark inter-
action with the QGP is described using our QLBT model as
described in the previous section. At the chemical freeze-
out hypersurface (Tc), we convert heavy quarks into heavy
flavor hadrons using a hybrid coalescence-fragmentation
hadronization model [137], in which the coalescence prob-
ability between heavy quarks and thermal light quarks are
determined by the wavefunction overlap between the free-
quark state and hadronic bound state, and heavy quarks that
do not hadronize through coalescence are fragmented into
heavy flavor hadrons via Pythia [138] simulation. Within this
framework, we analyze the RAA and v2 of D mesons in Pb-

Pb collisions at
√
sNN = 5.02 TeV at the LHC and in Au-Au

collisions at
√
sNN = 200 GeV at RHIC. The two model

parameters A and B in Eq. (19) can then be obtained from
calibrating the QLBT model to these experimental data using
the Bayesian statistical analysis method. With the extracted
parameters, one may further calculate heavy quark transport
coefficient q̂ and the spatial diffusion coefficient Ds. In the
present study, we only concentrate on the interaction strength
between heavy quarks and the QGP, characterized by the
(A, B) parameters. Other model parameters, such as differ-
ent kinematic cuts in the transport model and the starting
time of the hydrodynamic evolution [139], may also affect
the final heavy meson observables. A simultaneous calibra-
tion of all these model parameters is computational expensive
and is left for a future effort.

In Fig. 5, we first present the D meson RAA and v2 at
RHIC and the LHC after our model calibration. The error
bands represent the the 95% confidence interval. One can see
that with the application of the lattice EoS, our QLBT model
provides a reasonable description of the D meson observ-
ables at both RHIC and the LHC. No significant difference
can be observed between applying the WB EoS and the HQ
EoS. Note that in the present study, we have not included
the interpolation errors from the Gaussian emulator, there-
fore, the widths of the 95% confidence interval presented
here are likely underestimated. Also the fluctuations seen in
our RAA and v2 results originate from the limited statistics of
our simulations. The extremely narrow bands of our heavy
meson observables at very low pT might be due to the fact
that low energy heavy quarks can reach thermal equilibrium
with the QGP medium, so their final spectra are insensitive
to the variation of our model parameters.

Shown in Fig. 6 are the posterior distributions of the
(A, B) parameter space obtained from the above model cal-
ibration, in which the left and right panel corresponds to
distribution extracted with WB and HQ EoS respectively. In
the off-diagonal sub-figures, we also present the correlation
between parameters A and B. Note that during the αs(E) cal-
ibration process, it is extremely computationally expensive to
directly scan across the entire parameter space. To speed up
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Fig. 5 Using the Bayesian analysis, the nuclear modification factors
RAA and the elliptic flowv2 for Dmesons in Pb-Pb collisions at

√
sNN =

5.02 TeV at the LHC and in Au-Au collisions at
√
sNN = 200 GeV at

RHIC are compared to the experimental data from CMS Collaboration
[123,124] and STAR Collaboration [125,126]

the computing efficiency [76,117], we only apply the QLBT
calculations on 100 sets of (A, B) parameters that are sam-
pled using the Latin-Hypercube algorithm, and then use the
corresponding results to train the Gaussian process emulator.
After being trained on the given design points, the emulator
is able to interpolate between these design points and predict
model results at an arbitrary point in the parameter space. We
then use the this Gaussian process emulator to scan across the

parameter space, and update the sampled parameters using
the MCMC algorithm together with the Bayesian statistics, in
the same way that we applied to extract parameters of the EoS
in Sect. 2. In Fig. 6, one can observe that although two differ-
ent lattice EoS are used in our analysis, they lead to similar
values of A and B for heavy-quark-medium interaction cou-
pling in the end (see their mean values and standard errors in
Table 4). This can be understood with the competing effects
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Fig. 6 The posterior distribution of the parameters A and B in the
strong coupling αs(E), using two different g(T ) obtained in Sect. 2
from fitting to WB (Left) and HQ (Right) lattice QCD data

Table 4 The mean and standard deviations of parameters (A, B) in the
couplingαs(EQ) extracted from RAA andv2 using Wuppertal–Budapest
and Hot QCD EOS

Lattice data Parameters Mean values Standard errors

WB A 0.067 0.004

B 1.188 0.008

HQ A 0.067 0.0035

B 1.177 0.008

Fig. 7 The energy-dependent running coupling α(E) obtained from
the Bayesian analysis of D meson RAA and v2, using two different
g(T ) obtained in Sect. 2 from fitting to WB and HQ lattice QCD data

between the coupling strength g(T ) and the thermal parton
mass m(T ) as shown in Fig. 3. Although the WB EoS gives
rise to a larger g(T ) than the HQ EoS does, the former yields
a larger m(T ) than the latter as well. A larger m(T ) implies
a lower parton density, thus a smaller scattering rate between
heavy quarks and the QGP medium. These opposite effects
from g(T ) and m(T ) cancel on the scattering rate, result-
ing in similar extracted values of the heavy-quark-medium
interaction strength when comparing the QLBT model (with
different EoS) to the experimental data.

After obtaining the posterior distribution of the (A, B)

parameter space, we can straightforwardly calculate the
strong coupling parameter αs using Eq. (19). In Fig. 7, we

present the heavy quark energy dependent strong coupling
αs(E). One can see that the coupling strength decreases as the
heavy quark energy increases, which is crucial to explain the
transverse momentum dependence of D meson RAA. As dis-
cussed above, the coupling strength for heavy-quark-medium
interaction has weak dependence on the choice of EoS (WB
or HQ lattice QCD data) for our quasi-particle model.

In Fig. 8, we further present the charm quark transport
coefficient q̂ obtained from our QLBT model, with its depen-
dence on both the medium temperature (left) and the heavy
quark energy (right). In the left plot, one can observe that the
temperature-rescaled transport coefficient q̂/T 3 decreases as
the medium temperature T increases. Our result is consistent
with the ranges constrained by the earlier work from JET Col-
laboration [27] for the RHIC and LHC energies separately.
Another interesting feature one may observe is that q̂/T 3

slightly decreases with the increase of the heavy quark energy
E , as shown in the right plot. This is similar to the recent
finding by JETSCAPE Collaboration [76]; this is different
from one’s expectation from a direct perturbative calcula-
tion if a fixed coupling constant αs is utilized. Such energy
dependence of q̂ mainly originates from the strong energy
dependence of α(E) as shown in Fig. 7. Although the heavy-
quark-medium coupling strength in Fig. 7 is not sensitive to
the choice of EoS, after convoluting with the medium density
and the coupling strength g(T ) inside the medium, sizable
difference in q̂ can be observed between using the WB and
the HQ lattice QCD data, especially at high temperature.

Finally, we study the spatial diffusion coefficient Ds. It can
be related to the quark transport coefficient q̂ via Ds(2πT ) =
8π/(q̂/T 3), where the relations Ds = T/(MηD) and ηD =
κ/(2T E) are used, with ηD and κ = q̂/2 known as the
drag coefficient and momentum space diffusion coefficient
respectively. Figure 9 shows the temperature and energy
dependences of the diffusion coefficient Ds(2πT ). In the
left plot, we also compare our result to the results from lat-
tice QCD simulations [127,128] and other phenomenolog-
ical studies in literature [89,108,129–131]. Note that since
D meson RAA and v2 are not very sensitive to the values
of heavy quark diffusion coefficient Ds at zero momentum,
we present our Ds(T ) for heavy quarks with E = 10 GeV
in Fig. 9. One can see reasonable consistency between our
results and other groups. Since Ds(2πT ) and q̂/T 3 are
inversely proportional to each other, we expect to see that
Ds(2πT ) increases as the medium temperature increases,
and slightly increases as the heavy quark energy increases.

5 Summary

In this work, we have performed a systematic study on heavy
quark evolution and heavy meson production in relativistic
heavy-ion collisions. We have developed a new QLBT model
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Fig. 8 Temperature (Left) and energy (Right) dependent charm quark transport coefficient q̂/T 3 obtained using two different g(T ) extracted from
WB and HQ lattice QCD data

Fig. 9 Temperature (Left) and energy (Right) dependent charm quark diffusion coefficient Ds obtained using two different g(T ) extracted from WB
and HQ lattice QCD data, compared to the results from different lattice QCD calculations [127,128] and phenomenological studies [89,108,129–131]

based on the previous linear Boltzmann transport (LBT)
model by treating the QGP as a collection of quasi-particles,
whose temperature-dependent thermal masses m(T ) and
interaction strength g(T ) have been obtained via calibrat-
ing the equation of state (EoS) – pressure, entropy density
and energy density – of the quasi-particle system to the lattice
QCD data using the Bayesian statistical analysis method.

By combining this new QLBT model with the CLVisc
hydrodynamic model for the bulk evolution and the hybrid
fragmentation-coalescence hadronization model that con-
verts heavy quarks into heavy flavor hadrons, we have studied
the medium modification of the heavy meson production in
heavy-ion collisions at RHIC and the LHC. Through com-
paring the QLBT model results to the experimental data on
the D meson RAA and v2, we are able to extract the heavy-
quark-QGP coupling strength αs as a function of the heavy
quark energy using the Bayesian analysis method. Within
this framework with 95% confidence region, our D meson
observables are shown to be consistent with the experimental
data. Meanwhile, our extracted heavy quark transport coef-
ficients, including the quark transport coefficient q̂ and the

spatial diffusion coefficient Ds, are shown to agree with ear-
lier phenomenological studies in the literature as well as
direct lattice QCD calculations. The sensitivity of the heavy
flavor transport coefficients and observables to the EoS of
the hot and dense nuclear matter has also been explored in
this work. By comparing the EoS between the Wuppertal–
Budapest (WB) and the Hot QCD (HQ) lattice QCD data,
we have found that while the former yields a larger coupling
strength g(T ) between quasi-particles, it provides larger
quasi-particles masses m(T ) as well thus smaller thermal
densities. These two effects can cancel each other and ren-
der similar amount of heavy quark energy loss at the end
for two different choices of the EoS. In the present study,
we have shown that the final D meson RAA and v2 as well
as the extracted heavy-quark-QGP coupling strength αs(E)

are insensitive to the choice of EoS between the WB and
HQ data. However, sizable differences can be seen in the
extracted values of q̂ and Ds transport coefficients.
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