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Abstract We have studied the shadows of a Schwarzschild
black hole under a special polar gravitational perturbation,
which is a particular solution of Einstein equations expanded
up to first order. It is shown that the black hole shadow
changes periodically with time and the change of shadow
depends on the Legendre polynomial order parameter l and
the frequency σ of gravitational wave. For the odd order of
Legendre polynomial, the center of shadow oscillates along
the direction which is vertical to equatorial plane. For even
l, the center of shadow does not move, but the shadow alter-
nately stretches and squeezes with time along the vertical
direction. Moreover, the presence of the gravitational wave
leads to the self-similar fractal structures appearing in the
boundary of the black hole shadow. We also find that this
special gravitational wave has a greater influence on the ver-
tical direction of black hole shadow.

1 Introduction

The first direct observation of gravitational waves (GW150914)
[1–3] reported by LIGO and Virgo Scientific not only con-
firms the success of Einstein’s general relativity, but also
opens a new era in the fields of astronomy, astrophysics
and cosmology. Subsequently, there are several gravitational
waves events have been detected, which are caused by binary
black hole merger [1–7] or by binary neutron star merger [8].
Especially, the discovery of the electromagnetic signals in
gamma-ray [8–10] arising from binary neutron star (BNS)
merger means the arrival of multi-messengers astronomy.
By comparing with theoretical templates, gravitational waves
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could tell us a variety of parameters of astrophysical compact
objects such as their masses, spins and so on. The detection
of gravitational waves could help us to understand black hole
further and to verify various gravity theories.

Another exciting event in astrophysics and black hole
physics is the first image of the supermassive black hole
in the center of the giant elliptical galaxy M87, which was
announced by Event Horizon Telescope (EHT) Collaboration
in 2019 [11–17]. It provides the first direct visual evidence
that there exists exactly black hole in our Universe. Black
hole image can be regarded as a potential tool to verify grav-
ity theories and identify black hole parameters. The initial
analyses of the first image of black hole have no striking
deviations from the predictions of general theory of rela-
tivity. The dark region in the center of black hole image is
black hole shadow, which corresponds to light rays fall into
event horizon of black hole. The fingerprints of the geome-
try around the black hole would be reflected in the shape and
size of black hole shadow [18,19]. For example, the shadow
of a Schwarzschild black hole is a perfect black disk. But
for a Kerr black hole, shadow becomes a D-shaped silhou-
ette gradually with the increase of spin parameter [18,19].
In the spacetime of a Kerr black hole with Proca hair and a
Konoplya–Zhidenko rotating non-Kerr black hole, the cusp
silhouette of black hole shadows emerge in certain range of
parameter [20,21]. Especially, the self-similar fractal struc-
tures are found in shadow for a rotating black hole with
scalar hair [22–25], a Majumdar–Papapetrou binary black
hole system [26,27], Bonnor black diholes with magnetic
dipole moment [28], and a non-Kerr rotating compact object
with quadrupole mass moment [29]. These novel structures
in shadows are found to be caused by non-integrable photon
motions. The black hole shadows with other parameters in
various theories of gravity have been recently investigated
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in Refs. [30–63]. These could provide some theoretical tem-
plates for the future astronomical observations announced by
Event Horizon Telescope and BlackHoleCam [64].

Since both the gravitational waves detection and Event
Horizon Telescope observation play a vital role in the study
of black holes and verification of various gravity theories, it
is very interesting to study the effects of gravitational waves
on black hole shadows. Generally, it is very difficult because
that it is not easy to get a solution for the gravitational wave
around a black hole since the Einstein equation with pertur-
bation is very complicated. Fortunately, Xanthopoulos [65]
obtained a particular gravitational wave solution which meets
Einstein equations expanded up to the first order in ε. With
this particular solution, one can probe the peculiar effects
of gravitational wave on dynamics of test particle in black
hole spacetime. It is found that this special gravitational wave
makes the motion of a timelike test particle is no longer inte-
grable and then the chaotic phenomenon appears [66], which
is different from those in the case without gravitational wave.
It is naturally expected that the chaotic phenomenon could
appear in the motion of photon under such gravitational per-
turbation, and then the corresponding chaotic behavior of
photon would give rise to some new effects on the black hole
shadow. Therefore, in this paper, we would like to probe the
effects of this gravitational wave on the black hole shadow.

The paper is organized as follows. In Sect. 2, we review
briefly the spacetime of a Schwarzschild black hole perturbed
by the gravitational wave [65–67] and then analyze the null
geodesic equations in this spacetime. In Sect. 3, we present
numerically the shadows for the Schwarzschild black hole
perturbed by the gravitational wave and probe the effects of
this gravitational wave on the shadow. Finally, we present a
summary.

2 The spacetime of Schwarzschild black hole perturbed
by gravitational wave and null geodesics

The metric of a Schwarzschild black hole with a gravitational
perturbation [65–67] can be expressed as

ds2 = (gμν + εhμν)dx
μdxν, (1)

which is a particular solution of Einstein equations expanded
up to the first order in ε. The metric gμν in Eq. (1) is the metric
tensor of a usual Schwarzschild black hole with a form

gtt = − f = −(1 − 2M/r), grr = f −1,

gθθ = r2, gφφ = r2 sin2 θ. (2)

hμν is a special analytical solution of polar gravitational per-
turbation around Schwarzschild black hole [65–67], i.e.,

htt = − f X Pl cos(σ t),

hrr = f −1Y Pl cos(σ t),

hθθ = r2
(
Z Pl + W

d2Pl
dθ2

)
cos(σ t),

hφφ = r2 sin2 θ

(
Z Pl + W

dPl
dθ

cot θ

)
cos(σ t), (3)

where

X = pq, Y = 3Mq, Z = (r − 3M)q, W = rq,

p = M − M2 + σ 2r4

r − 2M
, q =

√
f

r2 . (4)

Pl = Pl(cos θ) are the usual Legendre polynomials (l > 1),
σ is the frequency of gravitational wave. This solution of
the special class of gravitational wave (3) was obtained by
Xanthopoulos [65] through solving the differential equa-
tions on metric perturbations of Reissner–Nordström black
hole [68–70]. And the perturbations of Reissner–Nordström
black hole was derived by Zerilli [68] and Moncrief [69,70]
when they researched the perturbed gravitational and elec-
tromagnetic fields produced by a charged (or uncharged)
test particle moving in a Reissner–Nordström geometry. So
the special class of gravitational wave (3) is a solution of
one-dimensional wave-type equations [68–70], and could be
regarded as a perturbation caused by an uncharged particle
moving in Schwarzschild black hole spacetime. The unper-
turbed (Schwarzschild) metric is spherically symmetric, thus
there is no loss of generality that the special class of gravita-
tional wave (3) is only an axisymmetric perturbation. Since
hμν is divergent at infinity, the gravitational wave (3) is just
used to describe the gravitational perturbation around a black
hole. Actually, this solution is related to Zerilli function Z (+)

by [65]

Z (+) = r2

3M + nr

(
3MW

r
− Y

)
, (5)

with n = (l−1)(l +2)/2. For the even order l in Pl , one can
find that the gravitational wave solution (3) is even function
of cos θ , therefore it is symmetric with respect equatorial
plane [65–67]. However, for the odd l, the perturbation (3)
is odd function of cos θ and then it is not symmetric with
respect equatorial plane.

The Hamiltonian of a photon propagation along null
geodesic in the spacetime (1) can be expressed as

H = − p2
t

2 f [1 + εX Pl cos(σ t)] + f p2
r

2[1 + εY Pl cos(σ t)]
+ p2

θ

2r2[1 + ε(Z Pl + W d2Pl
dθ2 ) cos(σ t)]

+ csc2 θp2
φ

2r2[1 + ε(Z Pl + W dPl
dθ

cot θ) cos(σ t)] . (6)

It is obvious that the Hamiltonian (6) is an explicit function of
time coordinate t , and then the energy of photon E = −pt
[20,30,49,71–73] is no longer a constant of motion along
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geodesic (Ė = −̇pt = ∂H(t)
∂t �= 0), which can be expressed

as

E = −pt = f [1 + εX Pl cos(σ t)]ṫ . (7)

It is understandable because there exists the energy trans-
fer between the gravitational wave (3) and the photon in
this spacetime. However, the z component of the angular
momentum Lz = pφ of photon is still conserved in this case
because the Hamiltonian (6) does not contain the coordinate
φ [20,30,49,71–73]. With the conserved quantity

Lz = pφ = r2 sin2 θ

[
1 + ε

(
Z Pl + W

dPl
dθ

cot θ

)
cos(σ t)

]
φ̇, (8)

we can find the null geodesic equations of photon in the
spacetime (1) can be expressed as

ẗ = 1

2 f [XεPl cos(σ t) + 1]

{
ṙ2σY εPl sin(σ t)

f
− 2ṙ ṫ

[
εPl

(
X f ′ + f X ′) cos(σ t) + f ′]

−2 f θ̇ ṫ Xε
dPl
dθ

cos(σ t) + f σ ṫ2XεPl sin(σ t) +
L2
zσε csc2 θ sin(σ t)

(
W cot θ dPl

dθ
+ Z Pl

)

r2
[
ε cos(σ t)

(
W cot θ dPl

dθ
+ Z Pl

)
+ 1

]
2

+θ̇2r2σε sin(σ t)

(
W

d2Pl
dθ2 + Z Pl

) }
, (9)

r̈ = f

2 [Y εPl cos(σ t) + 1]

{
− ṫ2 [

εPl
(
X f ′ + f X ′) cos(σ t) + f ′] + ṙ2

[
εPl

(
Y f ′ − f Y ′) cos(σ t) + f ′]

f 2

+2ṙσ ṫY εPl sin(σ t)

f
+

L2
z csc2 θ{ε cos(σ t)

[
cot θ

(
rW ′ + 2W

) dPl
dθ

+ Pl
(
r Z ′ + 2Z

)] + 2}
r3

[
ε cos(σ t)

(
W cot θ dPl

dθ
+ Z Pl

)
+ 1

]
2

+θ̇2r

{
ε cos(σ t)

[(
rW ′ + 2W

) d2Pl
dθ2 + Pl

(
r Z ′ + 2Z

)] + 2

}
− 2θ̇ ṙY ε

dPl
dθ

cos(σ t)

f

}
, (10)

θ̈ = 1

2r2
[
ε cos(σ t)

(
W d2Pl

dθ2 + Z Pl
)

+ 1
]
{
ṙ2Y ε

dPl
dθ

cos(σ t)

f

+θ̇2r2ε cos(σ t)

(
W

d3Pl
dθ3 + Z

dPl
dθ

)

+
L2
z csc2 θ

{
2 cot θ+ε cos(σ t)

[
W

(
cot2 θ−1

) dPl
dθ

+W cot θ d2Pl
dθ2 +Z

(
2 cot θ Pl+ dPl

dθ

)]}

r2
[
ε cos(σ t)

(
W cot θ dPl

dθ
+Z Pl

)
+1

]
2

+2θ̇r2σ ṫε sin(σ t)

(
W

d2Pl
dθ2 + Z Pl

)

−2θ̇ ṙr

(
ε cos(σ t)

(
d2Pl
dθ2

(
rW ′ + 2W

) + Pl
(
r Z ′ + 2Z

)) + 2

)

− f ṫ2Xε
dPl
dθ

cos(σ t)

}
, (11)

φ̇ = Lz csc2 θ

r2[1 + ε(Z Pl + W dPl
dθ

cot θ) cos(σ t)] , (12)

where the dots denote derivatives with respect to the proper
time τ , and the primes denote derivatives with respect to
the radial coordinate r . It is obvious that the geodesic equa-
tions (9)–(12) are not variable-separable and the integration
constants in this dynamical system are less than the num-
ber of freedom degrees. It implies that the photon dynamical
system is non-integrable, so the chaos could appear in the
motion of photon in this spacetime (1).

3 Shadows casted by Schwarzschild black hole
perturbed by gravitational wave

In this section, we will study the shadows of Schwarzschild
black hole with the gravitational wave (3) through the back-
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ward ray-tracing technique [22–31]. We evolved light rays
by solving numerically the null geodesic equations (9)–
(12) from the observer backward in time. The shadow of
black hole is composed by the light rays falling down into
the horizon of black hole. We can find the spacetime of
Schwarzschild black hole with the gravitational wave is not
asymptotically flat under the influence of gravitational per-
turbation (3). The observer can not be set at the spatial infi-
nite. In this situation, we introduce orthonormal tetrads for
observers located at finite distance, zero-angular-moment-
observers (ZAMOs) reference frame [18], which has been
used in the study of black hole shadow in de Sitter space-
time [74–76]. In this way, we assume that the static observer
is locally at (robs, θobs) in the Boyer–Lindquist coordinates.
The local observer basis {et̂ , er̂ , eθ̂

, e
φ̂
} can be expanded as

a form in the coordinate basis {∂t , ∂r , ∂θ , ∂φ} [22–31]

eμ̂ = eν
μ̂
∂ν, (13)

where the transform matrix eν
μ̂

obeys (gμν + εhμν)e
μ

α̂
eν

β̂
=

η
α̂β̂

, and η
α̂β̂

is the Minkowski metric. For the spacetime (3),
it is convenient to choice the transform matrix eν

μ̂
as

eν
μ̂

=

⎛
⎜⎜⎜⎜⎝

1√−gtt−εhtt
0 0 0

0 1√
grr+εhrr

0 0

0 0 1√
gθθ+εhθθ

0

0 0 0 1√
gφφ+εhφφ

⎞
⎟⎟⎟⎟⎠ .

(14)

Thus the locally measured four-momentum pμ̂ of a photon
is related to its four-momentum pμ by pμ̂ = eν

μ̂
pν , i.e.,

pt̂ = −eν
t̂
pν = − pt√

f + ε f X Pl cos(σ t)
,

pr̂ = eν
r̂ pν =

√
f

1 + εY Pl cos(σ t)
pr ,

pθ̂ = eν

θ̂
pν = pθ

r
√

1 + ε(Z Pl + W d2Pl
dθ2 ) cos(σ t)

,

pφ̂ = eν

φ̂
pν = Lz csc θ

r
√

1 + ε(Z Pl + W dPl
dθ

cot θ) cos(σ t)
. (15)

Repeating the operation in Refs. [22–31], one can obtain the
coordinates of a photon’s image in observer’s sky

x = −r
pφ̂

pr̂
|(robs ,θobs ) = −

√
f

[1 + ε(Z Pl + W dPl
dθ

cot θ) cos(σ t)][1 + εY Pl cos(σ t)]
Lz csc θ

ṙ
|(robs ,θobs ), y = r

pθ̂

pr̂
|(robs ,θobs )

=

√√√√ f [1 + ε(Z Pl + W d2Pl
dθ2 ) cos(σ t)]

1 + εY Pl cos(σ t)

r2θ̇

ṙ
|(robs ,θobs ). (16)

Here, we assume the lights come from both accretion disk
around black hole and distant stars. For a convenience, we
assume that a geometrically thin and optically thick accre-
tion disk lies in the equatorial plane of Schwarzschild black
hole. As that in Ref. [77], the disk’s minimum and maxi-
mum radii are set as 6M and 15M , respectively. In Fig. 1,
we present the shadows of Schwarzschild black hole per-
turbed by the gravitational wave (3) for the static observer
(robs = 50, θobs = 90◦) at different times tobs . Here we set
black hole mass M = 1, the parameter ε = 0.05, gravita-
tional wave frequency σ = 0.5, l = 2, 3, 4 and 5. Obviously,
the black regions represent shadows of black hole, the colored
regions (from red to yellow) represent the images of accre-
tion disk. In addition, because of the rotation of accretion
disk, the redshift of photon changes the colors in accretion
disk images from red to yellow, which depends on the flux
radiation of accretion disk. In this case, the yellow has big-
ger flux radiation. From this figure, we can find the shadows
of Schwarzschild black hole perturbed by gravitational wave
change periodically with time, which can be understand by
a fact that the metric coefficients of the black hole (3) are
the periodic functions of time t . Moreover, the shadows also
depend on the parameters of gravitational wave. In Fig. 1,
we find that the black hole shadow is symmetric with respect
equatorial plane in the even l case, but they are not in the odd
l case. It means that the symmetry of black hole shadow also
depends on the symmetry of the gravitational perturbation
(3). For the case of the perturbation with odd l, it is found
that the center of black hole shadow oscillates up and down
with time along the direction which is vertical to equatorial
plane. However, for the even l one, the center of the shadow
doesn’t change, but black hole shadow alternately stretches
and squeezes with time along the vertical direction. More-
over, the shape of black hole shadows changes only along
the vertical direction in Fig. 1. It is because that the special
class of gravitational wave (3) is only an axisymmetric per-
turbation. With the increase of the parameter l, we find that
the deformations of shadows are more obvious. Especially
when l increases to 5, the shadows of black hole even become
heart-like shaped shadows. In addition, we also find that the
images of accretion disk have the same variations as the black
hole shadows with gravitational waves.

In order to study quantitatively the deformation of
Schwarzschild black hole shadow perturbed by the gravita-
tional perturbation (3), we define two deviated parameters εo
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Fig. 1 The shadows of Schwarzschild black hole perturbed by the
gravitational wave (3) at different times tobs . Here we set mass M = 1,
ε = 0.05, gravitational wave frequency σ = 0.5, l = 2, 3, 4, 5, and the
observer is set at robs = 50 with the inclination angle θobs = 90◦. In l,

the boundary of shadow in the region within the blue box is not smooth.
We zoomed in on this region and got Fig. 4a in which we found some
more fine structures

and εe, which can describe the deviation strength of the shad-
ows from usual Schwarzschild black hole in the odd l case and
in the even l case, respectively. Firstly, we must introduce four
important points for shadow, the leftmost point (xl , yl ), the
rightmost point (xr , yr ), the topmost point (xt , yt ) and the bot-
tommost point (xb, yb), where the coordinates (x , y) are the
celestial coordinates (16) in observer’s sky. In the odd l case,
the center of shadow oscillates up and down with time along
the vertical direction, and we found the leftmost point (xl ,

yl ) and the rightmost point (xr , yr ) oscillate with the shadow
center, so the deviated parameter εo could be defined as

εo = yl(yr ). (17)

The deviated parameter εo is positive if black hole shadow
shifts upward, but is negative if the shadow shifts downward.
Since the shadow in the even l case alternately stretches and
squeezes along the vertical direction, and then the deviated
parameter εe could be defined as
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Fig. 2 The changes of the deviated parameter εo with time tobs . Here we set mass M = 1, ε = 0.05, gravitational wave frequency σ =
0.2, 0.3, 0.4, 0.5, and l = 3, 5, 7

Fig. 3 The changes of the deviated parameter εe with time tobs . Here we set mass M = 1, ε = 0.05, gravitational wave frequency σ =
0.2, 0.3, 0.4, 0.5, and l = 2, 4, 6

Fig. 4 a The amplifying image of the area within the blue box in Fig. 1l. b The amplifying image of the area within the blue box in a. c The
amplifying image of the area within the blue box in b
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Fig. 5 The shadows of Schwarzschild black hole perturbed by the gravitational wave (3) at different times tobs . Here we set mass M = 1, ε = 0.05,
gravitational wave frequency σ = 0.5, l = 3, 4, and the observer is set at robs = 20 with the inclination angle θobs = 90◦

Fig. 6 The shadows of Schwarzschild black hole perturbed by the gravitational wave (3) at different times tobs . Here we set mass M = 1, ε = 0.05,
gravitational wave frequency σ = 0.5, l = 3, 4, and the observer is set at robs = 80 with the inclination angle θobs = 90◦

εe = yt
xr

− 1. (18)

The deviated parameter εe is positive if black hole shadow
is prolate, but is negative if the shadow is oblate. Figures 2
and 3 show that the deviated parameters εo for l = 3, 5, 7 and
εe for l = 2, 4, 6 both fluctuate up and down with time, which
indicates once again that the shadow perturbed by the grav-
itational perturbation (3) oscillates up and down with time
along the vertical direction in the odd l case, and alternately

stretches and squeezes with time along the vertical direction
in the even l case. In Fig. 3a, from the amplitude values of
deviated parameter εe one can find the black hole shadows
change very little for l = 2, and the amplitude of deviated
parameter εe decreases with frequency σ increases. But for
l = 3, 4, 5, 6 and 7, one can find the amplitudes of devi-
ated parameters εe and εo both increase with the frequency σ

increases. What’s more, the deviated parameter εe is greater
than zero for a little longer in Fig. 3, which indicates that
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Fig. 7 The width w = xr − xl
of the shadow of Schwarzschild
black hole perturbed by
gravitational wave (3) for the
static observer at different radial
coordinate robs . The length of
the lines represents the variation
range of the width w of black
hole shadow in a time-period.
We set M = 1, ε = 0.05,
gravitational wave frequency
σ = 0.5, l = 2, 4, 6 for (a) and
l = 3, 5, 7 for (b)

Fig. 8 The height h = yt − yb
of the shadow of Schwarzschild
black hole perturbed by
gravitational wave (3) for the
static observer at different radial
coordinate robs . The length of
the lines represents the variation
range of the height h of black
hole shadow in a time-period.
We set M = 1, ε = 0.05,
gravitational wave frequency
σ = 0.5, l = 2, 4, 6 for (a) and
l = 3, 5, 7 for (b)

Fig. 9 The radius R of the
shadow of Schwarzschild black
hole perturbed by gravitational
wave (3) for the static observer
at different radial coordinate
robs . The length of the lines
represents the variation range of
the radius R of black hole
shadow in a time-period. We set
M = 1, ε = 0.05, gravitational
wave frequency σ = 0.5,
l = 2, 4, 6 for (a) and l = 3, 5, 7
for (b)

the gravitational perturbation (3) make Schwarzschild black
hole shadow more prolate rather than oblate when l is even.
In addition, we found that both of the amplitude of εo and εe
increase with l for the same frequency σ . It means that the
bigger l has a greater impact on the black hole shadow.

In Schwarzschild black hole spacetime, the boundary of
shadow is a smooth curve. However, in Fig. 1l, one can find
that the boundary of shadow in the blue box is not smooth. We
amplified the boundary of shadow and found some similar

layered structures shown in Fig. 4a. From this figure we can
find the boundary of shadow is distorted, the color red and
white near the shadow represent the lights come from accre-
tion disk and distant stars respectively. They’re superimposed
layer by layer. We zoomed in on the region within the blue
box in Fig. 4a to got Fig. 4b, and continued to zoom in on the
region within the blue box in Fig. 4b to got Fig. 4c. We kept
amplifying the boundary of shadow and found more simi-
lar layered structures like shown in Fig. 4. Actually, they are
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Fig. 10 The shadows for the observers at inclination angle θobs = 0◦ (upper row) and 45◦ (bottom row) in different times tobs . Here we set
robs = 50, M = 1, ε = 0.05, gravitational wave frequency σ = 0.5, l = 3.

Fig. 11 The shadows for the observers at inclination angle θobs = 0◦ (upper row) and 45◦ (bottom row) in different times tobs . Here we set
robs = 50, M = 1, ε = 0.05, gravitational wave frequency σ = 0.5, l = 4.

self-similar fractal structures caused by the chaotic motion of
photon in the background of a Schwarzschild black hole per-
turbed by the gravitational wave. At arbitrarily small scale,
this shadow boundary region always has finer self-similar
structures. It’s so irregular that can’t be described by calcu-
lus or traditional geometric language. The new effect that this
special kind of gravitational wave (3) gives to Schwarzschild
black hole shadow is what we expected since the equations

of photon motion (9)–(12) are no longer integrable and the
chaotic motions for test particles have appeared [66] in this
background. I hope Event Horizon Telescope and BlackHole-
Cam could find more fine structure like chaos by increasing
the resolution of telescope in the future.

Let us now to probe the changes of the black hole shadow
with the spatial coordinate of observer. In Figs. 5 and 6, we
present the shadows perturbed by gravitational wave (3) for
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Fig. 12 a The three peaks of
emitted intensity of light rays in
Fig. 11a, the ring a, the thin
image b and the region c. b The
three light rays from accretion
disk to observer, which
correspond to the ring a, the thin
image b and the region c in a

the static observer at robs = 20 and 80, respectively. For a
sake of simplicity, we set θobs = 90◦, M = 1, ε = 0.05, and
gravitational wave frequency σ = 0.5, l = 3, 4. Comparing
Fig. 1 with Figs. 5 and 6, one can find with the increase of robs ,
the image of accretion disk on the equatorial plane becomes
thin, but the disk images around shadow become thick. The
oscillation amplitude of black hole shadow increases with the
coordinate robs when l is odd. Moreover, we also present the
width w = xr − xl , the height h = yt − yb and the radius R
of the black hole shadow for the static observer with different
radial coordinates in Figs. 7, 8 and 9, respectively. Here the
radius R is defined similarly as in Ref. [37]

R = x2
r + (

yt
2 − yb

2 )2

2xr
. (19)

In these figures, we set mass M = 1, ε = 0.05, gravita-
tional wave frequency σ = 0.5, and l = 2, 4, 6 for fig-
ure (a), l = 3, 5, 7 for figure (b). The length of the lines
represents the variation range of the width w, the height h
or the radius R of black hole shadow in a time-period. In
Fig. 7, one can find the variation range of the width w in
a time-period is bigger for small even l, but it is just the
opposite for odd l. Especially, the widths w almost unchange
when robs = 50 for l = 3, 5, 7. Moreover, one can find
the average width w in a time-period increases first and
then decreases with robs . Unlike the width w of black hole
shadow, one can find the variation range of the height h in
a time-period changes periodically with robs in Fig. 8 and
the corresponding period is about 40. It is very interesting
and worthy of further study. Moreover, one can found the
variation range of the height h in a time-period is larger
for bigger l. Overall the average height h in a time-period
increases for even l and decreases for odd l with robs . From
Figs. 7 and 8 one can find that the change of the black hole
shadow height h is bigger than that of the shadow width w,

it means that the gravitational perturbation (3) has a greater
influence on the vertical direction of black hole shadow. So
in Fig. 9 we can find the change of the radius R of black hole
shadow is similar to that of the black hole shadow height
h.

In Figs. 10 and 11, we show the dependence of the shad-
ows on the observer inclination angle θobs for l = 3 and 4
respectively. When θobs = 0◦ (upper row), one can find that
the black hole shadow alternately expands and contracts with
time under the influence of gravitational waves (3). When
θobs = 45◦ (bottom row), the shadow is no longer symmet-
ric with respect the equatorial plane. But we also find the
shadow of black hole oscillates up and down with time for
l = 3, and the shadow alternately stretches and squeezes with
time along the vertical direction for l = 4. The colored region
(red to yellow) also represents the image of accretion disk.
Especially, in these figures one can find the emitted intensity
of light rays have three peaks, one is close to the boundary
of black hole shadow, one is the middle thin accretion disk
image, and one is the peripheral accretion disk image. For
instance, the three peaks of emitted intensity of light rays in
Fig. 11a are shown in Fig. 12a, which are the ring a, the thin
image b and the region c respectively. Through further study,
we found the light rays from the region c come from the
upside of accretion disk and propagate directly to observer,
as the trajectory c in Fig. 12b. The light rays from the thin
imageb come from the downside of accretion disk and bypass
the black hole to observer, as the trajectory b in Fig. 12b.
The light rays from the ring a also come from the upside of
accretion disk, but it make one orbit around black hole and
then reaching the observer, as the trajectory a in Fig. 12b.
Actually, when the metric (1) reduces to Schwarzschild black
hole (without the gravitational perturbation, ε = 0), the three
peaks of emitted intensity of light rays still exist. It is because
the accretion disk has inner and outer boundaries, and the
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lights can propagate between black hole and accretion disk,
which causes the multiple images of the accretion disk to
appear. In addition, the image of accretion disk has the same
variations as black hole shadow, it alternately expands and
contracts with time when θobs = 0◦, and is no longer sym-
metric with respect the equatorial plane when θobs = 45◦, but
also oscillates up and down with time for l = 3, alternately
stretches and squeezes with time along the vertical direction
for l = 4.

4 Summary

In this paper we studied the shadows of a Schwarzschild
black hole perturbed by a special class of gravitational wave
(3). Under the influence of gravitational wave, the equations
of photon motion in this spacetime are no longer integrable,
and the shadow changes periodically. When the order of Leg-
endre polynomial l is odd, the center of shadow oscillates up
and down with time along the direction which is vertical
to equatorial plane. When l is even, the center of shadow
does not move, but it alternately stretches and squeezes with
time along the vertical direction. We studied the effects of
gravitational wave on Schwarzschild black hole shadows by
introducing two deviated parameters εo and εe, and found
both of the amplitude of εo and εe increase with l increases
for fixed σ . We also found that there exist self-similar frac-
tal structures in the boundary of shadow caused by chaotic
motion of photon due to the presence of gravitational wave.
The average width w of black hole shadow in a time-period
increases first and then decreases overall as robs increases.
The variation range of height h and radius R of black hole
shadow change periodically with robs . Moreover, the change
of the black hole shadow height h is bigger than that of the
shadow width w, which indicates the gravitational pertur-
bation (3) has a greater influence on the vertical direction
of black hole shadow. In addition, we present the shadows
for the observer with different inclination angle. Our results
show that the presence of gravitational wave yields some
interesting properties of black hole shadow.

Acknowledgements This work was supported by the Shandong
Provincial Natural Science Foundation of China under Grant no.
ZR2020QA080, and was partially supported by the National Natural
Science Foundation of China under Grant nos. 11875026, 11475061,
11875025, and 12035005.

DataAvailability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment: This article includes
only theoretical computation and simulation, and has no experimental
data.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-

vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3.

References

1. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Col-
laboration), Observation of gravitational waves from a binary black
hole merger. Phys. Rev. Lett. 116, 061102 (2016)

2. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Col-
laboration), GW150914: the advanced LIGO detectors in the era
of first discoveries. Phys. Rev. Lett. 116, 131103 (2016)

3. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collab-
oration), GW150914: first results from the search for binary black
hole coalescence with advanced LIGO. Phys. Rev. D. 93, 122003
(2016)

4. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Col-
laboration), GW151226: observation of gravitational waves from a
22-solar-mass binary black hole coalescence. Phys. Rev. Lett. 116,
241103 (2016)

5. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collab-
oration), GW170104: observation of a 50-solar-mass binary black
hole coalescence at redshift 0.2. Phys. Rev. Lett. 118, 221101
(2017)

6. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collab-
oration), GW170608: observation of a 19 solar-mass binary black
hole coalescence. Astrophys. J. 851, L35 (2017)

7. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collab-
oration), GW170814: a three-detector observation of gravitational
waves from a binary black hole coalescence. Phys. Rev. Lett. 119,
141101 (2017)

8. B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Col-
laboration), GW170817: observation of gravitational waves from
a binary neutron star inspiral. Phys. Rev. Lett. 119, 161101 (2017)

9. A. Goldstein et al., An ordinary short gamma-ray burst with extraor-
dinary implications: fermi-GBM detection of GRB 170817A.
Astrophys. J. 848, L14 (2017)

10. V. Savchenko et al., INTEGRAL detection of the first prompt
gamma-ray signal coincident with the gravitational-wave event
GW170817. Astrophys. J. 848, L15 (2017)

11. https://eventhorizontelescope.org/. Accessed 2 June 2021
12. The Event Horizon Telescope Collaboration, First M87 event hori-

zon telescope results. I. The shadow of the supermassive black hole.
Astrophys. J. Lett. 875, L1 (2019)

13. The Event Horizon Telescope Collaboration, First M87 event hori-
zon telescope results. II. Array and instrumentation. Astrophys. J.
Lett. 875, L2 (2019)

14. The Event Horizon Telescope Collaboration, First M87 event hori-
zon telescope results. III. Data processing and calibration. Astro-
phys. J. Lett. 875, L3 (2019)

15. The Event Horizon Telescope Collaboration, First M87 event hori-
zon telescope results. IV. Imaging the central supermassive black
hole. Astrophys. J. Lett. 875, L4 (2019)

16. The Event Horizon Telescope Collaboration, First M87 event hori-
zon telescope results. V. Physical origin of the asymmetric ring.
Astrophys. J. Lett. 875, L5 (2019)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://eventhorizontelescope.org/


509 Page 12 of 13 Eur. Phys. J. C (2021) 81 :509

17. The Event Horizon Telescope Collaboration, First M87 event hori-
zon telescope results. VI. The shadow and mass of the central black
hole. Astrophys. J. Lett. 875, L6 (2019)

18. J.M. Bardeen, Timelike and null geodesics in the Kerr metric, in
Black Holes (Les Astres Occlus), ed. by C. DeWitt, B. DeWitt
(Gordon and Breach, New York, 1973), pp. 215–239

19. S. Chandrasekhar, The Mathematical Theory of Black Holes
(Oxford University Press, New York, 1992)

20. P.V.P. Cunha, C.A.R. Herdeiro, E. Radu, Fundamental photon
orbits: black hole shadows and spacetime instabilities. Phys. Rev.
D 96, 024039 (2017)

21. M. Wang, S. Chen, J. Jing, Shadow casted by a Konoplya–Zhidenko
rotating non-Kerr black hole. J. Cosmol. Astropart. Phys. 10, 051
(2017)

22. P.V.P. Cunha, C.A.R. Herdeiro, E. Radu, H.F. Runarsson, Shadows
of Kerr black holes with scalar hair. Phys. Rev. Lett. 115, 211102
(2015). arXiv:1509.00021

23. P.V.P. Cunha, C.A.R. Herdeiro, E. Radu, H.F. Runarsson, Shadows
of Kerr black holes with and without scalar hair. Int. J. Mod. Phys.
D 25, 1641021 (2016). arXiv:1605.08293

24. F.H. Vincent, E. Gourgoulhon, C.A.R. Herdeiro, E. Radu, Astro-
physical imaging of Kerr black holes with scalar hair. Phys. Rev.
D 94, 084045 (2016). arXiv:1606.04246

25. P.V.P. Cunha, J. Grover, C.A.R. Herdeiro, E. Radu, H. Runarsson,
A. Wittig, Chaotic lensing around boson stars and Kerr black holes
with scalar hair. Phys. Rev. D 94, 104023 (2016)

26. J.O. Shipley, S.R. Dolan, Binary black hole shadows, chaotic scat-
tering and the Cantor set. Class. Quantum Gravity 33, 175001
(2016)

27. A. Bohn, W. Throwe, F. Hbert, K. Henriksson, D. Bunandar, What
does a binary black hole merger look like? Class. Quantum Gravity
32, 065002 (2015). arXiv:1410.7775

28. M. Wang, S. Chen, J. Jing, Shadows of Bonnor black dihole by
chaotic lensing. Phys. Rev. D 97, 064029 (2018)

29. M. Wang, S. Chen, J. Jing, Chaotic shadow of a non-Kerr rotating
compact object with quadrupole mass moment. Phys. Rev. D 98,
104040 (2018)

30. T. Johannsen, Photon rings around Kerr and Kerr-like black holes.
Astrophys. J. 777, 170 (2013)

31. M. Wang, S. Chen, J. Wang, J. Jing, Shadow of a Schwarzschild
black hole surrounded by a Bach–Weyl ring. Eur. Phys. J. C 80,
110 (2020)

32. H. Falcke, F. Melia, E. Agol, Viewing the shadow of the black hole
at the galactic center. Astrophys. J.528, L13 (2000). arXiv:9912263

33. A. de Vries, The apparent shape of a rotating charged black hole,
closed photon orbits and the bifurcation set A4. Class. Quantum
Gravity 17, 123 (2000)

34. R. Takahashi, Shapes and positions of black hole shadows in accre-
tion disks and spin parameters of black holes. Astrophys. J. 611,
996 (2004). arXiv:astro-ph/0405099

35. C. Bambi, K. Freese, Apparent shape of super-spinning black holes.
Phys. Rev. D 79, 043002 (2009). arXiv:0812.1328

36. Z. Li, C. Bambi, Measuring the Kerr spin parameter of regular
black holes from their shadow. J. Cosmol. Astropart. Phys. 1401,
041 (2014). arXiv:1309.1606

37. K. Hioki, K.I. Maeda, Measurement of the Kerr spin parameter by
observation of a compact object’s shadow. Phys. Rev. D 80, 024042
(2009). arXiv:0904.3575

38. L. Amarilla, E.F. Eiroa, G. Giribet, Null geodesics and shadow of
a rotating black hole in extended Chern–Simons modified gravity.
Phys. Rev. D 81, 124045 (2010). arXiv:1005.0607

39. L. Amarilla, E.F. Eiroa, Shadow of a rotating braneworld black
hole. Phys. Rev. D 85, 064019 (2012). arXiv:1112.6349

40. E.F. Eiroa, C.M. Sendra, Shadow cast by rotating braneworld black
holes with a cosmological constant. Eur. Phys. J. C 78, 91 (2018).
arXiv:1711.08380

41. A. Yumoto, D. Nitta, T. Chiba, N. Sugiyama, Shadows of multi-
black holes: analytic exploration. Phys. Rev. D 86, 103001 (2012).
arXiv:1208.0635

42. L. Amarilla, E.F. Eiroa, Shadow of a Kaluza–Klein rotating dilaton
black hole. Phys. Rev. D 87, 044057 (2013). arXiv:1301.0532

43. P.G. Nedkova, V. K.Tinchev, S.S. Yazadjiev, The shadow of a
rotating traversable wormhole. Phys. Rev. D 88, 124019 (2013).
arXiv:1307.7647

44. V.K. Tinchev, S.S. Yazadjiev, Possible imprints of cosmic strings
in the shadows of galactic black holes. Int. J. Mod. Phys. D 23,
1450060 (2014). arXiv:1311.1353

45. S.W. Wei, Y.X. Liu, Observing the shadow of Einstein–Maxwell-
dilaton–axion black hole. J. Cosmol. Astropart. Phys. 11, 063
(2013)

46. V. Perlick, O.Y. Tsupko, G.S. Bisnovatyi-Kogan, Influence of a
plasma on the shadow of a spherically symmetric black hole. Phys.
Rev. D 92, 104031 (2015)

47. Y. Huang, S. Chen, J. Jing, Double shadow of a regular phantom
black hole as photons couple to Weyl tensor. Eur. Phys. J. C 76,
594 (2016)

48. Z. Younsi, A. Zhidenko, L. Rezzolla, R. Konoplya, Y. Mizuno,
A new method for shadow calculations: application to parame-
terised axisymmetric black holes. Phys. Rev. D 94, 084025 (2016).
arXiv:1607.05767

49. A. Abdujabbarov, M. Amir, B. Ahmedov, S.G. Ghosh, Shadow of
rotating regular black holes. Phys. Rev. D 93, 104004 (2016)

50. A. Abdujabbarov, L. Rezzolla, B. Ahmedov, A coordinate-
independent characterization of a black hole shadow. Mon. Not.
R. Astron. Soc. 454, 2423 (2015)

51. F. Atamurotov, B. Ahmedov, A. Abdujabbarov, Optical properties
of black hole in the presence of plasma: shadow. Phys. Rev. D 92,
084005 (2015)

52. A. Abdujabbarov, F. Atamurotov, N. Dadhich, B. Ahmedov, Z.
Stuchlík, Energetics and optical properties of 6-dimensional rotat-
ing black hole in pure Gauss–Bonnet gravity. Eur. Phys. J. C 75,
399 (2015)

53. F. Atamurotov, A. Abdujabbarov, B. Ahmedov, Shadow of rotating
non-Kerr black hole. Phys. Rev. D 88, 064004 (2013)

54. N. Tsukamoto, Black hole shadow in an asymptotically-flat,
stationary, and axisymmetric spacetime: the Kerr–Newman and
rotating regular black holes. Phys. Rev. D 97, 064021 (2018).
arXiv:1708.07427

55. P.V.P. Cunha, C.A.R. Herdeiro, Shadows and strong gravitational
lensing: a brief review. Gen. Relativ. Gravit. 50(4), 42 (2018).
arXiv:1801.00860

56. S.W. Wei, Y.X. Liu, R.B. Mann, Intrinsic curvature and topology
of shadow in Kerr spacetime. Phys. Rev. D 99, 041303 (2019).
arXiv:1811.00047

57. S.W. Wei, Y.C. Zou, Y.X. Liu, R.B. Mann, Curvature radius and
Kerr black hole shadow. J. Cosmol. Astropart. Phys. 1908, 030
(2019). arXiv:1904.07710

58. R.A. Konoplya, Shadow of a black hole surrounded by dark matter.
Phys. Lett. B 795, 1 (2019). arXiv:1905.00064

59. R. Roy, U.A. Yajnik, Evolution of black hole shadow in the
presence of ultralight bosons. Phys. Lett. B 803, 135284 (2020).
arXiv:1906.03190

60. S. Chen, M. Wang, J. Jing, Polarization effects in Kerr black hole
shadow due to the coupling between photon and bumblebee field.
JHEP 7, 054 (2020). arXiv:2004.08857v3

61. F. Long, J. Wang, S. Chen, J. Jing, Shadow of a rotating squashed
Kaluza-Klein black hole. JHEP 10, 269 (2019)

62. X.X. Zeng, H.Q. Zhang, Influence of quintessence dark energy on
the shadow of black hole. Eur. Phys. J. C 80(11), 1058 (2020)

63. X.X. Zeng, H.Q. Zhang, H. Zhang, Shadows and photon spheres
with spherical accretions in the four-dimensional Gauss–Bonnet
black hole. Eur. Phys. J. C 80(9), 872 (2020)

123

http://arxiv.org/abs/1509.00021
http://arxiv.org/abs/1605.08293
http://arxiv.org/abs/1606.04246
http://arxiv.org/abs/1410.7775
http://arxiv.org/abs/9912263
http://arxiv.org/abs/astro-ph/0405099
http://arxiv.org/abs/0812.1328
http://arxiv.org/abs/1309.1606
http://arxiv.org/abs/0904.3575
http://arxiv.org/abs/1005.0607
http://arxiv.org/abs/1112.6349
http://arxiv.org/abs/1711.08380
http://arxiv.org/abs/1208.0635
http://arxiv.org/abs/1301.0532
http://arxiv.org/abs/1307.7647
http://arxiv.org/abs/1311.1353
http://arxiv.org/abs/1607.05767
http://arxiv.org/abs/1708.07427
http://arxiv.org/abs/1801.00860
http://arxiv.org/abs/1811.00047
http://arxiv.org/abs/1904.07710
http://arxiv.org/abs/1905.00064
http://arxiv.org/abs/1906.03190
http://arxiv.org/abs/2004.08857v3


Eur. Phys. J. C (2021) 81 :509 Page 13 of 13 509

64. https://blackholecam.org/. Accessed 2 June 2021
65. B.C. Xanthopoulos, Metric and electromagnetic perturbations of

the Reissner–Nordström black hole. Proc. R. Soc. A 378, 73 (1981)
66. P.S. Letelier, W.M. Vieira, Chaos in black holes surrounded

by gravitational waves. Class. Quantum Gravity 14, 1249–1257
(1997)

67. J.L. Friedman, On the born approximation for perturbations of a
spherical star and the Newman–Penrose constants. Proc. R. Soc. A
335, 163–190 (1973)

68. F.J. Zerilli, Perturbation analysis for gravitational and electromag-
netic radiation in a Reissner–Nordström geometry. Phys. Rev. D 9,
860 (1974)

69. V. Moncrief, Odd-parity stability of a Reissner–Nordström black
hole. Phys. Rev. D 9, 2707 (1974)

70. V. Moncrief, Stability of Reissner–Nordström black hole. Phys.
Rev. D 10, 1057 (1974)

71. B. Carter, Global structure of the Kerr family of gravitational fields.
Phys. Rev. 174, 1559 (1968)

72. T. Johannsen, Regular black hole metric with three constants of
motion. Phys. Rev. D 88, 044002 (2013)

73. J. Grover, A. Wittig, Black hole shadows and invariant phase space
structures. Phys. Rev. D 96, 024045 (2017)

74. Z. Chang, Q.H. Zhu, A revisit of rotating black hole shadow with
astrometric observables (2020). arXiv:2001.05175v1

75. Z. Chang, Q.H. Zhu, A revisit of rotating black hole shadow with
astrometric observables (2020). arXiv:2001.05175

76. P.C. Li, M. Guo, B. Chen, Shadow of a spinning black hole in an
expanding universe. Phys. Rev. D 101, 084041 (2020)

77. J.P. Luminet, Image of a spherical black hole with thin accretion
disk. Astron. Astrophys. 75, 228–235 (1979)

123

https://blackholecam.org/
http://arxiv.org/abs/2001.05175v1
http://arxiv.org/abs/2001.05175

	Effect of gravitational wave on shadow of a Schwarzschild black hole
	Abstract 
	1 Introduction
	2 The spacetime of Schwarzschild black hole perturbed by gravitational wave and null geodesics
	3 Shadows casted by Schwarzschild black hole perturbed by gravitational wave
	4 Summary
	Acknowledgements
	References




