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Abstract Within the dense-dilute Color Glass Condensate
approach, and using the Golec–Biernat–Wuesthoff model for
the dipole scattering amplitude, we calculate v2

2 as well as the
correlations between v2

2 and both the total multiplicity and
the mean transverse momentum of produced particles. We
find that the correlations are generally very small consistent
with the observations. We note an interesting sharp change
in the value of v2

2 as well as of its correlations as a function
of the width of the transverse momentum bin. This crossover
is associated with the change from Bose enhancement dom-
inance of the correlation for narrow bin to HBT dominated
correlations for larger bin width.

1 Introduction

The observation at the Large Hadron Collider (LHC) of
strong long range rapidity correlations with a characteris-
tic structure in azimuth – “the ridge”, in small size collision
systems, pp and pA [1–14], is a very interesting result. The
long range in rapidity implies, by causality arguments, that
the correlations must originate in the initial stages of the col-
lision, where the collectivity must emerge from the under-
lying microscopic dynamics. Two very different approaches
have been pursued to provide a comprehensive explanation
of the observed azimuthal correlations. The first one relies
on strong final state interactions between the many produced
particles, that lead to a relativistic hydrodynamic descrip-
tion of the evolution of the final state fireball [15–17]. This
approach is quite successful in describing experimental data.
It is well justified in nucleus–nucleus collisions where the
ridge is also observed [18–22], but the theoretical rationale

a e-mail: tolga.altinoluk@ncbj.gov.pl (corresponding author)

for its application to small systems (such as the ones produced
in pp collisions) is still wanting. An alternative approach
stresses the initial state correlations encoded in the light cone
wave-functions of the incoming hadrons [23,24], and, in first
approximation, ignores any final state effects. The present
paper is devoted to further exploration of correlations within
the latter framework.

There is a vast literature devoted to initial state correla-
tions, see e.g. [25] for the most recent review and references
therein. The main theoretical framework to compute multi-
particle production at high energies is the Color Glass Con-
densate (CGC) effective theory, see e.g. [26,27]. Building
on earlier calculations [28–32], most previous work on the
subject has been focused on understanding angular Fourier
harmonics vn (e.g. [33–36]). Two distinct quantum interfer-
ence effects have been identified as giving rise to the emer-
gence of even harmonics: the Bose enhancement of gluons
in the incoming projectile wave function and the Hanbury
Brown–Twiss (HBT) interference in the emission of gluons
in the final state [40–44].1 The quantum interference effects
between quarks and antiquarks were subsequently studied
[45–47,52,53], and the formalism has been extended to cal-
culate inclusive production of more than two particles in pp
[48,49] and pA [50–53]. Further extensions allowed for the
inclusion of odd harmonics via density [54–56] and non-
eikonal [57,58] corrections, and considering anisotropies in
the target produced via fluctuations [59].

In the famous pioneering publication of CMS on the ridge
in pp collisions (first paper in [1–14]), the striking feature
was the prominence of the ridge signal in rare high multi-
plicity events. The ridge signal was not observed in events

1 Effects due to anisotropic color domains in the target [37,38] and
density gradients [39] have also been addressed in this framework.
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approaching mean multiplicity. More recent analysis (utiliz-
ing modified background subtraction procedures) revealed
azimuthal correlations also in minimal bias events, albeit with
a somewhat weaker strength. It has also been observed that
the momentum integrated v2, once it can be measured, shows
very little dependence on multiplicity in a rather wide mul-
tiplicity range (see e.g. the ATLAS analysis in [1–14]). It is
clearly important to explore further the multiplicity depen-
dence of the ridge, both experimentally and theoretically.

Our work is devoted to this theoretical problem. Our calcu-
lations are performed for large values of transverse momenta,
k2 � Q2

s and keeping only leading contributions at large Nc.
We calculate the correlation between v2 and the multiplicity
within the CGC framework. We also study the correlation of
v2 with the mean transverse momentum of the particles pro-
duced in the collisions, motivated by experimental data [60]
and by phenomenological works [61–64] where such corre-
lations have been proposed as a tool to constrain the initial
conditions for hydrodynamic evolution and to discriminate
initial from final state correlations. Despite being motivated
by experimental findings, we do not consider our approach
as sufficiently rigorous from the phenomenological perspec-
tive and, hence, we are not making any attempt to compare
with data. The main take home conclusion of our work is
rather the qualitative features of the above correlations, which
show an interesting characteristic dependence on the trans-
verse momentum bin size used to calculate v2. We discuss
these features in detail in the text as well as in the discussion
section.

The manuscript is structured as follows. In Sect. 2, we
present the details of dense-dilute CGC approach as well as
the model assumptions that we are using to compute the mul-
tiparticle production. Section 3 is devoted to the calculation
of the second flow harmonic v2

2 as well as correlations of
v2

2 with multiplicity, and the correlation of v2
2 with the aver-

age transverse momentum of produced particles. Numeri-
cal results for these quantities are presented in Sect. 4. We
conclude with a discussion in Sect. 5. Technical details are
provided in the Appendices.

2 Multi gluon production in dilute-dense scattering

2.1 The basic setup

Our goal in this paper is to study correlations between the
second flow harmonic coefficient v2

2 and the particle multi-
plicity and average transverse momentum. We will calculate
these correlations in the so called dense-dilute approxima-
tion. Below, we closely follow Ref. [50], in which double
and triple inclusive gluon production in this approach were
calculated in the CGC framework [26,27].

In this set up, the number of produced gluons for a
given configuration of the projectile (proton) and the target
(nucleus) is given by

dN

d2kdy

∣
∣
∣
∣
ρp ,ρt

= 2g2

(2π)3

∫
d2q

(2π)2

d2q ′

(2π)2 �(k, q, q ′)ρa
p(−q ′)

[

U †(k − q ′)U (k − q)
]

ab ρb
p(q).

(1)

Here the Lipatov vertex L and its square � are defined as

Li (k, q) =
[

(k − q)i

(k − q)2 − ki

k2

]

, (2)

�(k, q, q ′) = L(k, k − q) · L(k, k − q ′) =
(

q

q2 − k

k2

)

·
(

q ′
q ′2 − k

k2

)

.

(3)

Besides, ρp(p) is a given configuration of the color charged
density in the projectile, and U (q) is the eikonal scattering
matrix – the adjoint Wilson line – for scattering of a single
gluon on a fixed configuration of target fields. The target Wil-
son lines depend on the target color sources, ρt; we suppress
this in our notation for simplicity.

The single inclusive and double inclusive gluon produc-
tion in this approach are given by

dN (1)

d2kdy
=

〈〈
dN

d2kdy
|ρp,ρt

〉

p

〉

t

(4)

and

dN (2)

d2k1dy1d2k2dy2
=

〈〈

dN

d2k1dy1

∣
∣
∣
∣
ρp,ρt

dN

d2k2dy2

∣
∣
∣
∣
ρp,ρt

〉

p

〉

t

,

(5)

where the averaging is performed over the projectile and tar-
get color charge configurations:

〈

O(ρ p)
〉

p = 1

Z p

∫

Dρp Wp(ρp) O(ρp) (6)

and

〈O(ρt )〉t = 1

Zt

∫

Dρt Wt (ρt ) O(ρt ) . (7)

The normalization factors, Z p,t , are fixed so that

〈1〉p = 〈1〉t = 1 . (8)

The total multiplicity N (per unit of rapidity) is

N =
∫

k

dN (1)

d2kdy
. (9)

The mean transverse momentum squared per particle k̄2 is
calculated as

k̄2 = 1

N

∫

k
k2 dN (1)

d2kdy
. (10)
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Here and below we suppress the rapidity index. Note that
formally both of these quantities may be divergent – the
multiplicity diverges in the infrared if we treat the projec-
tile as translationally invariant in the transverse plane, while
the mean momentum diverges in the ultraviolet under fairly
general assumptions about the structure of the projectile and
target averages. We will regulate these divergencies by intro-
ducing physically motivated cutoffs (see below).

The azimuthal flow harmonics v2
n are defined as

v2
n(k1, k2) ≡

∫

dφ1dφ2ein(φ1−φ2) d2N (2)

d2k1d2k2
∫

dφ1dφ2
d2N (2)

d2k1d2k2

, (11)

where φ1, φ2 are the azimuthal angles of the correspond-
ing transverse momenta. Below, we focus on v2

2 only. In this
framework, each collision event corresponds to a fixed con-
figuration of ρp and ρt . The averaging introduced in (6) and
(7) is equivalent to averaging over all possible events.

An ideal way fo studying the dependence of v2 on multi-
plicity would be to select from the total ensemble only events
with the total multiplicity Ni in some multiplicity bin (labeled
by index i) and calculate v2 by averaging only over those
events. Mathematically one would have to introduce a pro-
jector Pi (ρp, ρt ) on this subspace of configurations and then
modify the averaging procedure as

Wp[ρp]Wt [ρt ] → Wp[ρp]Wt [ρt ] Pi (ρp, ρt ). (12)

In practice, constructing Pi is a complicated task that so far
has not been accomplished (see, however, [65,66]). A sim-
pler but nevertheless quite informative observable is a corre-
lation between v2 and N , i.e. 〈〈v2(k1, k2)|ρp,ρt N |ρp,ρt 〉p〉t ,
and similarly between v2 and the transverse momentum per
particle. The averaging in these expressions goes over the
whole ensemble of events, and thus there is no need to con-
sider particular sub ensembles.

The calculation of these correlations requires us to calcu-
late the three gluon inclusive production

∫

d2k1dφ2dφ3e
i2(φ2−φ3) dN (3)

d2k1d2k2d2k3

=
∫

d2k1dφ2dφ3e
i2(φ2−φ3)

〈〈
dN

d2k1dy1

dN

d2k2dy2

dN

d2k3dy3

〉

p

〉

t

(13)

and

∫

d2k1k
2
1dφ2dφ3e

i2(φ2−φ3) dN (3)

d2k1d2k2d2k3

=
∫

d2k1k
2
1dφ2dφ3e

i2(φ2−φ3)

〈〈
dN

d2k1dy1

dN

d2k2dy2

dN

d2k3dy3

〉

p

〉

t

.

(14)

Fortunately, three gluon inclusive production at mid rapidity
has already been investigated in Ref. [50] and we will use
many of the results of this paper.

In order to be able to progress with the computations, we
need to know the projectile and target averaging functionals.
Here we are going to use simple models frequently used in a
variety of CGC based calculations. For the projectile averag-
ing we will use the simple Gaussian McLerran–Venugopalan
(MV) model [67,68] specified by

〈ρa
p(p)ρ

b
p(k)〉p ≡ μ2(k, p) = (2π)2μ2(p)δ(p + k)δab

(15)

which corresponds to the weight functional

Wp(ρp) = exp

(

−
∫

d2q

(2π)2 ρa
p(−q)

1

2μ2(q)
ρa
p(q)

)

. (16)

Note that this weight functional defines a statistical ensemble
that is translationally invariant in the transverse plane. This
approximation is only reasonable for momenta of produced
particles larger than the inverse radius of the projectile. Thus,
in the following we will always assume kmin > 1/R. As
mentioned above, for the calculation of total multiplicity we
will need to impose an infrared cutoff, which we will choose
to be of the order of the transverse radius of the proton.

We will further simplify our calculations by choosing
μ to be independent of momentum. This last assumption
means that the color charge density is completely uncorre-
lated in the transverse plane. Although this is clearly not
the whole truth, one expects the density–density correlations
to be only important at distance scales of the order of the
confinement radius and above. Since we limit ourselves to
consider momenta greater than the inverse radius of the pro-
ton, the presence of such correlations should not affect our
results.

The averaging over the Wilson lines of the target will be
performed in the approximation articulated recently in Refs.
[52,53]. In this approximation any product of Wilson lines is
factored into pairs according to the basic Wick contraction

〈Uab(p)Ucd(q)〉t = (2π)2

N 2
c − 1

δacδbdδ
2(p + q)d(p) , (17)

with the “adjoint dipole” amplitude defined as

d(p) = 1

N 2
c − 1

∫

d2xeix ·p
〈

tr
[

U †(x)U (0)
]〉

t
. (18)

As explained in Refs. [52,53] this approximation is appro-
priate for the dense target regime. It collects all terms in the
n-particle cross section which have the leading dependence
on the area of the projectile. The approximation only includes
terms which contain “small size” color singlets in the pro-
jectile propagating through the target. Any non singlet state
that in the transverse plane is removed by more than 1/Qs

(where Qs is the saturation momentum of the target) from
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other propagating partons must have a vanishing S-matrix on
the dense (black disk) target. On the other hand if the singlet
state contains more than two partons, one looses a power of
the area when integrating over the coordinates of the partons.
Thus the leading contribution to the S-matrix in the (target)
black disk limit is due to colorless projectile dipoles of the
size smaller than the inverse target saturation momentum.
The same approximation for the quadrupole amplitude has
been used previously in Refs. [42,43] where its consistency
with the explicit modelling of the Wilson line correlators via
MV model has been verified.

Note that this averaging procedure for the target is for-
mally equivalent (disregarding subtleties related to the def-
inition of the Haar measure) to the following form of the
weight functional:

Wt [U ] = exp

{

−1

2

∫
d2q

(2π)2

1

d(q)
tr[U †(q)U (q)]

}

. (19)

Finally, we will adopt the Golec–Biernat–Wusthoff (GBW)
model [69] for the dipole

d(p) = 4π

Q2
s
e−p2/Q2

s . (20)

This model is known to be a good description for momentum
transfer p of order of the saturation momentum and below.
Although it does not properly account for the perturbative
high momentum tail of the momentum transfer, we believe
that it is quite adequate for the purposes of qualitative under-
standing of correlations, which is the goal of this paper.

2.2 From one to three gluons

In this subsection, we briefly summarize the results of [50]
focusing on the contributions that will be essential for the
computation of the observables that we are interested in.

Let us start with the single inclusive gluon production with
transverse momentum k1:

dN (1)

d2k1
= 4π αs (N 2

c − 1)

×
∫

d2q1

(2π)2 d(q1) μ2(k1 − q1, q1 − k1) L
i (k1, q1)L

i (k1, q1),

(21)

where q1 is the momentum transfer from the target during
the interaction and (k1 − q1) is the momentum of the gluon
in the incoming projectile wave function. The expression for
the double inclusive gluon spectrum can be organized as

dN (2)

d2k2d2k3
= dN (2)

d2k2d2k3

∣
∣
∣
∣
dd

+ dN (2)

d2k2d2k3

∣
∣
∣
∣
Q

+ O

(
1

(N 2
c − 1)2

)

. (22)

Here the first term

dN (2)

d2k2d2k3

∣
∣
∣
∣
dd

= dN (1)

d2k2

dN (1)

d2k3
(23)

is the square of the single inclusive spectrum and is the uncor-
related contribution to the double inclusive spectrum which is
unimportant for our purposes. On the other hand, the second
term in Eq. (22), is a quadrupole contribution which encodes
the quantum interference effects. In the approximation of Eq.
(17) its explicit expression reads

dN (2)

d2k2d2k3

∣
∣
∣
∣
Q

= (4π)2α2
s (N2

c − 1)

∫
d2q2

(2π)2
d2q3

(2π)2 d(q2)d(q3)

×
[

IQ,1 + IQ,2

]

, (24)

where

IQ,1 = μ2(k2 − q2, q3 − k3) μ2(k3 − q3, q2

−k2) L
i (k2, q2)L

i (k2, q2) L
j (k3, q3)L

j (k3, q3)

+(k3 → −k3), (25)

IQ,2 = μ2(k2 − q2, q2 − k3) μ2(k3 − q3, q3

−k2) L
i (k2, q2)L

i (k2, q3) L
j (k3, q2)L

j (k3, q3)

+(k3 → −k3). (26)

Our calculations in this paper will be always to leading non-
trivial order in 1/N 2

c , and thus we do not specify the sublead-
ing term in Eq. (24).

The physical meaning of the two terms in Eq. (24) has
been extensively discussed in [50]. The first term, IQ,1, in the
translationally invariant approximation contains two contri-
butions. One is proportional to δ(2)(k2 − q2 − (k3 − q3)).
Given that ki − qi is the momentum of the i th gluon in the
incoming wave function, this contribution clearly is due to
the standard Bose enhancement of gluons in the incoming
projectile state. The second contribution to IQ,1 is propor-
tional to δ(2)(k2 −q2 + (k3 −q3)). This contribution is due to
the gluonic condensate in the projectile wave function, which
is equal in magnitude to the Bose enhanced contribution. For
simplicity we will refer to it as “backward” Bose enhance-
ment, although one should keep in mind that the physics
of this term is distinct from the physics of Bose enhance-
ment. The second term, IQ,2 contains a delta-function of the
final state momenta δ(2)(k2 ± k3). These correspond to the
Hanbury-Brown Twiss correlations between the emitted glu-
ons. The HBT correlations here exist for collinear as well
as anti collinear momenta, since the gluons do not carry any
physical charges. We will refer to these contributions as for-
ward and backward HBT correlations respectively.

The triple inclusive gluon spectrum can be written as
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dN (3)

d2k1d2k2d2k3

= dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
ddd

+ dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
dQ

+ dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
X

. (27)

The first two terms in Eq. (27) correspond to the case where
at least one of the gluons is uncorrelated with the other two.
It is easy to see that in order to have a nontrivial correlation
of v2 with either multiplicity or average momentum, all three
gluons have to be correlated. Therefore the first two terms in
Eq. (27) do not contribute to the observables of interest.

The only nontrivial contributions to the observables of
interest arise from the last term in Eq. (27) which corresponds
to fully correlated part of the triple inclusive gluon spectrum
at leading Nc. Its explicit expression reads

dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
X

≈ α3
s (4π)3(N2

c − 1)

×
∫

d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2 d(q1)d(q2)d(q3)

×
[

IX,1 + IX,2 + IX,3 + IX,4 + IX,5

]

. (28)

The various expressions that enter Eq. (28) at leading order
in 1/N 2

c are given and discussed below. The first term reads

IX,1 =
[

ĨX,1 + (k3 → −k3)
]

+
[

Ĩ ′
X,1 + (k1 → −k1)

]

,

(29)

with ĨX,1 and Ĩ ′
X,1 defined as

ĨX,1 = μ2(k2 − q2, q2 − k1) μ2(k1 − q1, q3 − k3) μ2(k3 − q3, q1 − k2)

×Li (k1, q1)L
i (k1, q2) L

j (k2, q2)L
j (k2, q1) L

k (k3, q3)L
k(k3, q3)

+μ2(k2 + q2, k1 − q2) μ2(k3 − q3, q1 − k1) μ2(q3 − k3,−q1 − k2)

×Li (k1, q1)L
i (k1, q2) L

j (k2,−q1)L
j (k2,−q2) L

k(k3, q3)L
k(k3, q3)

(30)

and

Ĩ ′
X,1 = μ2(k1 − q2, q2 − k2) μ2(k2 − q1, k3 − q3) μ2(q1 − k1, q3 − k3)

×Li (k1, q1)L
i (k1, q2) L

j (k2, q1)L
j (k2, q2) L

k (k3, q3)L
k(k3, q3)

+μ2(−k1 − q2, q2 − k2) μ2(k2 + q1, q3 − k3) μ2(k3 − q3, k1 − q1)

×Li (k1, −q2)L
i (k1, q1) L

j (k2,−q1)L
j (k2, q2) L

k(k3, q3)L
k(k3, q3).

(31)

Assuming translational invariance (15) one can clearly iden-
tify the various quantum interference effects contributing to
three gluon correlations. Below we briefly review them fol-
lowing [50]:

• The first term in IX,1 ∝ δ(2)(k1 − k2) δ(2)
[

(k1 − q1) −
(k3 − q3)

]

δ(2)
[

(k3 − q3) − (k1 − q1)
]

arises due to forward
HBT correlation between the gluons 1 and 2, and forward
Bose enhancement between the gluons 1 and 3.

• The second term in IX,1 ∝ δ(2)(k1 + k2) δ(2)
[

(k3 −
q3)− (k1 −q1)

]

δ(2)
[

(k1 −q1)− (k3 −q3)
]

arises due to the
backward HBT between gluons 1 and 2, and forward Bose
correlation between the gluons 1 and 3.

• The third term in IX,1 ∝ δ(2)(k1 − k2) δ(2)
[

(k1 − q1) +
(k3−q3)

]

δ(2)
[

(k1−q1)+(k3−q3)
]

arises due to the forward
HBT of the gluons 1 and 2, and backward Bose correlation
between the gluons 1 and 3.

• The forth term in IX,1 ∝ δ(2)(k1 + k2) δ(2)
[

(k1 − q1) +
(k3 − q3)

]

δ(2)
[

(k1 − q1) + (k3 − q3)
]

arises due to the
backward HBT correlation between the gluons 1 and 2, and
backward Bose correlation between the gluons 1 and 3.

The terms IX,2 and IX,3 are obtained from IX,1 by permu-
tation of the momenta of produced gluons

IX,2 =
[

ĨX,1(1 → 2, 2 → 3, 3 → 1) + (k1 → −k1)
]

+
[

Ĩ ′
X,1(1 → 2, 2 → 3, 3 → 1) + (k2 → −k2)

]

,

(32)

IX,3 =
[

ĨX,1(1 → 3, 3 → 2, 2 → 1) + (k2 → −k2)
]

+
[

Ĩ ′
X,1(1 → 3, 3 → 2, 2 → 1) + (k3 → −k3)

]

.

(33)

The identification of various quantum interference effects
in IX,2 and IX,3 follows straightforwardly from the earlier
discussion using the very same permutation transformation.
Note that the terms IX,2 contain an explicit contribution to
forward/backward HBT of the gluons 2 and 3. These terms
will be important later when we calculate v2.

Next is the explicit expressions for IX,4:

IX,4 = μ2(k2 − q2, q1 − k1) μ2(k1 − q1, q3 − k3) μ2(k3 − q3, q2 − k2)

×Li (k1, q1)Li (k1, q1) L j (k2, q2)L j (k2, q2) Lk (k3, q3)Lk (k3, q3) + (k3 → −k3)

+μ2(k2 − q2, q3 − k3) μ2(k3 − q3, k1 − q1) μ2(q1 − k1, q2 − k2)

×Li (k1, q1)Li (k1, q1) L j (k2, q2)L j (k2, q2) Lk (k3, q3)Lk (k3, q3) + (k1 → −k1)

+μ2(k2 − q2, k1 − q1) μ2(k3 − q3, q1 − k1) μ2(q3 − k3, q2 − k2)

×Li (k1, q1)Li (k1, q1) L j (k2, q2)L j (k2, q2) Lk (k3, q3)Lk (k3, q3) + (k3 → −k3)

+μ2(q1 − k1, q3 − k3) μ2(k1 − q1, q2 − k2) μ2(k2 − q2, k3 − q3)

×Li (k1, q1)Li (k1, q1) L j (k2, q2)L j (k2, q2) Lk (k3, q3)Lk (k3, q3) + (k1 → −k1).

(34)

Again, all the physical effects behind each term can be iden-
tified:

• The first term in IX,4 ∝ δ(2)
[

(k2 − q2) − (k1 −
q1)

]

δ(2)
[

(k1 − q1) − (k3 − q3)
]

δ(2)
[

(k3 − q3) − (k2 − q2)
]

– forward Bose correlation of gluons 1 and 1, forward Bose
correlation of gluons 1 and 1 and forward Bose correlation
of gluons 2 and 3.

• The second term in IX,4 ∝ δ(2)
[

(k2 − q2) − (k3 −
q3)

]

δ(2)
[

(k3−q3)+(k1−q1)
]

δ(2)
[

(k1−q1)+(k2−q2)
]

– the
forward Bose correlation of gluons 2 and 3, backward Bose
correlation of gluons 1 and 3 and backward Bose correlation
of gluons 2 and 1.
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• The third term in IX,4 ∝ δ(2)
[

(k2 − q2) + (k1 −
q1)

]

δ(2)
[

(k3 − q3) − (k1 − q1)
]

δ(2)
[

(k3 − q3) + (k2 − q2)
]

– the backward Bose correlation of gluons 1 and 2, forward
Bose correlation of gluons 1 and 3 and backward Bose cor-
relation of gluons 2 and 3.

• The fourth term in IX,4 ∝ δ(2)
[

(k1 − q1) + (k3 −
q3)

]

δ(2)
[

(k1 − q1) − (k2 − q2)
]

δ(2)
[

(k2 − q2) + (k3 − q3)
]

– the backward Bose correlation of gluons 1 and 3, forward
Bose correlation of gluons 1 and 2 and backward Bose cor-
relation of gluons 2 and 3.

Finally, for IX,5 we have

IX,5 = μ2(k2 − q2, q2 − k1) μ2(k1

−q1, q1 − k3) μ2(k3 − q3, q3 − k2)

×Li (k1, q1)L
i (k1, q2) L

j (k2, q2)L
j (k2, q3) L

k(k3, q3)L
k(k3, q1)

+(k3 → −k3)

+μ2(k2 − q2, q2 − k3) μ2(k3 − q3, q3

+k1) μ2(q1 − k2, −k1 − q1)

×Li (k1, −q1)L
i (k1, −q3) L

j (k2, q2)L
j (k2, q1) L

k(k3, q3)L
k(k3, q2)

+(k1 → −k1)

+μ2(k2 + q1, k1 − q1) μ2(k3

−q3, q3 − k1) μ2(q2 − k3, −k2 − q2)

×Li (k1, q1)L
i (k1, q3) L

j (k2, −q2)L
j (k2,

−q1) L
k(k3, q3)L

k(k3, q2) + (k3 → −k3)

+μ2(k2 + q3, k3 − q3) μ2(−k1 − q1, q1

−k3) μ2(k1 − q2, q2 − k2)

×Li (k1, −q1)L
i (k1, q2) L

j (k2, q2)L
j (k2,

−q3) L
k(k3, q3)L

k(k3, q1) + (k1 → −k1), (35)

with the corresponding identification:
• The first term in IX,5 ∝ δ(2)(k1 − k2) δ(2)(k1 −

k3) δ(2)(k3 − k2) – the forward HBT correlation of gluons 1
and 2, forward HBT of gluons 1 and 3, and forward HBT of
gluons 2 and 3.

• The second term in IX,5 ∝ δ(2)(k1 + k2) δ(2)(k1 +
k3) δ(2)(k3 − k2) – the forward HBT of gluons 2 and 3,
backward HBT of gluons 1 and 3, backward HBT of gluons
1 and 2.

• Third term in IX,5 ∝ δ(2)(k1+k2) δ(2)(k1−k3) δ(2)(k3+
k2) – the backward HBT of gluons 1 and 2, forward HBT of
gluons 1 and 3, backward HBT of gluons 2 and 3.

• The fourth term in IX,5 ∝ δ(2)(k1 − k2) δ(2)(k1 +
k3) δ(2)(k2 + k3) – the forward HBT of gluons 1 and 2,
backward HBT of gluons 1 and 3, backward HBT of gluons
2 and 3.

3 The v2 and the correlations

3.1 Total multiplicity, mean transverse momentum and v2

We start with calculating the total multiplicity and the second
flow harmonic coefficient v2.

Starting from the expression for the single inclusive spec-
trum (21), and carrying out the q1 integral we obtain

dN (1)

d2k1
= αs (4π) (N 2

c − 1) μ2 S⊥ e−k2
1/Q2

s

{
2

k2
1

− 1

k2
1

ek
2
1/Q2

s

+ 1

Q2
s

[

Ei

(
k2

1

Q2
s

)

− Ei

(
k2

1 λ

Q2
s

)]}

, (36)

where S⊥ is the transverse area of the projectile and Q2
s is

the saturation momentum of the target as defined in Eq. (20).
Here we have introduced the infrared cutoff λ � 1 by reg-
ulating the integration over the Schwinger parameter, see
Appendix A. In terms of physical quantities the value of the
IR cutoff is of order λ ∼ 1/(S⊥Q2

s ).
As is well known, the spectrum is divergent in the infrared,

in the limit k2
1/Q2

s → 0:

dN (1)

d2k1
(k2

1/Q2
s → 0)


 αs (4π) (N 2
c − 1) μ2 S⊥

1

k2
1

{

1 − [

2 + ln(λ)
] k2

1

Q2
s

+[

2 + ln(λ) − λ
] k4

1

Q4
s

}

. (37)

For large momenta k2
1/Q2

s → ∞, the spectrum reduces to
the usual perturbative one:

dN (1)

d2k1
(k2

1/Q2
s → ∞)


 αs (4π) (N 2
c − 1) μ2S⊥

Q2
s

k4
1

[

1 + 2 Q2
s

k2
1

+ ...

]

. (38)

At finite λ the IR asymptotics of the expression in Eq. (37)

is dN (1)

d2k1
(k2

1/Q2
s → 0) ∼ μ2 S⊥/k2

1. Interestingly, the range
of momenta in which this asymptotic behavior holds at very
small λ is narrow, k2 < Q2

s/|2 + ln λ|. For very small val-
ues of λ the total multiplicity is dominated by momenta
in the range Q2

s/|2 + ln λ| < k2 < Q2
s where the spec-

trum is actually, flat dN (1)

d2k1
≈ μ2 S⊥

[

2 + ln(λ)
]

. This is an
interesting feature of the spectrum, but it is only apparent
at very small values of λ. In pA scattering for reasonable
values of parameters (Qs ∼ 1 GeV, S⊥ ∼ 1/	2

QCD) we

use λ ∼ 1/S⊥Q2
s ∼ 1/25. At this value of λ the interval

of momenta where the spectrum is flat shrinks almost com-
pletely, and the spectrum exhibits a rather sharp crossover
from a 1/k2 behavior at k2 < Q2

s to 1/k4 at k2 > Q2
s .

In the next section we evaluate the k2
1 integral of (36)

numerically taking λ = 1/25. Since the dependence on λ is
only logarithmic, the result is quite insensitive to the precise
value of the IR cutoff.

The mean transverse momentum k̄2 is formally defined as
the average of k2

1 with the weight Eq. (36). From the expres-
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sion in Eq. (36),

k2
1
dN (1)

d2k1
= αs (4π) (N 2

c − 1) μ2 S⊥ e−k2
1/Q2

s

{

2 − ek
2
1/Q2

s

+ k2
1

Q2
s

[

Ei

(
k2

1

Q2
s

)

− Ei

(
k2

1 λ

Q2
s

)]}

. (39)

The integral over k1 diverges logarithmically in the UV

k2
1
dN (1)

d2k1

 αs (4π) (N 2

c − 1) μ2S⊥
Q2

s

k2
1

[

1 + 2 Q2
s

k2
1

]

. (40)

Being divergent, the average momentum defined this way
is not a very useful quantity. Instead, whenever we need a
quantity that represents a typical momentum of produced
particles we will use

k̄2 → Q2
s . (41)

The second flow coefficient is evaluated using our expres-
sions for the double inclusive gluon spectrum introduced in
(24).

dN (2)

d2k2 d2k3

∣
∣
∣
∣
Q

= Q1 + Q2 , (42)

where in the large Nc limit and in the approximation of trans-
lationally invariant projectile (see Appendix A)

Q1 = α2
s (4π)2 (N 2

c − 1) μ4 S⊥
1

πQ2
s
e−(k2−k3)

2/2Q2
s

{[
1

2

+ 22 Q2
s

(k2 + k3)2 + 24 Q4
s

(k2 + k3)4

]
1

k2
2k

2
3

(k2 − k3)
4

(k2 + k3)4 (43)

+ Q4
s

26

(k2 + k3)8

[

1 + (ki2 − ki3)

(
ki2
k2

2

− ki3
k2

3

)]}

+(k3 → −k3),

Q2 = α2
s (4π)2 (N 2

c − 1) μ4 S⊥ (2π)2
[

δ(2)(k2 + k3)

+δ(2)(k2 − k3)
] 1

2

Q4
s

k8
2

. (44)

These expressions have been obtained assuming large values
of transverse momenta k2

2,3 � Q2
s .

The momentum dependent second flow coefficient is
defined as

v2
2(k2, k3) =

∫

dφ2dφ3ei2(φ2−φ3) d2N (2)

d2k2d2k3
∫

dφ2dφ3
d2N (2)

d2k2d2k3

. (45)

One usually also averages the numerator and the denominator
in Eq. (45) separately over momentum bins of finite width.

The only contribution to the numerator in Eq. (45) comes
from the correlated term Eq. (24) since the uncorrelated term
vanishes upon angular integration. The denominator, on the
other hand, is dominated by the uncorrelated piece which at
large Nc is given by Eq. (23).

Although the general expressions for the two gluon inclu-
sive spectrum have been known for a while [50,51], we are
not aware of the actual calculation of v2 in this simple dense-
dilute approach. Here we evaluate Eq. (45) numerically, and
present the results in the next section.

3.2 v2 vs total multiplicity

We now turn to our observables of interest. We first aim to
study correlations between v2 and multiplicity. The standard
measure of correlation between two observables X and Y is
the Pearson coefficient R

R(X,Y ) = 〈(X − 〈X〉)(Y − 〈Y 〉)〉
√〈X2 − 〈X〉2〉√〈Y 2 − 〈Y 〉2〉 (46)

which measures the strength of the correlation between X and
Y relative to their autocorrelations. This type of observable
was studied recently in [61–64] in order to flesh out the effects
of initial state momentum anisotropies.

In our case however the calculation of the Pearson coeffi-
cient would involve the calculation of the four gluon inclu-
sive production (i.e. 〈(v2

2)〉) which is relatively complicated.
In addition, we are not interested to compare the correlation
with the autocorrelations of v2 and N , but rather in compar-
ing to to the average value of the observables themselves. We
will therefore not calculate the Pearson coefficient, but rather
define the normalized correlator as

〈v2
2(k1, k2)N 〉
=

∫

dφ2 dφ3 e
i2(φ2−φ3)

∫

d2k1
dN (3)

d2k1 d2k2 d2k3

/

∫

dφ2 dφ3 e
i2(φ2−φ3)

dN (2)

d2k2d2k3

∫

d2k1
dN (1)

d2k1

=
∫

dφ2 dφ3 e
i2(φ2−φ3)

∫

d2k1
dN (3)

d2k1 d2k2 d2k3

∣
∣
∣
∣
X

/

∫

dφ2 dφ3 e
i2(φ2−φ3)

dN (2)

d2k2d2k3

∣
∣
∣
∣
Q

∫

d2k1
dN (1)

d2k1
, (47)

where the second equality follows since only the fully cor-
related part of three (two) gluon inclusive production con-
tributes to the numerator (denominator). The numerator in
this definition is precisely the same as the numerator in Eq.
(46) with X = v2

2 and Y = N , but it is normalized to the
product 〈X〉〈Y 〉 rather than to the square root of the product
of variances of X and Y . In Eq. (47) the correlator is defined
for fixed values of the transverse momenta of the trigger and
the associated particle. We will also study the corresponding
quantity where both momenta are integrated over (separate)
momentum bins.

The correlation between v2 and the total multiplicity of
produced particles (per unit rapidity) is related to the inclu-
sive three gluon production cross section (13). Starting from
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Eq. (28), and integrating over k1, the result can be split sim-
ilarly as in Eq. (28):

∫

d2k1
dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
X

= X1 + X2 + X3 + X4 + X5.

(48)

We are able to perform the k1 integration analytically, while
the remaining angular integrations are performed numeri-
cally.

Recall that we are only considering large transverse
momenta of the observed particles, |k2(3)| � Qs . This large
transverse momentum can be achieved in two distinct ways:
either A) the incoming projectile gluons already have large
transverse momentum and the momentum transfer in the scat-
tering is relatively small, or B) most of the final state momen-
tum is transferred to a projectile gluon in the scattering. The
two contributions have very different behaviors. On the one
hand, large transfer momentum is exponentially suppressed
in the GBW model as exp{−k2/Q2

s }, which favors contri-
bution A. On the other hand, the number of gluons in the
projectile wave function is strongly peaked at small momen-
tum, so that Np(p)/Np(q) ∼ q2/p2. Thus the number of
incoming gluons at high transverse momentum is suppressed
roughly by a factor 1/(S⊥k2). For very large transverse area
this suppression may be significant enough so that contribu-
tion B can become comparable or even larger than contri-
bution A. However for a proton projectile this factor is very
unlikely to compete with the exponential suppression due to
high momentum transfer. In our calculations, therefore, we
only keep the contribution due to small (∼ O(Qs)) momen-
tum transfer from the target.

The calculation is fairly lengthy and the details are given in
the Appendix A. The results are presented below. In general
we find two types of terms. The one type gives a correlation
which in momentum space has width of order Qs . This arises
from Bose correlations between the incoming gluons 2 and
3 in conjunction with either HBT or Bose correlations of any
one of these gluons with gluon 1. These terms are:
• X1:

X1 = 1

2
α3
s (4π)6(N 2

c − 1) μ6 S⊥ e−(k2−k3)
2/2Q2

s
1

k4
2

×
{⎧

⎪⎩
1

2
+ Q2

s

[
1

k2
2

+ 22

(k2 + k3)2

]

+Q4
s

[
3

k4
2

+ 2!
k2

2

22

(k2 + k3)2

+ 24

(k2 + k3)4

]⎫

⎪⎭
1

k2
2k

2
3

(k2 − k3)
4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8

[

1 + (ki2 − ki3)

(
ki2
k2

2

− ki3
k2

3

)]}

. (49)

As explained in the previous section, X1 contributes largely
to the forward correlation of the produced gluons. Indeed, as
seen from its final expression, X1 is enhanced in the forward
region k2 = k3, where the exponential pre factor is equal to
unity,

X1(k2 = k3) = α3
s (4π)6(N 2

c − 1) μ6 S⊥
1

8

Q4
s

k12
2

. (50)

The width of the forward region is clearly |k2 − k3| ∼ Qs

, and away from this region this expression is exponentially
suppressed.
• X3: Comparing Eqs. (75) and (116), one notes that X3 =
X1(k2 ↔ k3):

X3 = 1

2
α3
s (4π)6(N2

c − 1) μ6 S⊥ e−(k2−k3)2/2Q2
s

1

k4
3

×
{⎧

⎪⎩
1

2
+ Q2

s

[
1

k2
3

+ 22

(k2 + k3)2

]

+Q4
s

[
3

k4
3

+ 2!
k2

3

22

(k2 + k3)2 + 24

(k2 + k3)4

]⎫

⎪⎭
1

k2
2k

2
3

(k2 − k3)4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8

[

1 + (ki2 − ki3)

(
ki2
k2

2

− ki3
k2

3

)]}

. (51)

• X4:

X4 = α3
s (4π)6(N2

c − 1) μ6 S⊥ e−(k2−k3)2/2Q2
s

{[

1 + 8
22 Q2

s

(k2 + k3)2

+76
24 Q4

s

(k2 + k3)4

]
23

k2
2k

2
3

(k2 − k3)4

(k2 + k3)8

+ 24 Q4
s

(k2 + k3)4
22

(k2 + k3)2

[
5

2

26

(k2 + k3)6 − 9

4

22

k2
2k

2
3(k2 + k3)2

]}

.

(52)

We again notice that X4 is enhanced In the limit k2 = k3:

X4(k2 = k3) ≈ α3
s (4π)6(N 2

c − 1) μ6 S⊥
1

4

Q4
s

k12
2

. (53)

The second type of terms is due to HBT correlations
between gluons 2 and 3. These correlations in the transla-
tionally invariant approximation lead to δ functional terms,
contributing when k2 = ±k3. Accounting for a finite projec-
tile area would regulate the delta functions smearing them on
the scale of order 1/S⊥. Nevertheless, the correlation due to
these terms is very narrow. We will come back to this point in
the next section when analyzing our numerical results. The
terms of this type are:
• X2:

X2 = α3
s

1

2
(4π)7(N 2

c − 1) μ6 S⊥
[

δ(2)(k2 + k3)

+δ(2)(k2 − k3)
] 1

4

Q6
s

k12
2

(54)
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• X5:

X5 = α3
s

1

2
(4π)7(N 2

c − 1) μ6 S⊥
[

δ(2)(k2 + k3)

+δ(2)(k2 − k3)
] 1

8

Q6
s

k12
2

(55)

In the next section we present the results of the numeri-
cal evaluation of the angular integral of these expressions as
defined in Eq. (47).

3.3 v2 vs mean transverse momentum

The second observable we consider is the correlation between
mean transverse momentum and v2 defined as

〈v2
2 k̄〉
=

∫

dφ2 dφ3 e
in(φ2−φ3)

∫

d2k1 k
2
1

dN (3)

d2k1 d2k2 d2k3
∣
∣
∣
∣
X

/ ∫

dφ2 dφ3 e
in(φ2−φ3)

dN (2)

d2k2d2k3

∣
∣
∣
∣
Q
Q2

s

∫

d2k1
dN (1)

d2k1
. (56)

In accordance to our discussion earlier, we have substituted
Q2

s for the average transverse momentum in the “normaliza-
tion” in the denominator.

The computation of this observable proceeds very simi-
larly to the one considered in the previous subsection. Details
are given in Appendix B. Here we present the results:
∫

d2k1 k
2
1

dN (3)

d2k1 d2k2 d2k3

∣
∣
∣
∣
X

= X̄1 + X̄2

+X̄3 + X̄4 + X̄5 , (57)

with
• X̄1:

X̄1 = 1

2
α3
s (4π)6(N 2

c − 1) μ6 S⊥ e−(k2−k3)2/2Q2
s

1

k2
2

×
{⎧

⎪⎩
1

2
+ Q2

s

[
1

k2
2

+ 22

(k2 + k3)2

]

+Q4
s

[
3

k4
2

+ 2!
k2

2

22

(k2 + k3)2 + 24

(k2 + k3)4

]⎫

⎪⎭
1

k2
2k

2
3

(k2 − k3)
4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8

[

1 + (ki2 − ki3)

(
ki2
k2

2

− ki3
k2

3

)]}

+ (k3 → −k3),

(58)

X̄1(k2 = k3) = α3
s (4π)6(N 2

c − 1) μ6 S⊥
1

8

Q4
s

k10
2

× 2. (59)

• X̄3:

X̄3 = 1

2
α3
s (4π)6(N 2

c − 1) μ6 S⊥ e−(k2−k3)2/2Q2
s

1

k2
3

×
{⎧

⎪⎩
1

2
+ Q2

s

[
1

k2
3

+ 22

(k2 + k3)2

]

+ Q4
s

[
3

k4
3

+ 2!
k2

3

22

(k2 + k3)2

+ 24

(k2 + k3)4

]⎫

⎪⎭
1

k2
2k

2
3

(k2 − k3)
4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8

[

1 + (ki2 − ki3)

(
ki2
k2

2

− ki3
k2

3

)]}

+ (k2 → −k2),

(60)

X̄3(k2 = k3) = α3
s (4π)6(N 2

c − 1) μ6 S⊥
1

8

Q4
s

k10
3

× 2. (61)

• X̄4:

X̄4 = α3
s (4π)6(N2

c − 1) μ6 S⊥ e−(k2−k3)
2/2Q2

s

×
{[

1 + 9

2

22 Q2
s

(k2 + k3)2 + 15
24 Q4

s

(k2 + k3)4

]
2

k2
2 k2

3

(k2 − k3)4

(k2 + k3)6

+ 24 Q4
s

(k2 + k3)4
22

(k2 + k3)2

[
3

2

24

(k2 + k3)4

−5

4

1

k2
2 k2

3

]}

+ (k3 → −k3), (62)

X̄4(k2 = k3) = α3
s (4π)6(N2

c − 1) μ6 S⊥
1

4

Q4
s

k10
2

× 2. (63)

• X̄2:

X̄2 = α3
s (4π)6(N 2

c − 1) μ6 (2π) S⊥
[

δ(2)(k2 + k3)

+δ(2)(k2 − k3)
] 1

4

Q6
s

k10
2

. (64)

• X̄5:

X̄5 ≈ α3
s (4π)6(N 2

c − 1) μ6 (2π) S⊥
[

δ(2)(k2 + k3)

+δ(2)(k2 − k3)
] 1

8

Q6
s

k10
2

. (65)

In the next section we present the results of the numerical
evaluation.

4 Numerical results

We now turn to numerical evaluation of the correlators dis-
cussed above. Here we mainly present the results, keeping
their discussion for the next Section.

Note that in all the figures we plot momentum in units
of Qs and the quantities of interest multiplied by the factor
(N 2

c −1)S⊥Q2
s in order to exhibit the universal features of the

result applicable to any target (any value of Qs ) and projectile
(any value of S⊥). The ratios we calculate also do not depend
on the projectile scale μ2. To extract a number relevant for
p-Pb or p-Au scattering one should take the realistic value
(N 2

c − 1)S⊥Q2
s ∼ 200.

For the normalization in Eqs. (47) and (56), the value of the
cutoff λ has to be specified in the integration Eq. (36). While
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λ = 1/25 was selected, we have checked that varying λ in
reasonable limits does not appreciably change the results.

We start with calculating v2, Eq. (45). In addition to the
angular integration we also integrate the absolute values of
transverse momenta within finite width bins. Thus we calcu-
late

v2
2(k, k′, 
)

=
∫ k+
/2
k−
/2 k2dk2

∫ k′+
/2
k′−
/2 k3dk3

∫

dφ2dφ3e
i2(φ2−φ3) d2N (2)

d2k2d2k3
∫ k+
/2
k−
/2 k2dk2

∫ k′+
/2
k′−
/2 k3dk3

∫

dφ2dφ3
d2N (2)

d2k2d2k3

.

(66)

We take k � 
, k′ � 
 and 
 ∼ Qs .
We find it interesting to explore the interplay between the

relative position of the centers of the two bins, k and k′ and
the width of a bin 
. As discussed above, v2

2 receives con-
tributions form two types of correlations: the Bose and the
HBT correlations. While the width of the Bose correlation in
momentum space is naturally of order Qs , the HBT correla-
tions have much shorter range (in our expressions they are
formally represented by a delta function). Thus we expect
that when |k − k′| < 
 both, the HBT and Bose effects will
contribute to v2

2, however when there is no overlap between
the two bins, the HBT correlation should disappear. We thus
expect a characteristic dependence of v2

2 on 
 (at fixed k−k′)
such that v2

2 should vary steeply when k − k′ ≈ 
.
Figure 1 shows our results for v2

2. In the left panel we see
that the dependence of v2

2 on the transverse momentum is
rather different for overlapping and non overlapping momen-
tum bins. In the right panel we observe, as expected, a sharp
change in v2

2 at the point when the width of the interval equals
the distance between the interval midpoints. Interestingly we
learn from Fig. 1 that the contribution of the HBT correla-
tions to v2

2 is overwhelmingly large: it is by about a factor of
∼ 50 dominates over the contribution of Bose enhancement
(right panel of Fig. 1).

Next up is the correlation of v2
2 with multiplicity, Eq. (47).

Again we integrate over bins of width 
 for the two momenta,

dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
X

→
∫ k+
/2

k−
/2
k2dk2

∫ k′+
/2

k′−
/2
k3dk3

dN (3)

d2k1d2k2d2k3

∣
∣
∣
∣
X

.

(67)

Our numerical results for the correlation function between
v2

2 and the total multiplicity are presented in Fig. 2. We
first take coinciding bins, that is k = k′ and the bin width

 = Qs/2. In this kinematics v2

2 is dominated by HBT. The
result is the solid (blue) curve in Fig. 2. The dashed curve
in Fig. 2 displays the situation when the momenta are off-
set by Qs , that is k′ = k + Qs . This choice eliminates the

HBT contribution to the azimuthal anisotropy v2
2. Figure 2

shows that the normalized correlation function is strongly
suppressed for values of bin width for which v2

2 is sizable,
which is when the HBT effect in v2

2 is dominant.
The same effect is also demonstrated in Fig. 2, where

we show the correlation function as a function of the bin
width 
. For illustration, we chose the centers of the bins at
k = 4.5Qs and k′ = 5Qs . When 
/Qs is small, the bins are
not overlapping and no HBT contribution is present in v2

2.
At these values of bin width the correlation between v2

2 and
multiplicity is sizable. However for 
 > 1

2 Qs = |k − k′|
there is a steep decrease of the correlation and it very sharply
drops to negligible values.

We observe a similar behavior for the correlation of v2
2

with transverse momentum. Figure 3 shows this correlation
as a function of transverse momentum and the same quantity
as a function of the bin width.

Finally, Fig. 4 shows the ratio R ≡ 〈v2
2 k̄〉/〈v2

2N 〉 as a func-
tion of transverse momentum. The correlation with trans-
verse momentum clearly drops with k slower than the corre-
lation with multiplicity.

5 Discussion

Our results are quite curious.
First, regarding v2

2 we find a very characteristic sharp tran-
sition in the value of v2

2 as a function of the bin width. Refer-
ring to Fig. 1 the value of v2 rises sharply from v2 ≈ 2×10−3

to v2 ≈ 1.5 × 10−2, i.e. almost by an order of magnitude as
the bin width is increased from 
 < |k− k′| to 
 > |k− k′|.
This transition is entirely due to the fact that at this value
of bin width the HBT correlations start contributing to the
second flow harmonic, since the HBT peak is much nar-
rower than the Bose correlation. Although the presence of
the transition is expected on these grounds, the fact that the
value of v2 rises by such a large amount is worth noting. We
conclude that the contribution of the HBT correlations to v2

completely overwhelms the contribution of Bose enhance-
ment. The actual numerical value for v2 that we get is quite
reasonable. For bins centered at k = 4.5Qs ≈ 4.5 GeV and
k′ = 5Qs ≈ 5 GeV and 
 = Qs (right panel in Fig. 1)
we find v2 ≈ 1.5 × 10−2. This is to be compared to typical
values of 0.05 − 0.08 for transverse momentum integrated
v2 in p-Pb collisions at LHC [1–14]. Since the integrated v2

is dominated by the lower momenta, this discrepancy of a
factor of 5 or so may be attributable to the relatively high
value of transverse momentum in our calculation. The trend
of v2 rising towards low momenta is clearly seen in the left
panel of Fig. 1. Unfortunately, within our approximation we
cannot study momenta lower than ∼ 4Qs . At this value we
see numerically that the exponentially suppressed terms that
we have neglected in Eqs. (49), (51), (52), (54), (55), (58),
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Fig. 1 Left panel: the second flow harmonic, v2
2 as a function of the

momentum. The calculation of v2
2 is performed for two cases: a the

same momentum of the pair, b the momentum of the pair is offset by

the saturation momentum of the target in order to avoid the gluon HBT
effect. The bin width in both cases is 
 = Qs/2. Right panel: the sec-
ond flow harmonic, v2

2 as a function of the bin width. The centers of the
two bins are chosen at k = 4.5Qs , k′ = 5Qs
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Fig. 2 Left panel: the three particle correlation function 〈v2
2N 〉 defined

by the normalized correlations between v2
2 and the total multiplicity of

produced particles. The calculation of v2
2 is performed for two cases: a

the same momentum of the pair, b the momentum of the pair is offset
by the saturation momentum of the target in order to avoid the gluon
HBT effect. The bin width in both cases is 
 = Qs/2. Right panel: the
three particle correlation function 〈v2

2N 〉 as a function of the bin width
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Fig. 3 Left panel: the three particle correlation function 〈v2
2 k̄〉. Kinematics is the same as in Fig. 2. Right panel: the three particle correlation 〈v2

2 k̄〉
as a function of bin width.

(60), (62), (64), (65) become competitive with the terms that
we have kept in our calculation.

We do reiterate, that our calculation is not meant as a
phenomenological fit in any way, but rather as a qualitative
study of the effects of quantum statistics on the correlations.
As such, we note that the sharp rise in v2 with bin width is a
very characteristic behavior, and it would be very interesting
to explore such dependence experimentally.

We wish to comment on two peculiar features seen on the
left panel in Fig. 1. First, it is interesting to note that in the
regime dominated by Bose correlations (dashed curve), v2

2 is
only very weakly dependent on the transverse momentum.
Although it does slowly decrease towards large momenta,
this decrease cannot be discerned for the range of momenta
on the plot. This suggests that the Bose correlated part of
the two particle production scales with the same power of
momentum as the square of the single particle spectrum.
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k/Qs

20
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80

R(k, k)
R(k, k + Qs)

Fig. 4 The ratio R ≡ 〈v2
2 k̄〉/〈v2

2N 〉 as a function of transverse momen-
tum

Another property to note is that the ratio of the HBT to
Bose contributions as seen in the left panel of Fig. 1 seems
to be even greater than on the right panel. The ratio between
the solid and dashed curves at k ∼ 4 − 5Qs on the left panel
is around ∼ 500, rather than the factor ∼ 50 that we have
inferred from the right panel. Admittedly, it is not a com-
pletely fair comparison, as the solid line on the left panel
corresponds to the two momenta sampled from the same bin,
while on the right panel the centers of the two bins are dis-
placed by 0.5Qs . Still it is a little surprising that a relatively
small displacement of the bin centers leads to such a dramatic
effect. The reason for this is our treatment of the projectile as
translationally invariant, which leads to a delta-function HBT
correlation. In this situation the HBT contribution is essen-
tially given by the overlap area of two rings corresponding
to the two momentum bins. Displacing the centers of the
bins relative to each other even by a small amount leads to
a significant change of the overlap area, and thus the HBT
contribution has a sharp peak at zero displacement. As we
mentioned before, in a more realistic treatment which takes
into account finite transverse size of the proton, the HBT peak
should be smeared to have a width ∼ 0.2 GeV (the inverse
radius of the projectile) which should significantly soften the
dependence on |k − k′|. We have checked numerically that
smearing the HBT peak does indeed have such an effect. For
that reason we limit our consideration to kinematic situa-
tions where the distance between the bin centers is greater
than 0.3 − 0.4Qs .

Moving on to the correlation of v2
2 with multiplicity as

well as with the transverse momentum, we again observe a
very characteristic dependence on the bin width. For small
bin width where the HBT does not contribute, the correlation
is sizable, ∼ 3×10−3. However for larger bin width this cor-
relation drops by a factor of about 30 to 50, and is negligible.
Note that the transition in 〈v2

2N 〉 and 〈v2
2 k̄〉 is the opposite to

that in v2: whereas v2 is smaller at small 
, the correlations
〈v2

2N 〉 and 〈v2
2 k̄〉 are larger, and vice versa. This tells us that

although the contribution of HBT to v2 is much larger than
that of the Bose enhancement, the HBT is much weaker cor-
related with total multiplicity (and transverse momentum)
than the Bose enhancement is. In fact, since the magnitude

of the drop in Fig. 2 is about the same as the magnitude of the
rise in Fig. 1, we conclude that the numerator in Eq. (47) is a
rather smooth function of 
, and the drop in Fig. 2 is driven
entirely by the sharp rise in the denominator in Eq. (47) (and
the same is true for Eq. (56)).

The correlation between v2 and N is a decreasing function
of momentum. This is easy to understand, since the multi-
plicity is dominated by soft particles, while the correlation
we track originates with gluons that already in the incom-
ing wave function have large transverse momentum. We thus
have no reason to expect a correlation at high values of k.
Another aspect of this is seen in Fig. 4 which shows that
the correlation of v2 with k remains larger at high momen-
tum than the correlation of v2 with N , since particles with
higher momentum contribute more significantly to average
momentum than to the total multiplicity.

Qualitatively the smallness of the correlations between v2

and N is consistent with the experimental data [1–14]. Exper-
imentally the change in the integrated v2 in p-Pb collisions is
at most 40% over an order of magnitude change in N . Again,
we note that our calculation is valid only for large k. The cor-
relation clearly grows towards smaller values of k, but within
our approximation we cannot push much below k ∼ 4Qs .

All the calculations in this paper are performed in the large
Nc limit. It would be interesting to see how large is the effect
of 1/N 2

c corrections. Calculating these corrections to v2 and
〈v2

2N 〉 is a nontrivial matter and goes beyond the scope of
this paper. While leaving a full study for a future publication,
we can however get a rough idea about the magnitude of the
corrections by studying the double gluon inclusive spectrum
Eq. (22). We have calculated numerically the ratio of the sec-
ond to first term in Eq. (22) for different values of transverse
momentum. In all cases we find that this ratio is less than
0.1/(Q2

s S⊥(N 2
c − 1)), further decreasing at large momen-

tum. For Nc = 3 and realistic parameters this is smaller than
10−3. We thus believe that the large Nc limit should be a very
good approximation to the full result.

To conclude, we have calculated v2 and correlations of
v2 with the total multiplicity and average transverse momen-
tum per particle in the dense-dilute CGC approach using the
GBW model for dipole amplitude. Our results are valid at
large Nc and large transverse momentum. We have not made
an attempt to include any additional effects beyond multiple
scattering in our calculation. We find a reasonable magni-
tude for v2 and very small correlations with total multiplic-
ity, consistent with data. An interesting observation we make
is a characteristic very strong crossover in v2(k, k′,
) as a
function of the width of the transverse momentum bin 
 at
fixed k and k′, associated with the dominance of the HBT
contribution. It would be very interesting to explore such a
dependence experimentally.
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Appendix A: Computation of Xi for the correlations
between multiplicity and v2

Computation of X1

Consider X1 first. The k1 integral is facilitated by Eq. (15):
∫

d2k1
dN (3)

d2k1 d2k2 d2k3

∣
∣
∣
∣
X,1

=[

(X1,a+X1,b)+(k3→ −k3)
]

+[

(X1,c + X1,d) + (k1 → −k1)
]

, (68)

where X1,a is the first term in Eq. (30), X1,b is the second
term in Eq. (30), X1,c is the first term in Eq. (31) and X1,d

is the second term in Eq. (31), all integrated over k1. The
explicit expression of X1,a reads

X1,a = α3
s (4π)3(N2

c −1) μ6 (2π)6
∫

d2k1
d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2
d(q1) d(q2) d(q3)

×δ(2)(k1 − k2) δ(2)(k1 − q1 + q3 − k3) δ(2)(k3 − q3 + q1 − k2)

×Li (k1, q1)Li (k1, q2) L j (k2, q2)L j (k2, q1) Lk (k3, q3)Lk (k3, q3). (69)

We use the first δ-function to integrate over k1, the sec-
ond δ-function to integrate over q1, and the third δ-function
becomes δ(0) which, as usual, is regulated by the transverse
area S⊥ of the projectile. The result reads

X1,a = α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2 d
[

k2 − (k3 − q3)
]

d(q2) d(q3)

×
[

(k3 − q3)
i

(k3 − q3)2 − ki2
k2

2

] [
(k2 − q2)

i

(k2 − q2)2 − ki2
k2

2

]

×
[
(k2 − q2)

j

(k2 − q2)2 − k j
2

k2
2

][
(k3 − q3)

j

(k3 − q3)2 − k j
2

k2
2

]

×
[
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

][
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

. (70)

Note that the dipole d
[

k2 − (k3 − q3)
]

is enhanced when
its argument is small. Hence X1,a is a contribution to the
forward (k2 
 k3) correlation of gluons 2 and 3.

The rest of the terms in X1 can be computed in a similar
way:

X1,b = α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2 d
[

k2 + (k3 − q3)
]

d(q2) d(q3)

×
[

(k3 − q3)
i

(k3 − q3)2 + ki2
k2

2

] [
(k2 + q2)

i

(k2 + q2)2 − ki2
k2

2

]

×
[
(k3 − q3)

j

(k2 − q2)2 + k j
2

k2
2

][
(k2 + q2)

j

(k2 + q2)2 − k j
2

k2
2

]

×
[
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

] [
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

. (71)

X1,b is a contribution to the backward correlation of gluons
2 and 3. By renaming q2 → −q2 and q3 → −q3, it is easy
to see that X1,b = X1,a(k3 → −k3).

X1,c = α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2 d
[

k2 + (k3 − q3)
]

d(q2) d(q3)

×
[

(k3 − q3)
i

(k3 − q3)2 + ki2
k2

2

]
(k2 − q2)

i

(k2 − q2)2 − ki2
k2

2

]

×
[
(k3 − q3)

j

(k3 − q3)2 + k j
2

k2
2

][
(k2 − q2)

j

(k2 − q2)2 − k j
2

k2
2

]

×
[
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

][
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

. (72)

X1,c is a contribution to the backward correlation of gluons
2 and 3. By renaming q3 → −q3, it is easy to show that
X1,c = X1,a(k3 → −k3).
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X1,d = α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2 d
[

k2 − (k3 − q3)
]

d(q2) d(q3)

×
[

(k3 − q3)
i

(k3 − q3)2 − ki2
k2

2

] [
(k2 − q2)

i

(k2 − q2)2 − ki2
k2

2

]

×
[
(k3 − q3)

j

(k3 − q3)2 − k j
2

k2
2

] [
(k2 − q2)

j

(k2 − q2)2 − k j
2

k2
2

]

×
[
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

] [
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

. (73)

X1,d is a contribution to the forward correlation of gluons 2
and 3. X1,d = X1,a .

Combining all the terms, we get

X1 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q2

(2π)2
d2q3

(2π)2

{

d
[

k2 − (k3 − q3)
]

d(q2) d(q3)

×
[

(k3 − q3)i

(k3 − q3)2 − ki2
k2

2

] [
(k2 − q2)i

(k2 − q2)2 − ki2
k2

2

]

×
[

(k3 − q3) j

(k3 − q3)2 − k j2
k2

2

] [
(k2 − q2) j

(k2 − q2)2 − k j2
k2

2

]

×
[

(k3 − q3)k

(k3 − q3)2 − kk3
k2

3

][
(k3 − q3)k

(k3 − q3)2 − kk3
k2

3

]

+ (k3 → −k3)

}

.

(74)

In X1, the first term is a contribution to the forward correlation
of the gluons 2 and 3. The second term with (k3 → −k3) is a
contribution to the backward correlation of the gluons 2 and
3. Shifting and renaming the variables the expression can be
brought to a more compact form:

X1 ≡ 4 α3
s (4π)3(N 2

c − 1) μ6(2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2

{

d(q2 + k2) d(q3 + k2) d(q3 + k3)

×
[
qi2
q2

2

+ ki2
k2

2

] [
q j

2

q2
2

+ k j
2

k2
2

]

×
[
qi3
q2

3

+ ki2
k2

2

] [
q j

3

q2
3

+ k j
2

k2
2

]

×
[
qk3
q2

3

+ kk3
k2

3

] [
qk3
q2

3

+ kk3
k2

3

]

+ (k3 → −k3)

}

. (75)

Using the GBW model (20) for the dipoles d, the X1 contri-
bution can be written as

X1 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

× 1

(2π)4

(
4π

Q2
s

)3

e−(2k2
2+k2

3)/Q2
s

×
∫

d2q2 e
−(q2

2 +2 q2·k2)/Q2
s

×
[
ki2
k2

2

k j
2

k2
2

+ ki2
k2

2

q j
2

q2
2

+ qi2
q2

2

k j
2

k2
2

+ qi2
q2

2

q j
2

q2
2

]

×
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

×
[
ki2
k2

2

k j
2

k2
2

+ ki2
k2

2

q j
3

q2
3

+ qi3
q2

3

k j
2

k2
2

+ qi3
q2

3

q j
3

q2
3

]

×
[

1

q2
3

+ 2
qk3
q2

3

kk3
k2

3

+ 1

k2
3

]

. (76)

Note that X1 ∝ e−(2k2
2+k2

3)/Q2
s which provides an exponential

suppression for produced gluon momenta much larger than
the target saturation scale Qs . However we still have the q2

and q3 integrations to perform, and those may bring a com-
pensating exponential enhancement. Next, we will perform
these integrations concentrating on such possible enhancing
factors. Let us first focus on the q2 integration (the q3 inte-
gration is done similarly and will follow). There are three
types of Gaussian integrals to consider:

I0,0 =
∫

d2q2 e
−(q2

2 +2 q2·k2)/Q2
s ,

I i1,2 =
∫

d2q2 e
−(q2

2 +2 q2·k2)/Q2
s
qi2
q2

2

,

I i j2,4 =
∫

d2q2 e
−(q2

2 +2 q2·k2)/Q2
s
qi2
q2

2

q j
2

q2
2

. (77)

The first integral is trivial,

I0,0 = πQ2
s e

k2
2/Q2

s . (78)

The second and the third integrals are performed with the
help of a Schwinger parameter t introduced for the q2

2 factor
in the denominator:

I i1,2 =
∫ +∞

0
dt exp

[
k2

2

Q2
s (1 + Q2

s t)

]

×
∫

d2q exp

[

− (1 + Q2
s t)

Q2
s

q2
][

qi − ki2
(1 + Q2

s t)

]

= −πQ2
s k

i
2

∫ +∞

0
dt

1

(1 + Q2
s t)

2 exp

[
k2

2

Q2
s (1 + Q2

s t)

]

.

(79)

Changing variables to t ′ = 1/(1 + Q2
s t), the result reads

I i1,2 = −πQ2
s k

i
2

1

Q2
s

∫ 1

0
dt ′ ek2

2 t
′/Q2

s = πQ2
s
ki2
k2

2

(

1 − ek
2
2/Q2

s

)

.

(80)

For the last integration, I2,4, a similar procedure is followed,
but with two Schwinger parameters t1 and t2 for each 1/q2

2
factor. This makes it possible to perform the integration
over q2 and one of the Schwinger parameters. However, the
remaining integral over the second Schwinger parameter is
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divergent, reflecting the original IR divergence of the q2 inte-
gration. The origin of this IR divergence is pretty clear – it is
an artefact of the approximation (15) with momentum inde-
pendent μ. In fact, color neutrality should be imposed at
some non-perturbative IR scale 	min below which μ must
vanish, μ(p < 	min) = 0. Roughly 	2

min ∼ 1/S⊥. We
find it more convenient introducing a cutoff λ → 0 on the
Schwinger parameter than the sharp IR cutoff 	min to regu-
late this divergence. The relation between the two is

λ 
 	2
min/Q

2
s 
 1/(S⊥Q2

s ). (81)

The final result reads

I i j2,4 = πQ2
s

{
δi j

2

⎧

⎪⎩
1

Q2
s

+ 1

k2
2

(

1 − ek
2
2/Q2

s

)

+ 1

Q2
s

[

Ei

(
k2

2

Q2
s

)

− Ei

(
k2

2 λ

Q2
s

)]⎫

⎪⎭

− ki2
k2

2

k j
2

k2
2

⎧

⎪⎩
k2

2

Q2
s

+
(

1 − ek
2
2/Q2

s

)⎫

⎪⎭

}

, (82)

where Ei is an exponential integral special function. Com-
bining the results given in Eqs. (78), (80) and (82), the overall
result of the q2 integration reads

∫

d2q2 e
−(q2

2 +2 q2·k2)/Q2
s

[
ki2
k2

2

k j2
k2

2

+ ki2
k2

2

q j
2

q2
2

+ qi2
q2

2

k j2
k2

2

+ qi2
q2

2

q j
2

q2
2

]

= πQ2
s

{
ki2
k2

2

k j2
k2

2

(

1 − k2
2

Q2
s

)

+ δi j

2

1

k2
2

⎧

⎪⎩
k2

2

Q2
s

+
(

1 − ek
2
2/Q2

s
)

+ k2
2

Q2
s

[

Ei

(
k2

2

Q2
s

)

− Ei

(
k2

2 λ

Q2
s

)]⎫

⎪⎭

}

. (83)

So far the integration over q2 was computed without any
approximation. Yet, as we have mentioned above, we are
interested only in terms in X1 that are not exponentially sup-
pressed. In other words, only exponentially enhanced terms
in (83) are of interest. The λ-dependent terms are not of that
type and can be neglected. For k2

2 � Q2
s , the result can be

simplified using the large argument asymptotic expansion of
the exponential integral function,

Ei(x) ≈ ex

x

(

1 + 1!
x

+ 2!
x2 + 3!

x3 + · · ·
)

, x → ∞. (84)

Thus the exponentially enhanced contribution to the total
q2 integral reads

∫

d2q2 e
−(q2

2 +2 q2·k2)/Q2
s

[
ki2
k2

2

k j2
k2

2

+ ki2
k2

2

q j
2

q2
2

+ qi2
q2

2

k j2
k2

2

+ qi2
q2

2

q j
2

q2
2

]

≈ πQ2
s ek

2
2/Q2

s
δi j

2

Q2
s

k4
2

(

1 + 2! Q2
s

k2
2

+ 3! Q4
s

k4
2

)

. (85)

We have kept sub-leading terms of the order Q4
s/k

4
2 since,

as we will see later, those will turn out to be the first non-
vanishing terms when k2 = k3. After the q2 integration has

been evaluated, X1 still contains a q3 integral, which is our
next target:

X1 ≈ α3
s (4π)3(N2

c − 1) μ6 S⊥

× 1

(2π)

(4π)3

Q2
s

e−(k2
2+k2

3 )/Q2
s

1

k4
2

(

1 + 2! Q2
s

k2
2

+ 3! Q4
s

k4
2

)

×
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

×
[

1

k2
2

+ 2
ki2
k2

2

qi3
q2

3

+ 1

q2
3

][
1

q2
3

+ 2
q j

3

q2
3

k j3
k2

3

+ 1

k2
3

]

≈ α3
s (4π)3(N2

c − 1) μ6 S⊥

× 1

(2π)

(4π)3

Q2
s

e−(k2
2+k2

3 )/Q2
s

1

k4
2

(

1 + 2! Q2
s

k2
2

+ 3! Q4
s

k4
2

)

×
{

1

k2
2k

2
3

T0,0 +
(

1

k2
2

+ 1

k2
3

)

T0,2 + T0,4 + 2(k2 + k3)i

k2
2k

2
3

T i
1,2

+2

(
ki2
k2

2

+ ki3
k2

3

)

T i
1,4 + 4

ki2
k2

2

ki3
k2

3

T i j
2,4

}

, (86)

where

T0,0 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s , (87)

T0,2 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

1

q2
3

, (88)

T0,4 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

1

q4
3

, (89)

T i
1,2 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3
q2

3

, (90)

T i
1,4 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3
q4

3

, (91)

T i j
2,4 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3q

j
3

q4
3

. (92)

The structure of these integrals over q3 are very similar to
the ones encountered in the q2 integrations (77). Therefore,
the integration over q3 can be performed in a similar manner.
Again, keeping only the exponentially enhanced terms, the
results read:

T0,0 = πQ2
s e

(k2+k3)2/2Q2
s

1

2
, (93)

T0,2 ≈ πQ2
s e

(k2+k3)2/2Q2
s

22

(k2 + k3)2

×
[

1

2
+ 1

4

22 Q2
s

(k2 + k3)2 + 1

4

24 Q4
s

(k2 + k3)4

]

, (94)

T0,4 ≈ πQ2
s e

(k2+k3)2/2Q2
s

24

(k2 + k3)4

×
[

1

2
+ 22 Q2

s

(k2 + k3)2 + 9

4

24 Q4
s

(k2 + k3)4

]

, (95)

T i
1,2 ≈ −πQ2

s e
(k2+k3)2/2Q2

s
(k2 + k3)

i

(k2 + k3)2 , (96)
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T i
1,4 ≈ −πQ2

s e
(k2+k3)2/2Q2

s
(k2 + k3)

i

(k2 + k3)2

22

(k2 + k3)2

×
[

1 + 22 Q2
s

(k2 + k3)2 + 3

2

24 Q4
s

(k2 + k3)4

]

, (97)

T i j
2,4 ≈ πQ2

s e
(k2+k3)2/2Q2

s
22

(k2 + k3)2

[
1

2

(k2 + k3)
i (k2 + k3)

j

(k2 + k3)2

+ δi j

8

22 Q2
s

(k2 + k3)2

(

1 + 22 Q2
s

(k2 + k3)2

)]

. (98)

Finally, using these results in Eq. (86), X1 can be written as

X1 ≈ 1

2
α3
s (4π)6(N2

c − 1) μ6 S⊥ e−(k2−k3)2/2Q2
s

× 1

k4
2

[

1 + 2! Q2
s

k2
2

+ 3! Q4
s

k4
2

]{
1

2

1

k2
2k

2
3

(k2 − k3)4

(k2 + k3)4

+ 22 Q2
s

(k2 + k3)2
1

k2
2k

2
3

(k2 − k3)4

(k2 + k3)4 + 24 Q4
s

(k2 + k3)4

×
⎧

⎪⎩
1

k2
2k

2
3

(k2 − k3)4

(k2 + k3)4 + 22

(k2 + k3)4

[

1 + (ki2 − ki3)

(
ki2
k2

2

− ki3
k2

3

)]⎫

⎪⎭

}

,

(99)

which can be organized differently and rewritten as in Eq.
(49). This completes our analytical analysis of X1.

Computation of X2

After performing the trivial integration over k1, X2 reads

X2 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥
[

δ(2)(k2 − k3) + δ(2)(k2 + k3)
]

×
∫

d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2
d(q1) d(q2) d(q3)

[
(k2 − q2)i

(k2 − q2)2
− ki2

k2
2

]

×
[

(k2 − q3)i

(k2 − q3)2
− ki2

k2
2

]

×
[

(k2 − q2) j

(k2 − q2)2
− k j2

k2
2

][
(k2 − q3) j

(k2 − q3)2
− k j2

k2
2

]

×
[

(k2 − q2)k

(k2 − q2)2
− (k2 − q2 + q1)k

(k2 − q2 + q1)2

][
(k2 − q2)k

(k2 − q2)2
− (k2 − q2 + q1)k

(k2 − q2 + q1)2

]

.

(100)

The first term in X2 is an explicit contribution to the forward
HBT of gluons 2 and 3. The second term, which is indeed a
mirror image (k3 → −k3), is an explicit contribution to the
backward HBT of gluons 2 and 3. By shifting the variables
and renaming them, X2 contribution can be put into a more
compact and convenient form:

X2 ≡ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] ∫

d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2

×d(q1 + q2) d(q2 + k2) d(q3 + k2)

[
qk1
q2

1

+ qk2
q2

2

]

×
[
qk1
q2

1

+ qk2
q2

2

] [
qi2
q2

2

+ ki2
k2

2

] [
q j

2

q2
2

+ k j2
k2

2

]

×
[
qi3
q2

3

+ ki2
k2

2

] [
q j

3

q2
3

+ k j2
k2

2

]

. (101)

After we use the GBW model given in Eq. (20) for the dipole
operators, X2 can be organized in the following way:

X2 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥

×[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

e−2k2
2/Q2

s

×
∫

d2q2 e−(2q2
2 +2q2·k2)/Q2

s

×
[
qi2
q2

2

q j
2

q2
2

+ ki2
k2

2

q j
2

q2
2

+ k j2
k2

2

qi2
q2

2

+ ki2
k2

2

k j2
k2

2

]

×
∫

d2q1 e−(q2
1 +2q1·q2)/Q2

s

[
1

q2
1

+ 2
qk1
q2

1

qk2
q2

2

+ 1

q2
2

]

×
∫

d2q3 e−(q2
3 +2q3·k2)/Q2

s

×
[
qi3
q2

3

q j
3

q2
3

+ qi3
q2

3

k j2
k2

2

+ q j
3

q2
3

ki2
k2

2

+ ki2
k2

2

k j2
k2

2

]

. (102)

Let us start from the integration over q3. This integral has
been computed and the exact result is given in Eq. (83). Since
we are interested in computing the exponentially enhanced
contributions from the q3 integration, the approximate result
is given in Eq. (85). Using this result in X2, we get

X2 ≈ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥

×[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

πQ2
s e−k2

2/Q2
s

× 1

2k2
2

[
Q2
s

k2
2

+ 2! Q
4
s

k4
2

+ 3! Q
6
s

k6
2

]

×
∫

d2q2 e−(2q2
2 +2q2·k2)/Q2

s

[
1

q2
2

+ 2
qi2
q2

2

ki2
k2

2

+ 1

k2
2

]

×
∫

d2q1 e−(q2
1 +2q1·q2)/Q2

s

[
1

q2
1

+ 2
q j

1

q2
1

q j
2

q2
2

+ 1

q2
2

]

. (103)

Now, let us consider the integration over q1 which can be
organized as follows:

∫

d2q1 e−(q2
1 +2q1·q2)/Q2

s

[
1

q2
1

+ 2
q j

1

q2
1

q j
2

q2
2

+ 1

q2
2

]

= 1

q2
2

I0,0 + 2
qi2
q2

2

I i1,2 + I0,2 . (104)

I0,0 and I i1,2 were computed previously and the results are
given in Eqs. (78) and (80) respectively. The new integral I0,2

can be computed in a similar manner, and the exponentially
enhanced piece reads

I0,2 =
∫

d2q1 e−(q2
1 +2q1·q2)

1

q2
1
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≈ πQ2
s e

q2
2 /Q2

s

[
1

q2
2

+ Q2
s

q4
2

+ 2!Q
4
s

q6
2

+ 3!Q
6
s

q8
2

]

. (105)

Putting everything together, X2, upon integration over q1,
reads

X2 ≈ α3
s (4π)3(N 2

c − 1) μ6 S⊥

×[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
]

(4π)3 Q2
s e

−k2
2/Q2

s
1

2

1

k4
2

[

1 + 2! Q
2
s

k2
2

]

×
∫

d2q2 e−(q2
2 +2q2 ·k2)/Q2

s

[
1

q6
2

+ 2
ki2
k2

2

qi2
q2

2

+ 1

k2
2

1

q4
2

][

1 + 2! Q
2
s

q2
2

]

,

(106)

where we have neglected the O(Q6
s ) terms which originate

from q1 and q3 integrals since they will contribute to higher
order terms upon integration over q2. Let us organize the X2

contribution in the following way:

X2 ≈ α3
s (4π)3(N 2

c − 1) μ6 S⊥

×[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
]

(4π)3 Q2
s e

−k2
2/Q2

s
1

2

1

k4
2

[

1 + 2! Q
2
s

k2
2

]

×
{[

1

k2
2

I0,4 + 2
ki2
k2

2

I i1,6 + I0,6

]

+2!Q2
s

[
1

k2
2

I0,6 + 2
ki2
k2

2

I i1,8 + I0,8

]}

, (107)

where the new type of integrals are defined, computed and
expanded to the appropriate order as

I0,4 =
∫

d2q2 e−(q2
2 +2q2 ·k2)/Q2

s
1

q4
2

≈ πQ2
s ek

2
2/Q2

s
1

k4
2

[

1 + 4
Q2

s

k2
2

]

, (108)

I0,6 =
∫

d2q2 e−(q2
2 +2q2 ·k2)/Q2

s
1

q6
2

≈ πQ2
s ek

2
2/Q2

s
1

k6
2

[

1 + 9
Q2

s

k2
2

]

, (109)

I0,8 =
∫

d2q2 e−(q2
2 +2q2 ·k2)/Q2

s
1

q8
2

≈ πQ2
s ek

2
2/Q2

s
1

k8
2

, (110)

I i1,6 =
∫

d2q2 e−(q2
2 +2q2 ·k2)/Q2

s
qi2
q6

2

≈ −πQ2
s ek

2
2/Q2

s
ki2
k2

2

1

k4
2

[

1 + 6
Q2

s

k2
2

]

,

(111)

I i1,8 =
∫

d2q2 e−(q2
2 +2q2 ·k2)/Q2

s
qi2
q8

2

≈ −πQ2
s ek

2
2/Q2

s
ki2
k2

2

1

k6
2

. (112)

Using these results, it is straightforward to realize that the
combinations appearing in Eq. (107) are

1

k2
2

I0,4 + 2
ki2
k2

2

I i1,6 + I0,6 ≈ πQ2
s e

k2
2/Q2

s
Q2

s

k8
2

+ O(Q6
s ),

(113)

1

k2
2

I0,6 + 2
ki2
k2

2

I i1,8 + I0,8 ≈ O(Q4
s ). (114)

Thus, the final expression for X2 can be written as in Eq.
(54).

Computation of X3

For the computation of X3, we start from Eq. (33) and use
the definitions given in Eqs. (30) and (31). We perform the

integrals over k1 and q2 by using the δ-functions. Then, X3

can be written as

X3 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q1

(2π)2
d2q3

(2π)2

{

d(q1) d
[

(k3 − q3) − k2
]

d(q3)

×
[

(k3 − q3)i

(k3 − q3)2 − ki3
k2

3

][
(k3 − q1)i

(k3 − q1)2 − ki3
k2

3

]

×
[

(k3 − q3) j

(k3 − q3)2 − k j3
k2

3

][
(k3 − q1) j

(k3 − q1)2 − k j3
k2

3

]

×
[

(k3 − q3)k

(k3 − q3)2 − kk2
k2

2

][
(k3 − q3)k

(k3 − q3)2 − kk2
k2

2

]

+ (k2 → −k2)

}

.

(115)

The first term in X3 is a contribution to the forward correla-
tion of gluons 2 and 3. Its mirror image given by (k2 → −k2)

is a contribution to the backward correlation of gluons 2 and
3. Again by shifting and renaming the integration variables,
X3 contribution can be organized as follows:

X3 ≡ 4 α3
s (4π)3(N2

c − 1) μ6(2π)2 S⊥

×
∫

d2q2

(2π)2
d2q3

(2π)2

{

d(q2 + k2) d(q2 + k3) d(q3 + k3)

×
[
qi2
q2

2

+ ki3
k2

3

][
q j

2

q2
2

+ k j3
k2

3

] [
qi3
q2

3

+ ki3
k2

3

]

×
[
q j

3

q2
3

+ k j3
k2

3

] [
qk2
q2

2

+ kk2
k2

2

][
qk2
q2

2

+ kk2
k2

2

]

+ (k2 → −k2)

}

.

(116)

By comparing Eqs. (75) and (116), it is straight forward to
realize that X1 = X3(k2 ↔ k3). Therefore, one can imme-
diately write down the result for X3 as in Eq. (51).

Computation of X4

We start from Eq. (34), use the definitions for the Lipatov
vertices and the MV model for μ2, and integrate over q2 and
k1 to write X4 in the following way:

X4 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q1

(2π)2

d2q3

(2π)2

{

d(q1) d
[

(k3 − q3) − k2
]

d(q3)

×
[

(k3 − q3)
i

(k3 − q3)2 − (k3 − q3 + q1)
i

(k3 − q3 + q1)2

][
(k3 − q3)

i

(k3 − q3)2 − (k3 − q3 + q1)
i

(k3 − q3 + q1)2

]

×
[

(k3 − q3)
j

(k3 − q3)2 − k j
2

k2
2

][
(k3 − q3)

j

(k3 − q3)2 − k j
2

k2
2

]

×
[

(k3 − q3)
k

(k3 − q3)2 − kk3
k2

3

][
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

+ (k3 → −k3)

}

. (117)

The first term in X4 is a contribution to the forward correla-
tion of gluons 2 and 3. The mirror image is a contribution the
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backward correlation of gluons 2 and 3. We again shift and
rename the integration variables to rewrite X4 as follows:

X4 = 4 α3
s (4π)3(N 2

c − 1) μ6(2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2

{

d(q2 + q3) d(q3 + k2) d(q3 + k3)

×
[
qi2
q2

2

+ qi3
q2

3

][
qi2
q2

2

+ qi3
q2

3

] [
q j

3

q2
3

+ k j
2

k2
2

][
q j

3

q2
3

+ k j
2

k2
2

]

×
[
qk3
q2

3

+ kk3
k2

3

][
qk3
q2

3

+ kk3
k2

3

]

+ (k3 → −k3)

}

. (118)

Now, we use the GBW model for the dipole operators, and
organize X4 as

X4 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)2 S⊥

× 1

(2π)4

(
4π

Q2
s

)3
e−(k2

2+k2
3 )/Q2

s

∫

d2q3 e
−[3q2

3 +2q3·(k2+k3)]/Q2
s

×
[

1

k2
2k

2
3

+
(

1

k2
2

+ 1

k2
3

)
1

q2
3

+ 2

(
ki2

k2
2k

2
3

+ ki3
k2

2k
2
3

)
qi3
q2

3

+2

(
ki2
k2

2

+ ki3
k2

3

)
qi3
q2

3

1

q2
3

+ 4
ki2
k2

2

k j3
k2

3

qi3
q2

3

q j
3

q2
3

+ 1

q2
3

1

q2
3

]

×
∫

d2q2 e
−(q2

2 +2q2·q3)/Q2
s

[
1

q2
3

+ 1

q2
2

+ 2
qk3
q2

3

qk2
q2

2

]

. (119)

The integration over q2 can be performed trivially as before.
Indeed, the types of integrals that appear are I0,0, I k1,2 and
I0,2 which were computed previously and the results given
in Eqs. (78), (80) and (105) respectively. Using these results,
we can write X4 as

X4 ≈ 4 α3
s (4π)3(N2

c − 1) μ6 S⊥

× 1

(2π)2
(4π)3

Q6
s

πQ2
s e

−(k2
2+k2

3 )/Q2
s

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

×
[
Q2
s

q4
3

+ 2! Q4
s

q6
3

+ 3! Q6
s

q8
3

]

×
[

1

k2
2k

2
3

+
(

1

k2
2

+ 1

k2
3

)
1

q2
3

+ 2
(k2 + k3)i

k2
2k

2
3

qi3
q2

3

+2

(
ki2
k2

2

+ ki3
k2

3

)
qi3
q2

3

1

q2
3

+ 4
ki2
k2

2

k j3
k2

3

qi3
q2

3

q j
3

q2
3

+ 1

q2
3

1

q2
3

]

, (120)

which can be organized as

X4 ≈ 4 α3
s (4π)3(N2

c − 1) μ6 S⊥
1

(2π)2
(4π)3

Q6
s

πQ4
s e

−(k2
2+k2

3 )/Q2
s

×
{[

1

k2
2k

2
3

T0,4 +
(

1

k2
2

+ 1

k2
3

)

T0,6 + T0,8

+2
(k2 + k3)i

(k2 + k3)2 T
i
1,6 + 2

(
ki2
k2

2

+ ki3
k2

3

)

T i
1,8 + 4

ki2
k2

2

k j3
k2

3

T i j
2,8

]

+2 Q2
s

[
1

k2
2k

2
3

T0,6 +
(

1

k2
2

+ 1

k2
3

)

T0,8 + T0,10

+2
(k2 + k3)i

(k2 + k3)2 T
i
1,8 + 2

(
ki2
k2

2

+ ki3
k2

3

)

T i
1,10 + 4

ki2
k2

2

k j3
k2

3

T i j
2,10

]

+3! Q4
s

[
1

k2
2k

2
3

T0,8 +
(

1

k2
2

+ 1

k2
3

)

T0,10 + T0,12

+2
(k2 + k3)i

(k2 + k3)2 T
i
1,10 + 2

(
ki2
k2

2

+ ki3
k2

3

)

T i
1,12 + 4

ki2
k2

2

k j3
k2

3

T i j
2,12

]}

.

(121)

The new types of integrals that appear above are defined as

T0,6 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

1

q6
3

, (122)

T0,8 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

1

q8
3

, (123)

T0,10 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

1

q10
3

, (124)

T0,12 =
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

1

q12
3

, (125)

T i
1,6 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3
q6

3

, (126)

T i
1,8 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3
q8

3

, (127)

T i
1,10 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3
q10

3

, (128)

T i
1,12 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3
q12

3

, (129)

T i j
2,8 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3q

j
3

q8
3

, (130)

T i j
2,10 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3q

j
3

q10
3

, (131)

T i j
2,12 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3q

j
3

q12
3

, (132)

and T0,4 was defined in Eq. (89) and its solution given in
Eq. (95). The new integrals that are defined above can be
computed in the same way as before, and the exponentially
enhanced contributions to these integrals read

T0,6 ≈ πQ2
s e(k2+k3)2/2Q2

s
26

(k2 + k3)6

×
[

1

2
+ 9

4

22 Q2
s

(k2 + k3)2 + 9
24 Q4

s

(k2 + k3)4

]

, (133)

T0,8 ≈ πQ2
s e(k2+k3)2/2Q2

s
28

(k2 + k3)8

×
[

1

2
+ 4

22 Q2
s

(k2 + k3)2 + 25
24 Q4

s

(k2 + k3)4

]

, (134)

T0,10 ≈ πQ2
s e(k2+k3)2/2Q2

s
210

(k2 + k3)10

[
1

2
+ 25

4

22 Q2
s

(k2 + k3)2

]

, (135)

T0,12 ≈ πQ2
s e(k2+k3)2/2Q2

s
212

(k2 + k3)12
1

2
, (136)

T i
1,6 ≈ − πQ2

s e(k2+k3)2/2Q2
s

(k2 + k3)i

(k2 + k3)2
24

(k2 + k3)4

123



Eur. Phys. J. C (2021) 81 :583 Page 19 of 23 583

×
[

1 + 3
22 Q2

s

(k2 + k3)2 + 9
24 Q4

s

(k2 + k3)4

]

, (137)

T i
1,8 ≈ − πQ2

s e(k2+k3)2/2Q2
s

(k2 + k3)i

(k2 + k3)2
26

(k2 + k3)6

×
[

1 + 6
22 Q2

s

(k2 + k3)2 + 30
24 Q4

s

(k2 + k3)4

]

, (138)

T i
1,10 ≈ − πQ2

s e(k2+k3)2/2Q2
s

(k2 + k3)i

(k2 + k3)2
28

(k2 + k3)8

×
[

1 + 10
22 Q2

s

(k2 + k3)2

]

, (139)

T i
1,12 ≈ − πQ2

s e(k2+k3)2/2Q2
s

(k2 + k3)i

(k2 + k3)2
210

(k2 + k3)10 , (140)

T i j
2,8 ≈ πQ2

s e(k2+k3)2/2Q2
s

26

(k2 + k3)6

×
{

1

2

(k2 + k3)i (k2 + k3) j

(k2 + k3)2

+ 22 Q2
s

(k2 + k3)2

[
δi j

8
+ 2

(k2 + k3)i (k2 + k3) j

(k2 + k3)2

]

+ 24 Q4
s

(k2 + k3)4

[

3
δi j

4
+ 15

2

(k2 + k3)i (k2 + k3) j

(k2 + k3)2

]}

, (141)

T i j
2,10 ≈ πQ2

s e(k2+k3)2/2Q2
s

28

(k2 + k3)8

×
[

1

2

(k2 + k3)i (k2 + k3) j

(k2 + k3)2 + 22 Q2
s

(k2 + k3)2

×
[

δi j

8
+ 15

4

(k2 + k3)i (k2 + k3) j

(k2 + k3)2

]}

, (142)

T i j
2,12 ≈ πQ2

s e(k2+k3)2/2Q2
s

210

(k2 + k3)10

× 1

2

(k2 + k3)i (k2 + k3) j

(k2 + k3)2 . (143)

Using these results we can finally write the final expression
for the exponentially enhanced contributions to X4 as in Eq.
(52).

Computation of X5

We start from Eq. (35), use the explicit expressions for the
Lipatov vertices and the MV model for μ2, integrate over k1,
and write the X5 contribution as

X5 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)4 S⊥
×[

δ(2)(k2 − k3) + δ(2)(k2 + k3)
]

∫
d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2 d(q1) d(q2) d(q3)

×
[

(k2 − q1)
i

(k2 − q1)2 − ki2
k2

2

][
(k2 − q2)

i

(k2 − q2)2 − ki2
k2

2

]

×
[
(k2 − q2)

j

(k2 − q1)2 − k j
2

k2
2

][
(k2 − q3)

j

(k2 − q2)2 − k j
2

k2
2

]

×
[
(k2 − q3)

k

(k2 − q3)2 − kk2
k2

2

][
(k2 − q1)

k

(k2 − q1)2 − kk2
k2

2

]

. (144)

The first term in X5 is an explicit contribution to the forward
HBT of gluons 2 and 3. The second term, which is indeed
a mirror image (k3 → −k3), is an explicit contribution to
the backward HBT of gluons 2 and 3. Again by shifting and
renaming the integration variables, we obtain

X5 ≡ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] ∫

d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2

× d(q1 + k2) d(q2 + k2) d(q3 + k2)

[
qi1
q2

1

+ ki2
k2

2

]

×
[
qk1
q2

1

+ kk2
k2

2

] [
qi2
q2

2

+ ki2
k2

2

][
q j

2

q2
2

+ k j2
k2

2

]

×
[
q j

3

q2
3

+ k j2
k2

2

][
qk3
q2

3

+ kk2
k2

2

]

. (145)

After using the GBW model for the dipole operators, the
computation of X5 becomes straightforward since the inte-
grations over q1, q2 and q3 are factorized and it can be written
as

X5 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

e−3k2
2/Q2

s

×
∫

d2q1 e
−(q2

1 +2q1·k2)/Q2
s

[
qi1
q2

1

+ ki2
k2

2

][
qk1
q2

1

+ kk2
k2

2

]

×
∫

d2q2 e
−(q2

2 +2q2·k2)/Q2
s

[
qi2
q2

2

+ ki2
k2

2

][
q j

2

q2
2

+ k j2
k2

2

]

×
∫

d2q3 e
−(q2

3 +2q3·k2)/Q2
s

[
q j

3

q2
3

+ k j2
k2

2

][
qk3
q2

3

+ kk2
k2

2

]

.

(146)

The exponentially enhanced contributions to each of the
above integrals can be read off from Eq. (85) with the fol-
lowing final result:

X5 ≈ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

e−3k2
2/Q2

s

×
[

πQ2
s ek

2
2/Q2

s
δik

2

Q2
s

k4
2

][

πQ2
s ek

2
2/Q2

s
δi j

2

Q2
s

k4
2

]

×
[

πQ2
s ek

2
2/Q2

s
δ jk

2

Q2
s

k4
2

]

, (147)

which can be further simplified and the final result can be
written as in Eq. (55).

Appendix B: Computation of X̄ i for the correlations
between mean transverse momentum and v2

The computation for X̄i is very similar to the one that we
performed in the previous section. The only difference is that
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each contribution listed in Eqs. (29)–(35) should be multi-
plied with k2

1 before performing the integral over k1. Fol-
lowing this procedure and using the explicit expressions for
the Lipatov vertices and the MV model for μ2, we get the
following expressions for X̄i :

X̄1 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q2

(2π)2

d2q3

(2π)2

{

d
[

k2 − (k3 − q3)
]

d(q2) d(q3) k
2
2

×
[

(k3 − q3)
i

(k3 − q3)2 − ki2
k2

2

] [
(k2 − q2)

i

(k2 − q2)2 − ki2
k2

2

][
(k3 − q3)

j

(k3 − q3)2 − k j
2

k2
2

]

×
[

(k2 − q2)
j

(k2 − q2)2 − k j
2

k2
2

] [
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

] [
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

+(k3 → −k3)

}

, (148)

X̄2 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)4 S⊥
×[

δ(2)(k2 − k3) + δ(2)(k2 + k3)
]

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2 d(q1) d(q2) d(q3)

× (k2 − q2 + q1)
2
[

(k2 − q2)
i

(k2 − q2)2 − ki2
k2

2

][
(k2 − q3)

i

(k2 − q3)2 − ki2
k2

2

]

×
[

(k2 − q2)
j

(k2 − q2)2 − k j
2

k2
2

][
(k2 − q3)

j

(k2 − q3)2 − k j
2

k2
2

]

×
[

(k2 − q2)
k

(k2 − q2)2 − (k2 − q2 + q1)
k

(k2 − q2 + q1)2

]

×
[

(k2 − q2)
k

(k2 − q2)2 − (k2 − q2 + q1)
k

(k2 − q2 + q1)2

]

, (149)

X̄3 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q1

(2π)2

d2q3

(2π)2

{

d(q1) d
[

(k3 − q3) − k2
]

d(q3) k
2
3

×
[

(k3 − q3)
i

(k3 − q3)2 − ki3
k2

3

] [
(k3 − q1)

i

(k3 − q1)2 − ki3
k2

3

][
(k3 − q3)

j

(k3 − q3)2 − k j
3

k2
3

]

×
[

(k3 − q1)
j

(k3 − q1)2 − k j
3

k2
3

] [
(k3 − q3)

k

(k3 − q3)2 − kk2
k2

2

][
(k3 − q3)

k

(k3 − q3)2 − kk2
k2

2

]

× + (k2 → −k2)

}

, (150)

X̄4 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

×
∫

d2q1

(2π)2

d2q3

(2π)2

{

d(q1) d
[

(k3 − q3) − k2
]

d(q3) (k3 − q3 + q1)
2

×
[

(k3 − q3)
i

(k3 − q3)2 − (k3 − q3 + q1)
i

(k3 − q3 + q1)2

][
(k3 − q3)

i

(k3 − q3)2 − (k3 − q3 + q1)
i

(k3 − q3 + q1)2

]

×
[

(k3 − q3)
j

(k3 − q3)2 − k j
2

k2
2

][
(k3 − q3)

j

(k3 − q3)2 − k j
2

k2
2

]

×
[

(k3 − q3)
k

(k3 − q3)2 − kk3
k2

3

][
(k3 − q3)

k

(k3 − q3)2 − kk3
k2

3

]

+ (k3 → −k3)

}

, (151)

X̄5 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)4 S⊥
×[

δ(2)(k2 − k3) + δ(2)(k2 + k3)
]

×
∫

d2q1

(2π)2

d2q2

(2π)2

d2q3

(2π)2 d(q1) d(q2) d(q3) k
2
2

×
[

(k2 − q1)
i

(k2 − q1)2 − ki2
k2

2

][
(k2 − q2)

i

(k2 − q2)2 − ki2
k2

2

]

×
[

(k2 − q2)
j

(k2 − q1)2 − k j
2

k2
2

][
(k2 − q3)

j

(k2 − q2)2 − k j
2

k2
2

]

×
[

(k2 − q3)
k

(k2 − q3)2 − kk2
k2

2

][
(k2 − q1)

k

(k2 − q1)2 − kk2
k2

2

]

. (152)

Upon performing the appropriate shifts of the integration
variables and renaming them, the total result can be organized
as follows:
∫

d2k1 k
2
1

dN (3)

d2k1d2k2d2k3
= X̄1 + X̄2 + X̄3 + X̄4 + X̄5 ,

(153)

where

X̄1 ≡ 4 α3
s (4π)3(N2

c − 1) μ6(2π)2 S⊥

×
∫

d2q2

(2π)2
d2q3

(2π)2

{

d(q2 + k2) d(q3 + k2) d(q3 + k3)

× k2
2

[
qi2
q2

2

+ ki2
k2

2

][
q j

2

q2
2

+ k j2
k2

2

][
qi3
q2

3

+ ki2
k2

2

]

×
[
q j

3

q2
3

+ k j2
k2

2

][
qk3
q2

3

+ kk3
k2

3

][
qk3
q2

3

+ kk3
k2

3

]

+ (k3 → −k3)

}

, (154)

X̄2 ≡ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥
×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
]

×
∫

d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2 d(q1 + q2) d(q2 + k2)

× d(q3 + k2) q2
1

[
qk1
q2

1

+ qk2
q2

2

][
qk1
q2

1

+ qk2
q2

2

]

×
[
qi2
q2

2

+ ki2
k2

2

][
q j

2

q2
2

+ k j2
k2

2

]

×
[
qi3
q2

3

+ ki2
k2

2

][
q j

3

q2
3

+ k j2
k2

2

]

, (155)

X̄3 ≡ 4 α3
s (4π)3(N2

c − 1) μ6(2π)2 S⊥

×
∫

d2q2

(2π)2
d2q3

(2π)2

{

d(q2 + k2) d(q2 + k3) d(q3 + k3) (156)

× k2
3

[
qi2
q2

2

+ ki3
k2

3

][
q j

2

q2
2

+ k j3
k2

3

] [
qi3
q2

3

+ ki3
k2

3

]

×
[
q j

3

q2
3

+ k j3
k2

3

] [
qk2
q2

2

+ kk2
k2

2

][
qk2
q2

2

+ kk2
k2

2

]

+ (k2 → −k2)

}

,

X̄4 ≡ 4 α3
s (4π)3(N2

c − 1) μ6(2π)2 S⊥

×
∫

d2q2

(2π)2
d2q3

(2π)2

{

d(q2 + q3) d(q3 + k2) d(q3 + k3)

× q2
2

[
qi2
q2

2

+ qi3
q2

3

][
qi2
q2

2

+ qi3
q2

3

] [
q j

3

q2
3

+ k j2
k2

2

]

×
[
q j

3

q2
3

+ k j2
k2

2

] [
qk3
q2

3

+ kk3
k2

3

][
qk3
q2

3

+ kk3
k2

3

]

+ (k3 → −k3)

}

, (157)

X̄5 ≡ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4 S⊥
×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
]

×
∫

d2q1

(2π)2
d2q2

(2π)2
d2q3

(2π)2 d(q1 + k2) d(q2 + k2)

× d(q3 + k2) k2
2

[
qi1
q2

1

+ ki2
k2

2

][
qk1
q2

1

+ kk2
k2

2

] [
qi2
q2

2

+ ki2
k2

2

]

×
[
q j

2

q2
2

+ k j2
k2

2

] [
q j

3

q2
3

+ k j2
k2

2

][
qk3
q2

3

+ kk2
k2

2

]

. (158)
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Computation of X̄1, X̄3 and X̄5

By comparing the Eqs. (75) and (154) for X̄1, Eqs. (116) and
(156) for X̄3 and Eqs.(145) and (158) for X̄5, one can imme-
diately realize that the structures of the q2 and q3 dependence
of these terms are exactly the same, therefore the results are
the same – up to the extra factor of k2

2 in the numerator of
X̄1 and X̄5, and k2

3 in the numerator of X̄3 when compared to
the expressions of X1, X3 and X5. Thus, without doing any
computations, we can conclude that

X̄1 = k2
2 X1 , (159)

X̄3 = k2
3 X3 , (160)

X̄5 = k2
2 X5 , (161)

and the explicit expressions for X̄1, X̄3 and X̄5 can be written
as in Eqs. (58), (60) and (65) respectively.

Computation of X̄2

Starting from Eq. (155) and using the GBW model for the
dipole operators, X̄2 can be organized as follows:

X̄2 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

e−2k2
2/Q2

s

×
∫

d2q2 e
−(2q2

2 +2q2·k2)/Q2
s

×
[
qi2
q2

2

q j
2

q2
2

+ qi2
q2

2

k j2
k2

2

+ q j
2

q2
2

ki2
k2

2

+ ki2
k2

2

k j2
k2

2

]

×
∫

d2q1 e
−(q2

1 +2q1·q2)/Q2
s

[

1 + 2
qk1 qk2
q2

2

+ q2
1

q2
2

]

×
∫

d2q3 e
−(q2

3 +2q3·k2)/Q2
s

×
[
qi3
q2

3

q j
3

q2
3

+ qi3
q2

3

k j2
k2

2

+ q j
3

q2
3

ki2
k2

2

+ ki2
k2

2

k j2
k2

2

]

. (162)

We first perform the integration over q3. The structure of this
integral is exactly the same as the one given in Eq. (85). By
using this result, X̄2 can be written as

X̄2 ≈ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

πQ2
s e

−k2
2/Q2

s

× 1

2

Q2
s

k4
2

(

1 + 2
Q2
s

k2
2

+ 6
Q4
s

k4
2

)

×
∫

d2q2 e
−(2q2

2 +2q2·k2)/Q2
s

[
1

q2
2

+ 2
ki2
k2

2

qi2
q2

2

+ 1

k2
2

]

×
∫

d2q1 e
−(q2

1 +2q1·q2)/Q2
s

[

1 + 2
qk1 qk2
q2

2

+ q2
1

q2
2

]

. (163)

Let us now consider the integration over q1 that can be orga-
nized as follows:
∫

d2q1 e
−(q2

1 +2q1·q2)/Q2
s

[

1 + 2
qk1 q

k
2

q2
2

+ q2
1

q2
2

]

= I0,0 + 2
qk2
q2

2

Ī k1,0 + 1

q2
2

Ī2,0 , (164)

with I0,0 being defined in Eq. (77) and its solution given in
Eq. (78). The new type of integrals that appear above can be
computed trivially:

Ī k1,0 =
∫

d2q1 e−(q2
1 +2q1·q2)/Q2

s qk1 = −πQ2
s e

q2
2 /Q2

s qk2 , (165)

Ī2,0 =
∫

d2q1 e−(q2
1 +2q1·q2)/Q2

s q2
1 = πQ2

s e
q2

2 /Q2
s
(

Q2
s + q2

2
)

. (166)

By using these results the integration over q1 reads

∫

d2q1 e
−(q2

1 +2q1·q2)/Q2
s

[

1 + 2
qk1 qk2
q2

2

+ q2
1

q2
2

]

= πQ2
s e

q2
2 /Q2

s
Q2
s

q2
2

.

(167)

Inserting these results into Eq. (163), for the exponentially
enhanced contribution in X̄2 we get

X̄2 ≈ 4 α3
s (4π)3(N2

c − 1) μ6 (2π)4S⊥

×
[

δ(2)(k2 + k3) + δ(2)(k2 − k3)
] 1

(2π)6
(4π)3

Q6
s

(πQ2
s )

2 e−k2
2/Q2

s

× 1

2

Q4
s

k4
2

(

1 + 2
Q2
s

k2
2

)

×
∫

d2q2 e
−(q2

2 +2q2·k2)/Q2
s

[
1

q4
2

+ 2
ki2
k2

2

qi2
q4

2

+ 1

q2
2

1

k2
2

]

. (168)

The remaining integral is over q2 which reads
∫

d2q2 e
−(q2

2 +2q2·k2)/Q2
s

[
1

q4
2

+ 2
ki2
k2

2

qi2
q4

2

+ 1

q2
2

1

k2
2

]

= I0,4 + 2
ki2
k2

2

I i1,4 + 1

k2
2

I0,2 , (169)

where the integrals I0,2 and I0,4 were computed previously
and the results are given in Eqs. (105). and (108). The new
type of integral that appears in Eq. (169) can be computed in
the same way and the results reads

I i1,4 =
∫

d2q2 e
−(q2

2 +2q2·k2)/Q2
s
qi2
q4

2

≈ −πQ2
s e

k2
2/Q2

s
ki2
k2

2

Q2
s

k2
2

(

1 + 2
Q2

s

k2
2

)

. (170)

Then

∫

d2q2 e
−(q2

2 +2q2·k2)/Q2
s

[
1

q4
2

+ 2
ki2
k2

2

qi2
q4

2

+ 1

q2
2

1

k2
2

]

≈ πQ2
s ek2/Q2

s
Q2
s

k6
2

(171)
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and, finally, we can write the exponentially enhanced contri-
bution to X̄2 as it is given in Eq. (64).

Computation of X̄4

The last contribution that we consider is X̄4. Starting from
Eq. (157), this contribution can be organized as

X̄4 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

× 1

(2π)4

(
4π

Q2
s

)3

e−(k2
2+k2

3)/Q2
s

×
∫

d2q3 e
−[3q2

3 +2q3·(k2+k3)]/Q2
s

×
[

1

k2
2k

2
3

+
(

1

k2
2

+ 1

k2
3

)
1

q2
3

+ 2

(
ki2
k2

2k
2
3

+ ki3
k2

2k
2
3

)
qi3
q2

3

+2

(
ki2
k2

2

+ ki3
k2

3

)
qi3
q2

3

1

q2
3

+ 4
ki2
k2

2

k j
3

k2
3

qi3
q2

3

q j
3

q2
3

+ 1

q2
3

1

q2
3

]

×
∫

d2q2 e
−(q2

2 +2q2·q3)/Q2
s

[

1 + 2
qk2 q

k
3

q2
3

+ q2
2

q2
3

]

.

(172)

The structure of the q2 integral is exactly the same as in Eq.
(167). Using this result, we can write X̄4 as

X̄4 = 4 α3
s (4π)3(N 2

c − 1) μ6 (2π)2 S⊥

× 1

(2π)4

(
4π

Q2
s

)3

(πQ2
s ) Q

2
s e

−(k2
2+k2

3)/Q2
s

×
∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s

×
[

1

k2
2k

2
3

1

q2
3

+
(

1

k2
2

+ 1

k2
3

)
1

q4
3

+ 2
(ki2 + ki3)

k2
2 k

2
3

qi3
q4

3

+2

(
ki2
k2

2

+ ki3
k2

3

)
qi3
q2

3

1

q4
3

+ 4
ki2
k2

2

k j
3

k2
3

qi3
q2

3

q j
3

q2
3

1

q2
3

+ 1

q6
3

]

,

(173)

which can be organized as

X̄4 = 4 α3
s (4π)3(N2

c − 1) μ6 (2π)2 S⊥

× 1

(2π)4

(
4π

Q2
s

)3
(πQ2

s ) Q
2
s e

−(k2
2+k2

3 )/Q2
s

×
{

1

k2
2k

2
3

T0,2 +
(

1

k2
2

+ 1

k2
3

)

T0,4 + T0,6 + 2
(k2 + k3)i

k2
2 k2

3

T i
1,4

+2

(
ki2
k2

2

+ ki3
k2

3

)

T i
1,6 + 4

ki2
k2

2

ki3
k2

3

T i j
2,6

}

. (174)

Apart from T i j
2,6, all integrals have been defined and computed

previously (T0,2 in Eqs. (88) and (94), T0,4 in Eqs. (89) and
(95), T0,6 in Eqs. (122) and (133), T i

1,4 in Eqs. (91) and (97),

andT i
1,6 in Eqs. (126) and (137)). The new type of integral

that appears in Eq. (174) is T i j
2,6 which is defined as

T i j
2,6 =

∫

d2q3 e
−[2q2

3 +2q3·(k2+k3)]/Q2
s
qi3 q

j
3

q6
3

, (175)

and can be computed in the same way as the others. Its expo-
nentially enhanced contribution reads

T i j
2,6 ≈ πQ2

s e
(k2+k3)

2/2Q2
s

24

(k2 + k3)4

×
[

1

2

(k2 + k3)
i (k2 + k3)

j

(k2 + k3)2

+ 22 Q2
s

(k2 + k3)2

(
3

4

(k2 + k3)
i (k2 + k3)

j

(k2 + k3)2 + δi j

8

)

+ 24 Q4
s

(k2 + k3)4

(
3

2

(k2 + k3)
i (k2 + k3)

j

(k2 + k3)2 + 3
δi j

8

)]

.

(176)

Finally, putting everything together, X̄4 can be written as in
Eq. (62).
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