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Abstract Initial value problem in general relativity is often
solved numerically; with only a few exceptions one of which
is the “model” solution of Bowen and York where an analyt-
ical form of the solution is available. The solution describes
a dynamical, time-asymmetric, gravitating system with mass
and linear momentum. Here we revisit this solution and cor-
rect an error which turns out to be important for identifying
the energy-content of the solution. Depending on the linear
momentum, the ratio of the non-stationary part of the ini-
tial energy to the total ADM energy takes values between
[0, 0.592). This non-stationary part is expected to be turned
into gravitational waves during the evolution of the system
to possibly settle down to a black hole with mass and linear
momentum. In the ultra-relativistic case (the high momentum
limit), the maximum amount of gravitational wave energy
is 59.2% of the total ADM energy. We also give a detailed
account of the general solution of the Hamiltonian constraint.

1 Introduction

In this era of frequent observations of gravitational waves
from black hole collisions [1] or collisions of other compact
objects, numerical and analytical study of Einstein’s equa-
tions for the prediction of the wave profile and the result-
ing spacetime is extremely important to interpret the data.
Of course almost all of the relevant work is numerical and
obviously any analytical solution would be extremely valu-
able. There is one such exact solution that we shall call the
“Bowen–York model solution” given in [2] which we study
here to understand the energy content of this solution as well
as how the solution is obtained and how it can be general-
ized. As there is an error in the original work for the model
solution, it has not been clear up to now whether or not the
initial data has some non-stationary energy that will be con-
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verted to gravitational waves as the system evolves. Here we
correct this and give a systematic approach to the solution
of the Hamiltonian constraint under the assumed conditions.
But first we briefly describe the initial value problem.

Assuming that the spacetime is topologicallyM = R×�,
with � being a spacelike hypersurface, Einstein’s equations

Rμν − 1

2
Rgμν + �gμν = κTμν, (1)

can be turned into an initial value problem, a dynamical sys-
tem with � being the Cauchy surface. [We shall work in the
G = 1 = c units and κ = 8π .] To specify the initial data on
the hypersurface, the spacetime metric can be decomposed
as [3–5]

ds2 = (Ni N
i − N 2)dt2 + 2Nidtdx

i

+γi j dx
i dx j , i, j ∈ (1, 2, 3), (2)

with the lapse function N = N (t, xi ) and the shift vector
Ni = Ni (t, xi ). Then one can take the Riemannian metric
γi j = γi j (t, x j ) which also lowers the spatial indices and the
extrinsic curvature Ki j = Ki j (t, xk) to be the initial data on
the Cauchy surface. The extrinsic curvature is defined as fol-
lows in a coordinate invariant manner: let n be the unit normal
to the spacelike hypersurface �, and X,Y be two tangent vec-
tors at that point to the hypersurface, and ∇ be the spacetime-
metric compatible connection, then K (X,Y ) := g(∇Xn, Y ).
Of course by this definition, the extrinsic curvature is a purely
spatial tensor and assuming Di to be the covariant derivative
compatible with γi j , one has explicitly

Ki j = 1

2N

(
γ̇i j − Di N j − Dj Ni

)
, γ̇i j = ∂

∂t
γi j . (3)

With these identifications, Einstein’s equations yield, respec-
tively, the Hamiltonian and momentum constraints on the
hypersurface � as

−�R − K 2 + K 2
i j + 2� − 2κTnn = 0,

−2DkK
k
i + 2Di K − 2κTni = 0, (4)
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where K := γ i j Ki j and K 2
i j := Ki j Ki j ; and the evolution

equations for the spatial metric and the extrinsic curvature
as1

∂

∂t
γi j = 2NKi j + Di N j + Dj Ni , (5)

∂

∂t
Ki j = N

(
Ri j − �Ri j − KKi j + 2KikK

k
j

)

+L−→
N
Ki j + Di D j N , (6)

where L−→
N

is the Lie derivative along the shift vector. Note

that �Ri j ,
�R denote the intrinsic Ricci curvature and the

scalar curvature of the hypersurface, respectively. If we con-
sider the vacuum case (Tμν = 0) and with � = 0, we have
Ri j = 0. Having obtained a dynamical system for Einstein’s
equations, the way to proceed for finding solutions is clear,
albeit analytically insurmountable without further assump-
tions. One should solve the Hamiltonian and momentum con-
straints to get viable initial data, then choose some lapse and
shift functions to solve the evolution equations. There are
many approaches to these problems and the reader is invited
to look at the two excellent references [8,9]. The method we
shall consider is the one given by Bowen and York in their
ground-breaking paper [2] where one can also find earlier
relevant references of Misner [10] and Brill and Lindquist
[11] as the pioneers of exact solutions of the constraints for
multiple black holes.

2 Bowen–York initial data

Following [2], let us concentrate on the constraints (4) in
a vacuum and with � = 0. Furthermore, assume that the
Cauchy surface � is conformally flat

γi j = ψ4 fi j , ψ > 0, (7)

with fi j denoting the flat metric in some coordinates. The
inverse metric is γ i j = ψ−4 f i j . The (physical) extrinsic cur-
vature can be chosen in terms of a trial one as Ki j = ψ−2 K̂i j

such that one has K j
i = ψ−6 K̂ j

i and Ki j = ψ−10 K̂ i j . Con-
formal flatness of the Cauchy surface simplifies the problem
a lot, but it is not sufficient: one also assumes that it is a
maximally embedded hypersurface in spacetime which boils
down to setting the trace of the extrinsic curvature to zero

K = 0. (8)

1 We are writing the evolution equations just for completeness, we shall
not use them in this work; their concise derivations can be found in the
Appendix of [6]. Moreover, in the same work one can also find how the
linearized forms of the constraints (4) also yield the evolution equations
in the Fischer–Marsden form [7]. Hence the constraints play a double
role.

Denoting D̂i to be the flat-metric compatible connection (i.e.
D̂i f jk = 0), then one obtains the intrinsic Ricci curvature of
the hypersurface to be

Σ Ri j = −2ψ−1 D̂i D̂ jψ + 6ψ−2 D̂iψ D̂ jψ − 2 fi jψ
−1 D̂k D̂

kψ

−2 fi jψ
−2 D̂kψ D̂kψ, (9)

and the scalar curvature to be

Σ R = −8ψ−5 D̂i D̂
iψ. (10)

Then the Hamiltonian constraint, Σ R2 − K 2
i j = 0, becomes

ψ7 D̂i D̂
iψ = −1

8
K̂ 2
i j , (11)

while the momentum constraint decouples from the confor-
mal factor and simplifies a great deal:

D̂i K̂i j = 0. (12)

The solution strategy is then clear: one should solve the last
equation and plug it to (11) to solve for ψ . Out of all pos-
sible solutions to (12), Bowen–York chose the following 7-
parameter (pi , a,Ji ) solution on R

3 − {0}:

K̂i j = 3

2r2

(
pin j + p jni + (nin j − fi j )p · n

)

+ε
3a2

2r4

(
pin j + p jni + ( fi j − 5nin j )p · n

)

+ 3

r3J lnk
(
εkiln j + εk jlni

)
, (13)

where r �= 0 is the radial coordinate, ni is the unit normal
on a sphere of radius r (not to be confused with the unit
normal to �); ε = ±1 and p · n = pknk . [As the equation is
linear each bracketed part can be considered as a solution by
itself; in fact see Beig [12] for a more general solution.] The
physical meaning of pi and Ji become clear if one assumes
asymptotic flatness, i.e. limr→∞ ψ(r) = 1 +O(1/r) so that
the conserved total linear momentum of the Cauchy surface
becomes

Pi = 1

8π

∫

S2∞
dS n j Ki j = 1

8π

∫

S2∞
dS n j K̂i j , (14)

while the total angular momentum reads

Ji = 1

16π
εi jk

∫

S2∞
dS nl

(
x j K kl − xkK jl

)

= 1

16π
εi jk

∫

S2∞
dS nl

(
x j K̂ kl − xk K̂ jl

)
. (15)

Plugging (13) to (14) and (15), one arrives at Pi = pi and
Ji = Ji . So one has a gravitating, asymptotically flat sys-
tem with a total linear and total angular momentum given
via these expressions. Observe that in these two conserved
quantities the second term in (13) plays no role, namely the
constant a has not appeared yet, but that term will contribute
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to the ADM energy as we show below. To be able to com-
pute the ADM energy, we have to be more specific about the
asymptotic form of the scalar ψ . So let us assume (and this
assumption must satisfy the constraint equations, and it does
satisfy as we shall see below)

lim
r→∞ ψ(r) = 1 + E

2r
+ O(1/r2). (16)

Then the ADM energy

EADM = 1

16π

∫

S2∞
dS ni

(
∂ j h

i j − ∂i h
j
j

)
, (17)

with hi j = (ψ4 − 1)δi j reduces to

EADM = − 1

2π

∫

S2∞
dS ni ∂iψ, (18)

and for (16) one has EADM = E as expected. But the
all important question is to link E to the other parameters
(pi , a,Ji ) of the theory which we shall do below for the
particular case of the Bowen–York model with zero angular
momentum Ji . For this case one has

K̂ 2
i j = 9

2r4

((
1 + εa2

r2

)
2 p2

+2

(
1 − 4εa2

r2 + ε2a4

r4

)
(p · n)2

)
, (19)

with p2 = pi pi . So the Hamiltonian constraint (11) becomes

ψ7 D̂i D̂
iψ = − 9

16r4

((
1 + εa2

r2

)
2 p2

+2

(
1 − 4εa2

r2 + ε2a4

r4

)
(p · n)2

)
, (20)

which is still a pretty complicated equation to solve. One can
further simplify it by assuming that the linear momentum
is in some direction, say the third direction pi = pẑ and
following [2] ignore the angular part (or set cos θ = 0). Then
the resulting equation reduces to a nonlinear ODE:2

ψ7 d

dr

(
r2 d

dr
ψ

)
= − 9p2

16r2

(
1 − ε

a2

r2

)2

, (21)

where ψ = ψ(r) > 0. We would like to solve this equation
for r ∈ (0,∞) with the following condition (for finite ADM
energy as computed above)

lim
r→∞ ψ(r) = 1 + E

2r
+ O(1/r2). (22)

Let us first observe that this asymptotic form is allowed by
(21): as r → ∞, one has ψ7 d

dr

(
r2 d

dr ψ
) ≈ 0 which is solved

by ψ(r) = A+ B
r . We choose A = 1 and B = E/2 to obtain

2 Note that the corresponding equation (35) of the paper [2] (for ε = 1)
is not correct and hence this leads to an incorrect interpretation of the
resulting solution.

an asymptotically flat solution with a finite ADM energy
E > 0.

Before we embark on an attempt for the general solu-
tion, let us first study the particular solution of (21) together
with the boundary conditions (22) given by Bowen and York
[2]; and correct some important numerical factors which are
imperative in the interpretation of the solution. To guaran-
tee the everywhere finiteness of the solution (i.e. the spatial
metric and the extrinsic curvature), including r = 0, Bowen
and York consider an “inversion-symmetric” solution: that
is a solution which is intact (up to a possible sign change
of the extrinsic curvature) under the Stokes–Kelvin transfor-
mations about the sphere at r = a. The inversion, defined as
r̄ = a2/r, θ̄ = θ, φ̄ = φ for r �= 0, acts as an isometry of the
metric γi j . The effect of this isometry on the conformal factor
can be found to be ψ(r, θ, φ) = a

r ψ(r̄ , θ̄ , φ̄). Derivative of
this relation yields a condition at the sphere:

∂ψ

∂r
+ 1

2a
ψ = 0 at r = a. (23)

The solution (which is to be derived in the next section) sat-
isfying (21) and (23) is

ψ(r) =
(

1 + 2E

r
+ 6a2ε

r2 + 2a2Eε

r3 + a4

r4

)1/4

, (24)

if and only if the ADM energy is given as

E =
√

4a2ε + 6p2, ε = ±1. (25)

Note that Bowen–York found the incorrect value (for the
ε = 1 case) E = √

4a2 + p2. First let us observe that in
the case of ε = 1, for p = 0, we have the time-symmetric
initial data with Ki j = 0 and the dispersion relation becomes
E = 2a with the solution (24) reducing to

ψ(r) = 1 + a

r
. (26)

This is the initial data for the Schwarzschild black hole
together with the identification that the ADM mass of the
black hole is m = 2a = E . Clearly for the p = 0 case
ε = −1 does not make sense as it yields an imaginary ADM
energy. So from now on, let us concentrate only in the ε = 1
case.

In summary, the spatial metric of the Bowen–York model
solution is

ds2
� =

(
1 + 2E

r
+ 6a2

r2 + 2a2E

r3 + a4

r4

)

×(dr2 + r2(dθ2 + sin2 θdφ2)), (27)

together with the extrinsic curvature (13) for J l = 0. This
solution has a total linear momentum p = pẑ and ADM
energy (32) with ε = 1. This can be compared with the
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initial metric of the Schwarzschild black hole

ds2
� =

(
1 + a

r

)4
(dr2 + r2(dθ2 + sin2 θdφ2)), (28)

with a vanishing extrinsic curvature, momentum and energy
E = 2a.

The energy content of the solution is important to under-
stand. Naively we can define the “non-stationary” energy as
the ADM energy of the dynamical solution minus the usual
on-shell dispersion relation given as E0 = √

m2 + p2 with
m = 2a

Enon−stationary :=
√

4a2 + 6p2 −
√

4a2 + p2. (29)

Defining the ratio of the non-stationary energy to the total
energy as

η := 1 − E0

EADM
= 1 −

√
4a2 + p2

√
4a2 + 6p2

, (30)

it takes values in the interval η ∈ [0,
√

6−1√
6

) depending on the
ratio of p/m and for the ultra-relativistic case (p >> m), η

approaches 0.592. Namely, in that limit about 59.2% of the
initial energy is in the non-stationary form and one expects
this energy to turn into gravitational radiation as time evolves.

In the non-relativistic limit, one has Enon−stationary ≈ 5p2

2m

and η ≈ 5p2

2m2 .
Note that if we had chosen cos θ = 1, (21) would become

ψ7 d

dr

(
r2 d

dr
ψ

)
= −27p2

16r2

(
1 − ε

a2

r2

)2

, (31)

and the corresponding ADM energy relation becomes

E =
√

4a2ε + 9

2
p2, (32)

with η as defined in (30) taking values as η ∈ [0, 1
3 ) and

hence the maximum amount of gravitational radiation would
be 33.3%.

Note that one could try to define a more refined version
of the non-stationary energy of the initial data using the sug-
gestions of Dain [13] which were fully developed in [6,14]
based on the notion of “approximate Killing symmetries”
, that is approximate KIDS (Killing Initial data). But that
computation would require the knowledge of not only the
initial data but also the lapse and the shift functions. For the
Bowen–York solution the shift function can be taken to be
zero, but the lapse function is not unity, it must be found from
the full Einstein’s equations which is a non-trivial task which
we shall come back to in another work.

3 General solution of the Hamiltonian constraint

Let us now try to give the general solution of (21) together
with the asymptotic flatness condition. For this purpose, we
can first write it as a first order equation as follows. Let us
first define r := a/u (we keep ε for now) which then yields

ψ(u)7 d2

du2 ψ(u) = − 9p2

16a2

(
1 − εu2

)2
. (33)

So u is dimensionless and takes values in the interval u ∈
(0,∞), but for the more relevant case of ε = 1, the inhomo-
geneous part vanishes at u = 1 and so one has to be careful
with this point and divide the interval into two parts as (0, 1)

and (1,∞). The asymptotic condition becomes

lim
u→0

ψ(u) = 1 + E

2a
u + O(u2), (34)

So we can recast (33) as3

d2

du2 ψ(u) = −c2ψ(u)−3F
(

ψ(u)√
1 − εu2

)
, (35)

with F(χ) := χ−4 and c2 := 9p2

16a2 . Let us now define a new
function φ(u) in the following way [15]

φ(u) := ψ(u)√
1 − εu2

, (36)

then (35) becomes

(1 − εu2)2φ′′(u) − 2εu(1 − εu2)φ′(u) − εφ(u)

= −c2φ(u)−3F(φ(u)), (37)

which, upon multiplying with φ′(u), reduces to
(
(1 − εu2)2φ′(u)2

)′ − ε(φ2(u))′

= −2c2φ(u)′φ(u)−3F(φ(u)). (38)

Then integrating over u yields

(1 − εu2)2φ′(u)2 − εφ2(u) + c1

= −2c2
∫

dφ(u)φ(u)−3F(φ(u)), (39)

where c1 is an integration constant. Since we know the func-
tion F , we can integrate the right-hand side to get the desired
first order equation

(1 − εu2)2φ′(u)2 − εφ2(u) + c1 = c2

3
φ(u)−6, (40)

which is valid for both signs of ε in the full domain of u.
One can proceed to solve this equation, but at this stage it

3 For the case of ε = 1, assume that we are working in the interval
u ∈ (0, 1). For the (1,∞) part of the interval, the form of the resulting
equation will not change, but there will be some sign changes in the
intermediate steps.
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is a good idea to determine the integration constant c1 using
the boundary condition at u = 0. We have

φ(u = 0) = 1,
dφ

du

∣∣∣∣
u=0

= E

2a
, (41)

which yield

c1 = ε + c2

3
− E2

4a2 = ε + 3p2

16a2 − E2

4a2 , (42)

where in the second equality we inserted the value of c2.
Observe that in the Bowen–York’s restricted, inversion sym-
metric solution at u = 1, one has c1 = 0 and (42) reduces to
(32).

We would like to solve (40), but from now on the discus-
sion bifurcates for the sign choices of ε. For concreteness,
and for its physical relevance, let us consider ε = 1, then the
equation to be solved is the following

(1 − u2)2φ′(u)2 − φ2(u) + c1 = c2

3
φ(u)−6, (43)

with

c1 = 1 + c2

3
− E2

4a2 . (44)

In the region u ∈ (0, 1), let us define

ζ := 1

2
log

1 + u

1 − u
, ζ ∈ (0,∞). (45)

Then (43) becomes
(
dφ

dζ

)2

− φ2 + c1 = c2

3
φ−6. (46)

Defining ϕ(ζ ) := φ(ζ )2, it yields
(

ϕ
dϕ

dζ

)2

= 4ϕ4 − 4c1ϕ
3 + 4c2

3
, (47)

with ϕ(0) = 1. We can now separate and integrate it as
∫ ϕ(ζ )

1

ϕdϕ√
ϕ4 − c1ϕ3 + c2

3

= 2ζ. (48)

One can do this integral and find ϕ as a function of ζ and trace
back the steps to arrive at the conformal factor ψ . One can
carry out similar steps for the interval u ∈ (1,∞) and match
the solution at u = 1. That would constitute the most general
solution of the differential equation. But the final expression
after integrating the left-hand side of (48) is in terms of the
elliptic integrals of the first and third kinds and the result is
not particularly illuminating to depict here in its most general
form. Instead we shall consider c1 = 0, then the integral in
(48) gives

log

(√
ϕ4 + c2

3 + ϕ2

√
ϕ4 + c2

3 − ϕ2

)∣∣∣∣
ϕ(ζ )

1

= 8ζ. (49)

Solving for ϕ and tracing back all the intermediate redefini-
tions we made along the way, we arrive at the Bowen–York
solution (24) which seemed very ad hoc in the previous sec-
tion and in the original work [2]. Of course this solution
satisfies the inversion symmetry assumption and the bound-
ary condition (23) hence the solution in the full domain is
determined.

Let us note that there is another particular value of c1 for
which the result of the integral (48) can be written in terms
of elementary functions. That value is c1 = 4

3c
1/2, but the

resulting expression yields an implicit function of ϕ in terms
of ζ . Let us also note that for the ε = -1 case, the following
definition

ξ := ArcTan(u), ξ ∈
(π

2
, 0

)
, (50)

reduces (40) to
(
dφ(ξ)

dξ

)2

+ φ2(ξ) + c1 = c2

3
φ(ξ)−6, (51)

with

c1 = −1 + c2

3
− E2

4a2 , (52)

and one proceeds exactly as in the other case.

4 Conclusions

We have revisited the model solution of Bowen and York
for an initial gravitating system with a finite mass and lin-
ear momentum which is expected to settle down to a single
non-spinning black hole as time evolves; and after correcting
an error in the equation coming from the Hamiltonian con-
straint, we identified the amount of non-stationary energy in
the data that will turn into gravitational radiation. Maximum
amount of non-stationary energy, in the ultra-relativistic case
approaches to 0.592 of the total ADM energy of the system.
We have also given a detailed account of the general solution
of the Hamiltonian constraint for the model problem, and the
solution turns out to be given in terms of elliptic functions.
The steps involved in the general solution also makes the
Bowen–York solution much more transparent.
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