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Abstract Very recently, the LHCb Collaboration observed
distinct structures with the ccc̄c̄ in the J/�-pair mass spec-
trum. In this work, we construct four scalar (J PC = 0++)
[8c]QQ̄′ ⊗[8c]Q′ Q̄ type currents to investigate the fully-heavy

tetraquark state QQ′ Q̄ Q̄′ in the framework of QCD sum
rules, where Q = c, b and Q′ = c, b. Our results suggest that
the broad structure around 6.2-6.8 GeV can be interpreted as
the 0++ octet–octet tetraquark states with masses 6.44±0.11
GeV and 6.52 ± 0.10 GeV, and the narrow structure around
6.9 GeV can be interpreted as the 0++ octet–octet tetraquark
states with masses 6.87 ± 0.11 GeV and 6.96 ± 0.11 GeV,
respectively. Extending to the b-quark sector,the masses of
their fully-bottom partners are found to be around 18.38-
18.59 GeV. Additionally, we also analyze the spectra of the
[8c]cc̄ ⊗ [8c]bb̄ and [8c]cb̄ ⊗ [8c]bc̄ tetraquark states, which
lie in the range of 12.51–12.74 GeV and 12.49–12.81 GeV,
respectively.

1 Introduction

Hadrons with more than the minimal quark content (qq̄ or
qqq) was proposed by Gell-Mann [1] and Zweig [2] in 1964,
which were named as multiquark exotic states and were also
allowed by Quantum Chromodynamics (QCD). Since the
discovery of X(3872) in 2003 [3], benefited from the accumu-
lation of more and more experimental data, many multiquark
states have been discovered at B factories, LHC and BESIII
experiments. Needless to say, understanding the nature of
the multiquark exotic states is one of the most intriguing
research topics of hadronic physics, which attracts more and
more interests from theorists and experimentalists.

Very recently, the LHCb Collaboration reported reso-
nant structures in the double-J/ψ invariant mass distribu-
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tion using data for pp collisions at centre-of-mass energies
of 7, 8 and 13 TeV collected by the LHCb experiment at
the Large Hadron Collider, corresponding to an integrated
luminosity of 9fb−1 [4]. They observed a broad structure
above the threshold ranging from 6.2 to 6.8 GeV and a nar-
row structure at around 6.9 GeV, referred to as X(6900).
Such structures are naturally assigned to have the constituent
quarks ccc̄c̄, making them the first fully-heavy multi-quark
exotic candidates claimed to date in the experimental litera-
ture. In the fully-bottom tetraquark sector, the CMS Collab-
oration observed the ϒ(1S) pair production and indicated a
bbb̄b̄ signal around 18.4 GeV with a global significance of
3.6 σ [5] in 2017. However, the LHCb did not observed this
tetraquark state by searching the invariant mass distribution
of ϒ(1S)μ+μ− [6,7]. The contradictory information from
CMS and LHCb Collaborations on fully-bottom tetraquark
state urge more researches on its corresponding fully-charm
tetraquark partner for both theorists and experimentalists.

Theoretical studies of ccc̄c̄ states have a much longer his-
tory [8]. As early as in 1981, the exotic hadrons composed of
ccc̄c̄ have been systematically studied in quark–gluon model
by Chao for the first time [9], where their masses were pre-
dicted to lie in the range 6.4–6.8 GeV and were all above the
threshold of two charmonia. Later, the fully-charm tetraquark
states were investigated in Refs. [10–12], which have pre-
dicted that fully-charm tetraquark states mainly decay into
two charmonia. In recent years, the fully heavy tetraquark
states attracted much attention and have been studied exten-
sively in various model schemes [13–52]. Among these meth-
ods, the QCD sum rules technique has some peculiar advan-
tages in exploring hadron properties involving nonpertuba-
tive QCD, and has been used to analyze X(6900) in recent
works [44–52].

Since the broad structure and X(6900) respectivley lie well
above the ηcηc threshold and J/ψ J/ψ threshold and they
don’t contain light flavor quark, the four-charm structures
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are unlikely to be the hadronic molecules, which are usually
formed by light meson exchanges with small binding ener-
gies. Then the color binding diquark–antidiquark structure
is widely used to interpret the newly reported X(6900). It
should be noted that according to Quantum Chromodynam-
ics (QCD), there exists another possible tetraquark configu-
ration [8c]QQ̄ ⊗ [8c]QQ̄ , which is composed of two color-
octet parts [53–58]. Since there exists a QCD interaction,
it is different from molecular state with two color-singlet
mesons. That is to say, it could decay to two charmonia via
exchanging one or more gluons. Therefore, the study of the
color-octet tetraquark state is very important for possible new
exotic hadrons. In this paper, we endeavor to analyze in the
framework of QCD sum rules whether there exists stable
J PC = 0++ tetraquark states with color octet–octet con-
figuration or not, and compare the results with the above-
mentioned new structures reported by the LHCb Collabora-
toin.

The rest of the paper is arranged as follows. After the
introduction, some primary formulas of the QCD sum rules
in our calculation are presented in Sect. 2. The numerical
analysis and results are given in Sect. 3. The last part is left
for conclusions and discussion of the results.

2 Formalism

The starting point of the QCD sum rules [59–63] is the two-
point correlation function constructed from two hadronic cur-
rents. For a scalar state considered in this work, the two-point
correlation function is expressed as the following form:

�(q) = i
∫

d4xeiq·x 〈0|T { j (x), j†(0)}|0〉 , (1)

where j (x) and j (0) are the interpolating currents with
J PC = 0++.

The interpolating currents of fully-charm or fully-bottom
tetraquark states with J PC = 0++ are, respectively, con-
structed as

j0++
A (x) = [i Q j

(x)γ 5(ta) jk Q
k(x)][i Qm

(x)γ 5(ta)mnQ
n(x)] , (2)

j0++
B (x) = [Q j

(x)γμ(ta) jk Q
k(x)][Qm

(x)γ μ(ta)mnQ
n(x)] , (3)

j0++
C (x) = [i Q j

(x)(ta) jk Q
k(x)][i Qm

(x)(ta)mnQ
n(x)] , (4)

j0++
D (x) = [Q j

(x)γμγ5(t
a) jk Q

k(x)][Qm
(x)γ μγ5(t

a)mnQ
n(x)], (5)

where j, k,m, and n are the color indices, the ta is the Gell-
Mann matrix, and Q represents the heavy-quark c or b. Here,
the subscripts A to D of J PC = 0++ indicate the currents
composed of two 0− color-octet QQ̄ system, two 1− color-
octet QQ̄ system, two 0+ color-octet QQ̄ system, and two
1+ color-octet QQ̄ system, respectively.

At the quark–gluon level, the correlation function can be
calculated with the operator product expansion (OPE). In our

evaluation, the heavy-quark (Q = c or b) propagator SQi j (p)
is considered in momentum space, which can be expanded
as

SQjk(p)=
iδ jk(p/ + mQ)

p2 − m2
Q

− i

4

tajkG
a
αβ

(p2 − m2
Q)2

[σαβ(p/ + mQ)

+(p/ + mQ)σαβ ]

+ iδ jkmQ〈g2
s G

2〉
12(p2 − m2

Q)3

[
1 + mQ(p/ + mQ)

p2 − m2
Q

]

+ iδ jk
48

{ (p/ + mQ)

[
p/(p2 − 3m2

Q) + 2mQ(2p2 − m2
Q)

]

(p2 − m2
Q)6

×(p/ + mQ)

}
〈g3

s G
3〉 . (6)

Here, the vacuum condensates are clearly displayed. For
more interpretation on above propagators, the reader is
referred to Refs. [64,65].

Based on the dispersion relation, the correlation function
�(q2) of the quark -gluon side can be expressed as

�OPE (q2) =
∫ ∞

(4mQ)2
ds

ρOPE (s)

s − q2 + �〈GG〉(q2), (7)

where ρOPE (s) = Im[�OPE (s)]/π and

ρOPE (s) = ρpert(s) + ρ〈GG〉(s). (8)

The second term �〈GG〉(q2) in Eq. (7) represents the con-
tribution in the correlation function that have no imaginary
part but have nontrivial magnitudes after the Borel transfor-
mation. After making the Borel transformation to Eq. (7), we
can obtain

�OPE(M2
B) =

∫ ∞

(4mQ)2
dsρOPE(s)e−s/M2

B + �〈GG〉(M2
B).

(9)

For all the tetraquark states considered in this work, we
put the lengthy expressions of spectral densities ρOPE (s)
and �〈GG〉(M2

B) in Eq. (9) into the Appendix.
On the phenomenological side, after separating the ground

state contribution from the pole term, the correlation function
�(q2) can be expressed as the dispersion integral over the
physical region, i.e.,

�(q2) = (λX )2

(MX )2 − q2 + 1

π

∫ ∞

s0

ds
ρ(s)

s − q2 , (10)

where the subscript X means the lowest lying tetraquark state,
MX denotes its mass, and ρ(s) is the spectral density that
contains the contribution from higher excited states and the
continuum states above the threshold s0. As in Refs. [61,63],
in order to work out the phenomenological side of the QCD
sum rules, a complete set of intermediate states should be
inserted into the two color-octet–octet tetraquark interpolat-
ing currents, where the summation goes over all possible
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hadronic states created by the color-octet–octet tetraquark
current. The coupling constant λX is defined through

〈0| j0++
(0)|X〉 = λX , (11)

where X stands for the tetraquark state.
By performing the Borel transform on the phenomenolog-

ical side, Eq. (10), and matching it to Eq. (9), we can then
obtain the mass of the tetraquark state,

Mi
X (s0, M

2
B) =

√
− L1(s0, M2

B)

L0(s0, M2
B)

, (12)

where the superscript i runs from A to D, respectively. The
moments L1 and L0 are, respectively, defined as

L0(s0, M
2
B) =

∫ ∞

(4mQ)2
dsρOPE (s)e−s/M2

B + �〈GG〉(M2
B),

(13)

L1(s0, M
2
B) = ∂

∂(M2
B)−1

L0(s0, M
2
B). (14)

3 Numerical evaluation

In order to yield meaningful physical results in QCD sum
rules, as in any practical theory, one needs to give certain
inputs . To perform numerical analyses, we use the following
values for various condensate and heavy quark masses [59–
63]: mc(mc) = mc = (1.27 ± 0.03) GeV, mb(mb) = mb =
(4.18 ± 0.03) GeV, 〈g2

s G
2〉 = 0.48 ± 0.14 GeV4, where,

mc and mb represent heavy-quark running masses in MS
scheme.

Moreover, there exist two additional parameters M2
B and

s0 introduced in establishing the sum rule, which will be
constrained by three criteria [59–61,63]. First, to extract the
information on ground state tetraquark state, one should guar-
antee pole contribution (PC) is bigger than the continuum
contribution [63,66], which can be determined by the for-
mula

RPC
i = L0(s0, M2

B)

L0(∞, M2
B)

, (15)

where the subscript i runs from A to D. Under this pre-
requisite, the most part of the contribution in the mass equa-
tion (12) comes directly from the ground state, and the critical
value of M2

B is the upper limit (M2
B)max .

The second one asks for the convergence of the OPE,
which fixes the lower limit on M2

B , that is, (M2
B)min . In gen-

eral, one can determine the (M2
B)min value by the following

ratio

ROPE
i = Ldim

0 (s0, M2
B)

L0(s0, M2
B)

, (16)

where the contribution of the higher dimension condensate in
the OPE side is smaller than 10% to 25%of the total contribu-
tion [63,65]. Here the superscript dim means the dimension
of relevant condensate in the OPE of Eq. (13), the subscript
i runs from A to D. As in Refs. [44,45,48,49], for the fully
heavy tetraquark systems, the three-gluon condensate is not
only lower than the two-gluon contribution but also too tiny
in our calculations. Then we conclude that if M2

B are larger
than 4.0 GeV2, the operator product expansion is well con-
vergent for the scalar fully-charm tetraquark states. There-
fore, for simplicity, we neglect three-gluon condensate in our
numerical analyses in the following.

The third criterion is to require the dependence of the mass
of the tetraquark state MX on the parameter s0 to be weak. To
find a proper value for continuum threshold s0, we perform a
similar analysis as in Refs. [67–69]. Notice that the s0 relates
to the mass of the ground state by

√
s0 ∼ (MX + δ) GeV,

in which δ lies in the scope of 0.4 ∼ 0.8 GeV. Therefore,
various

√
s0 satisfying this constraint should be taken into

account in the numerical analysis. Among these values, we
need to pick up the one which yields an optimal window for
Borel parameter M2

B . That is to say, in the optimal window,
the fully heavy tetraquark mass MX is somehow indepen-
dent of the Borel parameter M2

B . Eventually, the value of√
s0 corresponding to the optimal mass curve will be taken

as its central value. In practice, in order to estimate the uncer-
tainties stemming from s0, we may vary

√
s0 by 0.20 GeV

in numerical calculation [68], which set the upper and lower
bounds on

√
s0.

For 0++ fully-charm tetraquark states, we plot the mass
curves as functions of the Borel parameter M2

B for different√
s0 in Fig. 1, where A to D stand for cases A to D, and the

two vertical lines in each case indicate the upper and lower
bounds of the valid Borel window with the central value of√
s0. We search for the Borel parameter M2

B and continuum
threshold parameters s0 to satisfy the two criteria of the QCD
sum rules: pole dominance at the phenomenological side and
convergence of the operator product expansion at the QCD
side. Furthermore, we take the relation

√
s0 = MX + (0.4 −

0.8)GeV as an additional constraint to obey.
The resulting Borel parameters, continuum threshold

parameters, pole contributions are shown explicitly in Table 1.
From the table, we can see that the pole dominance at the phe-
nomenological side is well satisfied. In the Borel windows,
the contributions of the two-gluon condensate are smaller
than the total contribution. Moreover, the mass curves in these
Borel windows have the optimal platform. Now the three cri-
teria of the QCD sum rules are all satisfied, we expect to make
reasonable predictions.

After the above evaluation, we can then determine the
masses of the scalar fully-charm tetraquark states with cur-
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(a) (b)

(c) (d)

Fig. 1 The [8c]cc̄ ⊗ [8c]cc̄ tetraquark masses MX as a function of the Borel parameter M2
B with J PC = 0++ and different values of

√
s0, where A

to D stand for cases A to D, and the two vertical lines in each case indicate the upper and lower bounds of the valid Borel window with the central
value of

√
s0

Table 1 The windows of the
Borel parameter, continuum
thresholds, pole contributions,
two-gluon contributions, and
predicted masses for
[8c]cc̄ ⊗ [8c]cc̄ tetraquark states

M2
B(GeV2)

√
s0(GeV) PC R〈GG〉

i MX (GeV)

0++ case A 4.7–5.3 7.0 ± 0.2 61–50% 0.37–0.24% 6.44 ± 0.11

0++ case B 4.9–5.6 7.1 ± 0.2 60–50% 0.05–0.02% 6.52 ± 0.11

0++ case C 4.0–4.6 7.3 ± 0.2 62–50% 28.98–23.60% 6.87 ± 0.10

0++ case D 6.1–7.0 7.7 ± 0.2 62–50% 2.77–2.48% 6.96 ± 0.11

Table 2 Predicted masses of
the ground states for
[8c]cc̄ ⊗ [8c]bb̄, [8c]cb̄ ⊗ [8c]bc̄,
and [8c]bb̄ ⊗ [8c]bb̄, where cases
A to D correspond to the
currents in Eqs. (2–5)

Case A Case B Case C Case D

[8c]cc̄ ⊗ [8c]bb̄ 12.51 ± 0.10 12.58 ± 0.10 12.67 ± 0.10 12.74 ± 0.11

[8c]cb̄ ⊗ [8c]bc̄ 12.49 ± 0.11 12.58 ± 0.10 12.75 ± 0.11 12.81 ± 0.10

[8c]bb̄ ⊗ [8c]bb̄ 18.38 ± 0.11 18.44 ± 0.10 18.50 ± 0.10 18.59 ± 0.11

rents A to D, that is

MA,0++
X = (6.44 ± 0.11) GeV, (17)

MB,0++
X = (6.52 ± 0.11) GeV, (18)

MC,0++
X = (6.87 ± 0.10) GeV, (19)
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MD,0++
X = (6.96 ± 0.11) GeV, (20)

where the central values correspond to the results with the
optimal stability of M2

B , and the errors stem from the uncer-
tainties of the condensates, the quark mass, the threshold
parameter

√
s0, and the Borel parameter M2

B .
By swapping the flavor of the heavy quarks in the inter-

polating currents and performing the same calculation and
analysis, we can obtain the corresponding results of the fully-
heavy tetraquark states for [8c]cc̄ ⊗ [8c]bb̄, [8c]cb̄ ⊗ [8c]bc̄,
and [8c]bb̄ ⊗ [8c]bb̄, whose masses are shown in Table 2,
respectively.

4 Conclusions

Very recently, the LHCb Collaboration reported their dis-
covery of resonance-like structure in the di-J/� mass spec-
trum, which opens a whole new arena for multiquark exotic
hadron. The narrow structure X(6900) is the first clear can-
didate for a multiquark exotic state that are composed of
four charm quarks ccc̄c̄. This fully-heavy sector is particu-
larly interesting from a theoretical point of view, since the
molecular structure popular for multiquark states that con-
tain light flavor is much less viable, leaving the color binding
structures (such as the diquark–antidiquark structure and the
octet–octet tetraquark structure) as the leading candidates.

In this work, we study the J PC = 0++ fully-heavy
tetraquark states via the QCD sum rules by constructing the
octet–octet type currents. In the calculation, we consider the
nonperturbative condensate contributions up to dimension 4
in the operator product expansion. Using the interpolating
currents in Eqs. (2–5), we investigate all these four currents
and collect the masses of these [8c]cc̄ ⊗ [8c]cc̄ in Table 1.
While comparing numerically to the recent LHCb results,
we find the masses of currents (2) and (3) are apparently
lower than X(6900), but in the scope of the broad structure
from 6.2 to 6.8 GeV, this implies that these two configurations
should make contributions to the broad structure as well as
other possible configurations, for example, the J/ψ − J/ψ
molecule [50]. Therefore the mixing effect is the reason that
the structure in the range (6.2, 6.8) GeV observed by the
LHCb Collaboration is a broad one. Particularly, since the
sum rules of the currents (4) and (5) can really produce the
mass of X(6900), we may probably conclude that the best
interpretation is assigning X(6900) to the 0++ octet–octet
tetraquark states with the configurations as currents (4) and
(5).

Extending to the b-quark sector, the masses of their
fully-bottom partners are found to lie in the region 18.38–
18.59 GeV. Additionally, we also analyze the spectra of the
[8c]cc̄ ⊗ [8c]bb̄ and [8c]cb̄ ⊗ [8c]bc̄ tetraquark states, which

lie in the range of 12.51–12.74 GeV and 12.49–12.81 GeV,
respectively.

Acknowledgements This work was supported in part by the National
Natural Science Foundation of China (NSFC) under the Grants
11975236 and 11635009; Science Foundation of Hebei Normal Uni-
versity under Contract No. L2016B08; and National Key Research and
Development Program of China under Contracts no. 2020YFA0406400.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: There are no
associated data available.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3.

Appendix

We list in this appendix the explicit expressions of the QCD
spectral densities ρ(s) and �(M2

B) in Eq. (9) for all currents
shown in Eqs. (2–5).

For the [QQ̄][QQ̄] octet–octet tetraquark states with Q =
c, b, the spectral densities ρ(s) and �(M2

B) are

ρ0++
j,pert (s) = 1

27 × π5

∫ s0

16m2
Q

ds
∫ x f

xi
dx

∫ y f

yi
dy

∫ z f

zi

×dz

{F4
xyz xyzAxyz

2

−
F3
xyzm

2
Q [6ŝxyzAxyz + N j2zAxyz + N j2xy]

3

+F2
xyzm

4
Q [ŝ2xyzAxyz + N j ŝzAxyz + N j ŝxy + 1]

}
, (21)

ρ0++
j,〈GG〉(s) = 〈g2

s GG〉
213 × 32 × π5x3y3z3A3

xyz

∫ s0

16m2
Q

ds
∫ x f

xi
dx

×
∫ y f

yi
dy

∫ z f

zi
dz

×
{

− F2
xyz[18x4z3y4A3

xyz + 18x3y3z4A4
xyz]

2

+Fxyzm
2
Q

[A4
xyz[48xy3z4

×(y − N j ) + 48x4yz(y3 + z3) + N j12x2y2z4

−N j48x3yz4 + 18ŝx3y3z4]
+A3

xyz(18ŝx4y4z3 − N j48x4y4z + N j12x3y3z3)
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+12x4y4z2A2
xyz

+48x4y4z3(z − N j )Axyz
] − m4

Q
[A4

xyz[N j16x3z4

+3ŝ2x3y3z4 + N j16x3y3z

+N j16y3z4 + 6N j ŝx
2y2z4 − N j24ŝx3yz4

+24ŝxy3z4(2y − N j )

+48ŝx4yz(y3 + z3)] + A3
xyz[N j16x4y4 + 3ŝ2x4y4z3

+N j6ŝx
3y3z3

+6x2y2z3 + N j16x4yz3 − 24x3yz3

+N j8xy
3z3(2y − N j3)

−24x3y3z − N j24ŝx4y4z] + A2
xyz[6x3y3z2

+N j6ŝx
4y4z2]

+Axyz[N j8x
3y3z3(2z − N j3) + 24ŝx4y4z3(2z − N j )]

+N j16x4y4z3]}
, (22)

�0++
j,〈GG〉(M2

B) = − 〈g2
s GG〉

29 × 32π6

∫ 1

0

×dx
∫ 1−x

0
dy

∫ 1−x−y

0
dze

− fxyzm2
Q

M2
B

× 1

x3y3z3A3
xyz

m6
Q( fxyz zAxyz + N j )( fxyz xy + N j )

×
{
A3
xyz[x3(y3 + z3) + y3z3] + x3y3z3

}
, (23)

ρ0++
k,pert (s) = 1

26 × π5

∫ s0

16m2
Q

ds
∫ x f

xi
dx

∫ y f

yi
dy

∫ z f

zi

×dz

{
F4
xyz xyzAxyz

−
F3
xyzm

2
Q [12ŝxyzAxyz + Nk2zAxyz + Nk2xy]

3

+F2
xyzm

4
Q [2ŝ2xyzAxyz + Nk ŝzAxyz + Nk ŝxy + 2]

}
, (24)

ρ0++
k,〈GG〉(s) =

〈g2
s GG〉m2

Q

210 × 32 × π5

∫ s0

16m2
Q

ds
∫ x f

xi
dx

∫ y f

yi

×dy
∫ z f

zi
dz

1

x3y3z3A3
xyz

×
{

6Fxyz xyzAxyz
[A3

xyz[8x3(y3 + z3)

−Nk4x2z3 + 4y2z3(2y − Nk)]
−Nk x

2y2(4xy + z2)A2
xyz + 4x3y3z2

×(2z − Nk)
] − m2

Q
[
4zA4

xyz[12ŝx4y

×(y3 + z3) + Nk x
3(−3ŝ yz3

+2y3 + 2z3) + 3ŝxy3z3(4y − Nk) + Nk2y3z3]
−xyA3

xyz[4x3Nk
(
y3(3ŝ − 2) − 2z3) + Nk3x2(

y2z(ŝz2

+8Nk) + Nk8z3)
−Nk8y2z3(y − 3Nk)] + 4x3y3z3Axyz

(
3ŝxy(4z − Nk)

+2Nk(z − 3Nk)
)

+Nk8x4y4z3]}
, (25)

�0++
k,〈GG〉(M2

B) = − 〈g2
s GG〉

28 × 32 × π6

∫ 1

0
dx

∫ 1−x

0
dy

×
∫ 1−x−y

0
dze

− fxyzm2
Q

M2
B

× 1

x3y3z3A3
xyz

m6
Q{A3

xyz[x3(y3 + z3)

+y3z3] + x3y3z3}
×[2 f 2

xyz xyzAxyz

+Nk fxyz(zAxyz + xy) + 2], (26)

where the subscript j represents A and C , and k denotes
B and D, and the factors N j and Nk have the following
definition: NA = NB = 1 and NC = ND = −1.

For the [cc̄][bb̄] octet–octet tetraquark states, the spectral
densities ρ(s) and �(M2

B) read

ρ0++
j,pert (s) = 1

28 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

{F4
xyz xyzAxyz

2

−F3
xyz[6m2

bŝxyzAxyz + N j2m
2
c zAxyz + N j2m

2
bxy]

3

+F2
xyz[m4

bŝ
2xyzAxyz + N jm

2
bm

2
c ŝzAxyz +

×N jm
4
bŝxy + m2

bm
2
c ]

}
, (27)

×ρ0++
j,〈GG〉(s) = 〈g2

s GG〉
213 × 32 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi
dx

∫ y f

yi

×dy
∫ z f

zi
dz

1

x3y3z3A3
xyz

×
{

− F2
xyz[18x3z3y4A4

xyz + 18x4y4z3A3
xyz]

2

+Fxyz
[A4

xyz[48x4yz(m2
b y

3 + m2
c z

3)

+18m2
bŝx

3y3z4 − N j48m2
c x

3yz4 + N j12m2
c x

2y2z4

+48m2
c xy

3z4(y − N j )]
+A3

xyz[18m2
bŝx

4y4z3 − N j48m2
bx

4y4z

+N j6m
2
bx

3y3z3 + N j6m
2
c x

3y3z3]
+A2

xyzN j12m2
bx

4y4z2 + 48m2
bx

4y4z3(z − N j )Axyz
]

−[A4
xyz[3m4

bŝ
2x3y3z4

+48m2
bŝx

4yz(m2
b y

3 + m2
c z

3) − N j24m2
bm

2
c ŝx

3yz4

+N j6m
2
bm

2
c ŝx

2y2z4

+24m2
bm

2
c ŝxy

3z4(2y − N j ) + N j16ŝxy3z4(2y − N j )

+N j16m2
bm

2
c x

3y3z] + A3
xyz[3m4

bŝ
2x4y4z3

+6m2
bm

2
c x

2y2z3 − 24m2
bm

2
c x

3yz3

−N j24m4
bŝx

4y4z + N j16m4
bx

4y4

123
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+N j3m
2
b(m

2
b + m2

c)ŝx
3y3z3

+N j16m2
bm

2
c x

4yz3 − 24m2
bm

2
c x

3y3z

+N j8m
2
bm

2
c xy

3z3(2y − 3N j )]
+A2

xyz[N j6m
4
bŝx

4y4z2 + 6m2
bm

2
c x

3y3z2]
+Axyz[24m4

bŝx
4y4z3(2z − N j )

+N j8m
2
bm

2
c x

3y3z3(2z − 3N j )] + N j16m4
bx

4y4z3

+N j16m4
c x

3z4 + N j16m4
c y

3z4]}
, (28)

�0++
j,〈GG〉(M2

B) = − 〈g2
s GG〉

210 × 32 × π6

∫ 1

0

×dx
∫ 1−x

0
dy

∫ 1−x−y

0
dze

− fxyzm2
b

M2
B

× 1

x3y3z3A3
xyz

m2
b( fxyz zAxyz + N j )( fxyzm

2
b

xy + N jm
2
c)

×[m2
bx

3y3(A3
xyz + z3) + A3

xyzm
2
c z

3(x3 + y3)], (29)

ρ0++
k,pert (s) = 1

27 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

{
F4
xyz xyzAxyz

−F3
xyz[12m2

bŝxyzAxyz + Nk2m2
c zAxyz + Nk2m2

bxy]
3

+F2
xyz[2m4

bŝ
2xyzAxyz + Nkm

2
bm

2
c ŝzAxyz

+Nkm
4
bŝxy + m2

bm
2
c ]

}
, (30)

ρ0++
k,〈GG〉(s) = 〈g2

s GG〉
212 × 32π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

1

x3y3z3A3
xyz

×
{
Fxyz

[A4
xyz[96m2

bx
4y4z + 96m2

c x
4yz4

−Nk48m2
c x

3yz4

+48m2
c xy

3z4(2y − Nk)] − A3
xyz(Nk48m2

bx
4y4

×z − Nk6m2
bx

3y3z3

−Nk6m2
cbx

3y3z3) + 48m2
bx

4y4z3(2z − Nk)Axyz
]

−[A4
xyz[96m4

bŝx
4y4z

+96m2
bm

2
c ŝx

4yz4 − Nk24m2
bm

2
c ŝx

3yz4

+24m2
bm

2
c ŝxy

3z4(4y − Nk)

+Nk16m2
bm

2
c x

3y3z + Nk16m4
c x

3z4 + Nk16m4
c y

3z4]
−A3

xyz(Nk24m4
bŝx

4y4z − Nk3m4
bŝx

3y3z3)

+Nk16m4
bx

4y4(A3
xyz + z3)

−A3
xyz[Nk3m2

bm
2
c ŝx

3y3z3

+Nk16m2
bm

2
c x

4yz3 − 48m2
bm

2
c x

3y3z

−48m2
bm

2
c x

3yz3 + Nk16m2
bm

2
c xy

3z3(y − 3Nk)]

+Axyz[24m4
bŝx

4y4z3(4z − Nk)

+Nk16m2
bm

2
c x

3y3z3(z − 3Nk)]
]}

, (31)

�0++
k,〈GG〉(M2

B) = − 〈g2
s GG〉

29 × 32 × π6

∫ 1

0

×dx
∫ 1−x

0
dy

∫ 1−x−y

0
dze

− fxyzm2
b

M2
B

× m2
b

x3y3z3A3
xyz

[ fxyzm2
bxy(2Axyz fxyz z + Nk)

+m2
c(NkAxyz fxyz z + 2)]

×[m2
bx

3y3(A3
xyz + z3)

+A3
xyzm

2
c z

3(x3 + y3)]. (32)

For the [cb̄][bc̄] octet–octet tetraquark states, the spectral
densities ρ(s) and �(M2

B) can be written as

ρ0++
j,pert (s) = 1

27 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

{F4
xyz xyzAxyz

2

−F3
xyz(6m

2
bŝxyzAxyz + N j2mbmcxAxyz + N j2mbmcyz)

3

+F2
xyz[m4

bŝ
2xyzAxyz + N jm

3
bmcŝxAxyz

+N jm
3
bmcŝ yz + m2

bm
2
c ]

}
, (33)

ρ0++
j,〈GG〉(s) = 〈g2

s GG〉
212 × 32 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

1

x3y3z3A3
xyz

×
{

− F2
xyz[18x4z3y3A4

xyz + 18x3y4z4A3
xyz]

2

+Fxyz
[A4

xyz[18m2
bŝx

4y3z3

+48m2
bx

4y4z − N j48mbmcx
4y3z + N j12mbmcx

4y2z2

+48mcx
4yz3(mcz − N jmb) + 48m2

c xy
4z4]

+A3
xyz[18m2

bŝx
3y4z4

+N j12mbmcx
3y3z3 − N j48mbmcxy

4z4]
+N j12mbmcx

2y4z4A2
xyz

+48m2
bx

4y4z4Axyz − N j48mbmcx
3y4z4]

−[A4
xyz[3m4

bŝ
2x4y3z3

+48m4
bŝx

4y4z − N j24m3
bmcŝx

4y3z

+N j6m
3
bmcŝx

4y2z2

+N j16m3
bmcx

4y3 + 48m2
bm

2
c ŝxy

4z4 − N j

×24m2
bmcŝx

4yz3(mb − N j2mcz)

+N j16mbm
3
c x

4z3 + N j16mbm
3
c xy

3z3]
+A3

xyz[3m4
bŝ

2x3y4z4

123
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+N j6m
3
bmcŝx

3y3z3 − N j24m3
bmcŝxy

4z4

+N j16m3
bmcŝx

3y4z

−24m2
bm

2
c x

3y3z + 6m2
bm

2
c x

3y2z2 − 24m2
bm

2
c xy

3z3

+N j16mbm
3
c y

4z4

+N j8mbm
2
c x

3yz3(2mcz − N j3mb)]
+A2

xyz[N j6m
3
bmcŝx

2y4z4

+6m2
bm

2
c x

2y3z3] + Axyz[48m4
bŝx

4y4z4

−N j24m3
bmcŝx

3y4z4

+N j16m3
bmcx

4y3z3 − 24m2
bm

2
c x

3y3z3]
+N j16m3

bmcx
3y4z4]}

, (34)

�0++
j,〈GG〉(M2

B) = − 〈g2
s GG〉

29 × 32 × π6

∫ 1

0

×dx
∫ 1−x

0
dy

∫ 1−x−y

0
dze

− fxyzm2
b

M2
B

× 1

x3y3z3A3
xyz

m2
b(N j fxyzmbxAxyz + mc)

×(N j fxyzmbyz + mc)

×[m2
bx

3y3(A3
xyz + z3) + A3

xyzm
2
c z

3(x3 + y3)], (35)

ρ0++
k,pert (s) = 1

26 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

{
F4
xyz xyzAxyz

−F3
xyz[12m2

bŝxyzAxyz + Nk2mbmcxAxyz + Nk2mbmcyz]
3

+F2
xyz[2m4

bŝ
2xyzAxyz + Nkm

3
bmcŝxAxyz

+Nkm
3
bmcŝ yz + 2m2

bm
2
c ]

}
, (36)

ρ0++
k,〈GG〉(s) = 〈g2

s GG〉
210 × 32 × π5

∫ s0

(2mc+2mb)
2
ds

∫ x f

xi

×dx
∫ y f

yi
dy

∫ z f

zi
dz

1

x3y3z3A3
xyz

×
{
Fxyz

[A4
xyz[48m2

bx
4y4z − Nk24mbmcx

4y3

×z − Nk24mbmcx
4yz3

+48m2
c xyz

4(x3 + y3)] − A3
xyz[Nk6mbmcx

3y3z3

+Nk24mbmcxy
4z4]

+Axyz[48m2
bx

4y4z4 − Nk24mbmcx
3y4z4]]

−[A4
xyz[−Nk12m3

bmcŝx
4y3z

−Nk12m3
bmcŝx

4yz3 + 48m2
bm

2
c ŝxyz

4(x3 + y3)

+Nk8mbm
3
c x

4z3

+Nk8mbm
3
c xy

3z3] + 48m4
bŝx

4y4z(A3
xyz + z3)Axyz

−A3
xyz[Nk3m3

bmcŝ

×x3y3z3 + Nk12m3
bmcŝxy

4z4 + 24m2
bm

2
c x

3y3z

+24m2
bm

2
c x

3yz3

+24m2
bm

2
c xy

3z3 − Nk8mbm
3
c x

3yz4

−Nk8mbm
3
c y

4z4]
−Axyz[Nk12m3

bmcŝx
3y4z4 + 24m2

bm
2
c x

3y3z3]
+Nk8m3

bmcx
3y3(A3

xyz + z3)(Axyz x + yz)
]}

, (37)

�0++
k,〈GG〉(M2

B) = − 〈g2
s GG〉

28 × 32 × π6

∫ 1

0

×dx
∫ 1−x

0
dy

∫ 1−x−y

0
dze

− fxyzm2
b

M2
B

× m2
b

x3y3z3A3
xyz

[2 f 2
xyzm

2
bxyzAxyz + 2m2

c

+Nk fxyzmbmc(Axyz x + yz)]
×[m2

bx
3y3(A3

xyz + z3)

+A3
xyzm

2
c z

3(x3 + y3)]. (38)

Here, we also have the following definitions:

Ax = (1 − x),Axy = (1 − x − y),

Axyz = (1 − x − y − z), (39)

fxyz =
[
r2
m

x
+ r2

m

y
+ 1

z
+ 1

(1 − x − y − z)

]
, (40)

x f/ i = ŝ − (4rm + 1) ± √
(ŝ − 4)(ŝ − 4(rm + 1)2)

2ŝ
, (41)

y f/ i = 1

2(ŝx − r2
m)

{
x(ŝAx + r2

m − 4) − r2
mAx

±
√

4r2
mxAx (r2

m − ŝx) + [r2
mAx − x(ŝAx + r2

m − 4)]
}
, (42)

z f/ i = 1

2[ŝxy − r2
m(x + y)]

{
Axy[ŝxy − r2

m(x + y)]

±
√
Axy[Axy(ŝxy − r2

m(x + y))2 − 4xy(ŝxy − r2
m(x + y))]

}
.

(43)

It should be noted that for [QQ̄][QQ̄] case with Q = c
or b, we have the following definitions: ŝ = s

m2
Q

, Fxyz =
m2

Q fxyz − s, and rm = 1; for [cc̄][bb̄] and [cb̄][bc̄] cases,

ŝ = s
m2
b
, Fxyz = m2

b fxyz − s, and rm = mc/mb.
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