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Abstract We propose a quark-lepton model via lepto-
quarks and modular A4 symmetry. Since the neutrino mass is
induced at one-loop level mediated by down quarks as well
as leptoquarks, we have to explain lepton and quark masses
and mixings with a single modulus τ . Here, we find predic-
tions for lepton and quark sectors with unified modulus τ ,
and show several constraints originating from leptoquarks.

1 Introduction

Since lepto-quark(LQ) bosons connect lepton and quark sec-
tors, these models potentially explain several new physics
beyond the standard model (SM); e.g., lepton(muon or elec-
tron) anomalous magnetic dipole moment (g − 2) [1–6],
B meson decays such as b → sμμ̄ [2,4,5,7–9] and b →
c�ν̄�(� = e, μ, τ ) [4,8–10],1 and nonzero neutrino masses
[6,9,11,14]. Especially, muon g − 2 anomaly is recently
reported by E989 experiment at Fermilab combining BNL
result [22], and its value is deviated from the SM by 4.2σ as
follows:

�aμ = (25.1 ± 5.9) × 10−10. (1.1)

Also, the LHCb collaboration [23] recently reported anomaly
of rare B meson decays of b → sμμ̄ that is understood as

1 The anomaly of b → c�ν̄� processes are observed in experiments
[15–21], and LQ model is one of the most promising explanations on
this anomaly.

a e-mail: nomura@scu.edu.cn
b e-mail: hiroshi.okada@apctp.org
c e-mail: Yuta.Orikasa@utef.cvut.cz (corresponding author)

violation of lepton universality. The updated result is given
by

BR(B+ → K+μ−μ+)

BR(B+ → K+e−e+)

= 0.846+0.042+0.013
−0.039−0.012 (1.1 GeV2 < q2 < 6 GeV2),

(1.2)

where first(second) uncertainty is statistical(systematic) one
and q2 is the invariant mass squared for dilepton. In addi-
tion to the above phenomenologies, interestingly, the nonzero
Majorana neutrino mass at one-loop can be realized without
any additional symmetries by introducing appropriate LQs
[12–14]. This may be natural realization of tiny neutrino mass
model due to loop suppression.

Considering above issues, one finds that Yukawa flavor
structure is also very important to explain them. Recently,
powerful symmetries to restrict the number of parameters in
Yukawa couplings, so called “modular flavor symmetries”,
were proposed by authors in Refs. [24,25], in which they
have applied modular originated non-Abelian discrete fla-
vor symmetries to quark and lepton sectors. One remarkable
advantage of applying this symmetries is that dimension-
less couplings of model can be transformed into non-trivial
representations under those symmetries, and all the dimen-
sionless values are uniquely fixed once modulus is deter-
mined in fundamental region. We then do not need the scalar
fields to obtain a predictive mass matrix. Along the line of
this idea, a vast reference has recently appeared in the lit-
erature, e.g., A4 [24,26–58], S3 [59–64], S4 [65–76], A5

[70,77,78], double covering of A5 [79–81], larger groups
[82], multiple modular symmetries [83], and double covering
of A4 [84,85], S4 [86,87], and the other types of groups [88–
93] in which masses, mixing, and CP phases for the quark
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and/or lepton have been predicted.2 Moreover, a systematic
approach to understand the origin of CP transformations has
been discussed in Ref. [102], and CP/flavor violation in mod-
els with modular symmetry was discussed in Refs. [56,103–
105], and a possible correction from Kähler potential was
discussed in Ref. [106]. Furthermore, systematic analysis of
the fixed points (stabilizers) has been discussed in Ref. [107].
A very recent paper of Ref. [108] finds a favorable fixed point
τ = ω among three fixed points, which are the fundamental
domain of PSL(2, Z), by systematically analyzing the sta-
bilized moduli values in the possible configurations of flux
compactifications as well as investigating the probabilities of
moduli values. It is then interesting to discuss a LQ model
under the framework of modular flavor symmetry since we
are motivated to consider lepton and quark sector together
as a LQ connect these sectors and some predictions in both
sector can be expected.

In this paper, we focus on the quark and lepton masses
and mixings based on a LQ model in Ref. [14], introducing
modular A4 symmetry to reduce free parameters of Yukawa
couplings. Since the quark sector connects to the lepton sec-
tor via LQ, charge assignments for quarks(leptons) directly
affect the leptons(quarks). In this sense, it would be a good
motivation towards unification of quark and lepton flavor in
A4 modular symmetry.

This paper is organized as follows. In Sect. 2, we review
our model of quark and lepton. In Sect. 3, we have numeri-
cal analysis and show several results for normal and inverted
hierarchies. We conclude in Sect. 4. In appendix, we sum-
marize several features of modular A4 symmetry.

2 Model

In this section, we review our model. It is known that intro-
ducing proper leptoquarks lead us to a radiative seesaw model
without any additional symmetries such as Z2. Here, we
introduce two types of leptoquarks η and � based on Ref.
[14]. The color-triplet η has SU (2)L doublet with 1/6 hyper-
charge, and the color-antitriplet � has SU (2)L triplet with
1/3 hypercharge, where these new bosons and their charges
are summarized in Table 1. Then, the valid Lagrangian to
induce the quark and lepton mass matrices is given by

−Lq
Y = yui j ū Ri (iσ2)H

∗QL j + ydi j d̄Ri HQL j + h.c., (2.1)

−L�
Y = hi j ēRi H LL j + h.c.. (2.2)

2 For interest readers, we provide some literature reviews, which are
useful to understand the non-Abelian group and its applications to flavor
structure [94–101].

The Lagrangian for the mixing between the quark and
lepton and nontrivial potential are given by

− Lmix
Y = fi j dRi η

T (iσ2)LL j + gi j Qc
Li

(iσ2)�LL j + h.c.,

(2.3)

V ⊃ −μH†�η + h.c., (2.4)

where (i, j) = 1−3 are family indices, σ2 is the second Pauli
matrix, and H is the SM Higgs field that develops a nonzero
VEV, which is symbolized by 〈H〉 ≡ v/

√
2 ≈ 246/

√
2 GeV,

and H has nonzero modular weight. Here, we parameterize
components of the scalars as follows:

H =
[

w+
v+φ+i z√

2

]
, η =

[
η2/3

η−1/3

]
, � =

⎡
⎣ δ1/3√

2
δ4/3

δ−2/3 − δ1/3√
2

⎤
⎦ ,

(2.5)

where the subscript of the fields represents the electric charge,
and w+ and z are absorbed by the longitudinal component
of the W+ and Z bosons, respectively. Due to the μ term in
Eq. (2.4), the charged components with 1/3 and 2/3 electric
charges mix each other. Here, we parametrize their mixing
matrices and mass eigenstates as follows:

[
ηi/3

δi/3

]
= Oi

[
Ai

Bi

]
, Oi ≡

[
cai sai

−sai cai

]
, (i = 1, 2),

(2.6)

where their masses are denoted as mAi and mBi respectively.
The interactions in terms of the mass eigenstates can be writ-
ten as

− Lq
Y ≈ mui j ū Ri uL j + mdi j d̄Ri dL j + h.c., (2.7)

− L�
Y ≈ m�i j ēRi �L j + h.c., (2.8)

− Lmix
Y ≈ fi j dRi νL j (ca1 A

∗
1 + sa1 B

∗
1 )

− gi j√
2
dcLi

νL j (−sa1 A1 + ca1 B1) (2.9)

− fi j dRi �L j (ca2 A2 + sa2 B2)

− gi j√
2
ucLi

�L j (−sa1 A1 + ca1 B1) (2.10)

− gi j dcLi
�L j δ4/3 + gi j ucLi

νL j (−sa2 A
∗
2 + ca2 B

∗
2 ) + h.c.,

(2.11)

where we define mui j ≡ vyui j√
2

, mdi j ≡ vydi j√
2

, and m�i j ≡ vhi j√
2

.

The next task is to determine the matrices of yu, yd , h, f, g
via modular A4 symmetry. In the quark sector, we assign
QL to be 3 and −2, ū R to be {1, 1′′, 1′} and −4, and d̄R
to be {1, 1′′, 1′} and 0 under A4 and −k, respectively. This
assignment is the same as the one in Ref. [45], and it is already
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Table 1 Charge assignments of the LQ bosonsη and�under SU (3)C×
SU (2)L ×U (1)Y × A4 where kI is the number of modular weight

η �

SU (3)C 3 3̄

SU (2)L 2 3

U (1)Y
1
6

1
3

A4 1 1

−kI −2 −2

known that allowed region [30]. Thus, we will work on the
same τ region of the lepton sector in our numerical analysis.
The up-type quark mass matrix is written as:

yu =
⎛
⎝au 0 0

0 ac 0
0 0 at

⎞
⎠

⎡
⎣

⎛
⎝ f1 f3 f2

f2 f1 f3
f3 f2 f1

⎞
⎠

+
⎛
⎝gu1 0 0

0 gu2 0
0 0 gu3

⎞
⎠

⎛
⎝ f ′

1 f ′
3 f ′

2
f ′
2 f ′

1 f ′
3

f ′
3 f ′

2 f ′
1

⎞
⎠

⎤
⎦ ,

(2.12)

where Y (6)
3 ≡ [ f1, f2, f3]T and Y (6)

3′ ≡ [ f ′
1, f ′

2, f ′
3]T ,

gu1 = α′
u/αu , gu2 = β ′

u/βu and gu3 = γ ′
u/γu are complex

parameters, and au , ac and at can be used to fit the masses of
up quarks. The explicit forms of fi and f ′

i are summarized in
Appendix. Then mu is diagonalized by two unitary matrices
as Du = V †

uRmuVuL , where Du ≡ diag(mu,mc,mt ) is mass
eigenvalues. Therefore, we find |Du |2 = V †

uLm
†
umuVuL .

On the other hand, the down-type quark mass matrix is
given as:

yd =
⎛
⎝ad 0 0

0 as 0
0 0 ab

⎞
⎠

⎛
⎝y1 y3 y2

y2 y1 y3

y3 y2 y1

⎞
⎠ , (2.13)

where and ad , as and ab can be used to fit the masses of down
quarks, and Y (2)

3 ≡ [y1, y2, y3]T in Appendix. Then md is

diagonalized by two unitary matrices as Dd = V †
dR
mdVdL ,

where Dd ≡ diag(md ,ms,mb) is mass eigenvalues. There-
fore, we find |Dd |2 = V †

dL
m†

dmdVdL . Finally, we get the
observable mixing matrix VCKM as follows:

VCKM = V †
uL VdL . (2.14)

2.1 Lepton sector

Now let us move on the lepton sector. We assign LL to be
3 and −2 and ēR to be {1, 1′′, 1′} and 0 under A4 and −k,
respectively. Here, both of the leptoquark scalars are assigned
to be true A4 singlets with −2 modular weight. The assign-
ments of A4 and −k are also summarized in Tables 1 and

2. Under these assignments, we can write down the concrete
matrices as follows:

h =
⎡
⎣a� 0 0

0 b� 0
0 0 c�

⎤
⎦

⎡
⎣ y1 y3 y2

y2 y1 y3

y3 y2 y1

⎤
⎦ , (2.15)

f =
⎡
⎣aη 0 0

0 bη 0
0 0 cη

⎤
⎦

⎡
⎣ y′

1 y′
3 y′

2
y′

2 y′
1 y′

3
y′

3 y′
2 y′

1

⎤
⎦ , (2.16)

g = aY (6)
1

⎡
⎣ 1 0 0

0 0 1
0 1 0

⎤
⎦ + b

3

⎡
⎣ 2 f1 − f3 − f2

− f3 2 f2 − f1
− f2 − f1 2 f3

⎤
⎦

+ c

2

⎡
⎣ 0 f3 − f2

− f3 0 f1
f2 − f1 0

⎤
⎦

+ b
′

3

⎡
⎢⎣ 2 f

′
1 − f

′
3 − f

′
2

− f
′
3 2 f

′
2 − f

′
1

− f
′
2 − f

′
1 2 f

′
3

⎤
⎥⎦ + c

′

2

⎡
⎢⎣ 0 f

′
3 − f

′
2

− f
′
3 0 f

′
1

f
′
2 − f

′
1 0

⎤
⎥⎦

(2.17)

where Y (4)
3 ≡ [y′

1, y
′
2, y

′
3]T in Appendix.

The charged-lepton sector after spontaneous symmetry
breaking is given by

−L�
Y = v

hi j√
2
�Li eR j + h.c.. (2.18)

Then m�(≡ vh/
√

2) is diagonalized by two unitary matrices
as D� = V †

�R
m�V�L , where D� ≡ diag(me,mμ,mτ ) is mass

eigenvalues. Therefore, we find |D�|2 = V †
�L
m†

�m�V�L . The
active neutrino mass matrix mν is given at one-loop level
through the following interactions:

−L�
Y = Fajd ′

Ra
νL j (ca1 A1 + sa1 B1)

− Gajd ′c
La

νL j (−sa1 A1 + ca1 B1), (2.19)

where F ≡ V †
dR

f and G ≡ V T
dL
g and d ′ is mass eigenstate.

Then, the neutrino masss matrix in Fig. 1 is given at one-loop
level as follows:

(mν)i j = s2a1

3

4(4π)2

[
1 − m2

A1

m2
B1

]

×
3∑

i=1

[
FT
ia DdaGaj + GT

iaDda Faj
]
FI (rA1 , rDdi

),

(2.20)

FI (r1, r2) = r1(r2 − 1) ln r1 − r2(r1 − 1) ln r2

(r1 − 1)(r2 − 1)(r1 − r2)
, (r1 �= 1),

(2.21)
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Table 2 Charge assignments of the SM fermions under SU (3)C × SU (2)L ×U (1)Y × A4 where kI is the number of modular weight

Fermions
QL ūR d̄R LL ēR

SU (3)C 3 3̄ 3̄ 1 1

SU (2)L 2 1 1 2 1

U (1)Y
1
6 − 2

3
1
3 − 1

2 1

A4 3 1, 1′′, 1′ 1, 1′′, 1′ 3 1, 1′′, 1′

−kI −2 −4 0 −2 0

Fig. 1 One-loop diagrams for generating the neutrino mass matrix

where we define rA1 ≡ (mA1/mB1)
2 and rDdi

≡ (Ddi /mB1)
2.

mν is diagonalzied by a unitary matrix Vν ; Dν ≡ V T
ν mνVν .

Here, we define a modified neutrino mass matrix as m̃ν ≡
mν/s2a1 . Then, we rewrite this diagonalization in terms of
the modified form D̃ν ≡ V T

ν m̃νVν . Thus, we fix s2a1 by

(NH) : s2
2a1

= |�m2
atm|

D̃2
ν3

− D̃2
ν1

, (IH) : s2
2a1

= |�m2
atm|

D̃2
ν2

− D̃2
ν3

,

(2.22)

where m̃ν is diagonalized by V †
ν (m̃†

νm̃ν)Vν = (D̃2
ν1

, D̃2
ν2

,

D̃2
ν3

) and �m2
atm is the atmospheric neutrino mass-squared

difference. Here, NH and IH respectively stand for the normal
hierarchy and the inverted hierarchy. Subsequently, the solar
neutrino mass-squared difference is depicted in terms of s2a1

as follows:

�m2
sol = s2

2a1
(D̃2

ν2
− D̃2

ν1
). (2.23)

This should be within the experimental value, where we adopt
NuFit 5.0 [109] to our numerical analysis later. The neutri-
noless double beta decay is also given by

〈mee〉 = s2a1 |D̃ν1 cos2 θ12 cos2 θ13

+ D̃ν2 sin2 θ12 cos2 θ13e
iα2

+ D̃ν3 sin2 θ13e
i(α3−2δCP )|, (2.24)

which may be able to observed by KamLAND-Zen in future
[110]. The observed mixing matrix of lepton sector [111] is
given by VPMNS ≡ V †

�L
Vν .

3 Numerical analysis

Here, we perform numerical analysis. Before searching for
allowed region, we fix some mass parameters as mA2 = mA1

and mB2 = mδ = mB1 , where we require degenerate masses
for the components of η and � to suppress the oblique param-
eters �S and �T . Notice here that our theoretical parame-
ters au,c,t , ad,s,b, a�, b�, c� are used to determined the exper-
imental masses for quarks and charged-leptons. Thus, only
the following input parameters are randomly selected in the
range of

(mA1,mB1) ∈ [1 , 100 ] TeV,

|gu1,u2,u3| ∈
[
10−5, 1.5

]
,

(|aη|, |bη|, |cη|, |a|, |b|, |c|, |b′|, |c′|) ∈
[
10−5, 10

]
.

(3.1)

Above the range, we have numerical analysis in cases for
quark and lepton, where experimental data in the quark sector
should be within the range at 3σ . While the one in the lepton
sector is discussed in the range within 3σ (yellow dots) and
5σ (red dots) applying χ2 analysis in Nufit 5.0.

3.1 NH

For NH case, we show our results of lepton sector in Figs. 2, 3,
4, 5. In Fig. 2, allowed value of τ is shown where yellow(red)
points present the values within 3(5)σ . One finds that allowed
space is rather localized. Especially, the region at nearby
τ ∼ 1.75i would be interesting since it is close to the fixed
point that has a remnant Z3 symmetry. In Fig. 3, we demon-
strate allowed region of δCP in terms of

∑
mi .

∑
mi is rather

localized at 0.06−0.08 eV while whole the region is allowed
for δCP . Moreover, almost all the points are within the cos-
mological constraint ∼ 0.12 eV [112]. In Fig. 4, we present
allowed region of neutrinoless double beta decay 〈mee〉 in
terms of the lightest neutrino mass m1. 〈mee〉 is allowed up
to 0.025 eV while m1 is allowed up to 0.0025 eV. Moreover,
allowed region of m1 is localized at around 10−6 eV indi-
cating tiny mass of the lightest neutrino mass. In Fig. 5, we
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Fig. 2 Allowed value of τ . Yellow and red points present the values
within 3 and 5σ

Fig. 3 Allowed region of δCP in terms of
∑

mi

Fig. 4 Allowed region of the mass of neutrinoless double beta decay
in terms of the lightest neutrino mass

depict allowed region of Majorana phases α21 and α31. Both
are allowed for whole the region but there would be tendency
that α21 is localized at around 180◦.

In addition to the lepton sector, we will search for our
allowed region of quark sector in Figs. 6, 7, 8. Here, the
dotted red line at 3σ interval while the black line is best fit
value. And the yellow(red) points correspond to 3(5)σ of the
lepton sector where τ is commonly used.

Fig. 5 Allowed region of Majorana phases α21 in terms of α31

Fig. 6 The CP phase of quark δ versus (1, 3) component of CKM
matrix. The red dashed lines represent 3σ experimental bounds

Fig. 7 |Vub| versus |Vtd |

In Fig. 6, we show the CP phase of quark δ in term of (1, 3)
component of CKM matrix; |Vub|, and find whole the region
is allowed at 3σ interval. In Fig. 7, we show |Vub| and |Vtd |,
and found that there is a weak linearly correlation between
them. In Fig. 8, we show |Vcb| and |Vub|, and find that there
is also a weak linear correlation between them.

Benchmark point for NH: We also give a benchmark point
to satisfy the quark and lepton masses and mixings as well as
phases in the left sides of Tables 3 and 4 , where we extracted
a value at nearby τ = 1.75i . The corresponding lepton and
neutrino mixings are given by

123
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Fig. 8 |Vcb| versus |Vub|

V�L =
⎡
⎣ −0.75 + 0.00017i 0.35 − 0.000026i −0.56

0.20 − 0.000012i −0.68 + 0.000074i −0.70 − 0.000040i
−0.63 + 0.00013i −0.64 + 0.000077i 0.44 + 0.000044i

⎤
⎦ ,

(3.2)

Vν =
⎡
⎣ −0.91 − 0.20i 0.26 − 0.075i −0.22 − 0.027i

0.23 + 0.018i −0.045 − 0.28i −0.87 − 0.33i
−0.13 + 0.24i −0.25 + 0.88i −0.25 − 0.15i

⎤
⎦ . (3.3)

And the quark mixings are given by

VuL =
⎡
⎣ −0.75 − 0.057i 0.41 + 0.24i −0.46 + 0.0034i

−0.62 + 0.017i −0.31 − 0.068i 0.71 − 0.0045i
0.19 − 0.071i 0.76 + 0.30i 0.53 − 0.0015i

⎤
⎦ , (3.4)

VdL =
⎡
⎣ −0.64 + 0.000077i −0.63 + 0.00013i −0.44 − 0.000044i

−0.68 + 0.000074i 0.20 − 0.000012i 0.70 + 0.000040i
0.35 − 0.000026i −0.75 + 0.00017i 0.56

⎤
⎦ .

(3.5)

3.2 IH

In case of IH, we obtain less allowed parameter points com-
pared to the case of NH since it is more difficult to fit the
data. Since there are no points within 3σ region but few points
within 5σ region, we will explain the tendency instead of
showing scattering plots. The value of τ is interestingly local-
ized at nearby two fixed points i and 1.74i , each of which has
remnant symmetry of Z2 and Z3.

∑
mi is localized at 0.10–

0.12 eV while δCP is allowed for the range of 150◦–360◦.
Moreover, almost all the points are within the cosmological
constraint ∼ 0.12 eV that is similar to the NH case. 〈mee〉 is
localized at around 0.016–0.024 eV whilem1 is allowed up to
1.2×10−4 eV. Moreover,m1 is also localized at around 10−6

eV . α21 is localized at around 180◦,while α21 is allowed for
the range of 100◦–360◦.

In addition to the lepton sector, we discuss our allowed
region of quark sector. Even though the allowed points are
not so many, we might say something from our analysis as
follows. As for the CP phase of quark δ in term of (1, 3)
component of CKM matrix; |Vub|, we found whole the region
is allowed at 3σ interval. As for |Vub| and |Vtd |, we find that

there is a weak linearly correlation between them. As for |Vcb|
and |Vub|, we find that there is also a weak linear correlation
between them.

Bench mark point for IH: We give two interesting bench-
mark points; τ ≈ 1.06i, 1.76i to satisfy the quark and lepton
masses and mixings as well as phases in the center and right
sides of Tables 3 and 4 . The lepton and neutrino mixings are
given by

τ ≈ 1.06i :

V�L =
⎡
⎣ −0.65 + 0.0068i 0.72 + 0.00024i −0.25 + 0.00061i

−0.47 + 0.0067i −0.64 + 0.0012i −0.61 + 0.00072i
−0.60 + 0.0068i −0.28 + 0.00098i 0.75 + 0.000042i

⎤
⎦ ,

(3.6)

Vν =
⎡
⎣ −0.63 + 0.12i 0.053 − 0.029i −0.13 − 0.75i

0.090 + 0.11i 0.14 + 0.98i 0.015 − 0.089i
−0.75 + 0.10i 0.12 + 0.097i 0.068 + 0.63i

⎤
⎦ , (3.7)

τ ≈ 1.76i : (3.8)

V�L =
⎡
⎣ −0.21 − 0.000031i 0.80 − 0.0015i 0.56 + 0.000052i

0.63 − 0.00065i −0.33 + 0.00026i 0.70 + 0.00032i
0.75 − 0.00091i 0.50 − 0.0010i −0.44 − 0.00036i

⎤
⎦ ,

(3.9)

Vν =
⎡
⎣ −0.010 + 0.016i 0.063 − 0.098i −0.87 + 0.48i

0.28 − 0.037i −0.77 + 0.56i −0.12 + 0.014i
0.53 + 0.80i 0.25 + 0.13i 0.016 + 0.0094i

⎤
⎦ .

(3.10)

The quark mixings are given by

τ ≈ 1.06i :

VuL =
⎡
⎣ −0.59 + 0.26i −0.18 − 0.067i −0.71 − 0.23i

−0.55 + 0.21i −0.50 − 0.030i 0.61 + 0.18i
−0.41 + 0.28i 0.84 − 0.062i 0.20 + 0.080i

⎤
⎦ , (3.11)

VdL =
⎡
⎣ −0.60 + 0.0068i −0.28 + 0.00096i −0.75 − 0.000044i

−0.47 + 0.0067i −0.64 + 0.0011i 0.61 − 0.00072i
−0.65 + 0.0068i 0.72 + 0.00022i 0.25 − 0.00061i

⎤
⎦ ,

(3.12)

τ ≈ 1.76i :

VuL =
⎡
⎣ −0.76 − 0.042i 0.43 + 0.199 −0.45 + 0.0188i

−0.62 + 0.015i −0.33 − 0.052i 0.71 − 0.026i
0.19 − 0.054i 0.78 + 0.23i 0.54 − 0.014i

⎤
⎦ , (3.13)

VdL =
⎡
⎣ −0.64 + 0.00066i −0.63 + 0.0011i −0.44 − 0.00039i

−0.68 + 0.00064i 0.21 − 0.00013i 0.70 + 0.00037i
0.35 − 0.00023i −0.75 + 0.0015i 0.56 + 0.000089i

⎤
⎦ .

(3.14)

4 Conclusions

We have proposed a LQ model to explain the masses and
mixings for quark and lepton, introducing modular A4 sym-
metry. Due to nature of LQ model that lepton(quark) directly
connects to the quark(lepton) via LQ, a single modulus num-
ber has to be applied that leads to a good motivation towards
unification of quark and lepton flavor in A4 modular symme-
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Table 3 Numerical values of parameters and observables at the best fit points of NH and IH

Lepton NH (τ ≈ 1.75i) IH (τ ≈ 1.06i) IH (τ ≈ 1.76i)

τ −0.0000945 + 1.75i −0.000689 + 1.06i −0.000829 + 1.76i

aη −0.23 − 1.4i −0.31 + 0.013i −4.1 + 4.3i

bη −0.38 + 1.3i −0.045 − 0.027i −0.0014 + 0.0032i

cη 0.0077 − 0.031i 0.0014 − 0.000047i −0.0023 + 0.0035i

a 0.00016 + 0.00011i 3.0 + 0.98i 0.0085 + 0.025i

b −0.017 + 0.0013i 0.00014 + 0.00015i −0.096 + 0.041i

c −0.00030 − 0.00010i 0.0056 − 0.0021i −1.8 + 4.5i

b′ 0.00014 − 0.000016i 0.000024 + 0.000016i −0.00011 + 0.00011i

c′ −0.21 − 0.27i −0.15 + 0.031i −0.0000034 − 0.000060i

[αe, βe, γe] [0.0002, 9.3 × 10−7, 0.003] [0.0005, 10−5, 0.007] [9.1 × 10−7, 1.9 × 10−4, 0.003]
sin2 θ12 0.32 0.28 0.33

sin2 θ23 0.56 0.46 0.58

sin2 θ13 0.024 0.024 0.022

δ�
CP 328◦ 170◦ 335◦

[α21, α31] [169◦, 336◦] [167◦, 159◦] [157◦, 130◦]∑
mi 0.071 eV 0.11 eV 0.11 eV

s2a1 4.6 × 10−9 5.7 × 10−5 1.9 × 10−9

〈mee〉 3.2 meV 21 meV 19 meV

[mA1 ,mB1 ] [18, 6.0]TeV [37, 37]TeV [33, 39]TeV√
χ2 2.9 4.8 4.5

Table 4 Numerical values of
parameters and observables at
the best fit points of NH and IH

Quark NH (τ ≈ 1.75i) IH (τ ≈ 1.06i) IH (τ ≈ 1.76i)

τ −0.0000945 + 1.75i −0.000689 + 1.06i −0.000829 + 1.76i

au 1.3 × 10−7 8.2 × 10−8 1.1 × 10−5

ac 4.6 × 10−5 4.2 × 10−5 0.0007

at 0.017 0.017 0.22

gu1 0.00066 + 0.0016i −0.00013 + 0.013i 0.57 − 0.35i

gu2 0.053 + 0.30i 0.094 + 0.24i −0.060 − 0.41i

gu3 0.11 + 0.0061i 0.091 + 0.018i 0.046 + 0.021i

ad 0.00018 0.00014 0.00047

as 1.2 × 10−5 8.7 × 10−6 5.2 × 10−5

ab 0.011 0.011 0.025

|Vus | 0.23 0.22 0.22

|Vcb| 0.033 0.027 0.042

|Vub| 0.0031 0.0020 0.0039

δCP 58◦ 51◦ 83◦

try. After giving an assignment for quark sector to reproduce
the experimental results at 3σ interval, we have also con-
structed the lepton sector, where the neutrino mass matrix is
induced at one-loop level running down quark sector, unified
value of τ is used for quark and lepton.

Then, we have performed numerical analysis to search
for allowed region satisfying experimental measurements
for both quark and lepton sector, depending on NH and IH.

In case of NH, we have found rather wide allowed space
within 3σ interval and obtained tendency of observables for
quark and lepton. Especially, we have found allowed region
at nearby τ = 1.75i that is close to the fixed point of τ = i∞.
Thus, we have also shown a promising bench mark point at
around the solution.

In case of IH, we would not found the allowed region
within 3σ interval, but found within 5σ interval. Although
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the number of allowed point is few, we have found all the
allowed regions are localized at nearby τ = i, 1.76i , both
of which are nearby fixed points. We have shown them as
benchmark points. These would be tested near future.

Before closing it is worthwhile mentioning on flavor
physics and collider phenomenology of our model. On
hadron collider experiments such as the LHC, lepto-quarks
can be pair produced via strong interactions and lower lim-
its of their masses are given as O(1) TeV depending on its
decay modes [113–115]. In addition the most striking sig-
nature would arise from the lepton flavor violating process
at the LHC via lepto-quarks in the t-channel, qq̄ → �′+�−,
with final states such as e±μ∓, e±τ∓, μ±τ∓. Taking g =
f ≈ 0.1 and 1 TeV lepto-quark mass, we find 6 event rate
for dd̄ → e±τ∓, which is maximum, at the 13 TeV LHC
with 300 fb−1 luminosity; more discussion can be found in
ref. [14]. For flavor physics, whenever considering radiative
seesaw models, we have to consider lepton flavor violations,
especially, μ → eγ . This gives the most stringent constraint
on Yukawa couplings and masses of mediated particles which
are lepto-quarks in our case. For our model, Yukawa cou-
plings f, g can be order 1, since the lepto-quark masses has to
be larger than 1 TeV from the collider analysis at LHC. Thus,
our parameters are totally safe from this constraint including
other τ → e(μ)γ modes. Moreover from interactions associ-
ated with the Yukawa coupling g, we may find an interesting
effects on b → sμμ̄ anomaly, which can be characterized
by Wilson coefficients C9 = −C10 of six dimensional effec-
tive Hamiltonian [(s̄γμPLb)(μ̄γ μμ) − (s̄γμPLb)(γ̄ μγ5μ)].
Experimental results tell us �C9 ≈ −1 as new physics con-
tribution. To get this order, we need g ∼ 0.1, supposing 1
TeV of lepto-quark mass. However since �C10 also con-
tributes to the process of b → μμ̄ that gives a constraint of
�C10 ≈ 0.1. Thus, we would need to modify the model if
one wants to get the sizable anomaly of b → sμμ̄. Yukawa
coupling g (as well as f ) also receives constraints from neu-
tral meson mixings such as K-short and K-long at one-loop
box diagram. Typically, g( f ) should be less than ∼ 0.1 at 1
TeV of lepto-quark mass. We have a source of muon g − 2
from both the Yukawa couplings g and f at one-loop level.
However, assuming g = f ≈ 0.1 and 1 TeV lepto-quark
mass, the value of muon g− 2 is at most 10−12 in our model
that is far from the current experimental value 10−9. Thus,
we need to improve this model such that it does not include
chiral suppression. In conclusion, we need extension of the
model to resolve flavor anomalies such as muon g − 2 and
b → sμμ̄.
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Appendix

The modular forms of weight 2, Y (2)
3 = [y1, y2, y3]T , trans-

forming as a triplet of A4 is written in terms of Dedekind
eta-function η(τ) and its derivative:

y1(τ ) = i

2π

(
η′(τ/3)

η(τ/3)
+ η′((τ + 1)/3)

η((τ + 1)/3)

+η′((τ + 2)/3)

η((τ + 2)/3)
− 27η′(3τ)

η(3τ)

)
,

y2(τ ) = −i

π

(
η′(τ/3)

η(τ/3)
+ ω2 η′((τ + 1)/3)

η((τ + 1)/3)
+ ω

η′((τ + 2)/3)

η((τ + 2)/3)

)
,

y3(τ ) = −i

π

(
η′(τ/3)

η(τ/3)
+ ω

η′((τ + 1)/3)

η((τ + 1)/3)
+ ω2 η′((τ + 2)/3)

η((τ + 2)/3)

)
,

η(τ ) = q1/24�∞
n=1(1 − qn), q = e2π iτ , ω = e2π i/3

(4.1)

Then, any multiplets of higher weight are constructed by
multiplication rules of A4, and one finds the following :

Y (4)
1 = y2

1 + 2y2y3, Y (4)
3 ≡

⎡
⎣ y′

1
y′

2
y′

3

⎤
⎦ =

⎡
⎣ y2

1 − y2y3

y2
3 − y1y2

y2
2 − y1y3

⎤
⎦ ,

Y (6)
1 = y2

1 + y2
2 + y2

3 − 3y1y2y3, (4.2)

Y (6)
3 ≡

⎡
⎣ f1

f2
f3

⎤
⎦ =

⎡
⎣ y3

1 + 2y1y2y3

y2
1 y2 + 2y2

2 y3

y2
1 y3 + 2y2

3 y2

⎤
⎦ ,

Y (6)

3′ ≡
⎡
⎣ f ′

1
f ′
2
f ′
3

⎤
⎦ =

⎡
⎣ y3

3 + 2y1y2y3

y2
3 y1 + 2y2

1 y2

y2
3 y2 + 2y2

2 y1

⎤
⎦ . (4.3)
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