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Abstract We develop methods to study the scalar sector
of multi-Higgs models with large discrete symmetry groups
that are softly broken. While in the exact symmetry limit, the
model has very few parameters and can be studied analyti-
cally, proliferation of quadratic couplings in the most gen-
eral softly broken case makes the analysis cumbersome. We
identify two sets of soft breaking terms which play different
roles: those which preserve the symmetric vacuum expecta-
tion value alignment, and the remaining terms which shift
it. Focusing on alignment preserving terms, we check which
structural features of the symmetric parent model are con-
served and which are modified. We find remarkable exam-
ples of structural features which are inherited from the parent
symmetric model and which persist even when no exact sym-
metry is left. The general procedure is illustrated with the
example of the three-Higgs-doublet model with the softly
broken symmetry group �(36).

1 Introduction

1.1 Taming the large number of free parameters

Numerous pieces of evidence suggest that the Standard
Model (SM) cannot be the ultimate theoretical construc-
tion of the microscopic world. In the absence of direct com-
pelling hints of how New Physics beyond the SM should look
like, theorists explore different venues. A very active direc-
tion of research is the study of non-minimal scalar sectors,
for a selection of topics see the recent reviews [1–4]. The
simple idea that Higgs doublets can come in generations,
just like fermions, alleviates some of the problems of the
SM and also leads to a surprisingly rich list of phenomena.
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After a decades-long study of the two-Higgs-doublet mod-
els (2HDMs) [1], the community is exploring other scalar
sectors, such as the three-Higgs-doublet models (3HDMs).

First proposed by Weinberg in 1976 [5], the 3HDMs
equipped with various global symmetries, exact or softly bro-
ken, were studied in hundreds of papers, see a brief historical
overview in [3]. However, a systematic study of all the oppor-
tunities offered by the 3HDMs is still lacking. One obvious
reason for that is the very large number of free parameters.
The most general renormalizable scalar potential of the N -
Higgs-doublet model can be written, at the tree level, as

V = Yi j (φ
†
i φ j )+Zi jkl(φ

†
i φ j )(φ

†
kφl), i, j, k, l = 1, . . . , N ,

(1)

with 54 free parameters for N = 3. If one includes the
quark Yukawa sector, the total number of free parameters
exceeds one hundred. Certainly, it is possible, for any par-
ticular point in the entire parameter space, to numerically
minimize the potential, compute all scalar masses and cou-
plings, track down the fermion sector and its interaction with
new scalars. But the real challenge is to make sense of these
case-by-case calculations and to identify all the essentially
distinct phenomenological situations which may be hiding in
various parts of the very-large-dimensional parameter space.
The richness of the 3HDM is just too vast to grasp and visu-
alize with a straightforward (numerical) approach.

One popular way to tame the proliferation of free parame-
ters is to assume that the multi-Higgs model is equipped with
an additional global symmetry group. In early 1980’s, this
approach seemed promising because one hoped to link the
mixing angles of the Cabibbo–Kobayashi–Maskawa matrix
with quark mass ratios [3]. Later it turned out that this direct
approach exploiting the exact symmetry groups could not
lead to a viable quark sector [6,7], but softly broken sym-
metries seemed to offer sufficient flexibility and interesting
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predictions. In the case of the 3HDM scalar sector, several
continuous and discrete symmetry groups have been imple-
mented, starting from Weinberg’s model, which has the sym-
metry group Z2 ×Z2. The full classification of discrete sym-
metry groups usable in the scalar sector of the 3HDM was
established in [8]. If one focuses on the Higgs potential alone,
one can observe accidental symmetries which go beyond
Higgs family transformations. They were classified in [9]
and a deeper analysis of the so-called maximally symmet-
ric 3HDM was presented in [10]. The full list of symme-
try groups suitable for the 3HDM Yukawa sector is still not
known. The CP properties of the 3HDM scalar sector were
also explored by using basis-independent methods [11–15].

1.2 Softly broken large discrete symmetry

Investigation of the 3HDMs with softly broken global sym-
metry groupG depends on the group itself. Let us focus on the
attractive case of large discrete groups G, with Higgs dou-
blets transforming as an irreducible triplet representations.
Four such cases are known1 [8]: G = A4, S4, �(54), and
�(36)-symmetric 3HDMs. In any of these four cases, the
Higgs potential invariant under G has the following form:

V0 = −m2(φ
†
1φ1 + φ

†
2φ2 + φ

†
3φ3) + V4, (2)

while the G-symmetric quartic potential V4 contains several
terms. All possible minima of this potential for the symmetry
groups A4, S4, �(54), and �(36) are known and were put
together in [16] (see also [17]).

If one wants to explore a 3HDM with a softly broken group
G, one needs to introduce all possible quadratic terms:

Vsoft = m2
11φ

†
1φ1 + m2

22φ
†
2φ2 + m2

33φ
†
3φ3

+
(
m2

12 φ
†
1φ2 + m2

23 φ
†
2φ3 + m2

31 φ
†
3φ1 + h.c.

)
(3)

with complex m2
i j for i �= j . In total, there are nine

free parameters here. Exploring in detail the emerging phe-
nomenology in all corners of this 9-dimensional soft break-
ing parameter space and visualizing the results would be very
challenging. However these free parameters do not play equal
roles. Some parameters may trigger structural changes, while
others will only shift the numerical values of the observables.
Some phenomena may happen along generic directions in
this soft breaking parameter space, while other effects may
take place only along some very particular directions. One
could even think of plotting a phase diagram of the phe-
nomenology of the resulting 3HDM with softly broken G,
but describing it in its full dimensionality seems very hard.

1 The 3HDM with a �(27) triplet leads to the same potential as the
potential for a �(54) group, so it is implicitly included in the �(54)

case.

In short, one needs a guiding principle and a set of efficient
methods to make sense of multi-Higgs models with softly
broken large discrete symmetry groups.

This is the main goal of the present paper. We will show
that the nine soft breaking free parameters can be split into
two families: five parameters which preserve the vacuum
expectation value (vev) alignment of the exactly symmet-
ric parent model, and the four parameters which drive this
alignment away in four orthogonal directions. Focusing on
the vev-preserving parameters, we will show which struc-
tural features of the fully symmetric model stay unchanged
and which get modified, and how to track the effect of each of
these parameters. In particular, we will find that, although the
models with vev-preserving soft breaking terms do not pos-
sess any exact symmetry, their scalar sector phenomenology
“inherits” some of the features from the parent G-symmetric
model. These results help develop qualitative and quantita-
tive intuition when building multi-Higgs models with softly
broken large discrete symmetry groups.

These phenomena will be illustrated with the example of
the largest discrete symmetry group possible in the 3HDM
scalar sector, the group �(36), which is not as well known
as the A4, S4, or �(54)-symmetric 3HDMs. The application
of the methodology developed here to those groups and the
inclusion of the Yukawa sector are delegated to future works.

The structure of the paper is the following. In the
next section we outline the properties of the scalar sec-
tor emerging in the �(36)-symmetric 3HDM. In Sect. 3
we construct the soft breaking terms which preserve any
chosen vev alignment of the symmetric model and illus-
trate the general procedure with the softly broken �(36)

3HDM. Finally, we discuss the results and draw conclu-
sions, while the Appendix provide auxiliary mathematical
details.

2 �(36)-symmetric 3HDM

2.1 The scalar potential and its minima

�(36) is the largest discrete symmetry group which can be
imposed on the scalar sector of the 3HDM without leading to
accidental continuous symmetries [8]. Group-theoretically,
it is defined as a Z4 permutation acting on generators of the
abelian group Z3 × Z3:

�(36) � (Z3 × Z3) � Z4. (4)

The generators of the Z3 × Z3 “core” and the generator of
Z4 are
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a =
⎛
⎝

1 0 0
0 ω 0
0 0 ω2

⎞
⎠ , b =

⎛
⎝

0 1 0
0 0 1
1 0 0

⎞
⎠ , d = i√

3

⎛
⎝

1 1 1
1 ω2 ω

1 ω ω2

⎞
⎠ ,

(5)

where ω = exp(2π i/3). The orders of these generators are:

a3 = 1, b3 = 1, d4 = 1.

Notice that d2 is a transformation which transposes two dou-
blets; thus, �(36) contains all permutations of the three dou-
blets. Had we imposed symmetry under d2 but not d, we
would end up with the more familiar symmetry group �(54),
first used within the 3HDMs back in late 1970s [18] and
explored later in [19–22]. For more details on the relation
between �(54) and �(36) and the subtleties of their defini-
tions, see Appendix A.

The scalar potential of 3HDM invariant under �(36) has
the following form:

V0 = −m2
[
φ

†
1φ1 + φ

†
2φ2 + φ

†
3φ3

]

+λ1

[
φ

†
1φ1 + φ

†
2φ2 + φ

†
3φ3

]2

−λ2

[
|φ†

1φ2|2 + |φ†
2φ3|2 + |φ†

3φ1|2 − (φ
†
1φ1)(φ

†
2φ2)

−(φ
†
2φ2)(φ

†
3φ3) − (φ

†
3φ3)(φ

†
1φ1)

]

+λ3

(
|φ†

1φ2 − φ
†
2φ3|2 + |φ†

2φ3 − φ
†
3φ1|2

+|φ†
3φ1 − φ

†
1φ2|2

)
. (6)

It has four real free parameters. The first two lines of Eq. (6)
are invariant under the entire SU (3) transformation group of
the three Higgs doublets. The positive sign of λ2 guarantees
that the minimum corresponds to a neutral vacuum, but the
minimization of these two lines alone would lead to several
neutral Nambu–Goldstone bosons. The last term with the
coefficient λ3 selects the discrete �(36) group out of it and
renders those Higgs bosons massive.

The potential of Eq. (6) is also CP invariant. Apart from
the standard CP symmetry φi �→ φ∗

i , it is also invariant
under many otherCP transformations of the form of the stan-
dard CP combined with any of the symmetries from �(36).
Unlike the �(54) 3HDM, the absence of CP violation in
�(36) 3HDM is not an assumption but is a consequence of
the Z4 subgroup which forbids any form of CP violation in
3HDM, explicit or spontaneous [16,23].

An important feature of the entire �(54) family of 3HDM
models, including �(36) 3HDM, is the rigid structure of
its minima. Depending on the values of the parameters, the
global minimum of the potential can only correspond to the
following vev alignments [16]:

alignment A : A1 = (ω, 1, 1), A2 = (1, ω, 1),

A3 = (1, 1, ω) (7)

alignment A′ : A′
1 = (ω2, 1, 1), A′

2 = (1, ω2, 1),

A′
3 = (1, 1, ω2) (8)

alignment B : B1 = (1, 0, 0), B2 = (0, 1, 0),

B3 = (0, 0, 1) (9)

alignment C : C1 = (1, 1, 1), C2 = (1, ω, ω2),

C3 = (1, ω2, ω). (10)

Notice that, due to the global symmetry of the 3HDM poten-
tial under simultaneous phase rotation of the three doublets,
other possible configurations can be reduced to these ones;
for example, (ω, ω2, 1) = ω(1, ω, ω2) also corresponds to
the alignment C2. The phase rigidity is reflected in the fact
that the relative phases between vevs are calculable and are
not sensitive to the exact numerical values of the coefficients.
This rigidity was behind the “geometric CP-violation” pro-
posal back in 1984 [24] which was revisited in more detail
in [25–27], and also shown to be compatible with viable
Yukawa sectors [28–30].

None of the minima of the �(36)-symmetric 3HDM
breaks the symmetry group completely [16]. There are six
family symmetries and six CP-type symmetries which are
preserved at each vev alignment. Other, spontaneously bro-
ken, symmetries link different vacua, which, despite looking
differently, represent the same physics. For λ3 < 0, the global
minima are at the six points A and A′, which are related by the
broken symmetries from �(36). For λ3 > 0, the degenerate
global minima are at points B orC . Thus, we have two essen-
tially distinct phenomenological situations in �(36) 3HDM.

Further insights into the structural properties of the model,
including the vev alignments, symmetry and CP properties,
can be gained if one pays attention not only to the transfor-
mations from the symmetry group G but also to the transfor-
mations from SU (3) which leave G invariant, or “symme-
tries of symmetries” in the language of [31]. The potential
remains form-invariant under such transformations, only up
to reparametrization of coefficients, which may provide addi-
tional links between different regimes of the same model.

2.2 The physical Higgs bosons

Three Higgs doublets contain 12 real fields. When expanding
the potential around a neutral vacuum, one absorbs, as usual,
three of them in the longitudinal components of the W± and
Z -bosons. What remains is two pairs of charged Higgses and
five neutral Higgs bosons. At points B or C , the Higgs boson
masses are

m2
hSM = 2λ1v

2 = 2m2,

m2
H± = 1

2
λ2v

2 (double degenerate),
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m2
h = 1

2
λ3v

2 (double degenerate),

m2
H = 3m2

h = 3

2
λ3v

2 (double degenerate). (11)

At points A and A′, which are the minima for λ3 < 0, the
Higgs masses are

m2
hSM = 2(λ1 + λ3)v

2 = 2m2,

m2
H± = 1

2
(λ2 − 3λ3)v

2 (double degenerate),

m2
h = −1

2
λ3v

2 (double degenerate),

m2
H = 3m2

h = −3

2
λ3v

2 (double degenerate). (12)

Identification of the SM-like Higgs boson is unambiguous.
It is a straightforward exercise to show that, if the quadratic
potential of an NHDM has the form m2 ∑

i φ
†
i φi , then what-

ever the quartic potential is, the model automatically incor-
porates the exact scalar alignment [32]. This means that the
direction along the vev alignment is a mass eigenstate which,
therefore, couples to the WW and Z Z pairs just as in the SM.
The other neutral Higgs bosons do not couple to gauge-boson
pairs.

The fact that the symmetry group �(36) is not broken
completely by the vacuum configuration means that one can
classify the physical Higgs bosons according to their con-
served charges. For example, the vev alignment (1, 0, 0) cor-
responding to point B preserves the symmetry group S3 gen-
erated by a and d2. Thus, within each subspace of physical
scalar fields (the charged, the light neutral, and the heavy neu-
tral Higgses) we can construct states which are eigenstates
of parity under d2 or which have definite Z3-charges under
a. Either of these numbers is conserved. Thus, the lightest
pair of states from the second and third doublet is stable
against decay to the SM fields (provided they do not couple
to fermions).

2.3 The scalar sector of �(36) 3HDM: a summary

To summarize the above observations, we list here the struc-
tural features of the �(36)-symmetric 3HDM scalar sector.

• The vev alignment at the global minimum can only be of
types (7)–(10).

• Spontaneous CP violation is impossible.
• The model contains automatic scalar alignment, with the

SM-like Higgs hSM .
• All charged Higgses are degenerate, and the four non-

SM-like neutral Higgs bosons are pair-wise degenerate.
• The masses of the two pairs of the neutral Higgses are

related as m2
H = 3m2

h .
• Since the full symmetry group �(36) is broken only par-

tially at any of the vev alignments, the lightest non-SM-

like Higgs bosons are stable against decay to the SM
fields.

3 Alignment preserving soft breaking

The exact discrete symmetry group �(36) leads to very rigid
predictions which could easily run in conflict with experi-
ment. It is customary to introduce some flexibility to a model
via soft breaking terms, which in the case of 3HDM involve
up to 9 new free parameters, see Eq. (3). The main challenge
then is to understand how these soft breaking terms change
the structural properties of the �(36) scalar sector outlined
in the previous section.

Of course, for any specific set of m2
i j , one could numer-

ically compute the vevs and the properties of the physical
scalar bosons. But, as we already mentioned in the introduc-
tion, the large number of free parameters makes it difficult
and impractical to blindly track down, via a numerical scan,
the modifications of the observables in the entire space of soft
breaking parameters. It is even not clear how these numer-
ical results should be presented. Thus, the real challenge is
to comprehend all these dependences, to construct a clear
vision of which parameters govern numerical deviations and
which drive structural changes.

In this section, we take the first step towards this vision. We
identify the soft breaking terms which preserve the vev align-
ments and then study the effects of such terms. An impor-
tant consequence is that the automatic scalar alignment with
the SM-like Higgs is preserved. The analytical derivations
are corroborated by numerical computation and accompa-
nied with a qualitative discussion.

3.1 How to preserve the vev alignment

Suppose we pick up one of the vev alignments listed in
Eqs. (7) through (10). Which terms in Vsoft can we intro-
duce to keep the alignment intact?

A straightforward way to answer this question for all align-
ments, one by one, is to write down the extremum conditions,
solve them and deduce the relations among the parameters
m2

i j which protect the chosen vev alignment. This method is
not very enlightening. First, it requires direct computations
of derivatives for each individual case. Second, when it leads
to certain constraints on the soft breaking parameters m2

i j ,
it may remain obscure within what range one is allowed to
vary them. Finally, there may arise particular points which
may require special treatment.

Instead, we propose here a simple method which leads to
a clear picture for any vev alignment. Furthermore, it can be
applied not only to the �(36) 3HDM, but to any multi-Higgs
potential with the trivial quadratic part, which includes A4,
S4 and �(54) 3HDMs.
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First, we remind the reader that, when we have a function
which depends on the complex variable z and its conjugate z∗,
we can differentiate it with respect to z and z∗ independently.
Writing z = x+iy, we define the antiholomorphic derivative
operator as

∂

∂z∗
= 1

2

(
∂

∂x
+ i

∂

∂y

)
,

∂z

∂z∗
= 0,

∂z∗

∂z∗
= 1. (13)

The �(36)-invariant potential V0 = −m2φ
†
i φi +V4 depends

on the complex variables φi and φ
†
i . Here, the index i can

run over six entries: three upper and three lower components
of the doublets. However, since the minimum is neutral, one
can suppress the upper components and assume that φi = φ0

i ,
i = 1, 2, 3.

The extremization condition for the �(36)-symmetric
potential is:

∂V0

∂φ∗
i

= −m2φi + ∂V4

∂φ∗
i

= 0. (14)

Therefore, at the extremum point, we have

∂V4

∂φ∗
i

∣∣∣∣
V0 extremum

= m2φi
∣∣
V0 extremum. (15)

Now, we add the soft breaking terms of Eq. (3), which we
write compactly as

Vsoft = φ
†
i Mi jφ j , Mi j =

⎛
⎝

m2
11 m2

12 (m2
31)

∗
(m2

12)
∗ m2

22 m2
23

m2
31 (m2

23)
∗ m2

33

⎞
⎠ , (16)

with Hermitean matrix M . Extremization condition for the
full potential V = V0 + Vsoft is

∂V

∂φ∗
i

= Mi jφ j − m2φi + ∂V4

∂φ∗
i

= 0. (17)

In general, the extremum point may have shifted with respect
to the symmetric case, so we cannot use the relation of
Eq. (15). But we now require that the soft breaking terms
preserve the vev alignment up to rescaling: v|V extremum =
ζ · v|V0 extremum. Because of this feature and because the
quadratic and quartic terms are homogeneous functions with
degrees 2 and 4, respectively, we can now state that

∂V4

∂φ∗
i

∣∣∣∣
V extremum

= ζ 2 · m2φi
∣∣
V extremum. (18)

Therefore, at the point of the extremum of V we can simplify
Eq. (17) as

Mi jφ j = (1 − ζ 2)m2φi . (19)

We conclude that the soft breaking terms preserve a vev align-
ment of the original symmetric model if and only if this vev
alignment is an eigenvector of the corresponding matrix M .
This offers us a method of writing down the most general
soft breaking terms which preserve any given vev alignment
of the symmetric model.

3.2 An example

Let us illustrate this method with point C1 whose vev align-
ment is (1, 1, 1). We want to establish the form of M which
would preserve this alignment. Suppose μ1, μ2, μ3 are the
eigenvalues of M , and the complex vectors 	n1, 	n2, 	n3 are
the corresponding orthonormal eigenvectors. Then M can be
written as

Mi j = μ1 n1i n
∗
1 j + μ2 n2i n

∗
2 j + μ3 n3i n

∗
3 j . (20)

Given one eigenvector, which is already known,

n1 = 1√
3

⎛
⎝

1
1
1

⎞
⎠ , (21)

we can select two other eigenvectors in the subspace orthog-
onal to 	n1. Let us define two orthonormal vectors in this
subspace, for example,

e2 = 1√
2

⎛
⎝

0
1

−1

⎞
⎠ and e3 = 1√

6

⎛
⎝

−2
1
1

⎞
⎠ . (22)

Both {	n2, 	n3} and {	e2, 	e3} form a basis. Therefore, the two
eigenvectors 	n2 and 	n3 can be obtained from 	e2 and 	e3 with
an appropriate unitary transformation within this space:

	ni = Ui j 	e j , i, j = 2, 3, where U =
(

cos θ eiξ sin θ

−e−iξ sin θ cos θ

)
.

(23)

Notice that multiplying 	n2 and 	n3 with additional phase fac-
tors does not affect M . Thus, the most general soft breaking
terms preserving the vev alignment of point A are described
with the matrix M in Eq. (20) with the following free param-
eters:

μ1 = m2(1 − ζ 2), μ2, μ3, θ, ξ. (24)

If we insist not only on keeping the vev alignment, but also
want to preserve the value of v, we set μ1 = 0 and are left
with 4 parameters, which we recast in the following more
convenient form:

� = μ2 + μ3, δ = μ2 − μ3, θ, ξ. (25)
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All these parameters can vary in their full domains of defini-
tions.

The explicit expressions for the matrix M and individual
m2

i j soft breaking parameters which preserve the vev align-
ment C1 and the value of v are

M11 = m2
11 = 1

3
(� − δ cos 2θ)

M22 = m2
22 = 1

3

[
� + δ

(√
3

2
sin 2θ cos ξ + 1

2
cos 2θ

)]

M33 = m2
22 = 1

3

[
� + δ

(
−

√
3

2
sin 2θ cos ξ + 1

2
cos 2θ

)]

M12 = m2
12 = 1

6

[
−� + δ(−√

3 sin 2θeiξ + cos 2θ)
]

M31 = m2
31 = 1

6

[
−� + δ(

√
3 sin 2θe−iξ + cos 2θ)

]

M23 = m2
23 = 1

6

[
−� − δ(i

√
3 sin 2θ sin ξ + 2 cos 2θ)

]
.

(26)

In a similar fashion, we parametrize the soft breaking
terms which preserve all other vev alignments of the �(36)

3HDM, see Appendix B for the full list. Here we only remark
that, in each case, there exists ambiguity in choosing the basis
vectors 	e2 and 	e3 with respect to which we parametrize the
matrix Mi j via angles θ and ξ . We resolve this ambiguity by
choosing such vectors that the neutral physical Higgs boson
masses to be given below take exactly the same form at all
minima.

3.3 Physical scalars in the softly broken �(36) 3HDM

Parametrizing the vev-preserving soft breaking terms as out-
lined above, we computed in each case the mass matrices
of the physical Higgs bosons. A remarkable observation is
that for all vev alignments and with the above choices of the
parametrization procedure, we could obtain universal formu-
las for masses of the physical Higgs bosons, valid for all the
vev alignments of the parent �(36)-symmetric model.

• The scalar alignment feature is preserved. Indeed, since
the vev alignment was the eigenvector of the parent model
at its minimum and since it is an eigenvector of the matrix
of the soft breaking terms, it will remain an eigenvector
of the Hessian matrix of the softly broken case.

• Since we select μ1 = 0 to preserve not only the alignment
but also the value of v, the mass of the SM-like Higgs
boson is unchanged: m2

hSM
= 2(λ1 + λ3)v

2 for cases A

and A′ and m2
hSM

= 2λ1v
2 for cases B and C , just as in

Eqs. (12) and (11).

• The non-standard Higgs bosons cease to be mass degen-
erate. For the charged Higgs bosons, we write m2

H±
i

=
m2

H±
i

∣∣
�(36)

+ �m2
H±
i

, where m2
H±
i

∣∣
�(36)

are their masses

in the parent �(36)-symmetric model given by Eqs. (12)
and (11), and observe the following universal corrections:

�m2
H±

1
= μ2 = � + δ

2
, �m2

H±
2

= μ3 = � − δ

2
.

(27)

The four non-SM-like neutral Higgs bosons have the fol-
lowing masses:

m2
h1

= 1

2

(
2|λ3|v2 + � −

√
(λ3v2)2 + δ2 + 2x |λ3||δ|v2

)
,

(28)

m2
h2

= 1

2

(
2|λ3|v2 + � −

√
(λ3v2)2 + δ2 − 2x |λ3||δ|v2

)
,

(29)

m2
H1

= 1

2

(
2|λ3|v2 + � +

√
(λ3v2)2 + δ2 − 2x |λ3||δ|v2

)
,

(30)

m2
H2

= 1

2

(
2|λ3|v2 + � +

√
(λ3v2)2 + δ2 + 2x |λ3||δ|v2

)
,

(31)

where the quantity x ∈ [0, 1] is

x =
√

1 − (sin 2θ sin ξ)2. (32)

Here, we write |λ3| to cover both cases A and A′ (λ3 < 0)
and cases B and C (λ3 > 0).

Apart from splitting, the mass patterns demonstrate two
remarkable features. The first is the unexpected similarity
between the cases A+ A′ and B+C . Indeed, cases A and A′
are linked by a symmetry of the parent model, and therefore,
one expects that the appropriately parametrized soft terms
would lead to the same results for points A and A′. In a sim-
ilar way, symmetries link cases B and C . However, there is
no symmetry of the model which links the vev alignments
from points A or A′ to points B or C . Indeed, we see that the
expressions for the SM-like and charged Higgs masses are not
identical. Whether this intriguing feature can be explained
from the “symmetries of symmetries” perspective of [31] is
an open question which deserves a closer look.

The second feature is that the masses depend not on four,
but on three independent soft breaking parameters: �, δ, and
the combination sin 2θ sin ξ . In the example of point C , this
combination quantifies the imaginary part of m2

i j in Eq. (26).
This means that, in the 4D space of vev-preserving soft break-
ing parameters, there exist lines of identical Higgs spectra.
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Moving along these lines, one can adjust additional features
of the model, keeping the masses fixed.

It is interesting to observe that, at sin 2θ sin ξ = 1 lead-
ing to x = 0, the four neutral Higgses again combine into
two mass-degenerate pairs. The origin of this degeneracy is
the special form of the soft breaking terms which satisfy
sin 2θ sin ξ = 1. Such soft breaking terms, in fact, respect
several of the symmetries of the vacuum. Within the same
example C1, the soft breaking matrix takes the form

M = �

6

⎛
⎝

2 −1 −1
−1 2 −1
−1 −1 2

⎞
⎠ + δ

√
3

6

⎛
⎝

0 −i i
i 0 −i

−i i 0

⎞
⎠ , (33)

which is invariant under cyclic permutations as well as an
exchange of any two doublets followed by a CP transforma-
tion. These residual symmetries form the group S3 and force
the neutral scalars to be pairwise degenerate.

The third observation is the remarkable form of neutral
mass splittings:

m2
h2

− m2
h1

= m2
H2

− m2
H1

. (34)

It can be viewed as yet another structural feature inherited
from the parent symmetric model.

3.4 Global vs. local minimum

The potential of the parent �(36)-invariant 3HDM contains
six distinct minima which are linked by the broken symme-
try generators and are degenerate. When we introduce soft
breaking terms, we destroy the symmetry, and the six minima
are not equivalent anymore. Therefore, one can wonder if the
minimum which one selects to construct the vev-preserving
soft breaking terms represents the global or a local mini-
mum. The answer turns out surprisingly simple: the chosen
minimum remains the global one if μ2 > 0 and μ3 > 0.
Additionally, we verified numerically and found that for neg-
ative, but small values of either μ2 or μ3, the minimum can
remain global. The smallness can be quantified relative to the
coefficient of the SU (3)-invariant quadratic term, m2.

This feature has a simple explanation. Suppose we select
one particular minimum out of the six degenerate minima
and add generic soft breaking terms which preserve this min-
imum. The depth of the potential at this particular minimum
does not change because 〈φ†

i 〉Mi j 〈φ j 〉 = 0 (we used here
μ1 = 0). At all other points, be they extrema or not, the soft
breaking terms add 〈φ†

i 〉Mi j 〈φ j 〉 to the potential. If μ2 > 0
and μ3 > 0, this extra contribution is strictly positive every-
where away from the chosen minimum direction. Therefore,
the chosen minimum is automatically the global one.

It is possible to construct examples in which the global
minimum is not unique. For example, one can set μ2 = 0 and

construct such M that the corresponding eigenvector coin-
cides with another minimum of the �(36) symmetric model.
In this case, the soft breaking terms will keep unchanged at
least two of the previously degenerate minima.

By the same logic, one can also select a small μ2 < 0
(keeping μ3 > 0) and select the eigenvector not to pass
through any other minima. Then, it is possible to find the
values of angles θ , ξ which will result in a second minimum at
the same depth as the selected one. By continuity arguments,
we see that the selected minimum can remain the global one
even if μ2 < 0.

This analysis is corroborated by a numerical scan over the
vev-preserving soft breaking parameter space, which pro-
ceeds as follows. We take a reference �(36)-symmetric par-
ent model by selecting parameters λ2 > 0 (required for the
minimum to be neutral) and λ3 and then expressing m2 and
λ1 via known v and the SM-like Higgs mass mh . Once the
reference model is fixed, we select a vev alignment and add
soft breaking terms Vsoft which preserve the vev alignment
selected as well as its magnitude (that is, we set μ1 = 0).
We then scan over the soft breaking parameters μ2, μ3 in
the range from −106 to 106 GeV2 and over θ, ξ in their
entire domains. At each point, we numerically search for the
global minima and, with this information, we can determine
whether the selected vev alignment stays the global mini-
mum or becomes a local minimum with a given choice of
soft breaking terms. Also, at each vev alignment, we numer-
ically compute the masses of the physical scalars; for the
minimum we have selected, these masses are found to agree
with Eqs. (27)–(31).

We found that for all points with μ2, μ3 > 0, the cho-
sen minimum remains the global one upon the addition
of soft breaking terms. We also verify that it is the only
global minimum of the resulting potential, not a degenerate
global minimum. If μ2 or μ3 is significantly negative, the
selected minimum unavoidably becomes local. However we
also found many points where one of the two parameters, μ2

or μ3, is slightly negative, but the minimum remains global.
Thus, requiring μ2, μ3 > 0 is a sufficient but not necessary
assumption for staying in the global minimum.

We illustrate this observation with the scatter plot in Fig. 1,
where we start with the symmetric model with λ2 = 0.6,
λ3 = −0.7, select a minimum of type A, perform a four-
parameter scan over soft breaking parameters, and project
the results onto (�, δ) plane. We focus here on relatively
small values of these two parameters. At the black lines, μ2

or μ3 changes sign. However the boundary between “always
local” and “always global” parameter space regions does not
coincide with the black lines and is in fact blurred. A very
similar picture is observed for other parameters of the sym-
metric model.

What we gain from this exercise is the following insight:
if one wants to build a softly broken �(36) 3HDM with a
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Fig. 1 The effect of the vev-preserving alignment parameters of
Eq. (25) on the depth of the chosen minimum. The entire four-parameter
scan is projected onto the (�, δ) plane within the range −103 GeV2 ≤
�, δ ≤ 103 GeV2. Blue (gray) dots correspond to soft breaking param-
eter sets leading to the global (local) minimum. The black lines are the
borders where μ2 or μ3 changes sign

vacuum at the brink of absolute tree-level stability, one should
explore the parameter space regions along these lines.

3.5 Decoupling limits

Decoupling limit in multi-Higgs models refers to the regime
in which additional, non-SM scalars are very heavy, so that
we are left at the electroweak scale with the single Higgs
particle whose tree-level properties approach the properties
if the SM Higgs [33]. Decoupling limit is a weaker state-
ment than the exact decoupling theorem, which requires all
the effects induced by heavy non-standard particles to asymp-
totically disappear in the large mass limit. It is well known
that, in the 2HDM and 3HDM, certain decays of the SM-
like Higgs boson receive finite corrections from the charged
Higgs boson loops even if their masses are very large [34,35].
Thus, it is worth scrutinizing the properties of the SM-like
Higgs boson in the decoupling limit.

In the 3HDM, we can also define in a similar manner the
2HDM-like limit, when two neutral and a pair of charged Hig-
gses are heavy and decouple from the remaining relatively
light 2HDM-like sector. Similarly to the distinction between
the decoupling theorem and decoupling limit, decays of the
scalars in this 2HDM-like sector may show deviations with
respect to the 2HDM which would mimic the mass spectrum
of the 3HDM with one generation of very heavy Higgses.
This comparison would require a dedicated work.

Whether a multi-Higgs model can exhibit the SM decou-
pling limit depends on its symmetry content. The recent
studies [36–38] proved that a symmetry-constrained multi-
Higgs-doublet model allows for the decoupling limit only
when the vev alignment preserves the symmetry group. In
the 3HDMs with Higgs doublets in the 3D irreducible repre-
sentation of the global symmetry group G, including the case
of �(36), the vev alignment unavoidably breaks the symme-

try group, which makes the decoupling limit unattainable.
This is also clearly seen by the single quadratic parameter
m2 in the �(36)-invariant 3HDM.

The presence of soft breaking terms lead to models without
any exact symmetry and, therefore, can display the decou-
pling regime. If both μ2, μ3 � |λ3|v2, one can expand the
neutral Higgs masses Eqs. (27)–(31) as

m2
h1,h2

≈ μ2 + |λ3|v2 ∓ x

2
|λ3|v2,

m2
H1,H2

≈ μ3 + |λ3|v2 ∓ x

2
|λ3|v2. (35)

One observes the natural scale separation for the two
heavy “multiplets”: the squared-masses of H±

1 , h1 and h2

stay at the scale μ2, while H±
2 , H1 and H2 reside at the

scale μ3. Within each multiplet, one observes the same mass
splitting pattern:

m2
H±

1
− m2

h1
= 1

2
v2 [λ2 + λ3 f (x)] ,

m2
h2

− m2
h1

= x |λ3|v2, (36)

with f (x) = x + 1 for λ3 > 0 (points B and C) and f (x) =
2 − x for λ3 < 0 (points A and A′), and exactly the same
splitting for H±

2 , H1, H2. Notice that since 0 ≤ x ≤ 1, the
function f (x) lies between 1 and 2 for any choice of the
minimum.

Thus, we observe another structural feature of the softly
broken model driven by the large symmetry of the parent
model: in the SM-like decoupling limit, the decoupled sector
has a rigid structure of its mass spectrum.

For the 2HDM-like decoupling limit, we assume that μ3

is large, while μ2 is of the same order of magnitude as λ3v
2.

The approximate results of Eq. (35) driven by large |δ| remain
valid, but the mass scales of hi and Hi are now different. The
heavy scalars may be dynamically decoupled from the lighter
degrees of freedom, but this does not mean their spectrum
can be arbitrary. In fact, the heavy scalars display the same
pattern of mass splitting shown in Eq. (36) as the lighter
Higgses. Put simply, decoupling does not imply structural
independence of the two sectors.

We also stress that the 2HDM-like model emerging after
decoupling of the heavier scalars is not the general 2HDM
but a rather constrained version of it. It closely resembles
the 2HDM equipped with an approximate Z2 symmetry and
further constrained by additional relations among parame-
ters. Investigation of the phenomenological features of the
resulting 2HDM-like model deserves a dedicated study.

3.6 Decays of non-standard Higgses

In the parent �(36) 3HDM, each of the possible minima is
still invariant under a subgroup of �(36). As a result, the
scalar spectrum contains states stabilized against decay by
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Fig. 2 Scalar loop diagrams
inducing h1 → hSMhSM decays
in the softly broken �(36)

3HDM, where X, Y denote any
scalar field

h1

hSM

hSM

X

Y

h1

hSM

hSM

X

Y

these residual symmetries. In particular, tree-level trilinear
couplings of such states to hSM pairs are all vanishing. How-
ever, the vev alignment preserving soft breaking terms, in
general, remove all the symmetries from the model. As a
result, the Higgses which were previously stabilized by resid-
ual symmetries are not protected anymore and can decay to
the SM-like Higgses and further to the SM fields.

To understand how these decays proceed, suppose that h1

is the lightest non-SM-like scalar. In the parent symmetric
model, we had very few trilinear couplings involving h1.
With the soft breaking terms, one adds a few more terms,
but the interaction vertices h1hSMhSM and h1hSMhSMhSM
which could generate tree-level decays of h1 are still absent.
Thus, there is no tree-level path to the decay of h1.

Next, we checked scalar combinations which could lead
to one-loop decays through the diagrams shown in Fig. 2.
We found that there exist matching trilinear and quartic cou-
plings (h1XY and XYhSMhSM for topology 1, h1hSM XY
and XYhSM for topology 2) which share the same pairs
of scalars XY . These matching pairs appear only with soft
breaking terms; they were absent in the symmetric model.

These diagrams induce decay of h1, which may be sup-
pressed due to a number of reasons (loop factors, small cou-
plings, subthreshold effects for mh1 < 2mhSM ). If this sup-
pression is significant, it may lead to displaced vertex signals
which could be seen at colliders. Calculation of these decays
should be an important part of a detailed phenomenological
study of the softly broken �(36) 3HDM.

4 Discussion and conclusions

Historically, multi-Higgs-doublet models with large symme-
try groups triggered interest thanks to the opportunities they
offered to link hierarchical quark masses and mixing patterns
as well as the amount of CP violation with symmetry group
properties. It turned out, however, that large exact discrete
symmetry groups are too restrictive and run into conflict with
quark properties [6,7]. This obstacle can be avoided if the
large symmetry group is softly broken by quadratic terms in
the potential. However, the large number of new free param-
eters associated with the general soft breaking terms come
makes a straightforward analysis of their consequences – and
even the presentations of the results – rather cumbersome.

One needs additional methods capable of indicating which
directions in the soft breaking parameter space are linked to
which kind of phenomenological signals.

In this paper, we began developing such methods. Rely-
ing on the fact that multi-Higgs models with large discrete
symmetry groups lead to very specific vev alignments, we
asked which soft breaking terms could preserve a chosen
alignment and found a general constructive answer through
an eigenvector-based procedure.

We illustrated this procedure with the 3HDM example
based on the softly broken symmetry group �(36). Out of
the nine soft breaking parameters, we identified five which
preserve the vev alignment and four which break it. Focus-
ing on the vev-alignment preserving terms, we investigated
scalar alignment, physical Higgs masses and their relations,
the global vs. local minimum distinction, stable vs. unstable
scalars, existence of the SM-like and 2HDM-like decoupling
limits. Remarkably, although the softly broken model does
not possess any exact symmetry, we found that is still pos-
sesses several structural properties inherited from the parent
�(36)-symmetric 3HDM. They included scalar alignment,
certain relations among Higgs masses, and peculiar form of
decoupling to a 2HDM-like model (that is, decoupling does
not imply complete independence).

The vision which emerges from this study will guide
further detailed phenomenological studies of softly broken
symmetry models. If one asks for specific signatures from
softly broken symmetries, this procedure will indicate which
parameters must be taken into account and which are inessen-
tial. More in-depth phenomenological investigations of the
resulting benchmark models will be a subject of future works.

We also believe that the “symmetries of symmetries” for-
malism to the structural properties of the symmetric scalar
potentials developed in [31] can provide additional insights
into this problem.
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Appendix A: �(36) vs. �(54) 3HDM

To avoid confusion, let us clarify the definition of the group
�(36). If one understands the generators a, b, and d given
in Eq. (5) as transformations, from SU (3), then the group
generated by them is

�(36ϕ) � �(27) � Z4, (37)

which has order |�(36ϕ)| = 108. However, SU (3) con-
tains its center, the group Z3 generated by ω(1, 1, 1), which
belongs to the global group hypercharge transformation
group. Factoring SU (3) by its center brings us to PSU (3) �
SU (3)/Z3. The group �(36) � �(36ϕ)/Z3 of order 36 is
understood as the subgroup of PSU (3).

When defining a group in PSU (3), one can still write a
generator g as a unitary 3 × 3 matrix, which is understood as
a representative point of the entire coset g ·Z3. Thus, one can
still use the generators a, b, and d as in Eq. (5), provided one
considers their relations up to any possible transformation
from the center. It is in this sense that we say that the genera-
tors a and b commute: their commutator aba−1b−1 produces
an element from the center of SU (3), which becomes an iden-
tity element of PSU (3). For more discussion of these subtle
distinctions, see [8,23].

We remark that the traditional notation of symmetry
groups in the scalar sector of 3HDM inadvertently confuses
the two spaces. That is, when one defines the A4 3HDM,
the group A4 is understood as a subgroup of PSU (3), while
when one speaks of �(27) 3HDM, one uses �(27) which is
a subgroup of SU (3).

The symmetry group �(36) is twice larger than the more
familiar group �(54) (which is, in fact, just (Z3 × Z3) �

Z2 inside PSU (3)). One would obtain the �(54)-symmetric

3HDM, if one required invariance under the generator d2,
not d itself. �(54) allows for additional terms in the potential
which are absent in Eq. (6).

In the CP-violating version of �(54) 3HDM, the three
points A would not be linked with A′ by a symmetry trans-
formation. The same would apply to the points B and C .
Thus, in CP-violating �(54) 3HDM, depending on the val-
ues of the parameters, the minimum could be at A, A′, B, or
C . For the CP-conserving �(54), points A and A′ become
related by a (generalized) CP symmetry transformation, so
the minimum can be either at points A+A′ or B orC . With the
enhanced family symmetry �(36) points B and C become
equivalent, too.

Appendix B: Alignment preserving soft breaking terms
for all the minima

For completeness, we list here the explicit expressions for
eigenvectors and the parametrization of the soft breaking
terms Mi j for all the minima of the �(36) symmetric model.

We begin the case considered in the main text and then
use it to build all other cases of type C , A and A′:

• For point C1 with the alignment (1, 1, 1) we use

n1 = 1√
3

⎛
⎝

1
1
1

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
1

−1

⎞
⎠ , e3 = 1√

6

⎛
⎝

−2
1
1

⎞
⎠ ,

(38)

and construct the vectors 	n2, 	n3 using the matrix in
Eq. (23). The Hermitean matrix Mi j has the following
elements:

M11 = m2
11 = 1

3
(� − δ cos 2θ)

M22 = m2
22 = 1

3

[
� + δ

(√
3

2
sin 2θ cos ξ + 1

2
cos 2θ

)]

M33 = m2
22 = 1

3

[
� + δ

(
−

√
3

2
sin 2θ cos ξ + 1

2
cos 2θ

)]

M12 = m2
12 = 1

6

[
−� + δ(−√

3 sin 2θeiξ + cos 2θ)
]

M31 = m2
31 = 1

6

[
−� + δ(

√
3 sin 2θe−iξ + cos 2θ)

]

M23 = m2
23 = 1

6

[
−� − δ(i

√
3 sin 2θ sin ξ + 2 cos 2θ)

]
.

(39)

• For point C2 with the alignment (1, ω, ω2) we use:
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n1 = 1√
3

⎛
⎝

1
ω

ω2

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
ω

−ω2

⎞
⎠ . e3 = 1√

6

⎛
⎝

−2
ω

ω2

⎞
⎠ .

(40)

The Hermitean matrix Mi j can now be easily expressed
as

Mi j

∣∣∣
C2

=
⎛
⎝

. . . ω2 . . . ω . . .

ω . . . . . . ω2 . . .

ω2 . . . ω . . . . . .

⎞
⎠ , (41)

where dots indicate the corresponding element of the
matrix Mi j at point C1 given in Eq. (39).

• For point C3 with the alignment (1, ω2, ω) we use:

n1 = 1√
3

⎛
⎝

1
ω2

ω

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
ω2

−ω

⎞
⎠ . e3 = 1√

6

⎛
⎝

−2
ω2

ω

⎞
⎠ .

(42)

The elements of the Hermitean matrix Mi j are now

Mi j

∣∣∣
C3

=
⎛
⎝

. . . ω . . . ω2 . . .

ω2 . . . . . . ω . . .

ω . . . ω2 . . . . . .

⎞
⎠ . (43)

• For point A1 with the alignment (ω, 1, 1) we use:

n1 = 1√
3

⎛
⎝

ω

1
1

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
1

−1

⎞
⎠ . e3 = 1√

6

⎛
⎝

−2ω

1
1

⎞
⎠ .

(44)

The Hermitean matrix Mi j is now

Mi j

∣∣∣
A1

=
⎛
⎝

. . . ω . . . ω . . .

ω2 . . . . . . . . .

ω2 . . . . . . . . .

⎞
⎠ . (45)

• For point A2 with the alignment (1, ω, 1) we use:

n1 = 1√
3

⎛
⎝

1
ω

1

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
ω

−1

⎞
⎠ . e3 = 1√

6

⎛
⎝

−2
ω

1

⎞
⎠ .

(46)

The Hermitean matrix Mi j is now

Mi j

∣∣∣
A2

=
⎛
⎝

. . . ω2 . . . . . .

ω . . . . . . ω . . .

. . . ω2 . . . . . .

⎞
⎠ . (47)

• For point A3 with the alignment (1, 1, ω) we use:

n1 = 1√
3

⎛
⎝

1
1
ω

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
1

−ω

⎞
⎠ . e3 = 1√

6

⎛
⎝

−2
1
ω

⎞
⎠ .

(48)

The Hermitean matrix Mi j is now

Mi j

∣∣∣
A3

=
⎛
⎝

. . . . . . ω2 . . .

. . . . . . ω2 . . .

ω . . . ω . . . . . .

⎞
⎠ . (49)

• For points A′
1, A′

2, A′
3, we obtain the relevant expressions

by performing complex conjugation (not Hermitean con-
jugation!) of the corresponding expressions for points A1,
A2, A3.

Finally, for points of type B we use a slightly different
choice of basis eigenvectors.

• For point B1 with alignment (1, 0, 0) we use

n1 =
⎛
⎝

1
0
0

⎞
⎠ , e2 = 1√

2

⎛
⎝

0
1
i

⎞
⎠ , e3 = 1√

2

⎛
⎝

0
i
1

⎞
⎠ . (50)

The resulting matrix Mi j has the following elements:

M11 = M12 = M13 = 0

M22 = 1

2
(� − δ sin 2θ sin ξ)

M33 = 1

2
(� + δ sin 2θ sin ξ)

M23 = 1

2
δ (sin 2θ cos ξ − i cos 2θ) . (51)

The motivation for the choice (48) is the following. In all
previous cases, by setting sin 2θ sin ξ = 1, we obtain soft
breaking terms which respect several symmetries of the
vacuum which, in turn, leads to pairwise mass degenerate
neutral scalars, see the discussion around Eq. (33). We
want to achieve the same feature for points B. This can be
done if M is diagonal (the preserved symmetries being the
generator a in Eq. (5) and the ordinary CP). The choice
of Eq. (50) is exactly the one which produces diagonal
M for sin 2θ sin ξ = 1.

• For point B2 with alignment (0, 1, 0) we use

n1 =
⎛
⎝

0
1
0

⎞
⎠ , e2 = 1√

2

⎛
⎝
i
0
1

⎞
⎠ , e3 = 1√

2

⎛
⎝

1
0
i

⎞
⎠ . (52)
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The resulting matrix Mi j has the following elements:

M21 = M22 = M23 = 0

M33 = 1

2
(� − δ sin 2θ sin ξ)

M11 = 1

2
(� + δ sin 2θ sin ξ)

M31 = 1

2
δ (sin 2θ cos ξ − i cos 2θ) . (53)

• For point B3 with alignment (0, 0, 1) we use

n1 =
⎛
⎝

0
0
1

⎞
⎠ , e2 = 1√

2

⎛
⎝

1
i
0

⎞
⎠ , e3 = 1√

2

⎛
⎝
i
1
0

⎞
⎠ . (54)

The resulting matrix Mi j has the following elements:

M31 = M32 = M33 = 0

M11 = 1

2
(� − δ sin 2θ sin ξ)

M22 = 1

2
(� + δ sin 2θ sin ξ)

M12 = 1

2
δ (sin 2θ cos ξ − i cos 2θ) . (55)
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