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Can shadows reflect phase structures of black holes?
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Abstract The relation between the black hole shadow and
the black hole thermodynamics is investigated. We find that
the phase structure can be reflected by the shadow radius for
the spherically symmetric black hole. We also find that the
shadow size gives correct information but the distortion of
the shadow gives wrong information of the phase structure
for the axially symmetric black hole.

1 Introduction

Recently, the event horizon telescope (EHT) has given the
first image of the supermassive M87∗ black hole in the central
giant elliptical galaxy [1–6], which gave direct support of the
Einstein’s general relativity and the existence of the black
hole in our universe. The image of the black hole can provide
us with information about jets and matter accretion of the
black hole. Moreover, the shadow of a black hole can tell us
information about the black hole, such as the mass and the
rotation parameters of the black hole.

The shadow of the black hole, due to the gravitational
lensing of light, is defined as the observer’s dark sky, where
the light sources are distributed everywhere except the region
between the observer and the black hole. The shadow of a
spherically symmetric black hole is a black circular disk. The
shadow of a Schwarzschild black hole, which is dependent
on the black hole mass and the position of the observer, was
first investigated in [7,8]. The shadow of a rotating Kerr black
hole, which is elongated silhouette-like due to the rotation’s
dragging effect, was first worked out in [9]. The shadow of
the Kerr-Newman black hole was studied in [10,11]. For the
whole class of Plebański-Demiański spacetime, the shadow
was studied in [12]. The shadows of various other black
holes have been studied, e.g., see Refs. [13–25]. Moreover,
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the shadows of the wormholes are investigated [26–30]. The
shadow perturbed by the gravitational waves was studied in
[31]. For a brief review, one can see [32].

Black hole thermodynamics has been widely researched,
e.g., see Refs. [33–36]. Black holes are viewed as thermo-
dynamic systems, which own thermodynamic properties that
are quite similar to those of ordinary objects. There are four
thermodynamic laws for the black holes [37]. The first law
can be written as

dU = TdS + XidYi , (1)

where U is the internal energy, S is the Bekenstein-Hawking
entropy, Xi are the generalized displacements, and Yi are
the generalized forces. The second law claims that the event
horizon area of the black hole will not decrease with time,
i.e.,

δA � 0. (2)

The third law says that the surface gravityκ cannot be reduced
to zero by finite operations. The zeroth law reads the surface
gravity is constant over the event horizon for stationary black
holes.

One can see that all the four thermodynamic laws for the
black hole are related to the event horizon, a null hyper-
surface that holds the symmetric characteristics of the space-
time. The event horizon plays a key role in reflecting the
physical properties of the black hole. Notwithstanding, some
endeavours are trying to replace the role of event horizon
with the photon orbit around the black hole. Based on the
case studies in [38,39], it was found that the circular orbit
radius of the photon can be a characteristic quantity to reflect
the thermodynamic phase structure of a spherically symmet-
ric black hole [40]. Related extensions can also be seen in
[41,42]. The image of the black hole makes us think about
whether it is possible to use the black hole shadow, which is
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observable, to reflect the thermodynamics of the black hole.
In this compact paper, we will introduce our thoughts on
this. Besides the event horizon and circular orbit radius of
the photon, we try to use the third quantity, the radius of the
shadow, to investigate the thermodynamic information of the
black holes, both for spherically symmetric one and axially
symmetric one. The motivation of using the radius of the
black hole shadow as a characteristic quantity to detect the
thermodynamics of the black hole is that this new quantity
can be observed, such that thermodynamics of the black hole
may be tested by observable data.

In the following section, we will individually study the
relations between the shadow sizes and phase structures for
the general spherically symmetric black hole and axially
symmetric black holes (using the Kerr black hole with a cos-
mological constant as a toy model). We will give our conclu-
sion in Sect. 3.

2 Shadows and thermodynamic phase structures of
black holes

The specific heat of a black hole, according to the first law
of the black hole thermodynamics, can be written as

C = dU

dT
= T

(
∂S

∂T

)
Yi

, (3)

C > 0,C < 0 correspond to the thermodynamically unstable
state and stable state individually. The point makingC = 0 is
the phase transition point. In general, the entropy S is related
to the event horizon rh of the black hole with

dS

drh
> 0. (4)

Accordingly, we can know that

Sgn(C) = Sgn

(
∂T

∂rh

)
, (5)

where Sgn is the sign function. Thus, in the rh − T diagram,
a positive slope means that the black hole is in a thermody-
namically stable state and a negative slope corresponds to a
thermodynamically unstable black hole. In the following, we
will show that whether the shadow radii of the black holes
can be used to mirror the phase structures of the black holes
or not, first for the spherically symmetric case and then for
the axially symmetric case.

2.1 Shadow and phase structure of the spherically
symmetric black hole

The static spherically symmetric spacetime background can
be described by the line element

ds2 = − f (r)dt2 + dr2

g(r)
+ r2dθ2 + r2 sin2 θdφ2,

where f (r), g(r) are functions of the coordinate r . The
Hamiltonian of the photon moving in the static spherically
symmetric spacetime is

2H = gi j pi p j = 0. (6)

Without loss of generality, due to the spherically symmetric
characteristics of the black hole, we can consider photons
moving in the equatorial plane with θ = π/2. Then (6) can
be explicitly written as

1

2

[
− p2

t

f (r)
+ g(r)p2

r + p2
φ

r2

]
= 0. (7)

Thinking of the relations

ṗt = −∂H

∂t
= 0 (8)

and

ṗφ = −∂H

∂φ
= 0, (9)

we can know that pt and pφ are constants of motion. We can
define −pt = e and pφ = j , which can be physically inter-
preted as the energy and angular momentum of the photon.

The equations of motion for the photon can be obtained
as

ṫ = ∂H

∂pt
= − pt

f (r)
, (10)

φ̇ = ∂H

∂pφ

= pφ

r2 , (11)

ṙ = ∂H

∂pr
= pr g(r), (12)

where pr is the radial momentum. The effective potential of
the photon can be defined by

Ve + ṙ2 = 0. (13)

As a result, the effective potential can be expressed as

Ve = g(r)

[
j2

r2 − e2

f (r)

]
. (14)
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The radius of the photon can be obtained from the relation

Ve = V ′
e = 0. (15)

The orbit equation for the photon is

dr

dφ
= ṙ

φ̇
= r2g(r)pr

j
. (16)

Substituting the solution of pr from (7) into (16), we can
obtain

dr

dφ
= ±r

√
g(r)

[
r2e2

f (r) j2 − 1

]
. (17)

At the turning point of the photon orbit, we should have

dr

dφ

∣∣∣∣
r=R

= 0, (18)

which gives

e2

j2 = f (R)

R2 . (19)

Then we can know

dr

dφ
= ±r

√
g(r)

[
r2 f (R)

f (r)R2 − 1

]
. (20)

For a light ray sending from a static observer at position
ro and transmitting into the past with an angle α with respect
to the radial direction, we have

cot α =
√
grr√
gφφ

· dr
dφ

∣∣∣
r=ro

= 1

r
√
g(r)

· dr
dφ

∣∣∣
r=ro

. (21)

Thinking of (20), we can have

cot2 α = r2
o f (R)

f (ro)R2 − 1. (22)

Using the relation 1 + cot2 α = sin−2 α, we further have

sin2 α = f (ro)R2

r2
o f (R)

. (23)

The angular radius of the black hole shadow can be obtained
by letting R → rp with rp the circular orbit radius of the
photon. We can obtain the shadow radius of the black hole
observed by a static observer at position ro as

rs = ro sin α = R

√
f (ro)

f (R)

∣∣∣∣∣
R→rp

. (24)
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Fig. 1 The upper diagram shows the relation between the shadow
radius and the event horizon for the RN-AdS black hole. The bottom
diagram shows the temperature in terms of the event horizon and the
shadow radius for the black hole, respectively. We set the charge of the
black hole as 1 and the cosmological constant as −4π/225. The purple,
red and green curves in the top diagram correspond to the curves with
the same colours in the bottom diagram

For the circular orbit of the photon, we have

V ′′
e < 0, (25)

combing it with (14) and (15), we have

j2g(r)
[
r f ′(r) − 2 f (r)

]
r3 f (r)

< 0, for r > rp;
j2g(r)

[
r f ′(r) − 2 f (r)

]
r3 f (r)

> 0, for r < rp. (26)

Then using (24), we can further get

drs
dR

∣∣∣∣
R→rp

=
[
f (r0)

f (R)

]3/2 2 f (R) − rp f ′ (R)

2 f (r0)

∣∣∣∣
R→rp

> 0

(27)

for R− rp > 0+. Additionally, (14) together with (15) gives

f (rp) = e2

j2 r
2
p (28)

and

d f (R)

dR

∣∣∣∣
R→rp

> 0. (29)
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As the Hawking temperature of the black hole is positive, we
know

d f (r)

dr

∣∣∣∣
r→rh

= d f (R)

dR

dR

drh

∣∣∣∣
R→rp

> 0, (30)

which implies

dR

drh

∣∣∣∣
R→rp

> 0. (31)

Considering (27) and (31), we know

drs
drh

> 0 (32)

for R → rp. As a result, for the temperature T of the black
hole, we have

∂T

∂rh
= ∂T

∂rs

drs
drh

, (33)

which means

∂T

∂rh
> 0,

∂T

∂rh
= 0,

∂T

∂rh
< 0 (34)

correspond to

∂T

∂rs
> 0,

∂T

∂rs
= 0,

∂T

∂rs
< 0, (35)

respectively. That is, to be reminiscent of (5), the radius of
the black hole shadow can also be a characteristic quantity to
reflect the phase structure of the spherically symmetric black
hole. One should note that R → rp here does not mean that
R = rp; it means R = rp + O(ε) with 0 ∼ ε � 1, as we
have V ′

e = 0. So, exactly speaking, it is a position which is
infinitely close to the outer edge of the shadow that conveys
the thermodynamic information for the spherically symmet-
ric black hole. In Fig. 2, we use the Reissner-Nordström-Anti-
de Sitter (RN-AdS) black hole as a model to show that the
shadow radius is indeed a fine quantity reflecting the phase
structure of the spherically symmetric black hole. For sim-
plicity, we here follow the conventions in Ref. [33] and do
not show specific expressions about the RN-AdS black hole.

2.2 Shadow and phase structure of the axially symmetric
black hole

Here we will use the Kerr black hole with a cosmological
constant (the well-known Kerr-(A)dS black hole) to show
that the distortion and size of the shadow cannot be charac-
teristic quantities to reflect the phase structure of the axially

symmetric black hole. The Kerr black hole with a cosmo-
logical constant can be described by the line element using
Boyer-Lindquist coordinates as

ds2 = −
(

r − a2
θ sin2 θ

)
dt2

�
+ �

(
dθ2


θ

+ dr2


r

)

+
[

θ sin2 θ(aχ + �)2 − χ2
r

]
dφ2

�

+2
[
χ
r − a
θ sin2 θ(aχ + �)

]
dtdφ

�
, (36)

where

χ = a sin2 θ,

� = r2 + a2 cos2 θ,


r = r2
[

1 − 1

3
a2

]
+ a2 − 1

3
r4 − 2mr,


θ = 1 + 1

3
a2 cos2 θ. (37)

m is the mass parameter of the black hole, a is the rotation
parameter defined by a ≡ J/M with J the angular momen-
tum of the black hole, and  is the cosmological constant.
The event horizon rh of the Kerr-AdS black hole or the Kerr
black hole is the biggest real root of the equation 
r = 0
where we can also obtain the event horizon of the Kerr-dS
black hole. The event horizon temperature of the Kerr-(A)dS
black hole is

T =
rh

(
− a2

r2
h

− a2
3 − r2

h + 1

)

4π
(
a2 + r2

h

) . (38)

When  = 0, it reduces to the temperature of the Kerr black
hole. In Appendix A, we briefly review the thermodynamic
quantities that will be used to analyze the phase structures of
the black holes in what follows.

The null geodesics around the Kerr-(A)dS black hole is
[12,43]

�

�2

dt

dλ
= χ(l − Eχ)


θ sin2 θ
+ (� + aχ)

(
(� + aχ)E − al

)

r

,

(39a)

�

�2

dφ

dλ
= l − Eχ


θ sin2 θ
+ a

(
(� + aχ)E − al

)

r

, (39b)

(
�

�2

)2 (
dθ

dλ

)2

= 
θK − (χE − l)2

sin2 θ
=: �(θ), (39c)

(
�

�2

)2 (
dr

dλ

)2

= (
(� + aχ)E − al

)2 − 
r K =: R(r),

(39d)

with λ the affine parameter, l the angular momentum of the
photon, E the energy of the photon (we here use different
denotations from the spherically symmetric case), K the
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Carter constant relating with the Killing-Yano tensor field
in the Kerr-(A)dS spacetime. �(θ) and R(r) are effective
potential of the photon in the longitudinal and radial direc-
tions, respectively.

The radius of the circular orbit rp for the photon can be
obtained by solving R(r) = 0 and dR(r)/dr = 0, which
give

KE = 16r2
r

(
′
r )

2 , LE = � + aχ

a
− 4r
r

a
′
r

, (40)

where the ′ means the derivative with respect to the radial
coordinate r and we have defined

KE ≡ K

E2 , LE ≡ l

E
. (41)

To obtain the contour of the black hole shadow, we can
choose the zero-angular-momentum-observer (ZAMO) ref-
erence frame [44]

ê(t) =
√

gφφ

g2
tφ − gtt gφφ

(
∂t − gtφ

gφφ

∂φ

)
, (42a)

ê(r) = 1√
grr

∂r , (42b)

ê(θ) = 1√
gθθ

∂θ , (42c)

ê(φ) = 1√
gφφ

∂φ. (42d)

Then the observation angles (α, β) can be defined by [45]

p(r) = p(t) cos α cos β, (43a)

p(θ) = p(t) sin α, (43b)

p(φ) = p(t) cos α sin β, (43c)

where we have used the projections

p(t) = −pμê
μ

(t), (44)

p(i) = pμê
μ

(i), i = r, θ, φ. (45)

Thus, we can obtain

sin α = p(θ)

p(t)

= ± 1

êt
(t) − LE ê

φ
(t)

√

θ KE sin2 θ − (χ − LE )2

�
θ sin2 θ

∣∣∣∣∣∣
(rO ,θO )

,

(46)
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Fig. 2 A schematic diagram of the black hole shadow. The coordinates
of the leftmost, rightmost, topmost, and lowest points are individually
denoted by (Xl , 0), (Xr , 0), (Xt , Yt ), and (Xt , − Yt )

tan β = p(φ)

p(r)

= LE
√

�
r

√
gφφ

√[(
� + a2 sin2 θ

)2 − aLE

]2 − 
r KE

∣∣∣∣∣∣∣∣
(rO ,θO )

,

(47)

where êt(t) and êφ

(t) are evaluated at the photon radius rp. rO
is the position of the observer and θO is the inclination angle
between the observer’s line of sight and the rotation axis
of the black hole. The Cartesian celestial coordinate for the
critical curve of the black hole shadow can be read off as

x ≡ −rOβ, y ≡ rOα. (48)

According to the schematic diagram Fig. 2, the shadow
size Rs of the black hole can be defined by [46]

Rs = (Xt − Xr )
2 + Y 2

t

2(Xr − Xt )
. (49)

We can also define the distortion δs of the black hole shadow
as [46]

δs = 2Rs − (Xr − Xl)

Rs
. (50)

Generally, we have

rh = rh(M, a ,), (51)

T = T (rh, a ,), (52)

Rs = Rs(M, a ,), (53)

δs = δs(M, a ,). (54)
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Fig. 3 The upper diagram shows the relation between the shadow
radius and the event horizon for the Kerr-AdS black hole. The bot-
tom diagram shows the temperature in terms of the event horizon (left
curve) and the shadow radius (right curve) for the black hole, respec-
tively. We set rO = 100, J = 1, θO = π/2,  = −0.03. The purple,
red and green curves in the top diagram correspond to the curves with
the same colours in the bottom diagram

So the temperature of the Kerr black hole can be a function
of not only the event horizon radius rh , but also the size of
the shadow Rs or the distortion of the shadow δs , i.e.,

T (rh) = T (Rs) = T (δs). (55)

But even so, we can not know whether the size and the dis-
tortion of the shadow can be proper quantities reflecting the
phase structures of the Kerr-(A)dS black hole.

We have shown the relations between the event horizon
rh and the size of the shadow Rs for the Kerr-AdS black
hole, the Kerr black hole and the Kerr-dS black hole in upper
diagrams of Figs. 3, 4 and 5, respectively. We can see that

dRs

drh
> 0 (56)

for all cases. As a result, we can know that

dT

drh
> 0,

dT

drh
= 0,

dT

drh
< 0 (57)

correspond to

dT

dRs
> 0,

dT

dRs
= 0,

dT

dRs
< 0. (58)

We can observe this clearly in the bottom diagrams of
Figs. 3, 4 and 5 for the Kerr black hole with a negative cos-
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Fig. 4 The upper diagram shows the relation between the shadow
radius and the event horizon for the Kerr black hole. The bottom dia-
gram shows the temperature in terms of the event horizon (left curve)
and the shadow radius (right curve) for the black hole, respectively. We
set rO = 100, J = 1, θO = π/2,  = 0. The red and green curves in
the top diagram correspond to the curves with the same colours in the
bottom diagram
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Fig. 5 The upper diagram shows the relation between the shadow
radius and the event horizon for the Kerr-dS black hole. The bottom
diagram shows the temperature in terms of the event horizon (left curve)
and the shadow radius (right curve) for the black hole, respectively. We
set rO = 5, J = 1, θO = π/2,  = 0.03. The red and green curves
in the top diagram correspond to the curves with the same colours in
the bottom diagram

mological constant, zero cosmological constant and a pos-
itive cosmological constant. To warrant the universality of
the property, we furthermore show the relations between the
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Fig. 6 The variations of the shadow radii with respect to the event
horizons for the Kerr-AdS black holes (top) and the Kerr-dS black holes
(bottom). We have set J = 1, θO = π/2, rO = 300 for the top diagram
and J = 1 , θO = π/2 for the bottom diagram

shadow radii and the event horizons for the Kerr -(A)dS black
holes with different cosmological constants in Fig. 6 and dif-
ferent inclination angles in Fig. 7. It is clear that all these
cases do comply with (56). Therefore, similar to the generic
spherically symmetric black hole case, the thermodynamic

phase structure of the axially symmetric Kerr-(A)dS black
hole can be reflected by the size of its shadow.

We may then wonder whether the distortion of the shadow
shares this property. We further show the relations between
the event horizon rh and the distortion of the shadow δs in
Fig. 8. Unfortunately, we can not always have dδs/drh > 0.
Consequently, the thermodynamic phase structures of the
axially symmetric Kerr black hole (with a cosmological con-
stant) can not be reflected by the distortion of its shadow.

Here we would like to briefly talk about the selections of
the parameters. For all the cases, we should have rO > rp.
For the observer in the Kerr-dS spacetime, we need rO < rC
with rC the cosmological horizon. According to the first law
of the black hole thermodynamics, we obtained the curves
in Figs. (3)–(8) by setting the angular momentum J of the
Kerr-(A)dS black hole as a constant and varying the entropy.
For instance, in the Fig. 4 and the middle panel of Fig. 8,
with the constant angular momentum J = 1, the entropy S of
the Kerr black hole varies from 6.5 to 50 monotonically, the
corresponding event horizon rh varies from 1.034 to 3.958
and it coincides with the formula for the event horizon radius
rh = m + √

m2 − a2 for the Kerr black hole.

3 Conclusions and discussions

Previously, the black hole shadow and the black hole ther-
modynamics were studied separately; of particular interest
is the possible relation between them, which is the topic in
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Fig. 7 The variations of the shadow radii with respect to the event horizons for the Kerr-AdS black holes (left, J = 1, rO = 300,  = −0.03),
the Kerr black holes (middle, J = 1, rO = 100,  = 0) and the Kerr-dS black holes (right, J = 1, rO = 5,  = 0.03)
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Fig. 8 The variations of the distortions for the Kerr-AdS, Kerr and
Kerr-dS black holes with respect to the event horizons of the black
holes. The parameters are set to be J = 1,  = −0.03, θO = π/4

for the left panel, J = 1,  = 0, θO = π/6 for the middle panel and
J = 1,  = 0.03, θO = π/6 for the right panel
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this paper. Firstly, we found that the radius of the shadow
can be a well-defined characteristic quantity to reflect the
phase structure of the spherically symmetric black hole. The
shadow radius of the spherically symmetric black hole is
closely related to the photon radius around the black hole by
(24). We observe the connection (32) between the shadow
radius and the event horizon of the spherically symmetric
black hole using the photon radius.

Secondly, we showed that the size of the shadow can reflect
the phase structure of the axially symmetric black hole. We
did this by choosing the Kerr black hole (with a cosmo-
logical constant) as a toy model. We have tested cases of
 < 0,  = 0 and  > 0 and explored the relations of
the shadow size and the black hole horizon by numerical
calculations, obtaining dRs/drh for all cases. We have also
tried to use a direct definition [47] of the black hole shadow,
R = (Xr − Xl)/2, to reflect the size of the black hole, and it
works well too. However, we found that the distortion of the
shadow can not give proper information on the phase struc-
tures for the Kerr black hole with a cosmological constant.

On the one hand, in fact, both the event horizon of the black
hole and the size of the black hole shadow directly depend on
the mass of the black hole. According to the thermodynamic
first law of the black hole, we can know that the variations of
the black hole phases are in fact correspond to the variations
of the black hole mass. So it is not difficult to understand that
both the event horizon and the shadow size can reflect the
phase structures of the black hole. One the other hand, the
shadow distortion’s failure of being an appropriate quantity
reflecting the phase structure of the axially symmetric black
hole, we think, is due to irregularity and complexity of the
shadow shape contour.
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4 Appendix A: some thermodynamic quantities of
Kerr-(A)dS black hole

The Smarr relation for the Kerr-AdS black hole is [48]

M =
√

J 2

l2
+ π J 2

S
+ S3

4π3l4
+ S2

2π2l2
+ S

4π
, (A1)

where l is the AdS radius relating to the cosmological con-
stant by  = −3/ l2, M is the mass of the black hole and it
is related to the mass parameter m by [49–51]

M = m(
1 − a2

l2

)2 . (A2)

S is the Bekenstein–Hawking entropy of the black hole and
in terms of the event horizon we have

S = π
(
r2
h + a2

)
1 − a2

l2

. (A3)

The Smarr relation for the Kerr-dS black hole on the event
horizon is

M =
√

− J 2

l2
+ π J 2

S
− S3

4π3l4
− S2

2π2l2
+ S

4π
, (A4)

where l is the dS radius and  = 3/ l2. The mass and the
entropy of the black hole are [52]

M = m(
1 + a2

l2

)2 , (A5)

S = π
(
r2
h + a2

)
1 + a2

l2

. (A6)

We do not consider the thermodynamic quantities and phase
structures on the cosmological horizon of the black hole.
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