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Abstract We consider an inverse seesaw mechanism of
neutrino mass generation in which the Standard Model is
extended by 3 + 3 (heavy) sterile states, and endowed with a
flavour symmetry Gy, Gy = A(3 n?) or Gr=A(®6 n?), and
a CP symmetry. These symmetries are broken in a peculiar
way, so that in the charged lepton sector a residual symme-
try G is preserved, while the neutral fermion sector remains
invariant under the residual symmetry G, = Z, x CP. We
study the concrete setup, where the Majorana mass term for
three of the sterile states conserves G, while the remaining
mass terms (i.e. couplings of left-handed leptons and heavy
sterile states, as well as the Dirac-type couplings among the
latter) do not break the flavour or CP symmetry. We perform a
comprehensive analysis of lepton mixing for different classes
of residual symmetries, giving examples for each of these,
and study in detail the impact of the additional sterile states
on the predictions for lepton mixing. We further confront
our results with those obtained in the model-independent sce-
nario, in which the light neutrino mass matrix leaves the resid-
ual symmetry G, intact. We consider the phenomenologi-
cal impact of the inverse seesaw mechanism endowed with
flavour and CP symmetries, in particular concerning effects
of non-unitarity of the lepton mixing matrix (which strongly
constrain the parameter space of the scenario), prospects for
neutrinoless double beta decay and for charged lepton flavour
violating processes.

1 Introduction

The Standard Model (SM) of particle physics can success-
fully explain a plethora of experimental observations. Yet,
the existence of three generations of SM fermions, the origin
of neutrino masses, the features of lepton and quark mixing,
as well as the striking differences between these remain open

4 e-mail: jonathan.kriewald @clermont.in2p3.fr (corresponding author)

issues. Symmetries acting on flavour space can address the
first and the third point [1-4], while different types of new
particles can be added to the SM in order to generate at least
two non-vanishing neutrino masses [5-21].

In the present study, we choose a non-abelian discrete
symmetry Gy combined with a CP symmetry, both acting
non-trivially on flavour space. This combination has proven
to be highly constraining [22-30] since, as long as G s and
CP are broken to different residual symmetries G, among
charged leptons and G,, = Z; x C P among the neutral states,
the Pontecorvo-Maki—Nakagawa—Sakata (PMNS) mixing
matrix depends on a single free parameter. We select G ¢
to be a member of the series of groups A(3n?%) [31] and
A6n?) [32],n integer, because these have shown to lead to
several interesting mixing patterns [33—44]. Four of these,
called Case 1), Case 2), Case 3 a) and Case 3 b.1), have been
identified in [33].

Among the different realisations of the Weinberg oper-
ator (including the well-known type-I, type-1I and type-III
seesaw mechanisms — as well as their variants), the so-
called inverse seesaw (ISS) mechanism [5-8] emerges as
another interesting possibility. In particular, the ISS mech-
anism offers a direct connection between the smallness of
neutrino masses and the breaking of lepton number (LN) con-
servation: when compared to the canonical type-I seesaw, a
potentially tiny LN violating (LNV) dimensionful coupling
(s provides an additional source of suppression for the light
neutrino masses, while being technically natural in the sense
of "t Hooft [45] (in the limit in which the LNV couplings van-
ish, LN conservation is restored as an accidental symmetry
of the ISS Lagrangian). The ISS mechanism thus allows to
accommodate light neutrino masses for natural values of the
Dirac neutrino Yukawa couplings (~ O(1)) at comparatively
low scales (TeV or below).

In addition to being a theoretically well-motivated frame-
work, the ISS mechanism can have an important phenomeno-
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logical impact: as a consequence of the sizeable mixing
between active neutrinos and the comparatively light addi-
tional sterile states (possibly within collider reach), extensive
contributions to numerous observables can occur. Among the
latter, one can mention several charged lepton flavour vio-
lation (cLFV) processes [46—52], CP violating observables
such as the electric dipole moment (EDM) of the electron
[53], or neutrinoless double beta (OvS8) decays [54,55]. The
impact of the ISS mechanism regarding the Higgs sector (for
instance concerning the one-loop effects of the heavy sterile
states on the triple Higgs coupling) has been also explored,
and found to be non-negligible (see, for instance [56]).

Flavour (and CP) symmetries have been studied in asso-
ciation with several scenarios of neutrino mass generation,
see, e.g., [37-44,57-73].

In this study, we endow an ISS framework with a flavour
symmetry Gy and a CP symmetry. We focus on the so-
called (3, 3) ISS framework, in which the SM field content is
extended by 3+ 3 heavy sterile states, N; and S;. We note that
different realisations of the ISS mechanism with flavour (and
CP) symmetries have been considered in the literature, see,
e.g., [63—73]. The main features of the present ISS framework
are the following: left-handed (LH) lepton doublets, and the
sterile states N; and S; all transform as irreducible triplets of
G 7, while right-handed (RH) charged leptons are assigned
to singlets, so that the three different charged lepton masses
can be easily accommodated. While the source of breaking
of Gy and CP to the residual symmetry Gy is unique in the
charged lepton sector (corresponding to the charged lepton
mass terms), the breaking to G,, among the neutral states can
be realised in different ways. Indeed, we can consider three
minimal options, depending on which of the neutral fermion
mass terms encodes the symmetry breaking. In this study,
we use an option (henceforth called “option 17), in which
only the Majorana mass matrix us breaks G y and CP to G,.
In this way, ug is the unique source of lepton flavour and
LN violation in the neutral sector. Similar to what is found
for the charged lepton masses, light neutrino masses are not
constrained in this scenario, and their mass spectrum can
follow either a normal ordering (NO) or an inverted order-
ing (I0). The mass spectrum of the heavy sterile states is
instead strongly restricted, since they combine to form three
approximately degenerate pseudo-Dirac pairs (to a very high
degree).

We show analytically and numerically that the impact of
these heavy sterile states on lepton mixing (i.e., results for
lepton mixing angles, predictions for CP phases as well as
(approximate) sum rules) is always small, with relative devi-
ations below 1% from the results previously obtained in the
model-independent scenario [33]. This is a consequence of
effects arising due to deviations from unitarity of the PMNS
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mixing matrix,! which are subject to stringent experimen-
tal limits. The matrix encoding these effects is of a peculiar
formin our scenario, being both flavour-diagonal and flavour-
universal. Due to their pseudo-Dirac nature, the heavy states’
contribution to OvBp decay is always strongly suppressed.
As we will discuss, and in stark contrast to typical ISS mod-
els, new contributions to cLFV are also negligible. Our sce-
nario thus complies with all experimental limits for masses
of the heavy sterile states as low as 500 GeV and Dirac neu-
trino Yukawa couplings of order 0.1, and successfully repro-
duces the results for lepton mixing obtained in the model-
independent scenario.

The remainder of the paper is organised as follows: in
Sect. 2 we present the chosen approach to lepton mixing,
first in the model-independent scenario, and then in the (3, 3)
ISS framework. Section 3 is devoted to a brief summary of
the main results for lepton mixing in the model-independent
scenario. The impact of the heavy sterile states of the (3, 3)
ISS framework on lepton mixing is analytically evaluated in
Sect. 4. The results of the numerical study are discussed in
depth in Sect. 5, using an explicit example for each of the
different cases, Case 1) through Case 3 b.1), and emphasis-
ing the impact of the deviations from unitarity of the PMNS
mixing matrix. Sections 6 and 7 are devoted to the results
concerning OvBB decays, and prospects for cLFV, respec-
tively. We briefly summarise and give an outlook in Sect. 8.
Additional information and complementary discussions are
collected in several appendices.

2 Approach to lepton mixing

We assume the existence of a flavour symmetry Gy =
A@Bn?)or Gy = A(6n?) and a Z3 symmetry Z;aux), as well
as a CP symmetry in the theory.” These are broken (without
specifying the breaking mechanism) to a residual Z3 sym-
metry Gy, corresponding to the diagonal subgroup of a Z3

group contained in Gy and Zéaux)} in the charged lepton

sector and to G, = Z; x CP (with Z, being a subgroup

! In SM extensions including enlarged lepton sectors, in which the new
states have non-vanishing mixing to the active neutrinos, the PMNS
mixing matrix (corresponding to the LH mixing encoded in the upper
left three-by-three block of the full lepton mixing matrix) is in general
non-unitary.

2 Since A(3n?)isa subgroup of A(6 n?), it is sufficient to focus on the
latter in the analysis.

3 In the original study [33], the residual symmetry G, was assumed to
be fully contained in G y. This was possible, since in [33] the focus has

been on the mass matrix combination m, mz and not on the charged
lepton mass matrix m, alone. Thus, only the transformation properties
of LH lepton doublets were necessary. However, when considering also
my and, consequently, RH charged leptons, a possibility to distinguish
among these is needed. Nevertheless, the results for lepton mixing are
not affected by this change.
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of G y) among the neutral states. The Z, symmetry is given
by the generator Z, denoted as Z(r) in the representation r.
The CP symmetry is described by a CP transformation X in
flavour space. In the different representations r of G ¢, X (r)
corresponds to a unitary matrix fulfilling

X)X =X@)* X)) =1 1

so that X is always represented as a symmetric matrix.* A
consistent definition of a theory with G y and CP necessitates
the fulfilment of the consistency condition

X@) g X(m* =g'(r) @)

with g and g’ being elements of G ; and g (r) their represen-
tation matrices in the representation r. This condition must
be fulfilled for all representations r, or at least for the rep-
resentations used for charged leptons and the neutral states.
Since the product Z, x C P is direct, Z(r) and X (r) commute

X)) Ze)* —Z@x)X@) =0 3)

for all representations r. The flavour and CP symmetries,
together with their residuals, determine the lepton mixing
pattern. Since we follow the approach to lepton mixing pre-
sented in [33], we further assume that the index of G is
not divisible by three, i.e. 3 1 n. All choices of CP symme-
tries and residual Z, groups in the sector of the neutral states
fulfil the conditions in Egs. (1, 2, 3). For convenience, we
summarise in Appendix A the relevant group theory aspects
of Gy, i.e. the generators and their form in the chosen irre-
ducible representations r of G 7. Details about the form of the
CP transformation X (r) can also be found in Appendix A.

In the following, we first review the implementation
of these symmetries and their residuals in the model-
independent scenario that has been considered in [33], and
then turn to the (3, 3) ISS framework, focusing on one par-
ticular implementation, called option 1. We comment on two
other minimal options at the end of this section.

2.1 Model-independent scenario

In the model-independent scenario, we consider the mass
terms

- 1 X
—Llar (me)ap Lgr — 3 Ve, (my)ag vpr + hec. 4)

for charged leptons, my, and for neutrinos, m,, and with
indices «, B = e, u, T. While charged leptons acquire their
(Dirac) masses from the Yukawa couplings to the Higgs, the
LNV neutrino mass term can be effectively generated by
means of the Weinberg operator,

4 For more details on this choice, see [22].

— (Ve)ap Lo H LgR + ALLN Ov)ap (Z; H) (L,g H) +h.c.
®)

with LH lepton doublets defined as L, = (;"‘L ) ~ (2, —%),
al

RH charged leptons £,z ~ (1, —1) and the Higgs doublet
H~ (2, %) under SU(2); x U(1)y. AN defines the scale at
which LN is broken and Majorana neutrino masses are gen-

V2

with v & 246 GeV, the mass matrices m, and m,, are given
by

0
erated. After electroweak symmetry breaking, (H) = ( v )

v2

v

my =y, — and m, =y, — . (6)
V2 "N AN

The physical (mass) basis, denoted by ~, is related to the

interaction basis by the unitary transformations

EL =U@EL, ER=UR£R and VL =UV\A)L. (7)

The mass matrices m, and m, are then diagonalised as fol-
lows

U; myUg = mgiag = diag (me, my, m:) and
Ul m, U, = my™® = diag (my1, ma, m3) ®)

and the (unitary) PMNS mixing matrix® Upmns appears in
the charged current interactions

8 > _ ~ .
— —= . W~ Upmns v with Upyns = U,Z Uy. )

V2

When it comes to the implementation of Gy and CP, and
of the residual symmetries G, and G, we first specify the
assignment of LH lepton doublets L, and RH charged leptons
£y . In order to constrain as much as possible the resulting
lepton mixing pattern, we assign L, to an irreducible, faithful
(complex)® three-dimensional representation 3 of G 7. This
representation can be chosen without loss of generality (see
[74] for details) as the representation 3(z—1,1) and 31 (1) in
the convention of [31] and [32], respectively. Right-handed
charged leptons £ g transform as the trivial singlet 1 of G .
In order to distinguish the different flavours, we employ the
Z3 symmetry Zgaux) and assign £eg ~ 1, £yr ~ o and
lp ~ @* withw = e%. Left-handed lepton doublets L,
do not carry a non-trivial charge under Z{*"™.

The residual symmetry Gy is fixed to the diagonal sub-
group of the Z3 group, arising from the generator a of G ¢,
see Egs. (137, 138) in Appendix A, and Z{™™. Since a(3) is

3> The conventions of lepton mixing parameters and neutrino masses
used in this work can be found in Appendix B.

6 Only for the choice n = 2 of the index of G ¢ this representation is
real.
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diagonal, see Eq. (137), the mass matrix m, of charged lep-
tons is diagonal. In our analysis, we assume that charged lep-
ton masses are canonically ordered’ so that the contribution
to lepton mixing from the charged lepton sector is trivial, i.e.

1 0 0
U/=|10 1 0]. (10)
0 0 1
The lepton mixing pattern depends on the choice of G ¢, the
CP symmetry and the residual Z, symmetry among the neu-
tral states. In general, the light neutrino mass matrix m,, is
constrained by the conditions [22]

Z3) ' my,Z@) =m, and X(3)m, X(3) =m} . (11)
The CP transformation X (3) can be written as
X3) =337’ (12)

with ©(3) being unitary; furthermore €2(3) can be chosen
such that

Q (3)T Z(3) 2(3) is diagonal. (13)

In this basis, rotated by €2 (3), the light neutrino mass matrix
is block-diagonal and real. Since Z(3) generates a Z sym-
metry, two of its eigenvalues are equal. This explains why
the resulting matrix is block-diagonal and why a rotation
around a free angle 6, encoded in the rotation matrix R 71, (6)
(with the indices f and & determined by the pair of degen-
erate eigenvalues of Z(3)), is necessary in order to arrive
at a basis in which m, is diagonal. Furthermore, positive
semi-definiteness of the light neutrino masses is ensured by
a diagonal matrix K, with entries taking values +1 and =i.
Hence, U, is given by

Uy =Q@3) Rpu(6) K. (14)

The explicit form of €2(3) and the value of the indices f and
h in the different cases, Case 1) through Case 3 b.1), will
be presented in Sect. 3. Since the charged leptons’ physical
basis coincides with the interaction basis, see Eq. (10), we
have U, = 1 and thus Upyns = U,. The angle 0 can take
values between 0 and 7 and is fixed by accommodating the
measured lepton mixing angles as well as possible.

2.2 (3, 3) ISS framework

In the (3, 3) ISS framework six neutral states, singlets under
the SM gauge group, are added to the SM field content. In the
following, these are denoted by N; and §; withi, j =1, 2, 3.
The Lagrangian giving rise to masses for the neutral particles
(i.e. light neutrinos and heavy sterile states) reads

7 For results arising in the case of non-canonically ordered charged
lepton masses, see [33].

@ Springer

—~(yp)ai Ly H Nf — (Mys)ij N; S,
1 _
=5 ) Sy S +he. (15)

with « = e,u,7 and i, j,k,I = 1,2,3. In the basis
(vaL, Nf, Sj),8 the mass matrix is of the form

0 mp 0 v
MMaj = mg 0 Mpys with mp = yp —.
T V2
0 MNS ns
(16)

In the limit |us| < |mp| < |Mys| the light neutrino
mass matrix is given at leading order in (jmp|/|Mys|)> by

-1\’ -1 T
m, =mp (MNS) ns My gmyp, . (17)
The contribution at subleading order reads [751°
1 1 -1\’ -1 T x —1n\f
My, ==3MmD (MNS> [MS My gmpmp (MNS>
* T
+(M35) mpmp (M3S) ns| Mysmb  a8)

The source of LN breaking in the ISS framework is g and
light neutrino masses vanish in the limit ug — 0, upon
which LN conservation is restored.

The matrix M,; is diagonalised as

U My U = Myt (19)
with

U, S
U = ( , v) (20)

in which l7v is a three-by-three, S a three-by-six, 7 a six-
by-three and V a six-by-six matrix. The mass spectrum
contains the three light (mostly active) neutrinos and six
heavy (mostly sterile) states; their masses are denoted by
m;, with i = 1, 2,3 corresponding to the light neutrinos,
and i = 4,...,9 regarding the heavy neutral mass eigen-
states. For |us| < |Mys|, the heavy masses are given to
good approximation by My g, with p g determining the mass
splitting between the states forming pseudo-Dirac pairs.

We note that at leading order U, approximately diago-
nalises the light neutrino mass matrix (c.f. Eq. (17)) as

Ul'm,U, ~ diag(m, ma, m3). 1)

While U is unitary, U U T = U" U = 1, none of the matrices
Uy, S, T and V has a priori this property. We can define the
(in general non-unitary) PMNS mixing matrix as

Upmins = UgT Uy. (22)

8 In the following, we neglect possible contributions to the masses of
the neutral particles arising from radiative corrections.

9 Note the different choice of basis in [75].
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The non-unitarity of ﬁpMNs, induced by the mixing of the
active neutrinos with the (heavy) sterile states, can be con-
veniently captured in the matrix n, with flavour indices
o, B =e, 1. Itis defined as!'?

Opwns = (2= n) Uo 23)
with n hermitian and Uy unitary. Note that
Upvins Upppns = 1 — 2. (24)

For U, = 1, which is always the case in our analysis, the
following equality also holds

i, = (11 - n) Uo. (25)

The size of  and its form in flavour space are given at leading
order by

= Lo (=) Ml 26
n= ) mp\Myg Ns™Mp- (26)
We can estimate the form of the matrix T as

0 0
T = ~ |~ 2
(—M;mzvu) (—M;%UJ’ @n
while for S one has
S = (@, m?, (M,;;)) v, (28)

and V approximately diagonalises the lower six-by-six
matrix of M, i.e.

vT <M®T Aﬁ‘f) V ~ diag (ms, ..., mo). (29)
NS

The matrix @ g, a complex symmetric matrix, is itself diago-
nalised by

w0 0
UgusUs=| 0 2 0 |, (30)
0 0 3

with u; real and positive semi-definite, and Ug unitary.
Like in the model-independent scenario, the charged lep-
ton sector leaves the residual symmetry G, invariant. For this
reason, we assign the three generations of LH lepton doublets
L, and of RH charged leptons ¢, to the same representa-
tions under G , the Z3 group Z{™™ and the CP symmetry as
in the model-independent scenario. As a consequence, also in
the (3, 3) ISS framework the charged lepton mass matrix m
is diagonal and the contribution to the lepton mixing matrix
is Uy = 1. The group G, = Z, x C P is the residual symme-
try among the neutral states. In the (3, 3) ISS framework, we
also have to assign the heavy sterile states, N; and S; with

i, j =1,2,3, torepresentations of G , Zgaux) and CP. In the

10 Note the difference in sign with respect to the definition given in
[75].

following, we identify three minimal options to choose these
representations.

Option 1

For option 1, we assume that N; and §; each transform like
the LH lepton doublets L,, namely as the triplet 3 under
G 7. Furthermore, the heavy sterile states are neutral under
Zéaux). As a consequence of this assignment, the Dirac neu-
trino Yukawa matrix yp, and consequently the mass matrix
m p as well as the matrix My g, are non-vanishing in the limit

of unbroken G 7, Z{**™ and CP. They take a particularly sim-
ple form
1 0 O v
mp=yo |0 1 0] -2 with yo>0 31)
00 1)V
and
1 0 0
Mys=My | 0O 1 0] with My > 0. 32)
0 0 1

Thus, the only source of Gy and CP breaking in the sector
of the neutral states is the matrix w . In order to preserve the
residual symmetry G, the matrix g is constrained by the
following equations

Z3" s ZB3) = ps and X3) pus X3) = pu, (33)

implying that pg has to fulfil the same relations as m, (cf.
Eq. (11)). Hence, the matrix Ug, which diagonalises g, is
of the same form as U,, see Eq. (14),

Us = Q@Q3) Ryp(0s). (34)

Note that we do not mention explicitly a matrix equivalent to
K, in Eq. (14), as we assume for concreteness in our analysis
that it is the identity matrix.

For option 1, g is the unique source of LN violation and
lepton flavour violation. Nevertheless, LN, Gy and CP can
be broken in different ways, explicitly or spontaneously, and
at vastly different scales in concrete models.

Plugging m p, My s and ugs from Egs. (30, 31, 32, 34) into
the form of m,, in Eq. (17), we find at leading order

2.2 2.2 ur 0 0
YoV YoV o ox i

m, = 5 Hs = 2US 0 w O Ug. (35
2 M} 2 M} 0 0

Consequently, the matrix U,, which diagonalises m, at lead-
ing order (neglecting the correction 7 that encodes the devi-
ation from unitarity of U,), is given by

Uy~ Uy = Us = 23) Ryn(9s), (36)

and the light neutrino masses read

@ Springer
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2.2
mi =20 i for i =1,2,3. (37)
2 M2

Assuming yo ~ 1 and My ~ 1000 GeV, we can estimate the
size of w; to be of the order of eV. The ratio between m p and
My s, evaluating the impact of the heavy sterile states, is then
\/yioztlo ~ 0.17. Since the mass squared differences of neutri-
nos have been determined from neutrino oscillation data and
the sum of neutrino masses is constrained by cosmological
measurements, see Appendix C, the values of u; are further
restricted. Since Uy, = 1 and U, is at leading order of the

form given in Eq. (36), we have for the PMNS mixing matrix

Upmns =~ Q2(3) R (0s) (38)

with fs being constrained by the measured values of the lep-
ton mixing angles, like 8 in Eq. (14). We note that we consider
the free angle 05 to vary in the range 0 and 7. The results
in the (3, 3) ISS framework (at leading order) are thus iden-
tical to those obtained in the model-independent scenario.
However, they can be altered by two effects: the inclusion
of the subleading contribution mll) to the light neutrino mass
matrix in Eq. (18) and effects of non-unitarity of U,, see
Eqgs. (23, 26). This is studied in detail analytically in Sect. 4
and numerically in Sect. 5 (the experimental constraints on
n are discussed in Sect. 5.1).

We briefly discuss the form of the matrices S, T and V, as
well as the mass spectrum of the heavy sterile states analyti-
cally. With Egs. (27, 31, 32, 36) the matrix 7 reads at leading
order

0
T = 0 v . 39)
<_\/}50M0 US)

From the definition of V in Eq. (29) and with the form of
My s in Eq. (32) and g in Egs. (30, 34), we find at leading
order for V

1 (iUs U
V‘Tﬁ(—ius US), (40)

while the matrix S in Eq. (28) reads

Yov .
S = —i Ug,
2M0(l s

Us) . (41)

We note that the approximate analytical results for Uy, S,
T and V have been compared to the numerical ones for one
choice of parameters for Case 1) and we find good agreement
in form and magnitude of their entries. The mass spectrum
of the heavy sterile states (arising from the diagonalisation
through V in Eq. (40)) is at leading order

@ Springer

m3i =Mo—% and m6+i=M0+%

with i =1,2,3. (42)

All heavy sterile states are thus degenerate in mass to a very
high degree for typical choices of My and ug, e.g. My ~
1000 GeV and pus < 1keV.

Beyond option 1, there are two further minimal options,
option 2 and option 3, in which only one of the mass matrices
mp, Mys and pug carries non-trivial flavour information.
These options share a common feature: in both the matrix
(s has a trivial flavour structure. Thus, for these options the
sources of lepton flavour and LN violation are decoupled. For
option 2, mp contains all flavour information, while My
is flavour-diagonal and flavour-universal, so that the mass
spectrum of the heavy sterile states will be degenerate to
a high degree, like for option 1. Instead, for option 3 the
entire flavour structure is encoded in the matrix My s, while
mp is flavour-diagonal and flavour-universal. In this way,
the heavy sterile states have in general different masses. We
note that the realisation of option 2 and option 3 requires in
general that (at least) the assignment of the three sterile states
Si, 1 = 1,2, 3, under the flavour symmetry Gy be altered
compared to option 1, in order to ensure that the matrix pg
is non-vanishing in the limit of unbroken G, Zgaux) and
CP. However, this can always be achieved by an appropriate
choice of G ¢. Obviously, one can also consider less minimal
options in which two of the three mass matrices mp, Mys
and g, if not all three of them, have a non-trivial flavour
structure.

3 Lepton mixing in the model-independent scenario

In this section, we revisit the four different types of lepton
mixing patterns, Case 1) through Case 3 b.1), that have been
identified in the study of [33]. We mention for each case the
generator Z, the CP transformation X and the expressions for
sin? 0ij, Jcp, 11 and I, and, where available, (approximate)
formulae for the sines of the CP phases as well as (approx-
imate) sum rules among the lepton mixing parameters. We
remind that the residual symmetry in the charged lepton sec-
tor, G, is always chosen as the Z3 group which corresponds
to the diagonal subgroup of the Z3 symmetry, contained in
G 7 and arising from the generator a, and the Z3 symmetry
Zéaux). As discussed, this leads to a diagonal charged lepton
mass matrix and, consequently, to no contribution to lepton
mixing from the charged lepton sector, see Eq. (10).

3.1 Case 1)

For Case 1), the generator Z of the residual Z, symmetry
and the CP transformation X are given by
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Z=c"? and X =abc*d* Xo with 0 <s <n— 1.
(43)

Note that the index n has to be even. The explicit form of
the generators and of X can be found in Appendix A. The
matrix €2 (3) and the indices f and / of the rotation R s, (6),
appearing in Eq. (14), are

‘ 1 0 0
Q(S) = ¢! s UTB 0 6731‘@ 0 and
0 0 —1
cosf 0 sind
Ri3(0) = 0 1 0 (44)
—sin® 0 cos6
with
2 1
g
UTB = _?E Ti ‘/_El (45)
Ve V32
and
TS
Ps = —. (46)
n

The matrix K, presentin Eq. (14), is set to the identity matrix
for concreteness.
The main results of Case 1) are the following:

(a) the solar mixing angle is constrained by

1
sin® 012 2 3 (47)
(b) none of the mixing angles depends on the parameters n
and s
2 1
sin® 013 = — sin29, sin? Op = ————,
3 2 4+ cos 26
1 V3 sin26
2
3 = 5 (1 —) 48
S = U T e e (48)

(c) the size of the free angle 0 is (mainly) fixed by the mea-
sured value of the reactor mixing angle (613) and 0 takes
two different values in the interval between O and 7,

0 ~0.18 and 6 ~ 2.96, (49)

(d) two approximate sum rules among the mixing angles can
be established

sin“ @1, ~ 3 (1 + sin 913> and

1
sin” 033~ (1 + /2 sin 913) (50)

with £ depending on 6 < 7/2,

(e) the Dirac phase § and the Majorana phase B are both
trivial, sind = 0 and sin 8 = 0,

(f) the Majorana phase « only depends on the parameter s
(the ratio s /n) and its sine reads

sino = — sin 6 ¢y, (629
(g) fors =0ands = 7, CP is not violated.
3.2 Case 2)

The residual Z symmetry in the sector of the neutral states
is the same as in Case 1), while the CP transformation X
depends on two different parameters

Z=c"? and X =c*d' Xy, with 0<s,7<n—1.

(52)

Like for Case 1), the index n of G  has to be even. A more
convenient choice of parameters than s and ¢ are # and v,
which are related to the former by

u=2s—t and v =3r¢. (53)

The matrix €2(3) and the indices f and & of the rotation
matrix R ¢, (0) in Eq. (14) read

' P 1 ‘0 0
Q@) =" /% Urg Ri3 (—i) 0 e i®/2 0 and
2 .
0 0 —i
cosfd 0 sinf
Ri3(0) = 0 1 0 (54)
—sinfd 0 cos6
with
Tu TV
¢y = — and ¢, = —. (55)
n n

For the definition of Utp see Eq. (45). Like for Case 1) we
set K, to the identity matrix.
The main features of the mixing pattern of Case 2) are:

(a) the solar mixing angle has a lower limit identical to the
one of Case 1), see Eq. (47),

(b) the lepton mixing angles depend on the parameters u and
n as well as the free angle 6

1
sin® 013 = 3 (1 — cos ¢, cos26),

1
Sin2 912 =
2 + cos ¢y, cos 26
1 3 si 26
sin26; =~ [ 1+ M , (56)
2 2 + cos ¢, cos 26
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(c) the size of cos ¢, cos 26 (and thus of u/n and 0) is con-
strained by the measured value of the reactor mixing
angle. Taking into account symmetries of the formulae
in (u, 8), discussed in [33], it is sufficient to consider
small values of u/n and cos 260 ~ 1. The choice u = Ois
associated with distinctive features (see point (g) below).

(d) the mixing angles fulfil two (approximate) sum rules:
the one already found for Case 1), see first approximate
equality in Eq. (50), and

6 sin® 63 (1 — sin® 613)
=3+43 tang, — 3 (1 +4/3 tanc])u) sin’ 013,
(57)

(e

~

the Dirac phase § and the Majorana phase 8 depend on
the parameters u# and n as well as on the free angle 6.
Information on them is most conveniently given in terms
of the CP invariants Jcp and I, (see Appendix B)

I sin 260
CP = —
6+/3

(f) the Majorana phase o depends, to very good accuracy,
only on the parameters v and n (through the ratio v/n)

1
and I, = ) sin 2 ¢, sin 26, (58)

sina & — sin ¢y, (59)

(g) for the choice u = 0, the atmospheric mixing angle
and the Dirac phase are both maximal, sin® 63 = 1/2
and |siné| = 1, while the Majorana phase B is trivial,
sin 8 = 0, and the Majorana phase « exactly fulfils the
approximate equality in Eq. (59).

(h) if v = 0 is permitted, this leads to a trivial Majorana
phase «, sina = 0,

(i) furthermore, three symmetry transformations of the for-
mulae of the lepton mixing parameters (in the parame-
ters u and 6) have been found in [33]. Two of them are
independent, e.g.

T
u — u+n, 6 — 5—9:

sin’ 6;j, Jcp, I are invariant and I; changes sign;

u —> 2n—u,0 - w—0:

sin’ 013, sin’ 612, Iy, I, are invariant, Jcp changes sign
and sin’ 03 — 1— sin? 6r3. (60)

3.3 Case 3 a) and Case 3 b.1)
Case 3 a) and Case 3 b.1) are based on a different residual Z,
symmetry in the sector of the neutral states than that of Case

1) and Case 2). This Z, symmetry depends on the param-
eter m. Similarly, the CP transformation X depends on the
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parameter s. The explicit form of the generator Z and of X
is

Z=bc"d" and
X=bc"d"*Xygand 0<m, s <n—1. (61)

Since Z contains the generator b, Case 3 a) and Case 3 b.1)
can only be realised with the flavour symmetry Gy =
A(6n?). The value of the parameter m and, consequently, the
choice of the residual Z, symmetry are strongly constrained
by the measured values of the lepton mixing angles.

A possible form of €2 (3) and the matrix Ry, () are given

by
A 1 0 0 1 0 0
QA3 =e¢ %10 w 0 Ump | 0 e 3ids 0 Ri3(pm)
0 0 o? 0 0 -1

and
cosf sinfd 0
Ri2(8) = —sinf® cosf 0 (62)
0 0 1
with
Tm
O = —. (63)

n

Again, the matrix K, is set to the identity matrix.

Two viable types of mixing patterns are found [33]: in Case
3 a) the parameter m fixes the values of the atmospheric and
reactor mixing angles, while in Case 3 b.1) the parameter m
is around n /2 in order to successfully accommodate the solar
mixing angle. We first recapitulate the results for Case 3 a)
and then those for Case 3 b.1).

3.3.1 Case 3 a)

The relevant properties of the mixing pattern of Case 3 a)
are:

(a) the value of m/n is strongly constrained by the measured
value of the reactor mixing angle. This value has to be
either close to 0 or to 1. Not only sin’ 63 is fixed by
m/n, but also the value of the atmospheric mixing angle

2
sin® 013 = 3 sin® ¢m and

1 3sin2
sin2923= E (]4_M>7

2+ cos2 ¢y
(b) due to this strong correlation a sum rule can be derived
for sin? 613 and sin? 6h3

(64)

1
sin® 623~ (1 + /2 sin 913) (65)

with = for m/n close to 0 or 1, respectively,
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(c) the solar mixing angle depends on the parameter s and
on the free angle 0 as well

1 4+ cos2 ¢, sin2 0 4+ /2 cos ¢m cos 3 ¢y sin 20
2 +cos2 ¢y, ’

Sin2 912 =

(66)

Note that the solar mixing angle can be accommodated
to its measured best-fit value for most of the choices
of the parameter s. In particular, sin’ 6y, is no longer
constrained to be larger than 1/3, as for Case 1) and
Case 2). For most choices of s two values of the free
angle 6, one close to 0 or w and another depending on
the parameter s, permit an acceptable fit to the measured
value of sin? O12.

(d) the CP invariants Jcp, I1 and /> depend in general on all
parameters, n, m, s and 6,

1
Jop = ——— sin3 sin 3 ¢, sin 26,
CP 6 \/6 ¢m ¢s

1
I = —3 COoS ¢y, sin 3 ¢ (4 cos ¢, cos 3 ¢ cos 26
+v2 cos 2 ¢y, sin 29) ,
4
L = 5 sin® ¢y, sin 3 ¢ sin O (cos3¢s sin 6
V2 o5 b cose), 67)
(e) approximate values can be found for the sines of the

CP phases when the constraints on m/n and 0, arising
from accommodating the lepton mixing angles, are used.

These are
| sina| ~ | sin 6 ¢ , (68)
and
for0 ~0, 7 : sinéd ~# 0 and sinpB ~ 0,
3sin6
for0 20, r : |sind| = _3sin6gs and
544 cos6 ¢
. . 2 + cos 6 ¢y
~2 6 —_— . 69
| sin B] | sin 6 ¢ | 5+ 4cos6, (69)

Note that the magnitude of sin 8 has an upper limit,
| sin 8| < 0.87.

(f) if two values of the free angle 6 permit an acceptable
fit to the measured lepton mixing angles for a certain
choice of s, the sine of the Majorana phase « for the
two different values of 6 has the same magnitude, but
opposite sign. If only one value of 8 leads to a good fit
to the experimental data, the Majorana phase « is trivial,
sina =0,

(g) for s = 0, all CP phases are trivial, i.e. sina = sin § =
sing = 0.

(h) for the choice s = %, the free angle 6, that leads to the
best accommodation of the measured values of the lepton
mixing angles, is & = 0. Consequently, the solar mixing
angle is bounded from below, i.e. sin? 012 = 1/3,and all
CP phases are trivial,

like for Case 2), three symmetry transformations of the
formulae of the lepton mixing parameters in the param-
eters m, s and the free angle 6 have been found in [33].
Two of them are independent, e.g.

(i

~

s > n—s, 6 > 7—0:

sin® 0;; are invariant and Jcp, I1, I> change sign;
m — n—m, 60 — 7 —06:

sin® 013, sin® 012, I, I are invariant, Jcp changes sign

and sin” @3 — 1 — sin® fa3. (70)
3.3.2 Case 3 b.1)
The lepton mixing pattern of Case 3 b.1) arises from the

matrices €2(3) and R>(#) in Eq. (62), if these are multiplied
from the right with the cyclic permutation matrix Peyc

0O 1 0
Pye=[0 0 1],
1 0 O
ie. Upmns = Uy = Q@3) R12() Peye. (71)

This cyclic permutation corresponds to a re-ordering of the
columns of the PMNS mixing matrix. The properties of the
lepton mixing pattern of Case 3 b.1) can be summarised as
follows:

(a) all lepton mixing parameters depend on n, m, s and the
free angle 9,

1

22

sin“ 013 = —
13 3

X (l + cos2 ¢ sin® 6 + +/2 cos ¢m cos 3 g sin 20) R

)
sin“ 03 = —
2

1+ 2.4/3 sin G sin O (/2 cos 3 ¢s cosH — cos ¢y, sinh)
X ,
2 —cos2 ¢y, sin2 0 — /2 cos ¢m cos 3 ¢y sin 26

sin2@, = 1— 2 sin? P
2= 2 — coS2 ¢y SN2 6 — +/2 cos ¢, cos3 s sin 26
(72)
and
J 1 i3 bm sin3 ¢, sin 20
cp = — sin sin 3 ¢ sin 26,
6 \/6 m s
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4
I = ~3 Sin2¢m sin 3 ¢ sin 6 (cos3¢s sin
—+/2 cos ¢y, cos@),
4 5 .
I = —p sin ém sin3 ¢ cos 6 (COS3¢S cos ¢

++/2 cos ¢y sin 9) , (73)

(b) the parameter m is strongly constrained by the measured
value of sin? 0, i.e. m ~ 5
(c) form = 7, two approximate sum rules among the lepton

mixing angles are found

-2 1 -2
sin” O, & 3 (1 — 2 sin 913> and

. 1 2 cos 3 ¢ sin 26y

2 s

sin“Opys ~ - |14+, - ——— 74
2 2( 3 1—Sin2913 ) (7%

with 6y &~ 1.31 or 6y &~ 1.83, constrained by the mea-
sured value of the reactor mixing angle,

(d) form = 5 and s = 75, the atmospheric mixing angle is
maximal, sin? 63 = %,

(e) for m = 75, the Majorana phases only depend on the
parameter s (the ratio s/n), and have the same magni-

tude,

sin = sin B = —sin 6 ¢y (75)
and the Dirac phase fulfils the approximate relation
sind ~ xsin3 ¢, with £ referringto 6 < /2. (76)

Taking into account the constraints on the free angle 6
and the parameter s, arising from the experimental data
on lepton mixing angles, the magnitude of the sine of the
Dirac phase is bounded from below, | sin | = 0.71,

(f) for m = 7 and s = 7, the Dirac phase is maximal,
|siné| = 1, while both Majorana phases are trivial,
sina = 0 and sin 8 =0,

(g) for s = 0, CP is not violated,

(h) for Case 3 b.1) the same symmetry transformations hold
as for Case 3 a), see point (i) in Sect. 3.3.1, Eq. (70).

4 Impact of heavy sterile states of the (3, 3) ISS on
lepton mixing

As already mentioned in Sect. 2.2, there are two possible
effects that can have an impact on lepton mixing: the inclu-
sion of the subleading contribution mi to the light neutrino
mass matrix m, and effects of non-unitarity of LNIV, which are
encoded in n4g. A numerical analysis of examples for each
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case, Case 1) through Case 3 b.1), can be found in Sect. 5 and
confirms the analytical results, which we proceed to discuss.

4.1 Subleading contribution to the light neutrino mass
matrix

When plugging in the form of the matrices mp, My and pg
for option 1, see Eqs. (30, 31, 32, 34), the subleading contri-
bution to the light neutrino mass matrix, shown in Eq. (18),
takes a simple form:

4 4 4 4 ur 0 0
v v
m‘l):_yo 4 =_);_4 Us| 0 m2 O U;'
4Mm¢ 4M¢ 0 0 us

(77)

Comparing with the leading order contribution m,, found
in Eq. (35), we see that mll) has exactly the same form in

2.2 )
flavour space and is suppressed by a factor % Thus, this
0

subleading contribution does not introduce any change in
the lepton mixing parameters and only slightly corrects the
values of the light neutrino masses, e.g. for yp ~ 1 and
My ~ 1000 GeV the correction is around 0.03 with respect
to the leading order result, see Eq. (37). Such a correction can
be compensated by re-adjusting the values of the parameters

i
4.2 Effects of non-unitarity of U,

The deviation from unitarity of ljv is encoded in 7, see
Egs. (23, 26). For option 1, the form of 5 turns out to be
flavour-diagonal and flavour-universal, since both mp and
My s have this property, see Eqgs. (31, 32)

2.2
Yo U

n=2" 1= 1. (78)
4 M;

Furthermore, it is independent of the particular case, Case 1)
through Case 3 b.1), which we confirm numerically.

For yg ~ 1 and My ~ 1000 GeV we have ny ~ 0.015,
while for yg ~ 0.1 it is suppressed by further two orders of
magnitude (at constant My). The features of being flavour-
diagonal and flavour-universal are numerically confirmed.
The size of n and its dependence on yg as well as # are also

very well fulfilled. For further details and a compar%son with
experimental bounds on nyg see Sect. 5.1.

Since 7 is flavour-diagonal as well as flavour-universal
and 7o is positive, the presence of 5 effectively leads to
a suppression of all elements of Uy = Usg, see Egs. (23,
36). We can thus easily estimate the deviations expected in
the results for the lepton mixing parameters (mixing angles
and CP invariants/CP phases) extracting them in the same
way as for the unitary case, i.e. the (3, 3) ISS framework at
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leading order and the model-independent scenario (MIS).1!
We consider relative deviations between the non-unitary
results, (sin2 0ij)ss. (Jep)iss and (I;)1ss, and the unitary
ones, (sin? 6;;)ms, (Jep)mis and (1)ws, '

(sin? 6;)1ss — (sin® 0;))mrs

Asin® 0;; = ,
Y (sin” 6;j)mrs
J — (J
Alep = (Jep)iss — (Jep)mis and
(Jep)mis
AL = (Ii)1ss — (i)wmis (79)
(I;)mis

and alike for the sines of the CP phases §, @ and 8. In doing
so, we can find formulae for the relative deviations that are
valid for all cases, Case 1) through Case 3 b.1). The exact
numerical values of these deviations can in general (slightly)
depend on the chosen case and other parameters, such as the
index of G 7, the choice of the residual Z; symmetry in the
sector of the neutral states, and the value of the free angle 0.
We comment on this in the numerical analysis to be carried
in Sect. 5.
For A sin® 6;; we have

A sin? 013 ~ —2no,

. 210
A sin? O1p % ——————— ~ =2.04 1o,
1 - |Ue3|2
. 210
Asin? 0~ ——— "~ —2.04n (80)
1 - |Ue3|2

for |Ue3|2 ~ (0.022 [76]. For the CP invariants Jcp, I; and
I, we find

Aldcp &~ —4no, AL~ —4ny, AL~ —4n. 81

With this information we can also extract Asind, Asina
and A sin g and arrive at

Asind &~ —2.821n9, Asina &~ —2.95n,
Assin 8 ~ —2.95 g (82)

for |U,2|? ~ 0.30, |Ug3|* ~ 0.022 and |U,3|%> = 0.56 [76].
For yg ~ 1 and My ~ 1000 GeV we expect

Asin®6;; ~ —0.03, AJep ~ Al; ~ —0.06,
Asind &~ —0.042, Asina ~ Asin ~ —0.044. (83)

Due to the suppression of all elements of Uy = Us, all rel-
ative deviations are expected to be negative. Furthermore,
their size slightly depends on the considered quantity and
is generally not expected to exceed values of a few percent.
These estimates are confirmed numerically, as we discuss in
Sect. 5. It is important to note that certain features, like the

1T We extract the lepton mixing parameters using Eqs. (145, 146, 147)
in Appendix B (with Upmns replaced by U,).

12 When considering these relative deviations, we always assume that
(sin? 0ij)mis, (Jep)mis and (/;)mis do not vanish.

vanishing of the sine and the periodicity of some of the CP
phases in terms of the group theory parameters, remain pre-
served exactly, since the flavour structure of the light neutrino
mass matrix is not changed and the deviation from unitarity
only amounts to a common rescaling of all elements of the
PMNS mixing matrix.

Furthermore, we can estimate the deviations in the
(approximate) sum rules induced by effects of non-unitarity
of the lepton mixing matrix, such as the ones in Eq. (50).
These are discussed in turn for each of the cases, Case 1)
through Case 3 b.1).

Case 1)

Two approximate sum rules have been found for Case 1), see
Eq. (50). The effects of non-unitarity of the lepton mixing
matrix on these are expected to be as follows: for the first
sum rule, relating the solar and the reactor mixing angle,
using the best-fit value |U,3 |2 ~ (0.022 [76], we have

1+ |Ue3|4
AXy~ =2no (— ~ =210 (34)
1- |U63|4

with A ¥ corresponding to the relative deviation of the non-
unitary result from the unitary one and defined as

3 sin? 012 (3 sin? 012
1+sin? 613 1SS 1+sin? 613 MIS
3 sin’ 61n
1+sin? 613 MIS

. 3 Sin2 912
with | ———— ~ 1 from Eq. (50),
1 4+ sin 913 MIS

AY =

(85)

while the deviation for the second sum rule, the one involving
the atmospheric and the reactor mixing angle, is of the form

V24Ul (14 Ues|?)
ATy, ~ —/2 :
? 0 ((1 T V2 (Ul (1 — [UssP)
~ —1.87(=2.31)no (86)

for +(—). A% is defined analogously to AX; with the help
of the second approximate sum rule in Eq. (50). The different
signs refer to the different signs in the sum rule. We note that
none of the relative deviations, AX| and AX,, depends on
the parameters n, s or on the precise value of the free angle
s, up to the sign in A3,. For yg ~ 1 and My ~ 1000 GeV
we expect these to be

AY| ~ —0.03 and AX; ~ —0.028 (-0.035) (87)

for +(—) from the expression for AX; in Eq. (86).
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Case 2)

For Case 2) we also have two approximate sum rules: one
which coincides with the first sum rule of Case 1) and another
one, relating the atmospheric and the reactor mixing angles,
shown in Eq. (57). The effects of non-unitarity (of the PMNS
mixing matrix) on the latter one are estimated to be of the
order of

AS 2 ﬁ—l—tanqﬁu
3~ =210 s
V3 (1= |Uel?) + (1 = 3|Ue3?) tan ¢,

(88)

where AXj3 is defined in the analogous way as AXj. The
form of AX3 can be simplified by remembering that u/n is
required to be small and thus we expand in ¢, = % up to
the linear order. At the same time, we use the best-fit value
for |Ue3|2 ~ (0.022 [76] so that we have

A¥3 =~ =2.05n0 (14 0.026 ¢,,). (89)

This shows that there is only a very mild dependence of A3
on ¢, = "*. Furthermore, there is no explicit dependence of
A X3 on the parameter v and the free angle 6. Numerically
we find for yg ~ 1 and My ~ 1000 GeV that

A3~ —0.031, (90)

which is of a size very similar to the other relative deviations.
Case 3 a) and Case 3 b.1)

For Case 3 a) the approximate sum rule, found in Eq. (65),
is actually identical to the second sum rule for Case 1), see
Eq. (50), taking into account the different signs in both of
them. We thus expect very similar results also for Case 3 a).

For Case 3 b.1) two approximate sum rules are derived for
m = %, see Eq. (74). For the first of these two, we find as
relative deviation of the non-unitary result from the unitary
one

1 —2|Us|*
1—3|Ues|? +2Uesl*

AZ, =~ =219 < ) ~ —2.14no,
on

while for the second one we have

AT &~ 2 \/§+ﬁcos3¢s sin 2 0y
: o V3 (1= |Uw|?) + +/2 cos 3 ¢ sin26
~ —2.0510F0.019 79 cos 3 ¢y, (92)

where we have again used |Ue3|2 ~ 0.022 [76] and 6y ~
7 Fe withe ~ 0.26, cf. text below Eq. (74). We thus see that
the relative deviation A X5 only weakly depends on the value
of the parameter s, related to the chosen CP transformation
X. Furthermore, we infer that neither A ¥4 nor A X5 depends
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strongly on the parameter n or the free angle 6. Using yg ~ 1
and My ~ 1000 GeV, we have for the two relative deviations

AXs ~ —0.032 and AXs~ —0.031. (93)

5 Numerical analysis

In this section, we study numerically the impact of the heavy
sterile states of the (3, 3) ISS framework on the results for the
lepton mixing parameters, and if available, on the approxi-
mate sum rules among these. We do so for each of the dif-
ferent cases, Case 1) through Case 3 b.1), for some viable
choices of the group theory parameters, e.g. the index n of
the flavour symmetry G y. We also compare these findings to
the analytical estimates, presented in Sect. 4.

Before detailing results for the different cases in Sects. 5.2—
5.5, we present constraints on the Dirac neutrino Yukawa
coupling yo, the mass scale My of the heavy sterile states,
as well as on the parameters u;, emphasising the role of the
bounds on the unitarity of the PMNS mixing matrix.

5.1 Symmetry endowed (3,3) ISS: setup and unitarity
constraints on U,

We begin by briefly discussing the constraints arising from
the violation of unitarity of the PMNS mixing matrix U,, as
encoded in the matrix 1. As can be seen from Eq. (78), n
is determined by the chosen regimes for yg and My, which
characterise the impact of the heavy sterile states on the lep-
ton mixing parameters. Thus, the experimental limits on the
quantities 748, o, B = e, i, T, are at the source of the most
important constraints on the present (3,3) ISS framework.

Before discussing how the limits on 744 crucially con-
strain yg and hence the combination of yg and My, let us
first emphasise two points: we have checked numerically that
the form of the quantities 145 does not depend on the spe-
cific case, Case 1) through Case 3 b.1), as expected from the
analytical estimate in Eq. (78); furthermore, we also confirm
numerically that the matrix n is flavour-diagonal and flavour-
universal, and that ng is proportional to yg (and inversely
proportional to Mg), as can be also seen from Eq. (78). The
(indirect) experimental constraints on 7744 are taken from [77]
and are given by!?

131073 12x107° 14x1073
Inapl = [ 1.2x 107 22x107* 6.0 x 107*
14x 1073 6.0x107* 2.8x1073

at the 1 o level. 94)

13 We use the bounds obtained in [77], although the form of n is
flavour-diagonal and flavour-universal in the case at hand.
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As can be verified, the diagonal element subject to the
strongest experimental boundsis 1, |’7/m’ <2.2(4.4)[6.6]
x 10™* at the 1(2)[3] o level. We thus use this limit in the
subsequent analysis.

The maximal size of the Yukawa coupling yo, compatible
with the experimental constraints on 74g, can be read from
the left plot in Fig. 1: for yp as small as yg = 0.1, the uni-
tarity constraints can be evaded for values of My as low as
My Z 500 GeV (at the 3 o level); larger values, yo = 0.5,
already require My 2 2400 GeV, and for yop = 1 one must
have My 2 4800 GeV in order to be in agreement with the
bounds of Eq. (94) at the 3o level, i.e. [n,,] < 6.6 x 1074,
This is illustrated in the right panel of Fig. 1 by an exclu-
sion plot in the (Mo — yo) plane. The subsequent numerical
analyses will rely on regimes of yg and My compatible with
experimental data at the 3 o level,'* and regimes in conflict
with experimental bounds on 74g will be clearly indicated in
the discussion.

In view of the above, we will in general assume that the
mass scale My varies in the range

500GeV < My < 5000 GeV. (95)

Although mostly lying beyond future collider reach [78],
the chosen range for My (and thus for My and the heavy
mass spectrum) is motivated by its phenomenological inter-
est, as it is in general associated with extensive observational
imprints, being thus indirectly accessible in numerous dedi-
cated facilities [46-52].

Concerning the Yukawa coupling yg, and following the
results displayed in Fig. 1, we will in general illustrate our
results for two different values of the Yukawa coupling yo,

Yo = 0.5 and Yo = 0.1. (96)

Nevertheless, we will exceptionally consider larger values of
the Yukawa coupling yo = 1, in order to better illustrate the
effects of the deviations from unitarity of the PMNS mixing
matrix. These cases will be clearly identified in the discus-
sion; unless otherwise stated, disfavoured regimes associated
with bounds on nyg will be indicated by a grey-shaded area
in the corresponding plots.

Finally, we consider the free parameters w;. As can be
seen from Eq. (37), in the case of option 1, u; are directly
proportional to the light neutrino masses m;. Thus, they are
experimentally constrained by the measured mass squared
differences and by the bound on the sum of the light neutrino
masses coming from cosmology. The latest experimental data
are collected in Appendix C. We notice that in our numerical

14 Ag will be discussed in detail in Sect. 7, the predictions for cLFV
observables will not lead to any additional constraints on the parameter
space of the (3, 3) ISS framework with G y and CP in the case of option
1. Thus, the only relevant constraints are those arising from the effects
of non-unitarity of U,,.

study, the two mass squared differences are always adjusted
to their experimental best-fit value [76].

A few comments are still in order concerning the light
neutrino mass spectrum — the value of the lightest neutrino
mass mo, and the ordering (NO vs. 10). Regarding mg, we
have verified that the results for the lepton mixing parameters
are always independent of its choice. Throughout this section,
we have thus fixed its value to

my = 0.001 eV. (97)

Furthermore, we note that we have performed the numerical
analysis for both NO and IO, and no (numerically significant)
differences were found, neither for the relative deviations of
the lepton mixing parameters, nor for the (approximate) sum
rules. Accordingly, all the results of this section will be only
illustrated for the case of a NO light neutrino mass spectrum.
However, notice that upon discussion of the prospects of the
current framework concerning OvBg decay in Sect. 6, we
will consider both orderings of the mass spectrum, and also
vary my.

Leading to the fits presented in the following subsections,
we only consider experimental constraints on the lepton mix-
ing angles and the two mass squared differences, but not on
the CP phase §, since the latter is only very mildly experimen-
tally constrained (a summary of the relevant neutrino oscil-
lation data is given in Appendix C). Additional information
on the numerical fit procedure can be found in Appendix D.

5.2 Case 1)

In order to scrutinise the effects of the (3, 3) ISS framework
and its heavy states on the lepton mixing parameters, we
choose a value of the index n that allows studying several
different values of the parameter s (and thus CP transfor-
mations X) for Case 1). In this way, the behaviour of the
Majorana phase «, see Eq. (51), can be studied systemati-
cally. Concretely, in the following we use

n =26 and 0 <s <25. (98)

Based on the results obtained in the model-independent
scenario (see Sect. 3.1), and the analytical estimates of the
effects due to the heavy sterile states of the (3, 3) ISS frame-
work carried in Sect. 4, only the CP phase « is expected
to show a dependence on the parameters n and s (through
the ratio s/n). This is confirmed by our numerical analysis.
Without loss of generality we thus set s = 1 to study the rela-
tive deviations A sin? 6, and A sin? 6»3. These are shown in
Fig. 2, respectively in the left and right plots, as a function of
My, which determines the scale of the heavy mass spectrum.
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Fig. 1 Constraints from unitarity of U,. Left plot: 14, With respect to
the mass scale My (in GeV) for different values of the Yukawa cou-
pling: yo = 0.05 (purple line), yo = 0.1 (orange line), yo = 0.3 (red
line), yo = 0.5 (blue line) and yp = 1 (green line). The grey-shaded
regions denote the areas excluded by the strongest constraint on the
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Fig. 2 Case 1). Relative deviation of sin? 01, (left) and sin? 623 (right)
as obtained for option 1 of the (3, 3) ISS from the corresponding val-
ues derived in the model-independent scenario, as a function of M
(in GeV). For concreteness, we have fixed s = 1 and n = 26. The
curves are associated with distinct values of the Yukawa coupling yp:

We notice that their sign and size is consistent with the
estimate found in Eq. (83).13 The relative deviation of the
reactor mixing angle, A sin? 613, is not shown and does not
fulfil the expectations from the analytical estimate, since it
turns out to be positive and always below 0.5% for values
of yo < 0.5 and My = 500 GeV. This is a consequence of
having 613 driving the fit to determine g, due to its associ-
ated experimental precision, see Appendix C. Consequently,
we find for 65 values around 0.19, which are slightly larger
than those obtained in the model-independent scenario, see
Eq. (49). We note that in the plots shown here, we always

15 Notice that following Eq. (78), yo ~ 1 and My ~ 1000 GeV lead to
the same result for the quantity 79 as yp ~ 0.5 and My ~ 500 GeV.
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flavour-diagonal entries of  (arising from 7,,,,) at 1 o level (light grey)
[77] and 3 o level (dark grey). Right plot: Disfavoured regions of the
(Mo — yo) plane, with M given in GeV, due to conflict with experimen-
tal bounds on 74, at 1 o, 20 and 3 o (respectively denoted by light,
medium and dark blue)
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the orange (dashed) curve corresponds to yp = 0.1 and the blue (solid)
oneto yg = 0.5. A grey-shaded area denotes regimes disfavoured due to
conflict with experimental bounds (see detailed discussion in Sect. 5.1)

have 05 < m /2, since this leads to a much better agreement
with the experimentally preferred value of the atmospheric
mixing angle: sin” 6,3 &~ 0.604 to be compared to the experi-

mental values sin? 63 = 0.570“:8:8%2 for light neutrinos with

NO and sin? 63 = 0.575700}7 for light neutrinos with 10
[76].

Moving on to the relative deviation of the Majorana phase
o, we note that also in this case the size, sign and behaviour
of the relative deviation A sin« (depending on yg and My)
does not depend on the actual choice of the parameter s.
Thus, we have again taken s = 1. In the left plot in Fig. 3, we
present the relative deviation of sin « as obtained for option 1
of the (3, 3) ISS framework from the corresponding model-
independent prediction, with respect to My (in GeV). Com-
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Fig. 3 Case 1). Left plot: Relative deviation of sin« as obtained for
option 1 of the (3, 3) ISS framework from the corresponding model-
independent prediction, with respect to My (in GeV). Line and colour
code as in Fig. 2. Right plot: sin o with respect to s/n (fixing n = 26
and continuously varying 0 < s < 26). The black (dashed) curve dis-
plays the result for sin o obtained in the model-independent scenario,

paring the maximal size of the relative deviation of sin«
(A sin ) with the ones of the solar and the atmospheric mix-
ing angles, A sin® 6}, and A sin? 653, previously displayed in
Fig. 2, we confirm that the latter are slightly smaller than the
former, as expected from the analytical estimate in Eq. (83).
The right plot in Fig. 3 illustrates the suppression of the value
of sin @ depending on s/n for three different values of My,
My = 500 GeV, 1000 GeV and 5000 GeV, and these are
compared to the result expected in the model-independent
scenario, see Eq. (51). We have chosen here yp = 1 in order
to enhance the visibility of the deviations between the model-
independent scenario and the (3,3) ISS presented in this plot,
although such a large value of the Yukawa coupling requires
M) to be at least My = 4800 GeV in order to comply with
the experimental bounds on the quantities 14, see Sect. 5.1.
Beyond this suppression of the value of sin ¢, we note that
the periodicity in s/n is still the same, independently of the
effects of non-unitarity of U, confirming the analytical esti-
mates of Sect. 4.2. We have also numerically verified the
analytical expectation that the Dirac phase é as well as the
Majorana phase B remain trivial, i.e. sin§ = Oand sin 8 = 0.

Finally, we address the validity of the two approximate
sum rules, see Eq. (50). As can be seen from the plots in
Fig. 4, deviations do not exceed the level of —3%, in agree-
ment with the analytical estimate. Furthermore, we numeri-
cally confirm that the maximally achieved relative deviation
is slightly larger for the first sum rule than for the second, for
fs < m/2. We also note that for large values of My, where
effects of the non-unitarity of U, should be suppressed, both
ratios related to the two different sum rules become slightly
larger than one. This is consistent with the fact that these sum
rules only hold approximately.

1.0

0.5 4

sin
(=3
;

-1.0 T T T T T T T T T
s
n

see Eq. (51). The coloured (solid) curves refer to distinct values of Mj:
blue for My = 500 GeV, orange for My = 1000 GeV and green for
My = 5000 GeV. We have chosen yp = 1 in order to better display
the deviation from the model-independent scenario (notice that such a
value of yg requires My 2 4800 GeV to comply with the experimental
bounds on 74 at the 3 o level, cf. Sect. 5.1)

5.3 Case 2)

In our numerical study, we choose as representative values
of the index n and of the parameter u

n=14 and u =1, (99)

also commenting on results for the choices u = —1, u = 15
as well as u = 0 in order to comprehensively analyse the
features of Case 2). For the parameter v, we consider all
permitted values according to the relations in Eqgs. (52, 53)
and the chosen value of u, e.g. for u = 1 we have

v=3,09, 15, 21, 27, 33, 39. (100)

We start by discussing the relative deviations of sin? 6; i
The results for A sin? 0}, and A sin? 6,3 are consistent with
the analytical expectations, see Eq. (80). Indeed, the plots
for A sin? 012 and A sin? 623 look very similar to those pre-
sented in Fig. 2 for Case 1). However, the relative deviation
Asin? 613 does not agree with the analytical expectations
and instead is always very small, showing that like in Case
1), sin® 03 is typically adjusted to its experimental best-fit
value (since it also drives the fit for the present case).

We confirm numerically that the deviations of sin® 6;; do
not depend on the choice of the parameter v and we have thus
fixed v = 3. As regards the dependence of A sin? 6; j on the
parameter u, we have also checked that the aforementioned
different choices of u all lead to the same result.

For the relative deviations of the CP phases § and 8, A sin §
and A sin 8, we present our findings in Fig. 5. Since these
deviations are also independent of the choice of v, we choose
v = 3 for concreteness. The plot for A sin « looks very simi-
lar to the corresponding one of Case 1), see left plot in Fig. 3.
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Fig. 4 Case 1). Validity check of approximate sum rules for option 1
of the (3, 3) ISS framework with respect to the mass My (in GeV). Line
and colour code as in Fig. 2. We note that for the second sum rule (right
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Fig. 5 Case 2). Relative deviations A sin § (left plot) and A sin 8 (right
plot), as obtained for option 1 of the (3, 3) ISS framework, from the
values obtained in the model-independent scenario, with respect to the

The sign and size of the deviations are in accordance with the
analytical expectations, see Egs. (82, 83). We note that both
Majorana phases « and § experience slightly larger effects
from the non-unitarity of the lepton mixing matrix (i.e., the
presence of the heavy sterile states) than the Dirac phase §.
The effects of the non-unitarity of U, on the behaviour of
sin o with respect to v/n, shown in the left plot of Fig. 6,
are very similar to those encountered when studying sin o
with respect to s/n for Case 1), see the right plot in Fig. 3.
Again, we emphasise that the periodicity of sin« in v/n is
not altered by the effects of the non-unitarity of the PMNS
mixing matrix.

Next, we detail our numerical results for the relative devi-
ations of the two (approximate) sum rules found for Case 2),
see Sect. 3.2. We have checked that for the sum rule which is
common for Case 1) and Case 2) (see first approximate equal-
ity in Eq. (50)), the results do coincide with those shown in
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plot) we focus on the approximate sum rule with a plus sign, since we
present results for 05 < /2, see Eq. (50) and below
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mass My (in GeV). The concrete choice of v is irrelevant and thus we
have set v = 3. Line and colour code as in Fig. 2

the left plot in Fig. 4. Concerning the exact sum rule, shown
in Eq. (57), the numerical results are given in the right plot
in Fig. 6. We see that the size and sign of the relative devia-
tion agree with the analytical estimate shown in Eq. (90). We
have also checked numerically that the results do not depend
on the choice of u and v; while the plot presented relies on
u = 1 and v = 3, similar results have been found for the
other mentioned choices of u and the admitted values of v.
We comment on the choice # = 0 that predicts maximal
atmospheric mixing and maximal Dirac phase §, sin§ = 0
and the exact equality in Eq. (59): the relative deviations
A sin? 023 and Asiné are of the same sign and size, and
exhibit the same dependence on the Yukawa coupling yy and
on the mass scale M as occurs for the choice u = 1. Fur-
thermore, the fact that the Majorana phase g is trivial is not
altered by the effects of non-unitarity of U,, as expected
from the analytical estimates, see Sect. 4. The results for the
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Fig. 6 Case 2). Left plot: sin« with respect to v/n (fixing n = 14
and continuously varying 0 < v < 3n = 42). The different (coloured)

curves refer to three different masses My like in Fig. 3, also setting
yo = 1. The black (dashed) curve displays the result for sin «, obtained

Majorana phase « look very similar to those displayed in
Fig. 3 (left plot) and Fig. 6 (left plot). Moreover, we confirm
that whenever the choice v = 0 is permitted, the Majorana
phase o vanishes independently of the deviations of U, from
unitarity.

Finally, we notice that we have performed a numerical
check to confirm that the symmetry transformations in the
parameters u and 0, see Eq. (60) under point (i) in Sect. 3.2,
are still valid.

5.4 Case 3 a)

As representative values for n and m, we take

n=17 and m = 1, (101)

since these can satisfactorily accommodate the experimen-
tal data on the reactor and the atmospheric mixing angles,
sin? 013 = 0.02221 730098 and sin” 653 = 0.5707303% for
light neutrinos with NO and sin? 013 = 0.022401’8:8882% and
sin?y3 = 0.5757003; for light neutrinos with IO [76],
according to the expectations from the model-independent
scenario, see Sect. 3.3.1 and, especially, Eq. (64). We con-
sider all possible values of the parameter s. In addition to
m = 1, we also study the results on lepton mixing for the
choice m = 16. The rather large value of the index n of the
flavour symmetry is needed in order to achieve a sufficiently
small value of m/n (or 1 — m/n).

Since fixing n and m determines completely the value of
the reactor and the atmospheric mixing angles, we only con-
sider, like for Case 1) and Case 2), the relative deviations
A sin? 03 and A sin? 653. We note that their size and sign do
agree with the analytical expectations, see Eq. (83). Further-
more, we confirm numerically that there is no dependence of
these results on the parameter s and the free angle 6g. Since

1.000 A

0.995 1
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in the model-independent scenario, see Eq. (59). Right plot: Validity
check of the exact sum rule in Eq. (57) for option 1 of the (3, 3) ISS
framework with respect to the mass M (in GeV). Line and colour code
as in Fig. 5. We have chosen n = 14 and u = 1 so that tan ¢, ~ 0.23

in Case 3 a) 61> is the only lepton mixing angle that depends
on the free angle 6y, sin? 012 naturally drives the fit, and thus
the relative deviation A sin® 1, is always very small. Given
that sin® 65 further depends on the parameter s, we present in
Fig. 7 plots for sin® 05 in the (s/n — Os) plane for two differ-
ent values of the mass scale My = 1000 GeV (left plot) and
My = 5000 GeV (right plot). We fix the Yukawa coupling
to yo = 0.5 in order to better perceive the differences in the
plots for the two different values of My, although such a large
value of yy does require My 2 2400 GeV in order to comply
with the experimental constraints on 744, see Sect. 5.1. As
one observes in Fig. 7, the visible differences are still very
small. We stress that here the grey-shaded areas indicate the
values of sin” 0}, that are experimentally favoured at the 3 &
level [76]. As can be clearly seen from Fig. 7, for most values
of s a successful accommodation of the experimental data can
be obtained for two different values of the free angle 5. One
of these values is close to fs =~ 0 or 6s ~ . These plots can
be compared with a very similar one shown in the original
analysis of the different mixing patterns, see [33].

The results for the relative deviations of the CP phases,
Asind, Asina and A sin 8, look similar to those obtained
for the already presented cases, Case 1) and Case 2). For
this reason, we prefer to show contour plots for the sines of
all three CP phases in the (s/n — 0s) plane. These can be
found in Fig. 8, where we display sin §, sin« and sin g, for
two different values of My, My = 1000 GeV (left plots) and
My = 5000 GeV (right plots). The colour scheme denotes
the values of the sines (indicated by the colour bar on the right
of each plot). We again take yp = 0.5 in order to enhance the
visibility of differences in the plots. The white/grey-shaded
areas indicate the values of the solar mixing angle that are
experimentally preferred at the 3¢ level. It turns out that
visible differences between the plots for My = 1000 GeV
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Fig. 7 Case 3 a). Contour plots for sin 05 in the (s /n — Os) plane,
obtained for option 1 of the (3, 3) ISS framework. The left plot is for
My = 1000 GeV and the right one for My = 5000 GeV. We fix yg = 0.5

and My = 5000 GeV are (mainly) found in regions of the
(s/n — Os) plane that are not compatible with the experi-
mental value of sin 6, at the 3o level. Nevertheless, the
results presented in these plots are interesting, since the
validity of the approximate formulae for the sines of the
CP phases (found in Egs. (68, 69) under point (e) for the
model-independent scenario) as well as the fact that the abso-
lute value of sin 8 is bounded to be smaller than ~ 0.9,
can be checked. Furthermore, they can be directly compared
with the results for the model-independent scenario presented
in [33]. Again, we confirm numerically that the effects of
non-unitarity of the PMNS mixing matrix do not affect the
vanishing of sin§, sina and/or sin 8 (occurring for certain
choices of group theory parameters). The approximate sum
rule, quoted in Eq. (65), is valid with a plus sign for the choice
n = 17 and m = 1. Studying its behaviour depending on the
Yukawa coupling yg and on the mass scale M thus leads to
results very similar to those obtained for the second approxi-
mate sum rule (see second approximate equality in Eq. (50)),
for values of the free angle 65 < /2, as shown in the right
plot of Fig. 4.

In the end, we note that we have numerically confirmed
that the symmetry transformations, given under point (i) in
Sect. 3.3.1, are valid.

5.5 Case 3b.1)

For the last case, we focus on
n =20 and m = 11. (102)
All viable values of the parameter s are studied. We choose
the index 7 of the flavour symmetry to be rather large'® in

16° As shown in [33], values of n as small as n = 2 are sufficient in order
to successfully accommodate the experimental data on lepton mixing
angles.
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in order to amplify the differences between the two plots. Here the
grey-shaded areas denote values of sin” ;> which are experimentally
favoured at the 3 o level [76]

order to allow studying different values of m, while achieving
good agreement with experimental data on the solar mixing
angle. In addition to the value m = 11 we also perform a
numerical analysis for m = 9 and m = 10.

For Case 3 b.1) all mixing angles turn out to depend on
the parameter s and the free angle 0y, in addition to the two
parameters n and m which we have fixed, see Eq. (72). In
what follows we identify the areas in the (s/n — 6s) plane
in which the three mixing angles (individually and simulta-
neously) are in agreement with the experimental data at the
30 level [76]. This is shown in the contour plots in Fig. 9,
for sin2 0;, (blue), sin? 023 (green) and sin? 03 (orange) and
their combination (black), for two different values of the mass
scale My, My = 1000 GeV (left plot) and My = 5000 GeV
(right plot). We note that we have again chosen yy = 0.5 for
better visibility of the differences in the plots, although in
this case My = 1000 GeV leads to conflict with the exper-
imental constraints on the quantities 74g, see Sect. 5.1. We
see that the areas of agreement with experimental data at
the 3 o level slightly differ between My = 1000 GeV and
My = 5000 GeV. However, their overlap (shown in black in
the two plots) is not visibly affected, and thus the parameter
space in the (s /n —6g) plane compatible with the experimen-
tal data on lepton mixing angles hardly depends on the mass
scale My. Indeed, comparing these two plots to a similar one,
presented in the original analysis of the mixing pattern Case
3 b.1) for the model-independent scenario [33], we confirm
that all agree very well. We note that the by far strongest con-
straint on the allowed parameter space in the (s /n —65g) plane
is imposed by the reactor mixing angle sin® #;3. The results
shown in the plots in Fig. 9 also confirm that all values of the
parameter s lead to a successful accommodation of the exper-
imental data of the mixing angles for n = 20 and m = 11.
The values of the free angle 65 are then close to v /2. Regard-
ing the size and sign of the relative deviations A sin® 6}, and
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Fig. 8 Case 3 a). Contour plots for the sines of the CP phases in the
(s/n — 6s) plane, obtained for option 1 of the (3, 3) ISS framework.
From top to bottom (first to third row), sin §, sin & and sin 8. On the left
column plots, My = 1000 GeV while on the right My = 5000 GeV. We
again fix yp = 0.5 (see Fig. 7). The colour scheme denotes the values

A sin? 6,3, we note that these are consistent with the analyti-
cal estimates, see Eq. (83), whereas for A sin? 013 we always
find it to be very small due to the pull in the fit that drives the
adjustment of the free angle 65 to match the best-fit value of
the reactor mixing angle. This is analogous to what has been
observed for Case 1) and Case 2).
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of the sines, from —1 (dark blue) to +1 (light yellow), as indicated by
the colour bar on the right of each plot. The white/grey-shaded areas
correspond here to those of Fig. 7, and indicate the values of the solar
mixing angle that are experimentally preferred at the 3 o level

In what concerns the CP phases, we proceed in the same
way as for the three mixing angles, and show in Fig. 10 sev-
eral contour plots in the (s/n — 6s) plane. We choose the
same values of M and yq as for the analogous study done
for Case 3 a); conventions and colour-coding are identical
to Fig. 8. Like in Case 3 a), the visible differences for the
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Fig. 9 Case 3 b.1). Contour plots for sin? 6; j» obtained for option 1
of the (3, 3) ISS framework, in the (s/n — 0y) plane. Blue, green and
orange respectively correspond to sin? 012, sin? 6»3 and sin? 613. Dot-
ted lines indicate the experimental best-fit (BF) value for each sin? 6; s
while the coloured surfaces correspond to a 3o interval: dashed (solid)

different values of My are mostly found in regions of the
(s/n — Bs) plane that disagree with experimental data on
the three mixing angles by more than 3 0. We can observe
that the absolute value of siné has an upper bound ~ 0.8
for the choice n = 20 and m = 11, whereas the sines of
both Majorana phases are a priori not constrained. Compar-
ing the relative deviations of the sines of the CP phases,
Asina, Asin 8 and A sin§, with the analytical estimates,
see Eq. (83), we find agreement in the size; notice however
that the sign of the relative deviations A sin 8 and A sin § is
positive.

As shown in the model-independent scenario, several sim-
plifications of the formulae in Egs. (72, 73) can be made for
m = 7 (corresponding to m = 10 for the present case). In
particular, two approximate sum rules are found, see Eq. (74).
In the following, we investigate how these are affected by
the presence of the ISS heavy sterile states. We proceed in an
analogous way as done for the (approximate) sum rules found
for the other cases. Our results are displayed in Fig. 11 for
two different values of the Yukawa coupling, yo = 0.1 and
yo = 0.5, and can be compared to the analytical estimates
for the relative deviations AX4 and AXs, see Egs. (91, 92,
93) in Sect. 4. We note that the results have been obtained
for the choice s = 4 (cos3 ¢g ~ —0.31). This choice has
been made since it leads to a value of the atmospheric mix-
ing angle which agrees best with current experimental data
[76]. Furthermore, we remark that we have replaced 6y by
fs in the second approximate sum rule in Eq. (74) which,
however, turns out to be very close to 6y &~ 1.83. As can be
seen in Fig. 11, for yg ~ 0.5 and My ~ 500 GeV we find a
deviation of about —3% with respect to the results obtained in
the model-independent approach. We thus confirm the ana-
lytical expectation (see Eq. (93)), which was obtained for

@ Springer

--------------------

3.0 1 . N
\\ 7 7 N
1 | --- BF-30 |
i )
2.5 i SRRE BF 'I
[ BT T SN " P
[ P > i BF +30| I __ ol
P Sty ; A f e
209 e R~ -7 .
@
< 15
wd{ et NS el e 1
...... ] D, UGS i
g ' - e g ]
1 1 1
0.5 1 ] [ ]
A I ]
Y £ Y
et S s Tt ~———
0.0 +— T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Slw

lines respectively define the BFF30 boundaries. Their overlap is high-
lighted in black. On the left, My = 1000 GeV, while on the right
My = 5000 GeV. We again fix yg = 0.5 in order to amplify the differ-
ences between the two plots

yo = 1 and My = 1000 GeV (leading to the same value
of 1o, ctf. Eq. (78)). For large My the displayed ratios may
not lead to exactly one, since the two sum rules only hold
approximately.

For the choice of m = % = 10, we can also check
the (approximate) validity of the statements made for
the sines of the CP phases and for the lower bound on
the absolute value of the sine of the CP phase &, as
observed in the model-independent scenario (compare to
point (e) in Sect. 3.3.2). Indeed, these hold, up to the
expected deviations due to the effects of non-unitarity of
U,; moreover, the equality of the sines of the two Majo-
rana phases « and B still holds exactly (see first equality in
Eq. (79)).

For the choice m = 5 = 10 and additionally s = 5 = 10,
one expects from the model-independent scenario that the
atmospheric mixing angle and the Dirac phase are maximal,
while both Majorana phases are trivial. This also holds to a
very good degree for option 1 of the (3, 3) ISS framework,
for values of My 2 500 GeV and yg < 1. In general, in
all occasions in which a trivial CP phase is expected in the
model-independent scenario, the same is obtained for option
1 of the (3, 3) ISS framework.

For Case 3 b.1) we numerically confirm that the sym-
metry transformations, given in Eq. (70) under point (i) for
Case 3 a), also hold.

In summary, we find that the effects of non-unitarity (of
the PMINS mixing matrix, ﬁ,,) on the lepton mixing param-
eters and on the (approximate) sum rules relating them, turn
out to be below the 1% level, once experimental limits on
the quantities np are taken into account, see Sect. 5.1. Con-
sequently, the results obtained for option 1 of the (3, 3) ISS
framework are very similar to those obtained in the model-
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Fig. 10 Case 3 b.1). Contour plots for the sines of the CP phases,
obtained for option 1 of the (3, 3) ISS framework, in the (s/n — 6s)
plane. From top to bottom (first to third row), sin §, sin « and sin 8. The
white/grey-shaded areas correspond to the black regions in the plots in

independent scenario [33]. In particular, the dependence of
the CP phases on the group theory parameters (especially
those determining the CP transformation X) and the van-
ishing of a CP phase for certain choices of group theory
parameters, are not affected.

Fig. 9, and indicate the regions in which all three mixing angles agree
with experimental data at the 3 o level. Input parameters (Mo and yg)
and colour coding as in Fig. 8

6 Results for neutrinoless double beta decay
In the following, we briefly comment on OvBB decay

prospects for option 1 of the (3, 3) ISS framework. First, we
recall that in the presence of light neutrinos and of heavy ster-
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Fig. 11 Case 3 b.1). Validity check of approximate sum rules in

Eq. (74) for option 1 of the (3, 3) ISS framework with respect to the
mass Mo (in GeV). In addition to n = 20 and m = 10, we fix s = 4

ile states, the effective mass m,,, accessible in OvB8 decay
experiments, is given by [79]

3
2 M - 2
P 2 —Zueimi
p-—m;

i=

3+ny
- 2
Mee > U
i=1

3+4ng

my
+ Y
kX:;l ek P 7 —m?

k

(103)

where ny denotes the number of heavy sterile states, in our
case ng = 6, and the virtual momentum p2 is estimated as
p?> ~ —(100MeV)2. For i = 1,2,3, the mixing matrix
elements U,; coincide with the elements of the first row of

the matrix 17,, (and hence ﬁpMNs); fork=4,...,3+n, =
4,...,9,in our case U, are approximately given by
U ~ —i | 222) Us) 143 for k = 6 and
ek 2 Mo SN k=3 -
U, XU We)iis for k=7,...,9 (104)
ek ~ 2Mo S)1k—6 =

according to the expression for S presented in Eq. (41). For
i = 1,2,3 m; correspond to the light neutrino masses; we
recall that, according to Eq. (42) for option 1 of the (3, 3) ISS
framework, the masses of the heavy sterile states my (with
k=4,...,34n; =4,...,9)are approximately degenerate
my ~ M. (105)

Thus, we have

3 2
p- My
=g () () (o
i=1

3 3
+ Z(Us)%k> =y Uim,
k=1 i=1

(106)
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(cos3 ¢ &~ —0.31) and €5 =~ 1.83 for the evaluation of both approxi-
mate sum rules. Otherwise, same conventions and colour-coding as in
Fig. 2

implying that the contribution of the heavy sterile states to
M, 1s very suppressed due to their pseudo-Dirac nature. Con-
sequently, we expect that the results for m,, are very similar
to those obtained in the model-independent scenario, as stud-
ied for example in [80].

For completeness, we show two plots for m,, in Fig. 12,
where we have set yo = 0.1 and My = 1000 GeV. These
plots were obtained for Case 3 b.1), and we have chosen
n = 20 like in Sect. 5.5. In the left plot of Fig. 12 we fix
m = 10, while in the right one m = 11. In both plots we
display results for two values of s, s = 9 (blue) and s = 10
(orange). Solid (dashed) curves correspond to a NO (IO) light
neutrino mass spectrum. We remind that for s = 10 both
Majorana phases turn out to be trivial, thus allowing for the
strong cancellation observed in association with the orange
solid curve in the left plot. The thickness of the curves is
determined by the variation of the mass squared differences in
their experimentally preferred 3 o ranges [76], see Egs. (156,
157) in Appendix C. The purple (green) shaded area arises
upon variation of the lepton mixing parameters and of the
mass squared differences within the experimentally preferred
30 ranges for NO (I0). The upper bound on the lightest
neutrino mass my arises from the cosmological bound on
the sum of the light neutrino masses [81], see Eq. (158) in
Appendix C. In Fig. 12 we have depicted the experimental
limit on m,, obtained by the KamLAND-Zen Collaboration
(using the isotope 136xe) [82],
Mee < (61 +165) meV, (107)
with the above range resulting from different theoretical esti-
mates of the nuclear matrix elements. Similar limits have
been obtained by other collaborations, for distinct choices of
isotopes: me. < (78 = 239) meV also for 136xe, by EXO-
200 [83]; mee < (79 + 180) meV for "0Ge, as derived by
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Fig. 12 Results for OvBB decay for Case 3 b.1). Effective mass m,,
as a function of the lightest neutrino mass mq (both in eV) obtained
for option 1 of the (3, 3) ISS framework. Leading to the results in
the left plot, we take n = 20, m = 10 and s = 9 (blue curves) and
s = 10 (orange curves), while the right plot is for n = 20, m = 11 and
s = 9 (blue curves) and s = 10 (orange curves). In both plots we fix
My = 1000 GeV and yp = 0.1. Solid (dashed) curves correspond to a

GERDA [84]; me. < (200 = 433) meV also for 7°Ge by the
Majorana Demonstrator [85]; me, < (75 = 350) meV for
130Te, obtained by CUORE [86]. With further improvement
of the experimental limits, certain combinations of group the-
ory parameters in the different cases could be disfavoured,
at least, if the light neutrino mass spectrum is assumed to
follow 10.

7 Impact for charged lepton flavour violation

We now proceed to discuss the impact of endowing the (3,3)
ISS realisation with flavour and CP symmetries concerning
cLFV observables, such as radiative and three-body lepton
decays, and neutrinoless i — e conversion in matter.

Before addressing the cLFV rates, it is important to recall
that in a regime of sufficiently small p;, the heavy Majorana
states are approximately mass-degenerate in pairs, and have
opposite CP-parity, thus effectively leading to the formation
of pseudo-Dirac pairs, whose phases are closely related by
(see Eq. (41))

Z/{aj = Uaj+3 ! (Vaj = Paj+3) ,  with Paj — Paj+3 = —1/2,

(108)

in which U; are elements of the unitary nine-by-nine matrix
(cf. Eq. (20)), with j = 4,5,6 and ¢ = e, p, t. For option
1, not only is the mass splitting extremely small, typically
O(1—100) eV but, as can be seen from Eq. (42), the pseudo-
Dirac pairs are themselves degenerate in mass up to a very
good approximation. In view of the above, the loop functions
entering the distinct observables (see Appendix E) can be

10°

Excluded by 0v33

1071 4

Excluded by Cosmology

104 4

; ;
1079 104 103 102 107! 10°
my / eV

NO (IO) light neutrino mass spectrum. The purple (green) shaded area
arises upon variation of the lepton mixing parameters and mass squared
differences within the experimentally preferred 3 o ranges for NO (10)
[76]. Values of m( disfavoured by the cosmological bound on the sum
of the light neutrino masses [81] are identified by a vertical grey band,
while regimes of m,, already disfavoured by searches for OvB8 decay
[82] are indicated by a horizontal grey band

taken universal for the heavy states, f(x;) = f(xg), Vi =
4,5,...,9 with xo ~ M(%/M2 , where My is the mass of
the W-boson.

The full expressions for the cLFV rates arising in SM
extensions via ng heavy sterile states for the radiative and
three-body decays are given by [87]

3.2 gt 2
oS B m,g
BR(¢ lyy) = —Lw P P ghel 109
(tp = Lay) 25672 M3, Ty |07 (109)
BR(£g — 3£4)
4 4
oy, Mg mg 1 B3 | Lpa
=—w PPy l_F F
2457605 M2, Tp X{ ‘2 box + 2
2
2 B
—2s5 (Fy* — FI)
sk |FL® — FPep?
1 g .
+1652 Re [(Fzﬁ“ - 5Ft‘fox"‘) Ghe ]
4 *
4854 Re [(Ff"‘ — P gl ]
2
my 11
4 B2 -8 _ 22
+32sw|Gy“| |:log P i“, (110)

in which m, (I'y) denotes the mass (total width) of a charged
lepton of flavour «, oy, = gﬁ) /4m the weak coupling, and sy,
the sine of the weak mixing angle. Concerning the conversion
rate in nuclei, one has [87]

G% o mi

CR(u—e,N) = —————
(4m)? Ceapt.

[av® (2Fpe + FL)
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2

~ ~ GY°D
+4V® (Fle 4 2F) + 52 ge

(111)

in which D, V) and V™ are nuclear form factors whose
values can be found in Ref. [88] and e is the unit electric
charge. For a given nucleus N, I'c,pt. denotes the capture rate.
The form factors present in the above equations are given by
[87,89]

3+ng
GO = UniUs; Gy (xi) (112)
i=1
34-ng
FP =" Ui U Fy (xi) (113)
i=1
34ny
Fj* = Z Uai U, [&j Fz(xj) + Cij Gz(xi, x;)
ij=1
+C7; HZ(xi,xj)] , (114)
3+ng
3 * *
FE = 3w, [um U Gox (xi )
ij=1
—2U; Uy FXbox(xi,xj)] , (115)
3+ng
Fooe =2 2 U Ui Viga Viigy Foox (i xq0),
i=1 gq4=d,s,b
(116)
34ng
dd * *
Flod ' = Z Z Uei Uyy; Vaud Vy,a Fxvox(xi, Xg,).
i=1 qu=u,c,t
(117)
Fhe — 1 2 ppe _ phe 1 1, lF/LEdd
d __gswy 'z Z_gsw +Z box
(118)
o 2 2 pe 1 2 2 1 ueuu
Fé“"zgst#e-FFZ Z_gsw Z box
(119)
2 2 3
m? m .
with xi=—, x,=—%, Ci;=Y U U, .
t M‘%V q M{%V 1y pgl ip“tP]
(120)
In the above, i, j = 1, ..., 9 denote the neutral lepton mass

eigenstates, «, f the leptonic flavours, and V' the Cabibbo—
Kobayashi—-Maskawa quark mixing matrix.
While the radiative decays (£g — £4)) only call upon

Gg“, three-body decays ({5 — 3{y) depend!'” on F, Ao

box

17 For simplicity, here we only focus on identical flavour final states
for the three-body cLFV decays, although one expects similar results
for {g — Loty L, decays.

@ Springer

Gﬁa, F}’,3 “ and Fé}a. Finally, © — e conversion in nuclei
involves the latter three form factors (for o, B = e, ), as
well as additional ones corresponding to box diagrams with
an internal quark line, F,;f;qq.

It is worth noticing that the combination 2?24 Ui U,‘éi
can be recast in terms of the unitarity violation of the PMINS

mixing matrix, U v- As usually done [90], one can write

(121)

U, = AUy,

in which Uy is a unitary three-by-three matrix (see Eq. (23))
and A is a triangular matrix,

a;; 0 O

A= |ayaxn 0], (122)
3] a3 @33

and we define

A= AAT=0,0]. (123)

Recalling the definition of the quantity n (see Egs. (23, 24)),
it is manifest that one has

Aup = S8up — 20ap. (124)

Unitarity of the full nine-by-nine matrix ¢/ implies that
9 3
> U = g — 3 et
i=4 i=1
= 801/3 — (U, Uj)aﬂ = (Sotﬁ - Aaﬁ =2 Nap -

(125)

For option 1 one has 74 = 0, Yoo # B, so that 7 and thus A

(and also A) are diagonal. This is of paramount importance

for the cLFV observables, since — and as discussed below —
any contribution proportional to nyg will vanish (for o # f).

7.1 Dipole terms — radiative decays £g — £y )
Since the contribution of the light (mostly active) neutrinos

to the dipole form factor can be neglected (the relevant limits
of the loop functions can be found in Appendix E) one has

9
G ~ Gy (x0) Y Uni U, (126)
i=4
or, and in view of the above discussion,
GI* ~ Gy(x0) (Sup — Aup) = 2Gy(x0) Nap- (127)

As an illustrative example, for radiative cLFV muon decays
one has G’)fe = —G (xo) a1 3. For the present scenario,

in which A and n are diagonal, one thus finds Gﬁa ~ 0.
In line with the analytical discussion on lepton mixing car-
ried in Sect. 2.2, let us also emphasise that similar results can
be obtained relying on the approximate analytical expression
for §, which for option 1 is given at leading orderin s/ My s
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by S ~ oL v 5 (—=iUs, Us) (see Eq. (41)). The form factor can
be recast as

6 9
o= 6,00 St + vt
i=4 i=7

3 3
X GV(XO) {Z(iUS)ei (iUS):”' + Z(US)ei (US);,'}
i=1 i=1
3
= 2G (x0) {Z(Us)ei (US)L,-} =0, (128)

i=1

due to the orthogonality of the (i — e) rows of Ug (which we
recall to be a unitary matrix, determined by the group theory
parameters and the free angle 6y).

7.2 Photon and Z penguin form factors

Relevant for both £g — 3¢, and . — e conversion, these
include several contributions (reflecting the fact that two neu-
tral fermions can propagate in the loop).

A reasoning analogous to the one conducted for Gga leads
o F* ~ F,(x0) (5p — Awp) = 2F,(x0) nep, which
thus vanishes for the flavour violating decays. Likewise, the
first term on the right-hand side of Eq. (114) leads to the same
result,

9

> Uni U, [81 Fz(xi)]
i.j=1

~ F7(x0) (8ap — Aap)

= 2Fz(x0) nap = 0. (129)

Both terms associated with Gz (x, y) and Hz(x, y) cor-
respond to two neutral leptons propagating in the loop.
Although the loop functions do tend to zero for the case
of very light internal fermions, the same does not occur for
Gz if at least one of the states is heavy, i.e. Gz (0, x;) (see
Appendix E). Introducing the following limits for the loop
functions,

Gz(x) = lim Gz(0,x),
xi>1

Gz(n) = lim  Gz(x;.x)), (130)
xi~x>1

respectively corresponding to “heavy-light” and “heavy-

heavy” (combinations of) fermion propagators, one thus has

9

D Uil Cij Gz (xi, x)) = Gz(x0) [2A (1 — Algg
ij=1

+G 7 (x0) [(1 _ A)Z]aﬁ, (131)

orinterms of n, G z(xo) [4(1 — 21) nles+4 Gz(x0) [*lap =

0, as previously argued.

For the Hz(x, y)-associated terms, only the ‘“heavy-
heavy” case (two heavy sterile states in the loop) can poten-
tially contribute in a non-negligible way. However, the corre-
sponding contribution also vanishes, as a consequence of the
nature of the (degenerate) heavy states, which as mentioned
form pseudo-Dirac pairs. Defining (see Appendix E)

Hz(x) = lim Hz(x.x;)), (132)
Xi "'Xj>>
one then finds (taking into account Eq. (108))
9
D Uni U CFy Hz (xi x))
i,j=1
N 9 3
~ Hz(xo) ) ) Uai Upi Us; Uy,
i,j=4p=1
= 3 6 . .
~ Hz(xo) Z { |:Z (Uai Upi + e’”/zz/{m e’”/zup,-)]
p=1 i=4
6
Z (uﬁ] u* +e m/Zu* —tﬂ/Zu;j> =0,
(133)

which is a direct consequence of the pseudo-Dirac nature of
the heavy states.

7.3 Box diagrams

Several form factors contribute to both the three-body decays
g — 3y, and neutrinoless  — e conversion. The first

(Flﬁia) can be decomposed in two terms, “box” and cross-
box “Xbox”, respectively associated with the loop functions
Gox and Fxpox- Similar contributions (single internal neutral
lepton) are present for the latter (£, ’wqq)

Only diagrams with two heavy neutrinos are at the
source of non-vanishing contributions to Gpox; however, and
analogously to what occurred for the previously discussed
Hz(x, y)-associated terms, the contributions vanish, due to
having the heavy states forming, to an excellent approxima-
tion, pseudo-Dirac pairs.

A priori, one can have contributions to the Fxpox form
factors from “light-light” and “heavy-heavy” fermion prop-
agators in the box. However, both turn out to be proportional
to Aqpg and thus to 744, and are hence vanishing.

The additional form factors relevant for ;© — e conversion,
F/*9 lead to contributions again proportional to 7, thus

box
also vanishing in the present scenario.
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7.4 cLFV for option 1 of the (3, 3) ISS with flavour and CP
symmetry

In the present scenario, no new contributions to the different
cLFV observables due to the exchange of heavy states are
expected.'® Such a “stealth” realisation of the ISS — which
in general can account for significant contributions to the
observables, well within experimental sensitivity — is due to
two peculiar features of option 1. First and most importantly,
recall that here g is the unique source of flavour violation
in the sector of neutral states; this is in contrast with other
ISS realisations in which the Dirac neutrino Yukawa cou-
plings (and possibly My g) are non-trivial in flavour space.
Moreover, notice that for option 1 of the flavour symmetry-
endowed ISS the heavy mass spectrum is composed of three
degenerate pseudo-Dirac pairs (to an excellent approxima-
tion), which further suppresses any new contribution.

Thus, cLFV processes will not offer any additional source
of insight in what concerns the underlying discrete flavour
symmetries nor the mass scale of the heavy states; however
the observation of at least one cLFV transition would strongly
disfavour the flavour symmetry-endowed ISS in its option 1,
with strictly diagonal and universal My s and m p in flavour
space.

8 Summary and outlook

We have considered an inverse seesaw mechanism with
3 + 3 heavy sterile states, endowed with a flavour symmetry
Gr = A nz) orGr = A(6 n2) and a CP symmetry. The
peculiar breaking of the flavour and CP symmetry to different
residual symmetries G in the charged lepton sector and G,
in the sector of the neutral states, is the key to rendering this
scenario predictive (and possibly testable). In the inverse see-
saw mechanism, several terms in the Lagrangian determine
the mass spectrum of the neutral states, in association with
three matrices, mp, Mys and 5. Several realisations of the
residual symmetry G, are possible, and here we have focused
on one of the three minimal options, which we have called
“option 1”. In this option only the Majorana mass matrix [t g
breaks G y and CP to G, while mp and Myg preserve G ¢
and CP. In the sector of the neutral states, lepton number and
lepton flavour violation are thus both encoded in pg. Left-
handed lepton doublets and the 3 4 3 heavy sterile states are
assigned to the same triplet 3 of Gy, whereas right-handed
charged leptons are in singlets.

In [33] mixing patterns arising from the breaking of G
and CP to G, and G, have been analysed and four of them
have been identified as particularly interesting for leptons.
We have studied examples of lepton mixing for each of the

18 Numerical evaluations confirm that the rates are typically ©(1079).
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different mixing patterns, Case 1) through Case 3 b.1), both
analytically and numerically. For option 1, a significant con-
sequence of the presence of the heavy sterile states is that
for certain regimes there is a sizeable deviation from uni-
tarity of the PMNS mixing matrix, and thus potential con-
flict with the associated experimental bounds. This leads to
stringent constraints on the Yukawa coupling yg and on the
mass scale M, so that regimes of large yo and small M are
disfavoured. In the viable regimes, the impact of the heavy
sterile states on lepton mixing turns out to be small: devi-
ations typically below 1% are found upon comparison of
the results of the (3, 3) ISS framework to those derived in
the model-independent scenario. We have also discussed the
potential impact of this ISS framework for several observ-
ables. An interesting implication of option 1 here discussed
is that the heavy sterile states are degenerate to a very good
approximation, and combine to form three pseudo-Dirac
pairs. As a consequence, the results for neutrinoless double
beta decay are hardly modified, compared to results obtained
in the model-independent scenario. We have also addressed
in detail charged lepton flavour violating processes: in sharp
contrast to what generally occurs for inverse seesaw mod-
els (see, e.g. [48,51]), the cLFV rates are highly suppressed,
similar to what occurs in the Standard Model with three light
(Dirac) neutrinos. This is a consequence of having strictly
flavour-diagonal and flavour-universal deviations from uni-
tarity of the PMNS mixing matrix (and also due to a very
high degree of degeneracy in the heavy mass spectrum).

Throughout this work we have assumed that the desired
breaking of the flavour and CP symmetries can be realised,
and that the appropriate residual symmetries are preserved by
the different mass matrices. As has been shown in the litera-
ture, it is possible to achieve the breaking of flavour (and CP)
indifferent ways, e.g. spontaneously, if flavour (and CP) sym-
metry breaking fields acquire non-vanishing vacuum expec-
tation values, in supersymmetric theories (see for instance
[91]), or explicitly via boundary conditions in a model with
an extradimension (see e.g. [92,93]). The predictive power of
concrete models is usually higher than the one of the model-
independent approach: for example, by choosing a certain set
of flavour (and CP) symmetry breaking fields, the ordering
of the light neutrino mass spectrum can be predicted, and
by extending the flavour (and CP) symmetry to the flavour
sector of the new particles, as for instance supersymmetric
particles or Kaluza—Klein states, many flavour observables
can be constrained and correlated. It is thus interesting to
consider the construction of such models.

It is well-known that in concrete models corrections to the
desired breaking of flavour (and CP) can arise. This can for
instance be the case if flavour (and CP) symmetry breaking
fields, whose vacuum expectation values preserve the resid-
ual symmetry G, couple at a higher order to the neutral states
as well. We have not discussed such corrections in our anal-
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ysis, but we can briefly comment on their expected impact
on lepton mixing as well as predictions for branching ratios
of different charged lepton flavour violating processes. Con-
sidering, for example, that corrections invariant under Gy
contribute to the mass matrices m p and My s, we expect that
lepton mixing can still be correctly explained for corrections
not larger than a few percent'® and possibly by re-fitting the
value of the free angle 05. At the same time, the branching
ratios of charged lepton flavour violating processes would
still remain strongly suppressed, beyond the reach of current
and future experiments.>’

As mentioned, here we have focused on one of the three
minimal options to realise the residual symmetry G, in
the sector of the neutral states. It could be interesting to
analyse lepton mixing, as well as neutrinoless double beta
decay, effects of non-unitarity of the PMNS mixing matrix
U,, and charged lepton flavour violating processes for the
other two options, called option 2 and option 3. Both these
options could potentially lead to larger effects in charged
lepton flavour violating processes. For option 2 the non-
trivial flavour structure is encoded in the Dirac neutrino
mass matrix m p and thus strongly resembles ISS construc-
tions typically associated with sizeable predictions to numer-
ous leptonic observables. Furthermore, a non-trivial flavour
structure in My s for option 3 also leads to off-diagonal terms
in n, thus potentially having a strong impact on cLFV pro-
cesses. Should this be the case, a study of possible correla-
tions among the lepton mixing parameters and the different
charged lepton flavour violating processes for the distinct
cases (Case 1) through Case 3 b.1)) could be valuable and
may even help testing the hypotheses of G ¢, CP and the resid-
ual symmetries G, and G,,. Going beyond the three minimal
options, we can also consider options, in which at least two
of the three mass matrices m p, My s and g carry non-trivial
flavour information.

Further variants could be also envisaged. These could
include versions of the inverse seesaw mechanism, for
instance with two right-handed neutrinos N; and two (three)
neutral states §; [46], or even a minimal radiative inverse
seesaw mechanism [94]. The latter generates light neutrino
masses at the one-loop level and could offer a dark mat-
ter candidate. This might be an appealing playground for a

19 See also [92,93] for asimilar analysis in the context of a type-I seesaw
mechanism, implemented in a model with a warped extra dimension and
a flavour symmetry G ;.

20 Notice that corrections that are invariant under G only contribute to
the diagonal entries of m p and M, so that even in the presence of the
latter the matrix n will still be diagonal (see Eq. (26)). Moreover, in the
considered mass regime, the dominant loop functions have an asymp-
totic logarithmic behaviour (or are even constant, cf. Appendix E), thus
being insensitive to percent level changes in the mass splitting of the
heavy states; this thus still leads to a strong Glashow—-Iliopoulos—Maiani
(GIM) cancellation in the cLFV rates.

scenario with G s and CP since the same symmetries could
govern the phenomenology of both the visible and the dark
sector.
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Funded by SCOAP?.

A Generators of A(3n?) and A (6 n2) and CP
transformations X

This appendix contains necessary information concerning
the flavour groups A(3n?) and A(6n2). Since the former
is a subgroup of the latter, we focus on A(612). The groups
A(3n?) and A(6n?) are series of discrete symmetries for
integer n. Forn > 2, A(3 n?) is non-abelian, while all groups
A(6n?) have this property. The groups A (3 n?) are isomor-
phic to the semi-direct product (Z, x Z,) x Z3 and can be
described in terms of three generators a, ¢ and d that fulfil
the following relations

"=e d"=e, acal=c'ad!,

ada'=c¢, cd=dc (134)

with e being the neutral element of the group. For the groups
A(6 n2) that are isomorphic to (Z, x Z,) x S3, one adds
the fourth generator b to the set {a, ¢, d} which fulfils the
relations
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=d ! and bdb ' =N
(135)

b*=e, (ab)’>=e, bcb™!

We note that all elements of the groups can be written in
terms of these generators as

g=a%c"d® and g =a%bP ¢’ d® with

a:()vl’zrﬁ:()vlvofyvafn_l» (136)

respectively. For the analysis of lepton mixing we are inter-
ested in the generators in the irreducible faithful (complex)
three-dimensional representation 3 and in the (trivial) singlet
1. For 3 we have

B Conventions of mixing angles, CP invariants and
neutrino masses

We follow the conventions of the PDG in the parametrisation
of a unitary mixing matrix (W) in terms of the lepton mixing
angles and the Dirac phase § [95]

1213 512€13 size
is is
W = | —s12¢23 — cias23513€"°  c12¢23 — s12823513€"°  823€13

i5 5
$12523 — C12023813€'°  —C12823 — S12¢23513€'° €23C13

(142)

with s;; = sin6;; and ¢;; = cos0;;, while we define the
Majorana phases « and 8 through

1 0 0 1 0 O
a3 =10 o 0], p®@=]0 0 &*],
0 0 o? 0 w 0
1 +2 cos ¢, 1 —cos¢p, —/3sing, 1—-cosg,+ /3 sing,
c3) = 1 — cos ¢, + /3 sing, 142 cosg, 1 — cos ¢, — /3 sing, (137)
1 —cos¢p —/3sing, 1—cose¢, + /3 sine, 1+2 cosgy,
with w = %" and ¢, = =%, while for 1 we have 1 0 0
P=|0 ¢*? 0 (143)
al)=bA)=c(1) =1. (138) 0 0 i (B/2+9)
We note that the generator d can be obtained from the gen- so that
erators a and ¢, since we find d = a? ¢ a from Eq. (134). U U U
For completeness, we list the set of used CP symmetries. el 2 e3
Upvns = | U1 U2 Uz | =WP (144)

CP symmetries are associated with the automorphisms of the
flavour group G ;. In particular, the automorphism

a—>a ¢c—c',d—>d"adb—> b (139

for Gy = A3 n2) and Gy = A(6 nz), respectively, corre-
sponds to the CP transformation X that is of the following
form in the representations 1 and 3

—_ O O

1 0
Xo() =1 and Xo3)= |0 1. (140)
0 0

All other CP transformations X of interest correspond to the
composition of the automorphism in Eq. (139) and a group
transformation g. The CP transformation X (r) in the repre-
sentation r is of the form

X(r) = g(r) Xo(r) with g(r) =a(r)®c(r)” d(r)’ and
g(r) = a(®)® b(r)? c(r)? d(r)’ (141)

forGy = A3 n?) and Gr=A(6 n?), respectively, as long
as X (r) represents a symmetric matrix in flavour space, see
Eq. (1). The CP symmetries and transformations relevant for
the different cases, Case 1) through Case 3 b.1), were given
in Sect. 3.

@ Springer

Ury F%) Uz

with0 < 6;; <7n/2and 0 < «, B, 6 < 27. We extract the
sine squares of the lepton mixing angles as follows

2

) 2 |Ue2|

sin“ 013 = |U.3|", sin? Op = ———,
‘ T 1 |UasP
2

.2 |Uu3|

sin“ 63 = ————. (145)
1 - |Ue3|2

The CP phases are most conveniently extracted with the help
of the CP invariants Jcp [96], I; and I [97] 2!

Jep = Im [Ua Ug3U7, Urs]

1
= g sin 2912 sin 2923 sin 2913 C13 sin § (146)
and
Im[U > (U; D2 =sh ¢, 0?3 sinc,
12 = Im[UA(U}))?*] = si3 ¢}, ¢l sin . (147)

From these, sin §, sin @ and sin 8 can be computed.

21 For invariants, in particular relevant for supersymmetric models, see
e.g. [98].
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The light neutrino masses m;,i = 1, 2, 3, canbe expressed
in terms of the lightest neutrino mass mg and the two mea-

sured mass squared differences Amfol and Amgtm, which are
defined as
2
2 2 2 2 ms; —m for NO
Ami; =m5—mj and Amj, = {m% - mé for 10 °
(148)

depending on the light neutrino mass ordering, NO or IO.
For NO, the light neutrino masses m; read

mp = mgy, my= \/mg + Amgol,

ms3 = ,/m% + Amgtm, (149)
while for IO we have

mi =+ | Aml | — Am,

my =,/m%~|—|Am§tm|, ms3 = my. (150)

Furthermore, we define the sum of the light neutrino masses

X, =m +my+m3, (I51)

which is constrained by cosmological measurements.

C Data on lepton mixing parameters and neutrino
masses

We use the latest global fit results from the NuFIT Collabo-
ration, NuFIT 5.0 (July 2020) [76] (without SK atmospheric
data). For the lepton mixing angles we have

for NO

sin® 613 = 0.0222110 0003

and 0.02034 < sin®6;3 < 0.02430,
sin® 01, = 0.30470013

and 0.269 < sin’ 0y < 0.343,
sin® 23 = 0.57010 058

and 0.407 < sin” 623 < 0.618, (152)
and for IO
sin® 013 = 0.022407 00062
and 0.02053 < sin’ 613 < 0.02436,
sin® 1> = 0.30410013
and 0.269 < sin” 615 < 0.343,
sin® 623 = 0.57570051
and 0.411 < sin 63 < 0.621. (153)

The experimental constraint on the Dirac phase § reads
for NO

5=(195*3)" and 107° < <403°, (154)
and for IO

5= (2861%;)0 and 192°<86<360° atthe 30 level.
(155)

For NO the experimental results for the mass squared differ-
ences are

Amly = (7.42503)) x 107 ev?
Am? 1
and 6.82 < — %5 <8.04,
10-5eV
Amly = (25147538) x 103 ev?
Amgtm
and 2.431 < — 5 = 2.598, (156)
10-3eV
and for 10
Amly = (7.427030) x 107 ev?
Am? 1
and 6.82 < ——7> < 8.04,
10-5eV
2 0.028 32
Amy,, = (—2.497'_"0_028) x 1077 eV
m2
and  —2.583 < —am_ < _) 412, (157)
1073 eV

(Note that NO is currently slightly preferred over IO by exper-
imental data with Ay?2 = XIZO — XI%IO =2.7)

As limit on the sum of the light neutrino masses, we use
the one given by the Planck Collaboration in [81],

¥, <0.12 eV corresponding to mgo < 0.04eV (158)

for the lightest neutrino mass. The experimental limits from
KATRIN [99] and from the searches for OvB8 decay [82-86]
do not pose stronger constraints on the lightest neutrino mass
my than the ones obtained from cosmology.

D Numerical treatment and fit procedure

Predicting the CP phases for the different choices of the CP
symmetry requires identifying the values of the free angle 6
which lead to a set of lepton mixing parameters in agreement
with experimental data. The free angle 6 is fit by maximising
the joint likelihood of the predictions for sin? 6; j- As men-
tioned in Appendix C, we refer to the combination of experi-
mental data (latest update on global fits) provided by NuFIT
5.0 [76]. In order to fit 65 with high accuracy, and especially
to take into account the “double well” structure in sin? 653, we
interpolate the numerical A X2 values (available at [76]), and
linearly extrapolate beyond the provided ranges to ensure a
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smooth behaviour for arbitrary input values. The interpolated
x? functions are then transformed into probability distribu-
tions so that a global joint likelihood of all relevant parame-
ters (sin2 0;; and, in the case of the (3,3) ISS framework, also
Amlzj) can be constructed. To ensure that the cosmological
bound on the sum of light neutrino masses is respected, a
half-normal distribution (as a gaussian upper limit) is further
included. We first fit predictions for Us and therefore 65 on
the data for sin? 0;j, from which we proceed to consider the
model-dependent, i.e. (3,3) ISS framework. This is done by
maximising the joint likelihood function using the migrad
algorithm of the iminuit library [100]. Local maximum
likelihood estimators lying outside of the global 3 o region
around the (experimental) best-fit point are rejected.

Due to the peculiar structure and almost degenerate heavy
states in the ISS mass matrix, a large numerical precision
(~ 100 digits) is needed for a reliable matrix diagonalisation.
This is achieved using the mpmath python library [101] and
algorithms within. To study the effects of the heavy sterile
states on the predictions for lepton mixing parameters, we
use “effective” mixing angles (and phases) which we define
asin Appendix B (Egs. (145, 146, 147), with Upymns replaced
by U,). The free angle 05 then needs to be re-fitted, using the
results obtained within the model-independent approach as
starting values for the fit, thus allowing to study deviations
from those predictions.

Keeping the lightest neutrino mass mg fixed — and thus

the lightest Majorana mass — (i1 or u3 depending on the
ordering of the light neutrino mass spectrum), the remaining
two Majorana masses p; are treated as free parameters to be
determined by a fit to sin’ 6; j and Amizj data. The starting
values for u; are determined by inverting the leading order
expression given in Eq. (17) and a modified Casas—Ibarra
parametrisation [102]
s ~ Mhgmp UsmS* Ul (mh)~" Mys, (159)
where Usg, the matrix which diagonalises ng and at leading
order also the light neutrino mass matrix, is determined by
the flavour symmetry G s and CP and the residual symme-
try G,. For choices of yy and Mj in conflict with bounds
on the unitarity of U,, sizeable departures from the model-
independent results are observed, as described in the main
body of the paper.

E Loop functions

The loop functions and their relevant limits>? are taken from
Refs. [87,89]. The photon dipole and anapole functions, as

22 Note that in Ref. [89] the loop function Fxpox is named Fpox and has
an opposite global sign compared to Ref. [87], which also reflects in

the form factor F@i‘x.

@ Springer

well as some relevant limits, are given by

T3 —x2 —12x  x* —10x3 + 12x2

F,(x) = log x,

r®) = 6(1—x)t &%

7 1

Fy(x) —> —— — -1

rO) 57 T g oen
F,(0) =0, (160)

x(2x2+5x—=1) 3x3
- - ]

Gy (@ 41— x)3 21 —x)f BY
G — -,

y(X) x> 2
G,(0) = (161)

The functions associated with the Z penguins are given by a
two-point function

S5x 5x2

F20) = =309 " 2022

log x,

5 5
Fy(x) —s > — 21
20) 575 T leex

Fz(0) =0, (162)

and two three-point functions which are symmetric under
interchange of the arguments.

1 (1 -y y2(1 —x)

G = - logx — 1 ,

z(x,y) 2(x—y)|: [ logx 1=y ogy
Gy(x.x) x xlogx

X, X) =—— — ,
‘ 2 1-x
x log x

Gz(0,x)=~— ;

7O ="50"%

1
Gz(0,x) —> —logx,
x> 2

G2(0,0) =0, (163)
Yy x2 —4x _ y2 — 4y

Hz(x,y) = 10— | 1Tox log x =y logy |,
B0 —x)—3 x¥—2x%+4x

Moo=y " Taa—nr E"

Hz(0,x) =0. (164)

The (symmetric) box-loop-functions and their limits are
given by

Frox(x. y) = — (4+%) L S
btV =T T I TS
RS G }
=y a-y ¥
[ 1
—2xy | ——+
1—x
1

l—y

5 log x

X
I=x)

- logy:|}
1 -2 ’

Foox (x, x) = — [x* — 16x7 4 31x?

_
41 —x)3
—16 + 2x (3x% + 4x — 16) logx],
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4 4x
Fyox (0, x) = m + mlogx,

Fpox (0, x) —> 0,
x>1
Fbox(ov 0) =4,
1 X 1 X

Poox. ) = (14 2) [ 125 + o
xX—y —
1 y?

(I-y)?

y
1 X

oy | — + —2

xy[1—x+(1—x)2 08X

- logy}}
1 —y)7? ’

xt—16x3 +19x2 -4

Fxpox(x, x) = 41 —x)3

log y}

3x3 4 4x2 — 4x
2(1 —x)3

log x,

1

1—x

X
Fxpox (0, x) = — —mlogx,
Fxpox (0, x) —1> 0,

x>

Fxpox(0,0) = —1, (166)

JXy 1
Gpox(x,y) = ———— {(4+xy) [— + log x
x—y 1—x

X
(1—-x)?
! _r log y:|

»)?

-y (-
1 x2 1 y2
-2 1 — — 1
[1—x+<1—x>2 N B e °gy]}’
2t —4x3 +8x2—6x x4+ x3+4x
(1—-x)3 (1—-x)3

Gpox (x,x) = log x,

Gpox (0, x) = 0. (167)
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