
Eur. Phys. J. C (2022) 82:113
https://doi.org/10.1140/epjc/s10052-022-10062-0

Regular Article - Theoretical Physics

Resonance contributions in B− → K+K−π− within the light-cone
sum rule approach

Yu-Ji Shi1,a, Ulf-G. Meißner1,2,3,b , Zhen-Xing Zhao4

1 Helmholtz-Institut für Strahlen- und Kernphysik and Bethe Center for Theoretical Physics, Universität Bonn, 53115 Bonn, Germany
2 Institute for Advanced Simulation, Institut für Kernphysik and Jülich Center for Hadron Physics, Forschungszentrum Jülich, 52425 Jülich,

Germany
3 Tbilisi State University, 0186 Tbilisi, Georgia
4 School of Physical Science and Technology, Inner Mongolia University, Hohhot 010021, China

Received: 27 November 2021 / Accepted: 25 January 2022 / Published online: 4 February 2022
© The Author(s) 2022

Abstract In this work, we study the resonance contribu-
tions to the decay B− → K+K−π−, which is dominated
by the scalar f0(980), K ∗

0 (1430), vector ρ(1450), φ(1020),

K ∗(892) and tensor f2(1270) resonances. The three-body
decay is reduced to various quasi two-body decays, where
the B meson firstly decays into a resonance and a pion or a
kaon, subsequently the resonance decays into the other two
final-state mesons. The quasi two-body decays are calculated
within the light-cone sum rule approach utilizing the leading
twist B meson light-cone distribution amplitudes. Finally, the
decay branching fraction contributions from each resonance
is calculated. Some of them are compatible with experiment
or previous theoretical works. Including the effects of non-
resonant and final-state interactions, we also evaluate the total
branching fraction.

1 Introduction

The non-leptonic three-body decays of B mesons are an
ideal platform for the study of direct CP violation. Nowa-
days, using the Dalitz plot analysis, the LHCb collaboration
has measured direct CP violation in charmless three-body
decays of B mesons [1–3], where evidence for inclusively
integrated CP asymmetries has been found. Generally, the
decay amplitude is a crucial quantity to obtain the CP asym-
metries. The decay amplitude of B− → K+K−π− con-
sists mainly of three components, which involve resonant
and non-resonant (NR) effects as well as final-state inter-
action (FSI) effects. Recently, LHCb and BaBar have stud-
ied the decays B+ → π+π−π+, B+ → K+K−π+ and
B± → π±K+K− [4–6]. For B± → π±K+K−, LHCb
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measured the contribution of the resonance K ∗(892) in the
π±K∓ final state, and the contribution of the resonances
ρ(1450), φ(1020), f2(1270) in the K±K∓ channel. In this
work, we will focus on the resonant contribution in the
B− → K+K−π− decay.

Using the narrow-width approximation, the resonant con-
tribution of the three-body B decay can be reduced to various
quasi two-body decays, where the B meson firstly decays
into a resonance R and a pion or a kaon M1, B → R + M1,
and subsequently the resonance R decays into the other two
final-state mesons, R → M2 + M3. The latter process sim-
ply depends on the strong couplings of the resonances to
the two mesons, while in the first process one has to deal
with nontrivial matrix elements like 〈R, M1|O|B〉, with O
being some four-quark operator. In the literature, there are
some phenomenological studies of the three-body B decays
[7–9], where these matrix elements are handled by naive fac-
torization. On the other hand, a more theoretical and widely
used method for the quasi two-body decays of heavy mesons
is perturbative QCD (PQCD), for which we refer e.g. to
Refs. [10–17]. In the PQCD approach, the two mesons pro-
duced by the resonance are usually described by the two-
meson light-cone distribution amplitudes (LCDAs). How-
ever, in a decay process involving a number of resonances,
one has to search for all the LCDAs corresponding to them.
Therefore, an obvious question is whether these LCDAs are
all available or reliable, especially for the excited states like
ρ(1450) or K ∗

0 (1430). To avoid this problem, one can search
for a method which only depends on the familiar LCDAs like
those of B meson or the ground state pseudoscalar mesons.

In this work, we will use light-cone sum rules (LCSR)
to calculate the matrix elements for the B → R + M1

decays. Generally, LCSR are used for the calculation of the
form factors of the semi-leptonic B or D decays. However,
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recently the use of LCSR for two-body non-leptonic decays
B/D → ππ has been developed in Refs. [18–20]. For the
case of B → R + M1, one can follow a similar idea to per-
form the LCSR calculation, where all the non-perturbative
inputs are the LCDAs. The only difference is that here we
use the LCDAs of the B meson instead of the final pseudo-
scalar meson. The advantage of LCSR is that in its framework
the final states can be created by two interpolating currents,
which have a definite form no matter the state it creates is the
ground state or an excited state. The way to extract the pole
contribution of the excited states is to apply a two-step sum
rules, which will be illustrated in the following sections.

This article is organized as follows: In Sect. 2, we present
the form of all the relevant decay amplitudes in the narrow-
width approximation. In Sect. 3, we introduce the LCSR
calculation at the hadron level, which includes the case of
scalar, vector and tensor resonances. In Sect. 4 we introduce
the LCSR calculation at the quark-gluon level, where we take
the case of vector resonance as an example to present the cal-
culational details. In Sect. 5, we present the numerical results
including the decay amplitudes and the branching fractions.
Section 6 gives the conclusions of this work.

2 B− → K+K−π− decay amplitude

In this section, we firstly present the form of the decay ampli-
tude together with the relevant effective Hamiltonian. From
Ref. [8], the decay amplitude of B− → K+K−π− reads
〈
K+K−π− |Heff | B−〉

= GF√
2

∑

p=u,c

λp
〈
K+K−π− ∣∣Hp

∣∣ B−〉
, (1)

where λp ≡ VpbV
∗
pd . The expression of the Hamiltonian Hp

is

Hp = a1δpu(ūb)V−A ⊗ (d̄u)V−A

+ a2δpu(d̄b)V−A ⊗ (ūu)V−A

+ a3(d̄b)V−A ⊗
∑

q

(q̄q)V−A

+ a p
4

∑

q

(q̄b)V−A ⊗ (d̄q)V−A

+ a5(d̄b)V−A ⊗
∑

q

(q̄q)V+A

− 2a p
6

∑

q

(q̄b)S−P ⊗ (d̄q)S+P

+ a7(d̄b)V−A ⊗
∑

q

3

2
eq(q̄q)V+A

− 2a p
8

∑

q

(q̄b)S−P ⊗ 3

2
eq(d̄q)S+P

+ a9(d̄b)V−A ⊗
∑

q

3

2
eq(q̄q)V−A

+ a p
10

∑

q

(q̄b)V−A ⊗ 3

2
eq(d̄q)V−A. (2)

The notations used here are:
(
q̄q ′)

V±A ≡ q̄γμ (1 ± γ5) q ′,(
q̄q ′)

S±P ≡ q̄ (1 ± γ5) q ′, and the summation on q runs
over u, d, s. The pertinent Wilson coefficients are taken from
Ref. [9]:

a1 ≈ 0.988 ± 0.102i, a2 ≈ 0.183 − 0.348i,

a3 ≈ −0.0023 + 0.0174i, a5 ≈ 0.00644 − 0.0231i,

au4 ≈ −0.025 − 0.021i, ac4 ≈ −0.030 − 0.012i,

au6 ≈ −0.042 − 0.014i, ac6 ≈ −0.045 − 0.005i

a7 ≈ (−0.5 + 2.7i) × 10−4, au8 ≈ (5.2 − 1.0i) × 10−4,

ac8 ≈ (5.0 − 0.5i) × 10−4, a9 ≈ (−8.9 − 0.9i) × 10−3,

au10 ≈ (−1.45 + 3.12i) × 10−3, ac10 ≈ (−1.51 + 3.17i) × 10−3

(3)

at the renormalization scale μ = 4.18 GeV. The matrix ele-
ment ofTp in Eq. (1) can be arranged as a sum of the following
matrix elements [8]:

〈
π−K+K− ∣∣Hp

∣∣ B−〉

= 〈
K+K−π− |O1| B−〉

×
[
a1δpu + a p

4 + a p
10 − (

a p
6 + a p

8

)
rπ
χ

]

+ 〈
K+K−π− |O2| B−〉 (

a2δpu + a3 + a5 + a7 + a9
)

+ 〈
K+K−π− |O3| B−〉

×
[
a3 + a p

4 + a5 − 1

2

(
a7 + a9 + a p

10

)]

+ 〈
K+K−π− |O4| B−〉 [

a3 + a5 − 1

2
(a7 + a9)

]

+ 〈
K+K−π− |O5| B−〉 (−2a p

6 + a p
8

)

+ 〈
K+K−π− |O6| B−〉 (

a p
4 − 1

2
a p

10

)

+ 〈
K+K−π− |O7| B−〉 (−2a p

6 + a p
8

)
, (4)

where rπ
χ (μ) = 2m2

π/[mb(μ) (md(μ) − mu(μ))], with μ =
2.1 GeV, mb(μ) = 4.94 GeV, md(μ) = 5 MeV and
mu(μ) = 2.2 MeV. The four-quark operators Oi are

O1 = (ūb)V−A(d̄u)V−A, O2 = (d̄b)V−A(ūu)V−A,

O3 = (d̄b)V−A(d̄d)V−A, O4 = (d̄b)V−A(s̄s)V−A,

O5 = (d̄b)(d̄d), O6 = (s̄b)V−A(d̄s)V−A,

O7 = (s̄b)(d̄s). (5)
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It should be mentioned that in principle Eq. (4) also contain
two three-particle terms:

〈
K+K−π− ∣∣(d̄u)V−A

∣∣ 0
〉 〈

0 |(ūb)V−A| B−〉

× (
a1δpu + a p

4 + a p
10

) + 〈
K+K−π− ∣∣d̄ (1 + γ5) u

∣∣ 0
〉

× 〈
0 |ūγ5b| B−〉 (

2a p
6 + 2a p

8

)
. (6)

However, since these three-particle matrix elements are sup-
pressed in the chiral limit [7], we will not consider them in
this work.

In general, most of the resonant contribution to the matrix
element in Eq. (4) can be described by the quasi-two-body
decay process with the use of the Breit–Wigner (BW) for-
malism. However, for the scalar meson f0(980) with its mass
near the K K̄ threshold, using the BW formalism is inappro-
priate. Instead one has to use the Flatté approach [21,22]
for such resonances. For the use of Flatté approach in the
resonance dominated heavy meson decays, and related dis-
cussions, see e.g. Refs. [23–26]. Particularly, for the f0(980)

contribution, one has to replace the 	 f0(980) term in the stan-
dard BW formalism by gππρππ +gKK F2

KKρKK [23,24,27],
where

ρππ = 2

3

√

1 − 4m2
π±

m2
ππ

+ 1

3

√

1 − 4m2
π0

m2
ππ

,

ρKK = 1

2

√

1 − 4m2
K±

m2
ππ

+ 1

2

√

1 − 4m2
K 0

m2
ππ

(7)

with gππ = 167 MeV and gKK /gππ = 3.05 [28], and m2
ππ

is the invariant mass squared of the two-pion system. FKK =
exp

(−αk2
)

is an correction introduced by the LHCb fit above
the K K̄ threshold with α = 2 GeV−2, and k is the magnitude
of the kaon three-momentum in the K K̄ rest frame [28].
Here, we will simply choosemK± = mK 0 ≡ mK andmπ± =
mπ0 ≡ mπ . For further discussion, see e.g. Ref. [29].

The B meson firstly decays into a resonance R and a meson
M1, and then the resonance R decays into the rest two mesons
M2, M3. The first process is described by the matrix elements
〈R, M1 |Oi | B−〉, while the second process depends on the
strong coupling of R to M2, M3. It should be mentioned
that in Ref. [8], naive factorization is used to factorize each
matrix element in Eq. (4) into two current induced terms. For
example:

〈
K+K−π− |O1| B−〉

= 〈
K+K− |(ūb)V−A| B−〉 〈π− ∣∣(d̄u)V−A

∣∣ 0〉. (8)

This means that if the K+K− are produced by a reso-
nance R, what one actually calculates is a factorized form

of 〈R, π− |O1| B−〉

〈R, π− |O1| B−〉 = 〈
R |(ūb)V−A| B−〉 〈π− ∣∣(d̄u)V−A

∣∣ 0〉.
(9)

The first matrix element on the right-hand side is parame-
terized by transition form factors, while the second one is
described by the decay constant of the resonance. In this
work, with the use of LCSR, we do not have to assume this
factorization, instead we are able to calculate the matrix ele-
ment 〈R, π− |Oi | B〉 as a whole.

We follow Ref. [9] to introduce the resonances appearing
in the B− → K+K−π− decay. In terms of the resonant
contribution to the O1 matrix element, we include a scalar
resonance f0(980), a vector resonance ρ(1450) and a tensor
resonance f2(1270):

〈π−(p1)K+(p2)K−(p3)|O1|B−(p)〉R

= g f0(980)→K+K−

s23 − m2
f0(980)

+ i m f0(980)

(
gππρππ + gK K F2

KK ρKK

)

× 〈 f0(980)(p − p1)π−(p1)|O1|B−(p)〉

+ gρ(1450)→K+K−

s23 − m2
ρ(1450)

+ i mρ(1450)	ρ(1450)

×
∑

λ

ε(λ) · (p2 − p3)

〈ρ(1450)(p − p1, λ)π−(p1)| × O1|B−(p)〉

+ g f2(1270)→K+K−

s23 − m2
f2(1270)

+ i m f2(1270)	 f2(1270)

∑

λ

εμν(λ)

× pμ
2 pν

3 〈 f2(1270)(p − p1, λ) × π−(p1)|O1|B−(p)〉. (10)

The strong coupling constants are defined as in Ref. [9].
Further, s23 = (p2 + p3)

2, εμ(λ) denotes the polarization
vector of the ρ(1450) and εμν(λ) denotes the polarization
tensor of the f2(1270). In terms of the resonant contribution
to the O2,3 matrix element, we include the vector resonance
ρ(1450):

〈π−(p1)K
+(p2)K

−(p3)|O2,3|B−(p)〉R
= gρ(1450)→K+K−

s23 − m2
ρ(1450) + i mρ(1450)	ρ(1450)

×
∑

λ

ε(λ)

· (p2 − p3)〈ρ(1450)(p − p1, λ)π−(p1) × |O2|B−(p)〉.
(11)

For the O4 matrix element, we include the vector resonance
φ(1020):

〈π−(p1)K
+(p2)K

−(p3)|O4|B−(p)〉R
= gφ(1020)→K+K−

s23 − m2
φ(1020) + i mφ(1020)	φ(1020)

×
∑

λ

ε(λ) · (p2 − p3)

123
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〈φ(1020)(p − p1, λ)π−(p1) × |O4|B−(p)〉. (12)

For the O5 matrix element, we include the scalar resonance
f0(980):

〈π−(p1)K+(p2)K−(p3)|O5|B−(p)〉R

= g f0(980)→K+K−

s23 − m2
f0(980)

+ i m f0(980)

(
gππρππ + gK K F2

KK ρKK

)

× 〈 f0(980)(p − p1)π−(p1)|O5|B−(p)〉. (13)

For the O6 matrix element, we include a scalar resonance
K ∗

0 (1430) and a vector resonance K ∗(892):

〈π−(p1)K
+(p2)K

−(p3)|O6|B−(p)〉R
= gK

∗(892)→K+π−

s12 − m2
K ∗(892) + i mK ∗(892)	K ∗(892)

×
∑

λ

ε(λ) · (p1 − p2)

〈K ∗(892)(p − p3, λ)K−(p3)|O6|B−(p)〉

+ gK
∗
0 (1430)→K+π−

s12 − m2
K ∗

0 (1430)
+ i mK ∗

0 (1430)	K ∗
0 (1430)

× 〈K ∗
0 (1430)(p − p3)K

−(p3)|O6|B−(p)〉, (14)

where s12 = (p1 + p2)
2. For the O7 matrix element, we

include the scalar resonance K ∗
0 (1430):

〈π−(p1)K
+(p2)K

−(p3)|O7|B−(p)〉R
= gK0(1430)→K+π−

s12 − m2
K0(1430) + i mK0(1430)	K0(1430)

× 〈K0(1430)(p − p3)K
−(p3)|O7|B−(p)〉. (15)

The matrix elements 〈R, M |Oi | B−〉 appearing in Eqs. (10)-
(15) can be parameterized as

〈ρ(1450)(p − p1, λ)π−(p1)|O1|B−(p)〉
= T ρ(1450)

O1
ε∗(p − p1, λ) · p1,

〈 f0(980)(p − p1)π
−(p1)|O1|B−(p)〉

= T f0(980)

O1
,

〈 f2(1270)(p − p1, λ)π−(p1)|O1|B−(p)〉
= T ρ(1270)

O1
ε∗
μν(p − p1, λ)pμ

1 pν
1 ,

〈ρ(1450)(p − p1, λ)π−(p1)|O2,3|B−(p)〉
= T ρ(1450)

O2,3
ε∗(p − p1, λ) · p1,

〈φ(1020)(p − p1, λ)π−(p1)|O4|B−(p)〉
= T φ(1020)

O4
ε∗(p − p1, λ) · p1,

〈 f0(980)(p − p1)π
−(p1)|O5|B−(p)〉

= T f0(980)

O5
,

〈K ∗(892)(p − p3, λ)K−(p3)|O6|B−(p)〉
= T K ∗(892)

O6
ε∗(p − p3, λ) · p3,

〈K ∗
0 (1430)(p − p3)K

−(p3)|O6,7|B−(p)〉
= T

K ∗
0 (1430)

O6,7
. (16)

The main task of this work is to obtain these T R
Oi

using the
LCSR approach.

3 Hadron level calculation in LCSR

In this and the next section, we will give an introduction to
the calculation of the B− → R, M decays within the LCSR
approach. In the spirit of LCSR, one should define an appro-
priate correlation function corresponding to the process to be
studied. Due to the quark-hadron duality, one has to calculate
the correlation function both at the hadron and quark-gluon
level. In this section, we will take the decays induced by O1

as an example to introduce the calculation at the hadron level,
while the decays induced by O2,···7 can be derived similarly.

3.1 B− → f0(980)π− induced by O1

In the framework of LCSR and with respect to the decay
process B− → f0(980)π−, we firstly define a three-point
correlation function as

SO1
α (p, q, k) = i2

∫
d4xd4yei(p−q)·yei(q+k)·x

× 〈0|T {
jπ5α(y)O1(0) j f0(x)

} |B(p)〉, (17)

where the final pion as well as the S-wave resonance f0(980)

are created by the interpolating currents jπ5α and j f0 , respec-
tively:

jπ5α = ūγαγ5d, j f0 = s̄s cosα + (ūu + d̄d)
sinα√

2
. (18)

Here, α is the mixing angle between the f0(980) and σ(500),
which is chosen as α = 20◦ [9]. In terms of the flavor wave
function, such mixing is given by [30]

σ = cosα√
2

(ūu + d̄d) − sinα s̄s,

f0 = sinα√
2

(ūu + d̄d) + cosα s̄s. (19)

In Eq. (17), k is an auxiliary momentum which flows
into O1(0). This auxiliary momentum was introduced in

123
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Ref. [18], where the non-leptonic B → ππ decay was
studied using LCSR. In general, the correlation function in
Eq. (17) can be parameterized as

SO1
α (p, q, k) = (p − q)αF

O1
S + qαG

O1
S + kαH

O1
S

+ εαβρσ p
βqρkσ IO1

S , (20)

where the FO1
S ∼ IO1

S are functions of the Lorentz invariants
p2 = m2

B, (p − q)2, (q + k)2, k2, q2 and P̄2 = (p − q −
k)2. Since the correlation function will be calculated via the
Operator-Product-Expansion (OPE), we must require that the
spacetime intervals are small enough: x2 ∼ y2 ∼ (x− y)2 ∼
0. This means that the external momenta must be extensively
spacelike: (p − q)2 ∼ (q + k)2 ∼ P̄2 � 0. On the other
hand, as proposed in Ref. [18], to simplify the calculation,
we can set the remaining squared momenta k2 and q2 to zero.

At the hadronic level, one can firstly insert a complete state
with the same quantum number as j f0 into the correlation
function, which then becomes


SO1
α (p, q, k)Hadron

= − i
m f0 f f0

(q + k)2 − m2
f0

×
∫

d4yei(p−q)·y〈 f0(q + k)|T { jπ5α(y)O1(0)}|B(p)〉 + · · · ,

(21)

where f f0 is the decay constant of the f0(980) defined via
〈0| j f0(0)| f0(p f )〉 = m f0 f f0 . We have explicitly kept the
contribution from the lowest f0(980) state, and attributed
the higher multi-particle states and continuous spectrum into
the ellipsis. On the other hand, the same correlation function
can be calculated by OPE at the quark-gluon level which is
denoted as 

O1
α (p, q, k)QCD. It should match with that in

Eq. (21), which leads to

− i
m f0 f f0

(q + k)2 − m2
f0

×
∫

d4yei(p−q)·y〈 f0(q + k)|T { jπ5α(y)O1(0)}|B(p)〉

= 1

π

∫ s f0

0
ds1

Im
SO1
α

[
(p − q)2, s1, P̄2

]
QCD

s1 − (q + k)2 , (22)

where s f0 is the threshold parameter of the sum rule, which
is chosen as the mass squared of the first excited state above
the f0(980) with J PC = 0++, namely the f0(1370). On the
right-hand side, the quark-gluon level correlation function is
expressed by a dispersion integral. According to the quark-
hadron duality, its integration from s f0 to infinity is canceled
by the contribution of higher excited states on the left-hand
side.

The matrix element on the left-hand side of Eq. (22) can
be understood as the emission of a hard momentum P̄ from
the B meson which then leaves a f0(980) as the final state.
According to Eq. (22) and the fact that the right-hand side
is an analytic function of P̄2, one can perform an analytic
continuation to transform the extensively spacelike P̄2 to the
timelike region. Note that k as an auxiliary momentum will be
set to zero so that P̄ → p−q at last. Since p−q corresponds
to the momentum flow out off the pion vertex, it is natural to
choose P̄2 = m2

π . At this physical region, the outgoing f0
can be moved to the initial state with an inverse momentum

− i
m f0 f f0

(q + k)2 − m2
f0

×
∫

d4yei(p−q)·y〈0|T { jπ5α(y)O1(0)}|B(p) f0(−q − k)〉

= 1

π

∫ s f0

0
ds1

Im
SO1
α

[
(p − q)2, s1, P̄2 = m2

π

]

QCD

s1 − (q + k)2 . (23)

Then, by inserting a complete state with the same quantum
number as jπ5α on the left-hand side, using the quark-hadron
duality to cancel out its higher excited contributions, and
using crossing symmetry to move the f0 to the final-state
again, one arrives at

i
m f0 f f0 fπ

((q + k)2 − m2
f0

)((p − q)2 − m2
π )

× (p − q)α〈 f0(q + k)π(p − q)|O1(0)|B(p)〉

= 1

π2

∫ s f0

0
ds1

∫ sπ

0
ds2

Im2
SO1
α

[
s2, s1, P̄2 = m2

π

]

QCD

(s1 − (q + k)2)(s2 − (p − q)2)
,

(24)

where we have used the definition of the pion decay constant,
〈0 ∣∣ jπ5α(0)

∣∣π(p)〉 = i fπ pα , and sπ is chosen as the squared
mass of the π(1300). The symbol Im2 means extracting the
double imaginary part corresponding to the discontinuities
across s1 and s2. Using the Borel transformation formula:

Bp2

[
1

m2 − p2

]
= e−m2/M2

(25)

for the external momenta squared (q + k)2 and (p − q)2 in
Eq. (24), and denoting the corresponding Borel parameters
as M1 and M2, one arrives at

〈 f0(q + k)π(p − q)|O1(0)|B(p)

= − i

π2m f0 f f0 fπ
em

2
π /M2

2 e
m2

f0
/M2

1

×
∫ s f0

0
ds1

∫ sπ

0
ds2e

−s2/M2
2 e−s1/M2

1 Im2FO1
S

×
[
s2, s1, P̄

2 = m2
π

]

QCD
. (26)
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Note that on the left-hand side of Eq. (24), only the Lorentz
structure of (p−q)α appears. Thus only the FO1

S in Eq. (20)
contributes.

3.2 B− → ρ(1450)π− induced by O1

In this subsection we consider the process B− → ρ(1450)

π−, where the resonance is a vector particle. The definition of
the correlation function is similar except that the interpolating
current for the resonance is changed to a vector current, which
is given by


VO1
αβ (p, q, k) = i2

∫
d4xd4yei(p−q)·yei(q+k)·x

× 〈0|T
{
jπ5α(y)O1(0) j Vβ (x)

}
|B(p)〉, (27)

with

j Vβ = 1√
2

(
ūγβu − d̄γβd

)
. (28)

The procedure of inserting the states with the same quan-
tum numbers of π− and ρ(1450) is similar to that of
B− → f0(980)π−. However, it should be noted that the
ρ(1450) is the second excited state with J PC = 1−−,
while the lowest one is in fact the ρ(770). The strategy to
extract the contribution from the ρ(1450) is to construct
a two-step sum rule. First, we just keep the lowest state
ρ(770) at the hadron level and attribute the ρ(1450) to the
higher excited spectrum. Then we can calculate the matrix
element 〈ρ(770)π− |O1| B−〉 with the threshold parame-
ter chosen as sρ(770) = m2

ρ(1450). At the second step, both
ρ(770) and ρ(1450) are kept and the higher excited spec-
trum begins from the squared mass of the ρ(1570), in other
words sρ(1450) = m2

ρ(1570).
In the first step, we obtain the sum rule equation for the

ρ(770) as

i
mρ(770) fρ(770) fπ (p − q)α(

(q + k)2 − m2
ρ(770)

) (
(p − q)2 − m2

π

) ×
∑

λ

εβ(q + k, λ)

〈ρ(770)(q + k, λ)π(p − q)|O1(0)| × B(p)〉
= 1

π2

∫ sρ(770)

0
ds1 ×

∫ sπ

0
ds2

Im2
VO1
αβ

[
s2, s1, P̄2 = m2

π

]
QCD

(s1 − (q + k)2)(s2 − (p − q)2)
, (29)

where fρ(770) is defined via

〈0
∣∣∣ j Vβ (0)

∣∣∣ ρ(770)(p, λ)〉 = mρ(770) fρ(770)εβ(p, λ), (30)

and similarly for the fρ(1450). On the left-hand side of
Eq. (29), the matrix element not only depends on p, q, but

also on the auxiliary momentum k. Thus defining pπ =
p − q, pV = q + k and using the constraint ε · pπ = 0, it
should be parameterized by two terms:

〈ρ(770)(pV , λ)π(pπ )|O1(0)|B(p)〉
= T ρ(770)

O1
ε∗(pV , λ) · pπ + T ρ(770)′

O1
ε∗(pV , λ) · k . (31)

Although the second term vanishes when we set k → 0
at the end of the calculation, both of them should be kept
in the intermediate steps. Now we need two equations to
solve for T ρ(770)

O1
and T ρ(770)′

O1
. To do this, we can contract

with two independent vectors, 	
β
i = {mBvβ, qβ} (i = 1, 2),

respectively on the both sides of Eq. (29). This leaves only
one Lorentz index for the correlation function on the right-
hand side, which again has the same structures as Eq. (20):

	
β
i 

VO1
αβ (p, q, k) = (p − q)αF

O1
V (i) + qαG

O1
V (i) + kαH

O1
V (i)

+ εαβρσ p
βqρkσ IO1

V (i). (32)

As a result, the sum rule equation becomes

i
mρ(770) fρ(770) fπ(

p2
V − m2

ρ(770)

) (
p2
π − m2

π

)	iμ

[

−gμν + pμ
V pν

V

m2
ρ(770)

]

×
(
T ρ(770)

O1
pπν + T ρ(770)′

O1
kν

)

= 1

π2

∫ sρ(770)

0
ds1 ×

∫ sπ

0
ds2

Im2FO1
V (i)

[
s2, s1, P̄2 = m2

π

]
QCD

(s1 − p2
V )(s2 − p2

π )
, (33)

where have used the polarization summation formula for
εμ(pV , λ)

∑

λ

εμ(pV , λ)ε∗ν(pV , λ) = −gμν + pμ
V pν

V

m2
ρ(770)

. (34)

All the momentum contractions on the left-hand side of
Eq. (33) should be expressed by the squared momenta,
namely p2

V , p2
π , q2 = 0, k2 = 0 and P̄2 = m2

π . Note that
the Borel transformation for any polynomial of p2

V and p2
π

is zero. Thus we have to use the trick p2
V = −(m2

ρ(770) −
p2
V ) +m2

ρ(770) and p2
π = −(m2

π − p2
V ) +m2

π to express the
left-hand side of Eq. (33) as

C1(
m2

π − p2
π

)
(m2

ρ(770) − p2
V )

+ C2

(m2
π − p2

π )

+ C3

(m2
ρ(770) − p2

V )
+ C4, (35)

where theCi are independent of p2
π and p2

V . After the double
Borel transformation in terms of p2

V and p2
π , the C2,3,4 terms
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vanish. Then we obtain

T ρ(770)

O1
= −

∫ sρ(770)

0
ds1

∫ sπ

0
ds2

× 2i mV e(m2
V −s1)/M2

1 e(m2
π−s2)/M2

2

π2 fπ fV (m4
B − 2m2

Bm
2
π − 2m2

Bm
2
V + m4

π + m4
V )

×
{

Im2FO1
V (1)

[
s2, s1,m

2
π

]

QCD

+
(
m2

B

m2
V

− m2
π

m2
V

− 1

)

Im2FO1
V (2)

[
s2, s1,m

2
π

]

QCD

}

,

(36)

T ρ(770)′
O1

= −
∫ sρ(770)

0
ds1

∫ sπ

0
ds2

× 2i mV e
(m2

ρ(770)
−s1)/M2

1 e(m2
π−s2)/M2

2

π2 fπ fV (m4
B − 2m2

Bm
2
π − 2m2

Bm
2
V + m4

π + m4
V )

×
{(

−m2
B

m2
V

+ m2
π

m2
V

+ 2

)

Im2FO1
V (1)

[
s2, s1,m

2
π

]

QCD

+
(
m4

B

m4
V

− 2
m2

Bm
2
π

m4
V

− m2
B

m2
V

+ m4
π

m4
V

− 3
m2

π

m2
V

)

× Im2FO1
V (2)

[
s2, s1,m

2
π

]

QCD

}
. (37)

We have denoted the mass and decay constant of the ρ(770)

by mV and fV , in order.
In the second step, we keep both the ρ(770) and the

ρ(1450), then similarly to Eq. (29), the sum rule equation
becomes

i
mρ(770) fρ(770) fπ (p − q)α(

(q + k)2 − m2
ρ(770)

) (
(p − q)2 − m2

π

)

×
∑

λ

εβ(q + k, λ)〈ρ(770)(q + k, λ)π(p − q)|O1(0)|B(p)〉

+ i
mρ(1450) fρ(1450) fπ (p − q)α(

(q + k)2 − m2
ρ(1450)

) (
(p − q)2 − m2

π

)

×
∑

λ

ε′
β(q + k, λ)〈ρ(1450)(q + k, λ)π(p − q)|O1(0)|B(p)〉

= 1

π2

∫ sρ(1450)

0
ds1

×
∫ sπ

0
ds2

Im2
VO1
αβ

[
s2, s1, P̄2 = m2

π

]

QCD

(s1 − (q + k)2)(s2 − (p − q)2)
. (38)

Note that now the upper limit of the s1 integration is
sρ(1450) = m2

ρ(1570). The parameterization for the second
matrix element above is similar to Eq. (31). Using the results
from Eqs. (36) and (37), we can obtain the expression for
T ρ(1450)

O1
:

T ρ(1450)

O1

= − fV e
(
m′2

V −m2
V

)
/M2

1 T ρ(770)

O1

2 f ′
VmVm′

V

(
m4

B − 2m2
B

(
m2

π + m′
V

2
) + m4

π + m′
V

4
)

× [
m4

B

(
m2

V + m′
V

2) − 2m2
B

(
m2

π + m2
V

) (
m2

V + m′
V

2)

+ m4
π

(
m2

V + m′
V

2)

+2m2
π

(
m4

V − m2
Vm

′
V

2) + 2m4
Vm

′
V

2]

+ fV mV e
(
m′2

V −m2
V

)
/M2

1
(
m2

B − m2
π

) (
m2

V − m′
V

2
)

2 f ′
Vm

′
V

(
m4

B − 2m2
B

(
m2

π + m′
V

2
) + m4

π + m′
V

4
)T ρ(770)′

O1

−
∫ sρ(1450)

0
ds1

∫ sπ

0
ds2

× 2i m′
V e

(m′2
V −s1)/M2

1 e(m2
π −s2)/M2

2

π2 fπ f ′
V

(
m4

B − 2m2
Bm

2
π − 2m2

Bm
′
V

2 + m4
π + m′

V
4
)

×
{

Im2FO1
V (1)

[
s2, s1,m

2
π

]
QCD +

(
m2

B

m′2
V

− m2
π

m′2
V

− 1

)

× Im2FO1
V (2)

[
s2, s1,m

2
π

]
QCD

}
, (39)

where m′
V and f ′

V denote the mass and decay constant of
the ρ(1450), respectively. We do not give the expression for
T ρ(1450)′
O1

since it is irrelevant when k → 0 at the end.

3.3 B− → f2(1270)π− induced by O1

In this subsection we consider the process of B− →
f2(1270)π−, where the resonance is a tensor particle. Note
that after introducing the auxiliary momentum k, the B− →
f2(1270)π− matrix element should be parameterized by
three terms:

〈 f2(1270)(pT , λ)π(pπ )|O1(0)|B(p)〉 = ε∗
μν(pT , λ)

×
{
T f2(1270)

O1
pμ
π pν

π + 1

2
T f2(1270)′
O1

× (
pμ
π k

ν + pν
πk

μ
) + T f2(1270)′′

O1
kμkν

}
, (40)

where pT = q + k and pπ = p − q, and the constraints
εμν = ενμ, εμν p

μ
T = 0 are used. Accordingly, when defining

the correlation function, we have to introduce three projection
tensors:

	
μν
i =

{
m2

Bvμvν,
1

2
mB(vμqν + vνqμ), qμqν

}

(i = 1, 2, 3) (41)

to contract with the tensor current. The projected correlation
function then reads

	
βσ
i 

TO1
αβσ (p, q, k)

= i2
∫

d4xd4yei(p−q)·yei(q+k)·x

× 	
βσ
i 〈0|T

{
jπ5α(y)O1(0) j Tβσ (x)

}
|B(p)〉, (42)
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where

j Tβσ = i

4
√

2

(
ūγβ

↔
∂ σ u + ūγσ

↔
∂ β u

)
− (u ↔ d) (43)

with
↔
∂ =→

∂ − ←
∂ [31]. Its parameterization is the same as

that of Eq. (20) and Eq. (32) :

	
βσ
i 

TO1
αβσ (p, q, k)

= (p − q)αF
O1
T (i) + qαG

O1
T (i) + kαH

O1
T (i)

+ εαβρσ p
βqρkσ IO1

T (i). (44)

Then we follow the similar procedure to insert a state
with the same quantum numbers of the f2(1270). Using the
definition of the f2(1270) decay constant:

〈0
∣∣∣ j Vμν(0)

∣∣∣ f2(1270)(p, λ)〉 = m2
f2(1270) f f2(1270)εμν(p, λ),

(45)

as well as the summation formula of the polarization tensor:

∑

λ

εμν(pT , λ)ε∗
ρσ (pT , λ)

= 1

2
PT

μρ P
T
νσ + 1

2
PT

μσ P
T
νρ − 1

3
PT

μν P
T
ρσ (46)

with PT
μν = gμν − pTμ pT ν/m2

f2(1270), we obtain

T f2(1270)

O1

= 4i

π2 fπ fT m
6
B

em
2
V /M2

1 em
2
π /M2

2

∫ s f2(1270)

0
ds1

∫ sπ

0
ds2

×
3∑

i=1

1

ξi (λπ , λT )
e−s1/M2

1 e−s2/M2
2

× Im2FO1
T (i)

[
s2, s1,m2

π

]

QCD
(47)

where λπ = m2
π/m2

B, λT = m2
T /m2

B . The expression for
ξi (λπ , λT ) can be found in Appendix A. The threshold is
chosen as s f2(1270) = m2

f ′
2(1520)

. TheT f2(1270)′
O1

andT f2(1270)′′
O1

are irrelevant when taking k → 0 so that they are not shown
here.

4 Quark-gluon level calculation in LCSR

In this section we will present the calculation of the cor-
relation functions given in Eqs. (17), (27) and (42) on the
quark-gluon level. Since the calculation procedure of these
three cases is similar, we only take Eq. (27) as an example to
give a detailed derivation.

There are two diagrams contributing to the correlation
function. As shown in Fig. 1, (a) is the W -exchange dia-
gram, and (b) is the W -emission diagram. Note that the fac-
torization given in Eq. (9) only involves the contribution from
W -emission, while it misses the W -exchange effect. We will
give a detailed calculation for the diagram (a) within the light-
cone expansion, the calculation for the diagram (b) is similar
and will more be given in any detail here. The definition of
the leading twist light-cone distribution amplitude (LCDA)
is [32–35]:

〈
0
∣∣ūα(x)[x, 0]bvβ(0)

∣∣ B̄0
v

〉

= − i fBmB

4

∫ ∞

0
dωe−iωv·x

×
{

(1 + /v)

(

φB+(ω) + φB−(ω) − φB+(ω)

2v · x /x

)

γ5

}

βα

.

(48)

According to the experience from Ref. [36], the contribution
from the next-to-leading order twist LCDAs is expected to
be one order smaller than that of the leading twist LCDAs, so
we do not consider them in this work. Note that the first term
above has no terms ∼ /x and ∼ v · x , thus its contribution to
the correlation function can be derived directly as

	
β
i 

O1
αβ (p, q, k)(a)x0

= fBmB

4
√

2

∫ ∞

0
dω φB+(ω)

1

(pπ − ωv)2 − m2

×
∫

d4kl
(2π)4

1

k2
l − m2

1

(kl + pV )2 − m2

× tr
[
γαγ5(/pπ

− ω/v + m)γ μ(1 − γ5)(/kl + m)

× 	i · γ (/pV + /kl + m)γμ(1 − γ5)(1 + /v)γ5
]
, (49)

where m denotes the light (u, d) quark mass which will be
approximated as zero in this work. The double imaginary part
Im2 ≡ Im p2

π
Imp2

V
of the correlation function is proportional

to the discontinuity in terms of the invariants p2
V and p2

π , and
the discontinuity only comes from the denominators of the
integrand in Eq. (49). It is found that p2

V and p2
π do not appear

in the same denominator, so we can extract the two imaginary
parts independently. The imaginary part in terms of p2

V can
be obtained by using the cutting-rule for the bubble in the
lower right corner of diagram (a). Thus the loop integration
of d4kl in this bubble is replaced by a two-body phase space
integration after using the cutting-rule. The tensor basis used
for the two-body phase space integration can be found in
Appendix B. On the other hand, the imaginary part in terms
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(a) (b)

Fig. 1 Feynman diagrams of the correlation function given in Eq. (27).
a is the W -exchange diagram, and b is the W -emission diagram. The
gray bubble denotes the B meson, the pairs of crossed circles represent

the four-quark operators O1, the black dots denote the interpolating
currents for final particles and the wiggly lines denote the incoming or
outgoing momentum flows

of p2
π only comes from the first denominator:

Im p2
π

1

(pπ − ωv)2 − m2

= (−π)δ

[(
1 − ω

mB

)
p2
π − ωmB + ω2 − m2

]
. (50)

After calculating the double imaginary part of Eq. (49), and
extracting the coefficient of pπα , we obtain the corresponding
contribution to the imaginary part of FO1

V (i):

Im2FO1
V (i)(p

2
π , p2

V )(a)x0

= − i
√

2π5 fBmB

∫ ∞

0
dω φB+(ω)δ

×
[(

1 − ω

mB

)
p2
π − ωmB + ω2 − m2

]

×
∫

d�2(p
2
V , k2, k3) MV (i)

(a) (pπ , k2, k3), (51)

where we have used the requirements k2 = q2 = 0 and
P̄2 = m2

π as argued in the last section. Further, k2, k3 are the
momenta of the two light quarks in the bubble. The expres-
sion of M(i)

(a)x0(pπ , k2, k3) can be found in Appendix C. The
two-body phase space integration is defined as

∫
d�2(p2

V , k2, k3) =
∫

d3�k2

(2π)3
1

2Ek2

d3�k3

(2π)3
1

2Ek3

δ(4)×(pV −k2−k3)δ(k2
2 −m2)δ(k2

3 −m2).

(52)

The result of the two-body phase space integration in
Eq. (58) is given in Appendix B.

For the term proportional to /x/v · x in Eq. (48), we use
the following trick to remove the troublesome denominator

v · x . We define:

φ̃B±(ω) =
∫ ω

0
dτ φB±(τ ) −→ φB±(ω) = d

dω
φ̃B±(ω) (53)

so that the integration on the spacetime coordinate can be
simplified as

∫ ∞

0
dω e−iωv·x φB±(ω)

v · x · · · = i
∫ ∞

0
dω e−iωv·x φ̃B±(ω) · · · .

(54)

Then, the only x dependence comes from the term ∼
exp[i(q+k)·x] in the definition of the correlation function in
Eq. (27). Thus in the momentum space the term ∼ /x can be
replaced by −iγ ρ∂/∂kρ . However, a direct result from such
an operation is the appearance of a higher power denomina-
tor, 1/

[
(pV + kl)2 − m2

]2
, when the extra derivative oper-

ates on the momentum k. Thus we have to use the following
trick

Discp2
V

[∫
1

[
(pV + kl)2 − m2

]2 (· · · )
]

= (−2π i)
∂

∂�

∫
δ
[
(pV + kl)

2 − �
]
(· · · )

∣∣∣
�=m2

, (55)

to extract the discontinuity. Note that the auxiliary parameter
� should be set to m at the end of all the integrations. The
imaginary part of the FO1

V (i) from the /x term of Eq. (48) then
is

Im2FO1
V (i)(p

2
π , p2

V )(a)/x

= − iπ5 fBmB√
2

∫ ∞

0
dω

(
φ̃B−(ω) − φ̃B+(ω)

)
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δ ×
[(

1 − ω

mB

)
p2
π − ωmB + ω2 − m2

]

×
{ ∫

d�2(p
2
V , k2, k3) N V (i)

(a) (pπ , k2, k3)

+ ∂

∂�

∫
d�2(p

2
V , k2, k3)� LV (i)

(a) (pπ , k2, k3)
}∣∣∣

�=m2
,

(56)

where
∫

d�2(p
2
V , k2, k3)�

=
∫

d3�k2

(2π)3

1

2Ek2

d3�k3

(2π)3

1

2Ek3

× δ(4)(pV − k2 − k3)δ(k
2
2 − m2)δ(k2

3 − �). (57)

The calculation for the contribution from diagram (b) in Fig. 1
is similar except that the loop bubble is at the corner of pion
the vertex. Therefore, now the imaginary part in terms of p2

π

comes from the loop integration, while the imaginary part
in terms of p2

V comes from the rest of the propagator. The
imaginary part from the diagram (b) follows as

Im2FO1
V (i)(p

2
π , p2

V )(b)

= 3i
√

2π5 fBmB

∫ ∞
0

dω φB+(ω)

δ ×
[(

1 − ω

mB

)
p2
V − ωmB + ω

mB
m2

π + ω2 − m2
]

×
∫

d�2(p2
V , k2, k3) MV (i)

(b) (pπ , k2, k3)

+ 3iπ5 fBmB√
2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

δ ×
[(

1 − ω

mB

)
p2
V − ωmB + ω

mB
m2

π + ω2 − m2
]

×
∫

d�2(p2
V , k2, k3) N V (i)

(b) (pπ , k2, k3).

+ 3iπ5 fBmB√
2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

× ∂

∂�

{
δ

[(
1 − ω

mB

)
p2
V − ωmB + ω

mB
m2

π + ω2 − �

]

×
∫

d�2(p2
V , k2, k3)� LV (i)

(b) (pπ , k2, k3)

} ∣∣∣
�=m2

. (58)

For the cases of scalar and tensor resonances, the imag-
inary part of the corresponding correlation function can be
derived similarly. For simplicity, we only present the results
of the corresponding calculations. For the scalar resonance,
only the diagram (b) contributes in the approximationm = 0,
and the expression of Im2FO1

S reads

Im2FO1
S (p2

π , p2
S)

= 3
√

2i sinα π5 fBmB

∫ ∞
0

dω φB+(ω)

δ ×
[(

1 − ω

mB

)
p2
T − ωmB + ω

mB
m2

π + ω2 − m2
]

×
∫

d�2(p2
S, k2, k3) MS

(b)(pπ , k2, k3)

+ 3i sinα π5 fBmB√
2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

δ ×
[(

1 − ω

mB

)
p2
S − ωmB + ω

mB
m2

π + ω2 − m2
]

×
∫

d�2(p2
S, k2, k3) N S

(b)(pπ , k2, k3).

+ 3i sinα π5 fBmB√
2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

× ∂

∂�

{
δ

[(
1 − ω

mB

)
p2
S − ωmB + ω

mB
m2

π + ω2 − �

]

×
∫

d�2(p2
T , k2, k3)� LS

(b)(pπ , k2, k3)

} ∣∣∣
�=m2

. (59)

For the tensor resonance, like the case of vector resonance,
both the diagram (a) and (b) contribute to the correlation
function. The expression of Im2FO1

T (i) is given by

Im2FO1
T (i)(p

2
π , p2

T )

= Im2FO1
T (i)(p

2
π , p2

T )(a) + Im2FO1
T (i)(p

2
π , p2

T )(b), (60)

Im2FO1
T (i)(p

2
π , p2

T )(a)

= − iπ5 fBmB√
2

∫ ∞
0

dω φB+(ω)δ

×
[(

1 − ω

mB

)
p2
π − ωmB + ω2 − m2

]

×
∫

d�2(p2
T , k2, k3) MT (i)

(a)
(pπ , k2, k3)

− iπ5 fBmB

2
√

2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

δ ×
[(

1 − ω

mB

)
p2
π − ωmB + ω2 − m2

]

×
∫

d�2(p2
T , k2, k3) N T (i)

(a)
(pπ , k2, k3).

− iπ5 fBmB

2
√

2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

δ ×
[(

1 − ω

mB

)
p2
π − ωmB + ω2 − m2

]

× ∂

∂�

{∫
d�2(p2

T , k2, k3)� LT (i)
(a)

(pπ , k2, k3)

} ∣∣∣
�=m2

,

(61)

Im2FO1
T (i)(p

2
π , p2

T )(b)

= 3iπ5 fBmB√
2

∫ ∞
0

dω φB+(ω)δ

×
[(

1 − ω

mB

)
p2
T − ωmB + ω

mB
m2

π + ω2 − m2
]

×
∫

d�2(p2
T , k2, k3) MT (i)

(b) (pπ , k2, k3)
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+ 3iπ5 fBmB

2
√

2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

δ ×
[(

1 − ω

mB

)
p2
T − ωmB + ω

mB
m2

π + ω2 − m2
]

×
∫

d�2(p2
T , k2, k3) N T (i)

(b) (pπ , k2, k3).

+ 3iπ5 fBmB

2
√

2

∫ ∞
0

dω
(
φ̃B−(ω) − φ̃B+(ω)

)

× ∂

∂�

{
δ

[(
1 − ω

mB

)
p2
T − ωmB + ω

mB
m2

π + ω2 − �

]

×
∫

d�2(p2
T , k2, k3)� LT (i)

(b) (pπ , k2, k3)

} ∣∣∣
�=m2

. (62)

The explicit expressions for the M,N and L functions
are given in Appendix C. The LCSR calculation for theO2···7
matrix elements can be done similarly, so we will not explic-
itly present them here.

5 Phenomenological results

5.1 Numerical results for 〈R, M |Oi | B−〉

First, we list the values of all the parameters used in this
work. All the mass parameters are: mu = md = m = 0,
ms = 93 MeV(μ = 2 GeV), mπ = 0.139 GeV, mK± =
0.496 GeV, mB = 5.28 GeV, m f0(980) = 0.99 GeV,
mρ(770) = 0.775 GeV, mρ(1450) = 1.465 GeV, m f2(1270) =
1.275 GeV, mφ(1020) = 1.02 GeV, mK ∗

0 (1430) = 1.43 GeV,
mK ∗(892) = 0.892 GeV, m f0(1370) = 1.37 GeV, mρ(1570) =
1.57 GeV, m f ′

2(1525) = 1.52 GeV, mφ(1680) = 1.68 GeV,
mK ∗(1410) = 1.41 GeV, mK0(1950) = 1.95 GeV [37].

The value of all the decay constants used here are: fB =
0.207 GeV [38], fπ = 0.13 GeV [39], fρ(770) = 0.21 GeV
[40], fρ(1450) = 0.186 GeV [11], f f2(1270) = 0.102 GeV
[41], fφ(1020) = 0.241 GeV [42], fK = 0.11 GeV [43],
fK ∗(892) = 0.204 GeV [40], fK ∗

0 (1430) = 0.427 GeV [44].
For the leading twist LCDAs of the B meson, their expres-

sions as well as the associated coefficients are taken from [35]

φ+
B (ω) = ω

ω2
0

e−ω/ω0 ,

φ−
B (ω) = 1

ω0
e−ω/ω0 − λ2

E − λ2
H

9 ω3
0

×
[

1 − 2

(
ω

ω0

)
+ 1

2

(
ω

ω0

)2
]

e−ω/ω0 , (63)

where ω0 = (2/3)�̄, λ2
H = 2λ2

E and λH = �̄, with
�̄ = mB − mb = 0.45 GeV in the heavy quark limit [45].
The numerical result for the T R

Oi
are listed in Table 1, where

sR is the threshold parameter for the resonance, while sπ and
sK are the threshold parameters for the non-resonant parti-
cle, namely the final pion or kaon. The Borel parameters are

chosen in the region where the numerical values of T R
Oi

are

stable. The errors of the T R
Oi

come from this uncertainties of
the Borel parameters.

5.2 Branching fractions for the B− → K+K−π− decay

In a first step, we give a general formula for the calculation
of three-body decays. We define three dimensionless Lorentz
invariant variables:

x1 = 2pB · pπ−

m2
B

, x2 = 2pB · pK+

m2
B

, x3 = 2pB · pK−

m2
B

.

(64)

Thus, the three Mandelstam variables can be expressed by
the xi as

s = (pK+ + pK−)2 = m2
B(1 + λπ − x1),

t = (pπ− + pK+)2 = m2
B(1 + λK − x3),

u = (pπ− + pK−)2 = m2
B(1 + λK − x2), (65)

where λK = m2
K /m2

B and the xi satisfy x1 + x2 + x3 = 2.
Each Lorentz invariant quantity in the decay amplitude can
be expressed by the xi . In the rest-frame of the B meson, the
formula for the three-body decay width is

	
[
B− → K+K−π−] = mB

256π3

∫

S
dx2dx3 A(x1, x2, x3),

(66)

where A(x1, x2, x3) is the total decay amplitude. The inte-
gration region S is:

−1 <
(x2x3 − 2x2 − 2x3 + 2) + 4λK − 2λπ√

x2
2 − 4λK

√
x2

3 − 4λK

< 1, (67)

as well as 2
√

λK < x2 < 2(1 − √
λK − √

λπ) and 2
√

λK <

x3 < 2(1 −√
λπ)− x2. The boundary values ±1 in Eq. (67)

are reached when the direction of the K+ three-momentum
is parallel or anti-parallel with that of the K−,

All the strong coupling constants are taken from the
Eq. (2.40) of Ref. [9]. The decays widths of the resonances
are [37]:

	K0(1430) = 0.27 GeV, 	K ∗(892) = 0.051 GeV,

	ρ(1450) = 0.4 GeV,

	 f2(1270) = 0.187 GeV, 	 f0(980) = 0.05 GeV,

	φ(1020) = 0.0042 GeV. (68)

The decay branching fraction stemming from the vari-
ous resonances are listed in Table 2. We also compare our
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Table 1 Numerical results of the parameters for the matrix element 〈R, M |Oi | B−〉, where the threshold parameter for the final pion or kaon are
sπ = m2

π(1300) or sK = m2
K (1460) respectively

T R
Oi

Value sR sπ or sK M1 (GeV) M2 (GeV)

T f0(980)
O1

−0.23 ± 0.05 GeV3 m2
f0(1370) sπ 10 ± 1 0.4 ± 0.05

T ρ(770)
O1

0.043 ± 0.013 GeV2 m2
ρ(1450) sπ 5 ± 1 0.15 ± 0.05

T ρ(770)
O2

0.015 ± 0.003 GeV2 m2
ρ(1450) sπ 6 ± 1 0.15 ± 0.05

T ρ(770)
O3

(3 ± 1) × 10−4 GeV2 m2
ρ(1450) sπ 6 ± 1 0.15 ± 0.05

T ρ(1450)
O1

0.014 ± 0.008 GeV2 m2
ρ(1570) sπ 10 ± 1 0.2 ± 0.05

T f2(1270)
O1

0.0021 ± 0.0006 GeV m f ′
2(1525) sπ 10 ± 1 0.15 ± 0.05

T ρ(1450)
O2

0.0055 ± 0.002 GeV2 m2
ρ(1570) sπ 8 ± 1 0.2 ± 0.05

T ρ(1450)
O3

(1.3 ± 1.0) × 10−4 GeV2 m2
ρ(1570) sπ 10 ± 1 0.1 ± 0.05

T φ(1020)
O4

0.003 ± 0.0016 GeV2 m2
φ(1680) sπ 8 ± 1 0.3 ± 0.05

T f0(980)
O5

(1.5 ± 1.0) × 10−4 GeV3 m2
f0(1370) sπ 5 ± 1 0.1 ± 0.05

T K ∗(892)
O6

0.176 ± 0.009 GeV2 m2
K ∗(1410) sK 8 ± 1 3 ± 1

T K0(700)
O6

−0.093 ± 0.004 GeV3 m2
K ∗

0 (1430)
sK 8 ± 1 0.36 ± 0.05

T K0(700)
O7

0.222 ± 0.02 GeV3 m2
K ∗

0 (1430)
sK 6 ± 1 0.4 ± 0.05

T
K ∗

0 (1430)

O6
−0.018 ± 0.004 GeV3 m2

K0(1950) sK 8 ± 1 0.4 ± 0.05

T K0(1430)
O7

0.14 ± 0.017 GeV3 m2
K0(1950) sK 6 ± 1 0.45 ± 0.05

Table 2 Decay branching fraction from the various resonances (in units
of 10−6). We also compare our results with those from experiments
Bexpt and those from Ref. [9]. The Bexpt are inferred from the measured

branching fraction of each resonance [4] and the world averaged branch-
ing fraction of the entire decay processBaveraged

(
B± → π±K+K−) =

(5.24 ± 0.42) × 10−6 [46]

Contribution Bexpt Ref.[9] This work

K ∗(890) 0.39 ± 0.05 0.23+0.04
−0.04 0.014 ± 0.0015

K ∗
0 (1430) 0.23 ± 0.08 0.71+0.13

−0.12 0.11 ± 0.025

ρ(1450) 1.61 ± 0.15 – 0.035 ± 0.04

f2(1270) 0.39 ± 0.06 0.05+0.01
−0.01 0.44 ± 0.24

φ(1020) 0.016 ± 0.008 0.0079+0.0019
−0.0017 (0.97 ± 0.76) × 10−5

f0(980) – 0.19+0.03
−0.03 0.12 ± 0.04

results with those from experiments Bexpt and those from
Ref. [9]. The Bexpt are inferred from the measured branch-
ing fraction of each resonance [4] as well as the branching
fraction of the entire decay processB (

B± → π±K+K−) =
(5.24 ± 0.42) × 10−6 [46]. We note that the f2(1270) and
K ∗

0 (1430) contributions obtained in this work is consistent
with those from experiment. Our result for the f0(980) is
consistent with that from Ref. [9], which is still waiting for
future experimental tests. The φ(1020) contribution is much
smaller than the other determinations, which is due to the tiny
value of the Wilson coefficients a3, a5, a7 and a9 as shown
in Eq. (3). The other fractions are about one order smaller
than the experimental values. A possible reason for this dif-
ference is due to the uncertainty of the strong couplings,

which require further precise measurements in the future.
The contribution of all the resonances considered above to
the branching fraction is

Bresonant
[
B− → K+K−π−] = (0.54±0.23)×10−6. (69)

Thus, the resonant contribution obtained above is only a
small part of the total branching fractionB (

B± → π±K+K−)

= (5.24 ± 0.42) × 10−6 [46]. Besides the resonances, the
non-resonant (NR) contributions also contribute to the decay
process. In our case, it comes from the matrix element of O1

and O7. The O1 matrix element can be generally parameter-
ized by

〈π−(p1)K+(p2)K−(p3)|O1|B−(p)〉N R
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= − fπ
2

[
2m2

π r +
(
m2

B − s23 − m2
π

)
ω+ + (s12 − s13) ω−

]
.

(70)

The form factors r, ω± are calculated within heavy meson
chiral perturbation theory (HMChPT) [47]. However, since
HMChPT is only reliable in the low-energy region, in the
case of B decays, the final-state energy is high enough so
that a direct use of HMChPT will make the amplitude blow
up. There is a practical method to solve this problem. As
proposed by Ref. [48], one can introduce an exponential term
to suppress the amplitude at high energy, and thus the O1

matrix element is modified as

〈π−(p1)K
+(p2)K

−(p3)|O1|B−(p)〉
= 〈π−(p1)K

+(p2)K
−(p3)|O1|B−(p)〉R

+ e−αNR pB ·(p2+p3)

× 〈π−(p1)K
+(p2)K

−(p3)|O1|B−(p)〉N R, (71)

where αN R = 0.16 GeV−2 [9]. On the other hand, we will
not include the NR contribution ofO7. The first reason is that
as shown by the Eqs. (2.22)–(2.24) of Ref. [48], such NR con-
tribution depends on the NR component of a scalar matrix

element
〈
π− (p1) K+ (p2) |d̄s|0〉NR

. This scalar matrix ele-
ment itself has been obtained in Ref. [49]. However, its exact
NR component is still unknown. Although Refs. [8,50] pro-
posed a formula to characterize its NR component, there still
exists an unknown phase parameter. Another reason is that
the Wilson coefficients a p

6 and a p
8 corresponding to O7 are

suppressed compared with that of O1. Thus, in practice we
only consider the NR effect in the O1 matrix element.

The final-state interaction (FSI) of π+π− ↔ K+K− also
contributes to the decay branching fraction. The rescattering
amplitude reads [9]

A (
B− → K+K−π−)

FRS

= eiδππ
[
cos(φ/2)A (

B− → ( f0(980) → K+K−)π−)

+ i sin(φ/2)A (
B− → (σ (500) → π+π−)π−)]

(72)

where the re-scattering mixes the S-wave components of
B− → K+K−π− and B− → π+π−π−. The mixture coef-
ficients δππ and φ are functions of the S-wave invariant mass
square s23 which are given in Ref. [50]. The calculation of
〈σ(500)(p − p1)π

−(p1)|O1,5|B−(p)〉 is similar to that of
f0(980), and the results are

T σ(500)

O1
= −0.033 ± 0.008 GeV3,

T σ(500)

O5
= (1.2 ± 0.08) × 10−4 GeV3. (73)

The mass and decay constant used here ismσ(500) = 0.5 GeV
[37] and fσ(500) = 0.89 GeV [51]. The decay width of the
σ(500) is 	σ(500) = 0.3 GeV [37]. Finally, combining the

resonant, NR and FSI contributions, we obtain the total decay
branching fraction:

Btotal
[
B− → K+K−π−] = (0.87 ± 0.24) × 10−6, (74)

which is of the same order as the world averaged value, but is
still sizeably smaller than that. The possible reasons for this
discrepancy are:

• In this work, we do not consider the contributions from
the higher twist LCDAs of the B meson since they are
expected to be one order suppressed according to our
previous work [36]. However, to remedy this part, in the
future we will perform a more in-depth study on the con-
tribution of higher twist LCDAs.

• The NR contribution to the O7 matrix element is not
introduced to the total branching fraction. We have argued
that it is suppressed by its Wilson coefficients a p

6 , a p
8 .

However, in principle its exact contribution should also
depend on the model parameters introduced in Ref. [48],
but they are not determined unambiguously.

• Generally, the matrix elements 〈R, M |Oi | B−〉 contains
a strong phase which cannot be obtained by the approach
used in this work. The interference between these strong
phases will affect the amount of the total branching frac-
tion. In principle, such strong phase can be produced by
the charming or strange penguin loop which was studied
by Ref. [19] for the case of B → ππ decay. Similarly,
for the B → M + R decay, the penguin loop can also
produce a strong phase, which is expected to be studied
in the future.

6 Conclusion

In this work, we have studied the resonant contribution to the
decay amplitude of B− → K+K−π−, which is dominated
by the scalar f0(980), K ∗

0 (1430), vector ρ(1450), φ(1020),
K ∗(892) and tensor f2(1270) resonances. The three-body
decay is reduced to various quasi two-body decays, where
the B meson first decays into a resonance and a pion or a
kaon, and subsequently the resonance decays into the other
two final-state mesons. The quasi two-body decays are cal-
culated within the LCSR approach using the leading twist
B meson LCDAs. Then, we calculated the decay branching
fraction for B− → K+K−π− from each of the resonances
considered here. Some of them are consistent with experi-
ment while the others are smaller than the measured values.
One possible reason for this discrepancy are the uncertainties
of the strong couplings between the corresponding resonance
with pseudoscalar mesons. Including the effects of the non-
resonant and final state rescattering effects, we also evaluate
the total branching fraction and the result is smaller than the
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world-averaged value. We have listed three possible reasons
for this discrepancy, which requires further researches in the
future.
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Appendix A: Expression of ξi (λπ, λT )

The expressions of ξi (λπ , λT ) given in the end of Sect. 3 are

ξ1(λπ , λT ) = − 1

λT

×
[
λ4

π + 2λ3
π (λT − 2) + λ2

π

(
4λ2

T − 8λT + 6
)

+2λπ(λT − 2)(λT − 1)2 + (λT − 1)4
]
,

ξ2(λπ , λT ) = 1

2(λπ + λT − 1)3

×
[
λ6

π + 2λ5
π (λT − 3) + λ4

π

(
5λ2

T − 14λT + 15
)

+ 4λ3
π

(
λ3
T − 6λ2

T + 9λT − 5
)

+λ2
π (λT − 1)2

(
5λ2

T − 14λT + 15
)

+2λπ(λT − 3)(λT − 1)4 + (λT − 1)6
]
,

ξ3(λπ , λT )

= −
[
λ6

π + 2λ5
π (λT − 3) + λ4

π

(
5λ2

T − 14λT + 15
)

+ 4λ3
π

(
λ3
T − 6λ2

T + 9λT − 5
)

+ λ2
π (λT − 1)2

(
5λ2

T − 14λT + 15
)

+2λπ(λT − 3)(λT − 1)4 + (λT − 1)6
]/

×
[
λ4

π + 4λ3
π (λT − 1) + 2λ2

π

(
5λ2

T − 6λT + 3
)

+ 4λπ(λT − 1)3 + (λT − 1)4
]
. (A1)

Appendix B: Two-body phase space integration

In this appendix we give the tensor bases used in this work for
the two-body phase space integration. The rank-0 integration
is defined as

�
(0)
2 (s,m1,m2)

≡
∫

d3�k1

(2π)3

1

2Ek2

d3�k2

(2π)3

1

2Ek2

× δ(4)(p − k1 − k2)δ(k
2
1 − m1)δ(k2

2 − m2
2)

≡
∫

d�2 =
π

√(
s − (m1 + m2)2

) (
s − (m1 − m2)2

)

(2π)62s
(B1)

with s = p2. The higher rank integrations are defined as
∫

dφ2 kμ
1 = �

(0)
2 (s,m1,m2)A1 p

μ, (B2)
∫

dφ2 kμ
1 k

ν
2 = �

(0)
2 (s,m1,m2)

[
A2 p

μ pν + B2 p
2gμν

]
, (B3)

∫
dφ2 kμ

1 k
ν
2k

ρ
2 = �

(0)
2 (s,m1,m2)

×
[
A3 p

μ pν pρ + B3 p
2 pμgνρ + C3 p

2 (
gμν pρ + gμρ pν

)]
,

(B4)

where Ai , Bi and Ci are functions of s, m1 and m2. Their
expressions are

A1 = m2
1 − m2

2 + s

2s
, (B5)

A2 = −
s
(
−m2

1 − m2
2 + s

)
− 2

(
m2

1 − m2
2 + s

) (
−m2

1 + m2
2 + s

)

6s2 ,

(B6)

B2 = −
(
m2

1 − m2
2 + s

) (
−m2

1 + m2
2 + s

)
− 2s

(
−m2

1 − m2
2 + s

)

12s2 ,

(B7)

A3 = − 1

3s3

[
1

2
m2

1s
(
m2

1 − m2
2 + s

)

− 3

4

(
m2

1 − m2
2 + s

) (
−m2

1 + m2
2 + s

)2

+ 1

2
s
(
−m2

1 − m2
2 + s

) (
−m2

1 + m2
2 + s

)]
, (B8)

B3 =

(
m2

1 − m2
2 + s

)(
4m2

1s −
(
−m2

1 + m2
2 + s

)2
)

24s3 , (B9)
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C3 = − 1

3s3

[
1

8

(
m2

1 − m2
2 + s

) (
−m2

1 + m2
2 + s

)2

− 1

4
s
(
−m2

1 − m2
2 + s

) (
−m2

1 + m2
2 + s

)]
. (B10)

Appendix C: Expression of theM,N and L functions

In this appendix, we list all the M,N and L functions
appearing in the imaginary part of the correlation function
for 〈π−(S, V, T ) |O1| B−〉. For the case of scalar resonance,
we have

∫
d�2(p

2
S, k2, k3) MS(pπ , k2, k3)

= − 1

mB

[
8
(

2A2

(
−m3

B + m2
Bω + mBm

2
π + p2

πω
)

+(4B2 − 1)p2
πω

)]
, (C1)

∫
d�2(p

2
S, k2, k3) N S(pπ , k2, k3)

= 1

mB

[
32

(
2A2

(
m2

B + p2
π

)
+ (4B2 − 1)p2

π

)]
, (C2)

∫
d�2(p

2
S, k2, k3) LS(pπ , k2, k3)

= − 1

m2
B

[
16

(
2A2

(
m2

B + p2
π

)
+ (4B2 − 1)p2

π

)

×
(
m2

Bω − mB

(
pVs + ω2

)
+ ω

(
pVs − m2

π

))]
.

(C3)

For the case of vector resonance, we have

∫
d�2(p

2
V , k2, k3) MV (1)

(a) (pπ , k2, k3)

= − 8

m2
B

[
A2

(
m2

B − m2
π + p2

V

)

×
(

2m3
B − 2m2

Bω + mB

(
p2
V − 2m2

π

)
+ 2ω

(
m2

π − p2
V

))

+(4B2 − 1)m2
B p

2
V (mB − ω)

]
, (C4)

∫
d�2(p

2
V , k2, k3) MV (2)

(a) (pπ , k2, k3)

= − 1

m2
B

[
4p2

V

(
m3

B(4A2 + 4B2 − 1)

− 2m2
Bω(2A2 + 4B2 − 1)

+ mB

(
A2

(
2p2

V − 4m2
π

)
+ (4B2 − 1)(p2

V − p2
π )

)

+2ω
(

2A2

(
m2

π − p2
V

)
+ (4B2 − 1)p2

π

))]
, (C5)

∫
d�2(p

2
V , k2, k3) N V (1)

(a) (pπ , k2, k3)

= −32A1(mB − ω)
(
m2

B − m2
π + p2

V

)

mB
, (C6)

∫
d�2(p

2
V , k2, k3) N V (2)

(a) (pπ , k2, k3) = 32A1 p2
V (ω − mB)

mB
, (C7)

∫
d�2(p

2
V , k2, k3)� LV (1)

(a) (pπ , k2, k3)

= − 1

mB

[
16

(
m3

B(p2
V (A1 − 2B3 + 2C3 − 1) − A1�2 + �2)

+m2
Bω((A1 − 1)�2 − p2

V (A1 − 2B3 + 2C3 − 1))

−mB

(
m2

π (p2
V (A1 − 2B3 + 2C3 − 1) − A1�2 + �2)

+A1 p
2
V�2

)
+ ω

(
m2

π − p2
V

)
(p2

V (A1 − 2B3 + 2C3 − 1)

−A1�2 + �2))] , (C8)
∫

d�2(p
2
V , k2, k3)� LV (2)

(a) (pπ , k2, k3) = 16A1 p
2
V�

(
1 − ω

mB

)
,

(C9)
∫

d�2(p
2
V , k2, k3) MV (1)

(b) (pπ , k2, k3)

= 8
(

2A2

(
m3

B − m2
Bω − mBm

2
π − p2

πω
)

+ (1 − 4B2)p
2
πω

)
ω,

(C10)
∫

d�2(p
2
V , k2, k3) MV (2)

(b) (pπ , k2, k3)

= 4

m2
B

(
2A2

(
m5

B − 2m4
Bω − m3

B

(
m2

π + p2
π

)
+ 2m2

B p
2
Vω

+mB

(
m2

π (p2
π + p2

V ) + p2
V (p2

π − p2
V )

)
+ 2p4

πω
)

+(4B2 − 1)p2
π

(
−2m2

Bω + mB p
2
V + 2p2

πω
))

, (C11)
∫

d�2(p
2
V , k2, k3) N V (1)

(b) (pπ , k2, k3)

= −32A2m
2
B − 32A2 p

2
π − 64B2 p

2
π + 16p2

π , (C12)
∫

d�2(p
2
V , k2, k3) N V (2)

(b) (pπ , k2, k3) = −32A2 p
2
V , (C13)

∫
d�2(p

2
V , k2, k3)� LV (1)

(b) (pπ , k2, k3)

= −16
(

2A2

(
m4

B − 2m3
Bω + m2

B

(
ω2 − 2m2

π

)

+2mBm
2
πω + m4

π − m2
π p2

V + p2
πω2 − p2

π p2
V

)

−(4B2 − 1)p2
π

(
p2
V − ω2

))
, (C14)

∫
d�2(p

2
V , k2, k3)� LV (2)

(b) (pπ , k2, k3)

= 1

m2
B

[
16

(
2A2

(
m5

Bω − m4
B

(
p2
V + ω2

)

− m3
Bω

(
m2

π + p2
π

)
+ m2

B p
2
V

(
m2

π + p2
V + ω2

)

+mBω
(
m2

π (p2
π + p2

V ) + p2
V (p2

π − p2
V )

)
+ p4

πω2
)

+(4B2 − 1)p2
πω

(
m2

B(−ω) + mB p
2
V + p2

πω
))]

. (C15)

For the case of tensor resonance, we have

∫
d�2(p

2
V , k2, k3) MT (1)

(a) (pπ , k2, k3)

= 1

m2
B

[
4
(
m2

B p
2
T

(
m3

B(−2A1 + 4B2 − 12B3 − 20C3 + 1)

+m2
Bω(2A1 − 4B2 + 12B3 + 20C3 − 1)

+ mB

(
m2

π (2A1 − 4B2 + 12B3 + 20C3 − 1)

+p2
T (−2A1 + 4B2 − 8B3 − 16C3 + 1)

)
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−ω
(
m2

π − p2
T

)
(2A1 − 4B2 + 12B3 + 20C3 − 1)

)

+ A2

(
m2

B − m2
π + p2

T

)2 (
2m3

B − 2m2
Bω + mB

(
p2
T − 2m2

π

)

+2ω
(
m2

π − p2
T

))

− 2A3

(
m2

B − m2
π + p2

T

)2

×
(

2m3
B − 2m2

Bω + mB

(
p2
T − 2m2

π

)
+ 2ω

(
m2

π − p2
T

)))]
,

(C16)
∫

d�2(p
2
V , k2, k3) MT (2)

(a) (pπ , k2, k3)

= 1

m2
B

[
p2
T

(
m5

B(−2A1 + 8A2 − 16A3

+ 8B2 − 16B3 − 32C3 + 1)

+2m4
Bω(2A1 − 4A2 + 8A3 − 8B2 + 8B3 + 24C3 − 1)

+m3
B

(
m2

π (2A1 − 16A2 + 32A3 − 8B2 + 16B3 + 32C3 − 1)

− 4p2
T (2A1 − 3A2 + 6A3 − 4B2 + 6B3 + 14C3 − 1)

+p2
π (2A1 − 8B2 + 16B3 + 32C3 − 1)

)

−2m2
Bω

(
m2

π (2A1 − 8A2 + 16A3 − 8B2 + 8B3 + 24C3 − 1)

− 2p2
T (2A1 − 4A2 + 8A3 − 3B2 + 9B3 + 15C3 − 1)

+p2
π (2A1 − 8B2 + 8B3 + 24C3 − 1)

)

+ mB

(
−2A1m

2
π p2

π + 2A1m
2
π p2

T − 2A1 p
4
T

+ 2A1 p
2
π p2

T + 4A2

(
2m4

π − 3m2
π p2

T + p4
T

)

− 8A3

(
2m4

π − 3m2
π p2

T + p4
T

)
+ 8B2m

2
π p2

π

− 8B2m
2
π p2

T + 8B2 p
4
T − 8B2 p

2
π p2

T

− 16B3m
2
π p2

π + 8B3 p
2
π p2

T

− 32C3m
2
π p2

π + 16C3m
2
π p2

T − 16C3 p
4
T

+24C3 p
2
π p2

T + m2
π p2

π − m2
π p2

T + p4
T − p2

π p2
T

)

+2ω
(
m2

π − p2
T

) (
p2
π (2A1 − 8B2 + 8B3 + 24C3 − 1)

−4A2

(
m2

π − p2
T

)
+ 8A3

(
m2

π − p2
T

)))]
, (C17)

∫
d�2(p

2
V , k2, k3) MT (3)

(a) (pπ , k2, k3)

= − 1

m2
B

[
2p4

T

(
m3

B(2A1 − 4A2 + 8A3 − 2B2 + 6B3 + 10C3 − 1)

− 2m2
Bω(2A1 − 2A2 + 4A3 − 2B2 + 6B3 + 10C3 − 1)

+ mB

(
−2A1 p

2
π + 2A1 p

2
T + 4A2m

2
π − 2A2 p

2
T

− 8A3m
2
π + 4A3 p

2
T + 2B2 p

2
π

−6B2 p
2
T − 6B3 p

2
π + 2B3 p

2
T − 10C3 p

2
π + 14C3 p

2
T + p2

π − p2
T

)

+ 2ω
(
p2
π (2A1 − 2B2 + 6B3 + 10C3 − 1)

−2A2

(
m2

π − p2
T

)
+ 4A3

(
m2

π − p2
T

)))]
, (C18)

∫
d�2(p

2
V , k2, k3) N T (1)

(a) (pπ , k2, k3)

= − 1

mB

[
16(mB − ω)

(
A1

(
m2

B − m2
π + p2

T

)2

−2

(
A2

(
m2

B − m2
π + p2

T

)2 + 4B2m
2
B p

2
T

))]
, (C19)

∫
d�2(p

2
V , k2, k3) N T (2)

(a) (pπ , k2, k3)

= 1

mB

[
16p2

T (mB − ω)
(
A1

(
m2

B − m2
π + p2

T

)

−2
(
A2

(
m2

B − m2
π + p2

T

)
+ 2B2

(
m2

B − p2
π

)))]
, (C20)

∫
d�2(p

2
V , k2, k3) N T (3)

(a) (pπ , k2, k3)

= 1

mB

[
16p4

T (A1 − 2A2)(mB − ω)
]
, (C21)

∫
d�2(p

2
V , k2, k3)� LT (1)

(a) (pπ , k2, k3)

= 1

mB

[
8p2

T

(
m2

B − m2
π + p2

T

)

×
(
−m3

B + m2
Bω + mBm

2
π + ω

(
p2
T − m2

π

))

×(A1 + 2A2 + 2B2 + 4B3 + 4C3 − 1)] , (C22)
∫

d�2(p
2
V , k2, k3)� LT (2)

(a) (pπ , k2, k3)

= 1

mB

[
4p4

T

(
m3

B(−(A1 + 2A2 − 4B2 − 2B3 + 10C3 − 1))

+ mB

(
m2

π (A1 + 2A2 − 4B2 − 2B3 + 10C3 − 1)

+4p2
T (B2 + B3 − C3)

)

+ m2
Bω(A1 + 2A2 + 2B3 + 6C3 − 1)

−ω
(
m2

π − p2
T

)
(A1 + 2A2 + 2B3 + 6C3 − 1)

)]
, (C23)

∫
d�2(p

2
V , k2, k3)� LT (3)

(a) (pπ , k2, k3) = 0, (C24)
∫

d�2(p
2
V , k2, k3) MT (1)

(b) (pπ , k2, k3)

= 4
(
m2

B − 2mBω − m2
π + p2

T

)

×
(

2A2

(
m3

B − m2
Bω − mBm

2
π − p2

πω
)

+ (1 − 4B2)p
2
πω

)
,

(C25)
∫

d�2(p
2
V , k2, k3) MT (2)

(b) (pπ , k2, k3)

= 1

m2
B

[
2A2

(
m7

B − 6m6
Bω − m5

B

(
2m2

π + p2
π − 3p2

T − 6ω2
)

+ 2m4
Bω

(
3m2

π + 2p2
π − p2

T

)

+ m3
B

(
m4

π − 2m2
π (p2

T − p2
π ) − p2

T

(
p2
T + 4ω2

))

+ 2m2
Bω

(
−2m2

π (p2
π + p2

T ) + p4
π + 2p4

T − 2p2
π p2

T

)

− mB

(
m4

π (p2
π + p2

T ) − 2m2
π p4

T + 6p4
πω2 + p6

T − p2
π p4

T

)

+2p4
πω

(
p2
T − m2

π

))

− (4B2 − 1)p2
π

(
2m4

Bω − m3
B

(
p2
T + 6ω2

)

− 2m2
Bω

(
m2

π + p2
π − 3p2

T

)

+mB

(
m2

π p2
T + 6p2

πω2 − p4
T

)
+ 2p2

πω
(
m2

π − p2
T

))]
, (C26)

∫
d�2(p

2
V , k2, k3) MT (3)

(b) (pπ , k2, k3)
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= 1

m3
B

[
2
(
m2

Bω − mB p
2
T − p2

πω
)

×
(

2A2

(
m5

B − 2m4
Bω − m3

B

(
m2

π + p2
π

)

+2m2
B p

2
Tω + mB

(
m2

π (p2
π + p2

T ) + p2
T (p2

π − p2
T )

)

+2p4
πω

)
+ (4B2 − 1)p2

π

(
−2m2

Bω + mB p
2
T + 2p2

πω
))]

,

(C27)
∫

d�2(p
2
V , k2, k3) N T (1)

(b) (pπ , k2, k3)

= −8
(

2A2

(
m2

B + p2
π

)
+ (4B2 − 1)p2

π

)

×
(
m2

B − 2mBω − m2
π + p2

T

)
, (C28)

∫
d�2(p

2
V , k2, k3) N T (2)

(b) (pπ , k2, k3)

= 1

mB

[
4
(

2A2

(
m4

Bω − 2m3
B p

2
T + 2m2

B p
2
Tω

−mB p
2
T

(
−m2

π + p2
π + p2

T

)
− p4

πω
)

−(4B2 − 1)p2
π

(
−ωm2

B + mB p
2
T + p2

πω
))]

, (C29)
∫

d�2(p
2
V , k2, k3) N T (3)

(b) (pπ , k2, k3)

= − 1

mB

[
16A2 p

2
T

(
−ωm2

B + mB p
2
T + p2

πω
)]

, (C30)
∫

d�2(p
2
V , k2, k3)� LT (1)

(b) (pπ , k2, k3)

= 4
(
m2

B − 2mBω − m2
π + p2

T

)

×
(

2A2

(
m4

B − 2m3
Bω + m2

B

(
ω2 − 2m2

π

)

+2mBm
2
πω + m4

π − m2
π p2

T + p2
πω2 − p2

π p2
T

)

−(4B2 − 1)p2
π

(
p2
T − ω2

))
, (C31)

∫
d�2(p

2
V , k2, k3)� LT (2)

(b) (pπ , k2, k3)

= 1

m2
B

[
2
(

2A2

(
2m7

Bω − m6
B

(
2p2

T + 5ω2
)

+ m5
Bω

(
−4m2

π − 2p2
π + 5p2

T + 3ω2
)

+m4
B

(
m2

π

(
4p2

T + 5ω2
)

− ω2(p2
T − 4p2

π )
)

− m3
Bω

(
−2m4

π + m2
π (5p2

T − 4p2
π ) + p2

T

(
p2
π + 3p2

T + 2ω2
))

+ m2
B

(
−2m4

π p2
T + m2

π

(
−4p2

πω2 + p4
T − 3p2

Tω2
)

+p4
πω2 + p6

T + p4
T

(
p2
π + 3ω2

)
− 3p2

π p2
Tω2

)

+ mBω
(
m4

π (−(2p2
π + p2

T )) + m2
π p2

T (p2
π + 2p2

T )

−3p4
πω2 − p6

T + p2
π p4

T + p4
π p2

T

)
+ p4

πω2
(
p2
T − m2

π

))

+ (4B2 − 1)p2
π

(
m2

Bω + mB

(
p2
T − 3ω2

)

+ω
(
p2
T − m2

π

)) (
m2

B(−ω) + mB p
2
T + p2

πω
))]

, (C32)
∫

d�2(p
2
V , k2, k3)� LT (3)

(b) (pπ , k2, k3)

= 1

m3
B

[
4
(
m2

Bω − mB p
2
T − p2

πω
)

×
(

2A2

(
m5

Bω − m4
B

(
p2
T + ω2

)

− m3
Bω

(
m2

π + p2
π

)
+ m2

B p
2
T

(
m2

π + p2
T + ω2

)

+mBω
(
m2

π (p2
π + p2

T ) + p2
T (p2

π − p2
T )

)
+ p4

πω2
)

+(4B2 − 1)p2
πω

(
−m2

Bω + mB p
2
T + p2

πω
))]

. (C33)
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