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Abstract In this study, the gauge/string duality is used
to investigate the dynamics of a moving heavy quark in a
strongly coupled, non-conformal plasma. The drag force in
this non-conformal model is smaller than that of N = 4
supersymmetric Yang–Mills (SYM) plasma and decreases as
the level of non-conformality is increased. At intermediate
temperatures, the world-sheet temperature, which is derived
numerically by calculating the world-sheet horizon, deviates
from its conformal value, but at high temperatures, it tends
to its conformal value.
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1 Introduction

Heavy-ion collisions at the relativistic heavy ion collider
(RHIC) and the large hadron collider (LHC) have provided
strong evidence indicating the formation of the strongly
coupled quark-gluon plasma (QGP), a deconfined state of
hadronic matter whose dynamics after the collision is dom-
inated by non-perturbative effects [1–8]. While the pertur-
bative QCD works only in the weak coupling regime, the
string/gauge duality can be used as the powerful tool fo study
the strongly coupled plasma [9–13].
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However, there is no known gravity dual to QCD, the
duality between the N = 4 SU (Nc) super-Yang–Mills the-
ory and type IIB string theory on AdS5 × S5 is the most
studied example in the context of AdS/CFT correspondence
[7,14,15] which provided promising results. For example,
the ratio of shear viscosity over entropy density obtained
from this duality, η/s = 1/4π [5,16,17] is consistent with
the experimental data [18].

Lattice data suggests that the QGP formed at high-energy
heavy-ion collisions is not a fully conformal fluid, and bulk
viscosity, which is a purely non-conformal effect, is needed
for the precise extraction of the shear viscosity of the QGP
[19]. Hydrodynamics including non-conformal effects suc-
cessfully describes the smaller system such as p-Pb [20]
and p-p [21,22] collisions [23]. The original duality can be
extended to the theories more similar to QCD or QGP using
the well-known top-down [24–26] or a bottom-up [27,28]
approaches.

One example of the latter approach is a five-dimensional
gravity model coupled to a scalar field with a non-trivial
potential [29]. In this model, the conformal invariance breaks
even at zero temperature by coupling a scalar field at pure
gravity in AdS, which duals to a CFT deformed by a source �

for a dimension-three operator. This source breaks the scale
invariance of the resulting four-dimensional strongly coupled
gauge theory explicitly and triggers a non-trivial renormal-
ization Group (RG) flow from an ultraviolet (UV) fixed point
to an infrared (IR) fixed point. The UV fixed point assured
that we are in the regime where the holographic duality is
best understood and the bulk metric is asymptotically AdS.
The IR fixed point is needed to guarantees that the solutions
are regular in the interior and the zero-temperature solution
is smooth in the deep IR. This simple model has been used to
study different properties such as thermodynamics and relax-
ation channels [29], jet energy lost [30], and entanglement
entropy [31].

One of the most important quantities of QGP is the energy
loss of a quark moving through the plasma. An external quark
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was introduced in the context of AdS/CFT correspondence
by adding a fundamental string attached to a flavor brane
in the AdS space [32–34]. The string endpoint specifies the
heavy quark, while the string itself can be considered as a
gluonic cloud around the quark. It is straightforward to show
that the mass of quark is proportional to the inverse distance
of the string endpoint from the boundary [32]. The light quark
or massless quark is mapped into a string attached to a fla-
vor brane which is extended from the boundary to the hori-
zon, and its dynamic in different holographic backgrounds
have been studied in [30,35–37]. On the other hand, a string
attached to the boundary of AdS space is dual to an infinite
mass quark. Since the first attempts to study the holographic
heavy quark in N = 4 super-Yang–Mills theory [32,33], the
heavy quark dynamics have been studied in various gauge
theories with gravitational duals [38–61].

This paper is organised as follows: In Sect. 2 we briefly
review the non-conformal background introduced in [29]. In
Sect. 3 we discuss the string solution dual to a heavy quark
in this non-conformal background. The numerical results of
drag force and worldsheet temperature are presented in Sects.
3.1 and 3.2. Section 4 is devoted to a summary.

2 Non-conformal holographic model

The action of 5-dimensional Einstein gravity coupled to a
scalar field is given by

S = 2

κ2
5

∫
d5x

√−g

[
1

4
R − 1

2
(∇φ)2 − V (φ)

]
, (2.1)

where κ5 is the five-dimensional Newton constant and V (φ)
is a potential encoding the details of the dual gauge theory.
In [29], the following potential has been considered

L2V = −3 − 3

2
φ2 − 1

3
φ4 +

(
1

3φ2
M

+ 1

2φ4
M

)
φ6 − 1

12φ4
M

φ8.

(2.2)

which is characterized by a single parameter, φM . This non-
trivial relatively simple potential has a maximum at φ =
0 and a minimum at φ = φM corresponding to two AdS
solutions at UV and IR fixed points. The radii of these two
solutions are related as

L IR = 1

1 + 1
6φ2

M

L . (2.3)

Since L IR < L , the number of degrees of freedom is smaller
at IR.

By parametrizing the vacuum metric as

ds2 = e2A(r)
(
−dt2 + dx2

)
+ dr2, (2.4)

the vacuum solution can be analytically obtained for arbitrary
φM

e2A = �2L2

φ2

(
1 − φ2

φ2
M

) φ2
M
6 +1

e− φ2

6 , (2.5)

φ(r) = �L e−r/L√
1 + �2L2

φ2
M

e−2r/L
. (2.6)

It is shown that the arbitrary parameter � is responsible for
breaking the conformal invariance explicitly [29].

The black brane solution of action 2.1 can be calcu-
lated numerically by the following ansatz in the Eddington–
Finkelstein coordinate

ds2 = e2A
(
−h(φ)dt̃ 2 + dx2

)
− 2eA+B L dt̃ dφ, (2.7)

where φ considered being the radial coordinate such that
the boundary and the horizon are located at φ = 0 and
φ = φH , respectively. In fact, the value of the scalar field at
the horizon, φH characterizes the black-brane solution and
its thermodynamic properties explicitly. The dual gauge the-
ory is conformal both at the UV and at the IR. Therefore
the high and low temperature behavior of thermodynamical
variables must match with the relativistic conformal theory.
The entropy ratio to its conformal value, s/scon , and the ratio
of speed of sound for different values of φM is plotted in
Fig. 1a, b, respectively. The entropy ratio approaches one at
high temperatures and (L I R/L)3 at low temperatures. The
speed of sound reaches its conformal value both at high and
low temperatures while deviating from its conformal value
at intermediate temperatures, which can be interpreted as a
measure of the non-conformality of the gauge theory. The
detail of the numerical procedure is presented in [29].

3 Classical trailing string

This section studied a heavy quark moving through an infinite
volume of quark-gluon plasma with a fixed velocity v at a
finite temperature T . The heavy quark feels a drag force and
consequently losses energy. In the dual theory, the dynamic of
this quark can be described by an open string whose endpoint
is attached to the UV boundary of AdS space and moves at
the constant speed of v with a string tail into the AdS bulk
[32,33].

The dynamics of the string is described by the Nambu–
Goto action

SNG = 1

2πα′

∫
dσdτ

√− det γαβ, (3.1)
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(a) (b)

Fig. 1 a The ratio of non-conformal to the conformal entropy, b the ratio of speed of sound square to its conformal limit as a function of temperature
for different values of φM

where α′ = l2s is the square of string’s fundamental length
and γαβ is the induced metric of the world-sheet defined as

γαβ = GMN ∂αX
M ∂βX

M , (3.2)

where GMN are the metric component of Eq. 2.7 in the
Poincare coordinate

sGtt (φ) = − h(φ) e2A(φ) ,Gxx (φ) = e2A(φ) ,

Gφφ(φ) = L2

h(φ)
e2B(φ). (3.3)

Henceforward we assume L = 1 for simplicity. By consid-
ering the following ansatz for the string embedding function
in the static gauge (τ = t , σ = φ)

XM (τ, σ ) = (t, x = vt + ξ(φ), 0, 0, φ), (3.4)

the induced metric on the world-sheet becomes

γαβ = e2A

(
−(h − v2) v ξ ′

v ξ ′ e2(B−A)

h + ξ ′2

)
, (3.5)

leads to the corresponding Lagrangian

L = −eA(φ)

2πα′

√
e2A(φ)h(φ)ξ ′(φ)2 − v2e2B(φ)

h(φ)
+ e2B(φ).

(3.6)

Since the Lagrangian does not depend on the ξ explicitly, the
string equation of motion simplifies as

1

2πα′
e2A(φ)h(φ)ξ ′(φ)√

e2(B(φ)−A(φ)) − v2 e2(B(φ)−A(φ))

h(φ)
+ h(φ)ξ ′(φ)2

= const ≡ πξ , (3.7)

where πξ is the constant of motion. From above, the equation
for ξ ′ can be obtained as

ξ ′(φ) = ±2πα′πξ e
B(φ)−A(φ)

h(φ)

√√√√ h(φ) − v2

e4A(φ)h(φ) − (
2πα′πξ

)2 .

(3.8)

The numerator and denominator inside the square root are
positive near the boundary and negative around the horizon.
Requiring the real values for the string profile, ξ ′ means that
the numerator and the denominator have to change their sign
at the same point denoted by φs

h(φs) − v2 = 0,

e4A(φs )h(φs) − (
2πα′πξ

)2 = 0. (3.9)

From the above equations, the constant of the equation of
motion can be determined as

πξ = 1

2πα′ v e2A(φs ). (3.10)

Substituting the πξ into Eq. (3.8) yields to

ξ ′(φ) = ±ve2A(φs )eB(φ)−A(φ)

h(φ)

√
h(φ) − h(φs)

e4A(φ)h(φ) − e4A(φs )h(φs)
.

(3.11)

The square root is now well-defined for the region outside
the horizon (0 < φ < φH ), and this equation can be solved
numerically to obtain the string profile.

3.1 Drag force

The drag force, which indicates the dissipation of quark
momentum into the plasma, is given by

Fdrag = −π1
x , (3.12)
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where π1
x is the momentum that is lost by flowing from

the string to the horizon. The canonical momentum densi-
ties associated with the string can be obtained from varying
the action with respect to the derivatives of the embedding
functions
(

π0
t

π0
x

)
= 1

2πα′
e4A(φ)√− det γαβ

( −e2(B(φ)−A(φ)) − h(φ) ξ ′(φ)2

e2(B(φ)−A(φ)) v / h(φ)

)
,

(3.13)(
π1
t

π1
x

)
= 1

2πα′
e4A(φ)√− det γαβ

(
v ξ ′(φ) h(φ)

−ξ ′(φ) h(φ)

)
. (3.14)

Integrating the π0
t and π0

x along the string gives us the total
energy and the total momentum in the direction of motion
of the string, respectively. While, π1

t and π1
x are the energy

and momentum flow along the string and similar to the case
of N = 4 SYM plasma, π1

t = −v π1
x . By substituting the

string solution, Eq. 3.11 in the Eq. 3.14, it is evident that the
π1
x equals the constant of the equation of motion, πξ . This

means that if we pull the quark with a constant velocity, the
fraction of energy flows at a given point along the string, π1

t
is constant. Using the Eqs. 3.10, and 3.12 the drag force is

Fdrag = − 1

2πα′ v e2A(φs ), (3.15)

which is the momentum flow along the string at point φs . If
we use the metric of AdS-Sch, the drag force for N = 4
SYM plasma can be obtained as [32–34]

FSYM
drag = −π T 2

√
λ

2

v√
1 − v2

, (3.16)

where we have used the relation L4 = λ α′2. In the case
of non-conformal background, the first equation of Eq. 3.9
should be solved numerically to obtain the φs and then the
drag force can be calculated using Eq. 3.15.

Our numerical results for the drag force as a function of
temperature for two values of quark velocity are plotted in
Fig. 2. The drag force in this non-conformal plasma is smaller

than the drag force in N = 4 SYM plasma with the same
temperature and decreases by increasing the degree of non-
conformality, φM . Also, the drag force increases by increas-
ing the quark velocity. In Fig. 3a, the drag force ratio to its
conformal limit is plotted for different values of φM as a
function of temperature. The solid and dashed lines repre-
sent the drag force for v = 0.9, and v = 0.5 respectively.
As is evident from this figure, at high temperatures, where
the background reaches its conformal limit, the ratio of drag
force tends to one.

In addition, the ratio of drag force to its conformal value
vs velocity is presented for different values of φM in Fig.
3b to explore the velocity dependency. The temperature in
both N = 4 SYM plasma and non-conformal plasma was
set to 350 MeV. We find that for all values of φM the ratio
is less than one at the fixed temperature but increases slowly
by increasing the velocity of quark.

3.2 World-sheet temperature

One can reparametrize the world-sheet coordinate, Eq. 3.4
as follows

τ = t + K (φ),

x = vt + vK (φ) + ξ(φ). (3.17)

Therefore, the background induced metric, Eq. 3.5 becomes

γαβ = e2A

(
−(h − v2) v (ξ ′ + v K ′) − h K ′

v (ξ ′ + v K ′) − h K ′ e2(B−A)

h + (ξ ′ + v K ′)2 − h K ′2

)
.

(3.18)

By choosing a particular ansatz of the form of

K ′(φ) = v ξ ′

h − v2 , (3.19)

(a) (b)

Fig. 2 Drag force as a function of temperature for different values of φM compared with the drag force in N = 4 SYM
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(a) (b)

Fig. 3 The ratio of drag force to its conformal value for different values of φM as a function of a temperature, b velocity. The solid and dashed
lines in a represent v = 0.9 and v = 0.5, respectively. The temperature of both plasma in b sets to 350 MeV

Fig. 4 The ratio of world-sheet temperature to its conformal value in
terms of the plasma temperature for different values of φM

and using Eqs. 3.10, and 3.11, the induced metric diagonal-
izes as

γαβ = e2A(φ)

(−(h(φ) − v2) 0

0 e2(B(φ)+A(φ))

e4A(φ) h(φ)−e4A(φs ) v2

)
, (3.20)

which describe the metric of a two-dimensional world-sheet
blackhole with a horizon radius of φs . The Hawking temper-
ature of the world-sheet blackhole indicated as Twsh is

Twsh = 1

4π

√
e2A(φs )−2B(φs ) h′(φs)(4 v2 A′(φs) + h′(φs)).

(3.21)

In the conformal limit, AdS-Schwarzschild metric, the
world-sheet temperature depends on the blackhole tempera-
ture and the velocity of quark as

T con f
wsh = T√

γ
. (3.22)

In Fig. 4, the ratio of world-sheet temperature to its confor-
mal value is plotted in terms of the plasma temperature for dif-

ferent values of φM . The world-sheet temperature decreases
by increasing the value of φM . The deviation from conformal
behaviour is dominant at intermediate temperature. At high
temperatures, the ratio tends to one, as expected.

4 Summary

This paper studied the dynamics of a heavy quark moving
through a strongly coupled plasma with broken conformal
symmetry using the gauge/gravity duality. We considered a
holographic five-dimensional model consisting of Einstein
gravity coupled to a scalar field with a non-trivial poten-
tial corresponding to a dual four-dimensional non-conformal
gauge theory that exhibits a renormalization group flow
between two different types of fixed points (located at UV
and IR) at zero temperature [29]. The parameter φM indi-
cates the deviation from conformality, as shown in Fig. 1.
According to the AdS/CFT dictionary, the heavy quark is
associated with a string attached to the boundary of the AdS
space. The string equation of motion was solved numeri-
cally for different values of parameter φM , and then the drag
force was computed by obtaining the corresponding conju-
gate momenta. Our results indicate that the drag force in this
non-conformal plasma is smaller than N = 4 super-Yang–
Mills plasma. By increasing the level of non-conformality
(the value of parameter φM ), the drag force decreases, see
Fig. 2. The ratio of drag force to its conformal limit reaches
one at high temperatures. At finite temperature, this ratio is
smaller than one for different values of φM but increases
slowly by increasing the velocity of quark, see Fig. 3.

The world-sheet horizon was also calculated, and it was
shown that the drag force is equivalent to the energy flow at
the world-sheet horizon. The corresponding world-sheet tem-
perature has been calculated and compared with its conformal
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limit. Results confirm that the deviation from the conformal
limit is dominated at the intermediate plasma temperature.
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